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Abstract: This study investigates exact traveling wave solutions for the time-fractional Kundu-Mukherjee-Naskar (KMN)
equation, which plays a significant role in modeling nonlinear pulse propagation in optical fibers. Two powerful analytical
techniquesthe Riccati Modified Extended Simple Equation Method (RMESEM) and the Generalized Projective Riccati
equations Method (GPRM) are employed to derive novel soliton and periodic wave results. Consider the fractional
derivative in the conformable sense to maintain analytical tractability. Using these methods, we obtain a variety of
solutions, including bright solitons, dark solitons, singular solitons, and periodic waves, expressed in terms of hyperbolic,
trigonometric, and rational functions. A comparative analysis reveals the strengths and limitations of each method in
handling the fractional KMN equation. The results demonstrate that both approaches are effective but yield different
forms of solutions, enriching the understanding of nonlinear wave dynamics in optical media. The findings may have
potential applications in nonlinear optics and photonics.
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1. Introduction

The Nonlinear Fractional Partial Differential Equations (NFPDEs) have gained a lot of significance in different
scientific and engineering domains in the past with the ability to describe various complicated systems. The equations are
particularly appropriate in describing memory and hereditary behaviours in dynamic processes. NFPDEs have special
significance in modelling anomalous diffusion and they find significant application in fields like physics, chemistry,
biology, engineering, finance and economics [1-6]. As such, the study on NFPDEs plays a crucial role in the study
and forecasting the behavior of complex systems in many sectors. These have uniqueness in its nature since it is non-local
and nonlinear to an extent of causing special strains on it being solved and even interpreted. Traditional analytical and
numerical methods are frequently insufficient and new methods and computer codes have to be created. Nevertheless,
continuous work on the development of NFPDEs has resulted in significant advances in many fields of science and
engineering [7-9]. New analytical and numerical procedures that can be used to address the NFPDEs [10—12] have opened
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up research opportunities and contributed to an improved understanding of more complex phenomena. A wide variety of
powerful techniques have been developed for obtaining exact solutions of nonlinear fractional problems, among these are
the sine-Gordon expansion method [13], generalized projective Riccati equation method [14], Lie symmetry approach
[15], the auxiliary ordinary differential equation method and generalized Riccati method [16], modified Kudryashov
method [17], first integral method [18], modified auxiliar/y equation method [19], extended exp(¢(&))-expansion method

[20], unified method [21], Khater methods [22, 23], %—expansion methods [24-26], Riccati-Bernoulli Sub-Ordinary
Differential Equation (ODE) [27], Poincaré-Lighthill-Kuo method [28], fractional Sin-Gordon method [29], exp-function
method [30], tanh-method [3 1], sub-equation method [32], extended direct algebraic method [33-36], Sardar sub-equation
method [37], exponential rational function method [38], and so on [39—44].

Regardless of this variety of methods, expansion-based approaches like the Riccati Modified Extended Simple
Equation Method (RMESEM) and the Generalized Projective Riccati equation Method (GPRM) are of particular interest.
They offer a systematic framework that not only supports conformable fractional derivatives, but also gives a rich set of
explicit traveling wave solutions with bright, dark and singular solitons and periodic waveforms. It is this flexibility that
makes them unlike most traditional methods, which tend to be confined to a type of solution and makes them particularly
appropriate to explore the fractional Kundu-Mukherjee-Naskar model.

The rest of this paper is structured as follows. Section 2 presents the working mechanism of the RMESEM. Section 3
provides RMESEM solutions to the Kundu Mukherjee Naskar (KMN) equation. Section 4 introduces the GPREs method
and Section 5 applies the method to the KMN equation. The results and discussion of the soliton and periodic solutions
obtained are presented in Section 6 containing graphical figures. Section 7 provides a comparison of our results with past
literature to describe the novelty and relevance. Lastly, Section 8 is the conclusion of the work, which also includes some
final remarks and possible future research directions.

1.1 Kundu-Mukherjee-Naskar equation

Kundu et al. [45] first proposed the Kundu-Mukherjee-Naskar Equation (KMNE) in 2014 and obtained optical
soliton solutions for it. Since then, the KMNE has attracted considerable attention in the research community. The wave
dynamics described by this equation are essential for effectively modeling pulse propagation in high-speed communication
networks, optical fiber systems, and the formation of rogue waves [46—48] in ocean currents. A typical use of optical fibers
is to transmit light from one end to the other. Due to their ability to support faster and longer-distance data transmission
than traditional wiring, they are widely utilized in optical communication systems. The primary objective of this study
is to develop and examine optical soliton solutions for the generalized Fractional Kundu-Mukherjee-Naskar Equation

(gFKMNE), which represents a fractional extension of the original KMNE and is given in the following dimensionless
form [49]:

iD?Z+aDP (DYZ) +ibZ (ZDIZ* — Z*DIZ) = 0. (1)

In this context, 0 < o, B, 0 < 1, Z = Z(¢, x, y) denotes a complex wave envelope, with Z* being its complex
conjugate. The parameters a and b correspond to the dispersion and non linearity terms, respectively. The first term in
equation (1) captures the wave’s temporal memory, followed by the dispersive component an (D%Z). The nonlinear part
is characterized by the term involving b, which deviates from the traditional Kerr-type non linearity. It is an equation
that describes pulse in optical fibers and communication systems. The generalized Conformable Fractional Derivatives
(gCFDs) are denoted as operators @, 3, and o, respectively, by D%(®), Df (®), and DZ(©).

Equation (1) has been widely used in many areas of different spite in dumping systems, modeling in the river and
tidal flows, meteorology and prediction of tsunami. It has enjoyed wide application and it has caught attention of many
researchers who want to read more about it and solve it. By way of example, Guneshan et al. [50] used one of improved
direct algebraic methods to find the new exact solutions of (1). Rizvi et al. [51] used methods, such as csch method,
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extended tanh-coth method, extended rational sinh-cosh method and derived several types of soliton solutions—singular
soliton, dark soliton and a kind of mixture of both.

The solution of the optical solitons that were obtained by Talarposhti et al. [52] was obtained using the exp-function
method to solve the KMNE. In a similar manner, Onder et al. [53] put forward optical solitons by putting together Sardar
sub-equation approach and Kudryashov approach. Zafar et al. [54] used exp-function and ext. Jacobi elliptic expansion
methods to achieve new soliton structures. Kumar et al. [55] have employed a generalized form of a Kudryashov in
this case with a new technique of the auxiliary equation to expose the dark, the bright, periodic U-shaped, and singular
solitons.

Additional growth in the solution of (1) has been made by a wide range of analysis tools, such as the semi-
inverse procedure [56], and expansion patterns on the base of sine-Gordon and sinh-Gordon forms [57]. Some other
remarkable methods are Hamiltonian-based algorithm [58], Laplace-Adomian decomposition method [59] and various
solution strategies available at [60—64].

2. The operational procedure of RMESEM

This section outlines the mechanism of operation of the RMESEM. Inspecting the generalized NPDE obtained:

A(f? ffa fplv fp27 ffpw . ) = 07 (2)

where f = f(tv P1; P2, P35 - -+ pr)
All steps listed below will be taken in order to solve (2):

1. First §(¢, p1, P2, P35 ---, Pr) = §(0) is applied as an operation of transformation in the form of variable. In the
case of o there are multiple representations. This procedure transforms Equation (2) as follows to give the following
Nonlinear Ordinary Differential Equation (NODE):

B(3,%%.,8,...)=0, 3)

in which §’ = ﬁ The integrating equation is sometimes applied to make the NODE obey the homogeneous balance
condition (3).

2. Second, on the basis of the solution of the extended Riccati-NODE, the proposed solution in the form of the finite
series of the NODE in (3) is guestimatched based on the solution of extended Riccati-NODE:

I e e )

Here, P(0) indicates the solution of the ensuing extended Riccati-NODE, and the variables k, (n =0, ..., M) and
sn(n=0, ..., M — 1) stand for the unidentified constants that need to be found later.

s<c>=nf0kn(

P'(0) = A+uP(0)+V(P(0)), )

where A, U, and v are constants.
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3. We can obtain the positive integer M which we require in Equation (4) by homogeneously balancing the highest
degree nonlinear term and the highest-order derivative in Equation (3).

4. The next step briefly is the incorporation of all the variables of the P(c) into an equivalent sequencing upon the
insertion of (4) into (3) or the equation that results after combining together (3). Carrying out this treatment gives an
equation expressed in terms of P(o) Notation. The variables k, (n =0, ..., M) and s, (n =0, ..., M — 1) are defined as
an algebraic system of equations and variables with other related parameters in case of assuming the coefficients in the
equation are zero.

5. In Maple, the nonlinear algebraic system is solved analytically.

6. In order to obtain analytical soliton solutions to (2) we will enter the unknown quantities together with P(0o)
(solution of equation (5)) into (4) and calculate. Using the general solution form in (5) we could perhaps get a number of
clusters of solitonic solution in Table 1. Table 1 is how these clusters are presented.

1 1
Where a1, a) € R, B= > —4vA and 6 = cosh (4 \/EG) sinh (4 \/EG).

3. Establishing solutions for Kundu-Mukherjee-Naskar equation

In this section, we apply proposed techniques to build families of results for (1). Applying the wave modification as
a component of the procedure, we can (1):

2=2Z(x,y,1) = exp’® Z(9),

C = C(t7 ‘x’ y)’
¢ = ¢(t7 ‘x7 y)7
(6)
6— pil’(n—o+1)x* +p2F(n—ﬁ+1)yﬁ pl'(n—oc+1)°
N al(n) B (n) ol (n) ’
gl (n—a+1)x* pl(n—B+1)yP ol (h—o+1)°
=" afm T Brm T orm T
we will get ODE in the form of;
—ap\poF — (®+aqiq2)F +2bq1 F? = 0. (7

By proving that F> and F"” are homogeneously balanced in (7), we obtain M + 2 = 3M, which yields M = 1. The
supposed solution for (7) that results from inserting M = 1 in (4) is as follows:

- B (52 B (59 5

We generate a set of algebraic equations by substituting (8) in (7). By addressing the resulting system, numerous
solutions can be obtained, which are presented as follow:
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Case 1:

2

k
ko = —0.0005000000000 u, k; = 0.001, so = —0.001A, p; = i, p2=0.02,9, =0.04, g =0.75,b = ql’l 9
2
Case 2:
A
ko =0.01,k =0, 50 =0.02 ﬁ’ p1 =0.23 pp» =0.4,a=0.006, g, =0.65, g =0.075, b =0.005 (10)

Assuming Case 1, for the Kundu-Mukherjee-Naskar Equation given in (1), we build the subsequent sets of solutions:
Set. 1.1: When B < 0, v #0,

B (1+ (an (1/2V=B¢))?)
—p++/—Btan (1/2+/-B{)

fi1,1(x, y, t) =—0.0005000000000 12 — 0.0005000000000

(11)

—0.0011 <_1/2“+1/2 \/TBtan(l/z\/TBC)> |
v v

B (1 + (cot(l/ZVTBC))Z)
=—0. .0005000000000
Fia(x, 1) = — 0.0005000000000 1 +0.000 BTV Boot (137 50)

(12)

—0.0011 (-1/2“ —1)2 ﬁcot(l/zﬂc)> |
v v

B(1+sin(v/-BY))
cos (vV=BG) (—u cos (v/—BE) +v/—Bsin (vV—BS) +/—B)

fi.3(x, y, 1) = —0.0005000000000 & — 0.001

(13)

—0.0011 (1/2“ 12 V=B (tan (vV—BG) + sec (\/TBC))>
v :

1%

and

B (sin (v=B{) —1)
o8 (V=BE) (—# cos (—BC) + v=Bsin (vV—5C) — V_F)

fi.4(x, y, 1) = —0.0005000000000 & +0.001

(14)

—0.0011 <_1/2“ 12 V=B (tan (v/=B{) —sec (ﬁg))) |
\%

1%
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Set. 1.2: When B > 0, v # 0,

B(~1+ (ranh (1/2VBC))")

fi1,5(x, y, r) =—0.0005000000000 12 — 0.0005000000000

1+ v/Btanh (1/2v/B()
—0.0012 (—1/2’:—1/2 \/Etanh(i/zﬁc)) (15)
. B B(—1+isinh (VB())
fi.6(x, ¥, 1) = —0.0005000000000 1 — 0.001 cosh (VBE) (i cosh (V) + VBsinh (VBE) 1 1/B)
_0.0014 (_1/25 B 1/2 \/E(tanh(\/gé)v—i-isech(\/gg))) , (16)
_ B(1+isinh (VBY))
fi.7(x, y, 1) = —0.0005000000000 & — 0.001 couh (V) (<3t conh (VBC) — VB sinh (VBE) 7 1)
—0.001A <—1/2“f ~1)2 VB (tanh (\/EC)V_ isech (VBS)) ) , (17)

and
fi1,8(x, y, t) =—0.0005000000000 &

B (2 (cosh (1/4\/§C))2 - 1)
cosh (1/4+/B) sinh (1/4v/BE) (=2 cosh (1/4v/BE) sinh (1/4v/BE) + V/B)

—0.0002500000000

B (tanh (1/4BC) — coth (1/4/B
—0.0011 (-1/25—1/4\F(tan v/ fgl coth (1/ \Fg))) (18)
Set. 1.3: When u = @, A =bw (b #0), and v =0,
1 A (ug+2)
X, y, 1) = —0.0005000000000 & — 0.002 = +0.002 *HE T2 19
fi.10(x, , 1) = —0.0005000000000 & +0.001 £~ —0.001 A2¢, (20)
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A

fi11(x, y, 1) = —0.0005000000000 1 — 0.001 £~ +0.001 Ve Q1)
®e®t
fi.12(x, 3, 1) = ~0.0005000000000f +0.001 —Z—:—~0.001 & (e‘f’C - b) , 22)
@l
i 13(x, v, 1) = —0.0005000000000 t — 0.001 —— 0.001 27 23)
X =—0. —0.001 ——— —0.001 ———,
1,13(%, Y, u 14 ped? 1 — e

p (sinh (u &) —cosh (1 €))
—cosh (&) +sinh (u ) —ax

fi. 14(x, y, 1) = —0.0005000000000 12 +0.001

Aaju
0.001 24
OO Cosh (WD) —sinh (1.8) T a2)’ @9
Fi15(x%, v, 1) = —0.0005000000000 1 +0.001 pay
PR cosh(i &) +sinh(u ) +ap
+ 000y A (eosh(128) +sinh (4 ©)) 05

v (cosh (1) + sinh (1 $) +a2)

Assuming Case 2, for the Kundu-Mukherjee-Naskar Equation given in (1), we build the subsequent sets of solutions:
Set. 2.1: When B <0, v #0,

For(x,y, 1) = 0.01+0.022 <—1/2 % L1jp Y Ban (lv/z\/jBQ ) u, (26)

Fra(x,y,1) = 0.01+0.021 (—1/2‘; ~1)2 V=Beot (1v/2 vV=B%) > u 7)

Fo3(x, 3, 1) = 0.01 +0.022 (—1/25 +1/2 V=B (an (\/TB? +sec(V=BE)) ) u (28)
and

Fralx, v, 1) = 0.01+0.022 <—1/2 % 12 V=B (wn (\/TB? —sec(V=B%)) > u (29)

Set. 3.2: When B >0, v #0,
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frs(x,y, 1) = 0.01+0.021 (—1/25 ) vBuanh (v1/2\/1§§)> u

VB (tanh (vVBE) +isech (VB())

fr6(x,y,1) = 0.01 +0.024 (—1/25—1/2 .

VB (tanh (v/B) — isech (VBG))

fr1(x,y,1) = 0.01 +0.024 (1/251/2 .

and

)u‘l,
)u“,

F.s(x,y,1) =0.014+0.021 (—1/25_1/4 !

Set. 3.3: When u =@, A =b@w (b #0),and v =0,

A2 (uE+2)
fro(x,y,t)=0.01-0.04 ———=.
2,9( ) TETS
Set. 3.4: When u =@, v=>b@(b #0),and A =0,

2
f2.10(x, y, 1) =0.01 +0.02 ;LI~1C

Set. 3.5: When A =0, v #0,and u #0,

A
Xy, 1) =001 —0.02——
fou(x, 1) Ve

A (ecJC — b)
f212(x, y, 1) =0.0140.02 —

0.01 4002+
fo,13(x, y,1) =0.0140. ma

lal
v {cosh (1) —sinh (1.0 + a2)’

fa.14(x, y, ) = 0.01 —0.02

and
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(30)

(€2))

(32)

(33)

(34

(35)

(36)

(37

(3%

(39
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A (cosh (i &) +sinh (u ¢))

x,v,t)=0.01-0.02 - . 40
fo 155 2:1) v (cosh (1) +sinh (1 §) + @) 40
4. Generalized projective Riccati equations method
When dealing with nonlinear phenomena, one has to have solutions of the following form of NPDE's:
N(S, 5153178%75&5 szlv ):07 (41)

N is an expression of a polynomial in the N(z, #) and partial derivatives and contains higher order derivatives and nonlinear
terms. In this section we give the simplified procedure of the GPDE's method.
1. To begin with, we will need to implement the wave transformation:

$(z 1) =3(9), ¢ =Vz+yr (42)

by setting ¢}, Y to be constants, then the NPDEs (41) can be made to yield the following ODE:

H(§,§,5",...)=0, (43)
: . o , d§
with H a polynomial in §(¢) and any derivatives there of all total, such as §' (¢) = 40’
2. Next, we suppose that a formal solution of the ODE (43) exists.
M -
() =s0+ ) (G(m)"" (G (n) +wiH (n)). (44)

where sy, s;, and b; are constants that still needed to be solved. The functions of G(n) and H(n) are subject to the ODEs.

G'(n) = £G (n)H (n), (45)

and

H'(n) =0 +¢ (H(n))> —pnG(n), (46)

where €, 0, and U are constants.
Which are referred to each other, by the following primitive integral
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2 1)G(n)?
H(n)? = —¢ <(”G)(”> te—2uGn)* ), (47)
in the most general instance where &, U are non zero constants. In case ¢ = u = 0, (43) can be formally solved.
mn .
3(n) =Y siH(n)' (48)
i=1
and H (n) satisfy the ODE

H'(n) =H(n)? (49)

3. We can ensure the positive integer M required in Equation (44), by making the following homogeneous balancing
of the largest nonlinear term in Equation (43) and the highest order derivative. There could be the case that, following the
balance procedure there could be a non-positive for a particular nonlinear equation. The integer number m. When m = B,

q

then the transformation will be the following

§(n) = O(n)s (50)

and when the substitution will be carried out in the (50), the (43) will be reduced to an ODE the case when the balance
procedure gives a positive integer number M, see say [40].

4. The replacement of the (44) or (48) with (45) and (46), (47) or (49) in (43), permits the us to bring together all
terms of equal power of the order of H(n)iG(n)j (j=0,1,..,i=0,1). Then we shall equate each of these coefficients
before the functions H (n)’ G(n)j to zero. Through this process, an algebraic set of equations is produced and they can be
solved to obtain the values of sg, s;, w;, 0, U, and €.

5. The Eq. (45) and (46), has the following solutions (see for example [40]).

(i).e=—land o #0

_ osech(y/o() 51
1_usech(\5§)+17 51
~ y/otanh (y/o()
B = psech (v/ol)+1’ (52)
_ ocsch(v/o0)
G2 = pesch(yv/ol)+1 (53)
_ y/ocoth(v/o() (54)

= pesch(yv/ol)+1
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(ii). Ife = 1 and 6 #£ 0

_ ocesce(v-o()
Cs = pesc(v=0g)+1’ (55)
_ V/—ocot(v=a¢)
s = pesc(v=0g)+1’ (56)
~ osec(v/-0()
Ca = psec(v—08)+1 (57)
_ V/—otan(y/—0o()
H4_7NSGC(\/§C)+1. (58)
(iii). u=0and 6 =0
Gs =%, (59)
1
- (60)

6. The substitution of the coefficients s, s;, and w;, ¥, ¥, U, €, and ¢ and the functions (51), (53), (63) into (43) or
(48), results into the exact solutions of (43).

5. GPREs method for Kundu-Mukherjee-Naskar equation

By proving that F> and F"” are homogeneously balanced in (7), we obtain M + 2 = 3M, which yields M = 1. The
supposed solution for (7) that results from inserting M = 1 in (44) is as follows:

1 .
§(n) =50+ Y (G(n)) ™" (5;G(n) +wiH (n)). 61)
i=1
Therefore, we have

F(n) =so+51G(n)+wiH (n), (62)

substituting (62) into (7) and considering the equations (45) and (46) the left-hand-side of (7) becomes a polynomial in
terms of G(n) and H (n).
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—2ap1 212G (n) (H (n))* —ap1p2si1£G (n) 6 +apipasie (G (n))* 1

—2appawi€H (n) 6 —2ap) pyw1€% (H (n))* +3ap pawi L€ G (n) H (n) — aq1q250

—aq1q251G (n) — aqigaw1 H (n) +2bq150° + 6bq150%51G (n) 4+ 6bqy 50> w1 H (n)

+6bq15051% (G (1)) + 12bq15051G (n) wiH (n) + 6bgi1sow1> (H (n))? +2bgq1s1° (G (n))?

+6bq1512 (G (n))> wiH (n) +6bq15,G (n) wi? (H (n))* +2bgiwi* (H (n))* = 0, (63)

the algebraic Equation (63) of different powers of in G(n) and H (n) can also be reduced to a simplified algebraic equation
depending upon the independent functions G (n)’ and (G (n))(H (n)).

+2bg151° (G (n))’ + (ap1pasi€ u +6bqisos1* +6bgisi*wiH (n)) (G(n)

+ ( (6bqis1w1* —2ap1pasi€?) (H (n))* + (12bqysosyw1 +3api pywi L €) H (n)

—aq1q2s1 —ap1p2S1€0 + 6bQ1S02S1)G(n) + (—2ap1pawi€* +2bgiwi’) (H (n))* +6bg1sow1? (H (n))?

+ (6bq1s02w1 —aqiqawi —2ap1p2w186) H (n) — aq142s0 +2bq1s03 =0, (64)

putting every coefficient of the independent functions of this polynomial G (n)’ and (G (n))(H (n)P) equal to zero, we
obtain a system of algebraic equations

—aq1q2s0+2bq150° =0,
+2bg15,° =0,

+apipasi€ L +6bqysos® =0,
+6bq1s12w1 =0,

+6bgis1w1% —2ap pasi €2 =0,

+12bgysos1w1 +3apipawi € =0,
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— aq1q2s1 — ap1 p2s1€ 6 +6bqso>s1 = 0,

—2ap1p2W182—|—2bq1w13 =0,

+ 6bq1sow12 =0,

+6bq150° W1 —aqiqaw1 — 2ap1pawi €6 = 0. (65)

The above equations solution are given as

so=0.01, sy = 0.02, w; = 0.0001, p; = 0.002, p» =0.11, a = 0.001, g; = 0.76, g» = 0.003, b =0.  (66)

The solution of (51) and (53), when € =1 and ¢ # 0,

osech (/o otanh (/O
Ui 1(x, y, 1) = 0.01 +0.02 — ¢ (Vo) . 0001 Vo2 (VOE) , (67)
psech (vol)+1 psech (v/o8) +1
and
ocsch (y/o ocoth(v/o
U a(x, v, 1) = 0.01 +0.02 —=° (Vo) 00001 YOO (VL) , (68)
’ pesch(v/o8)+1 pesch(y/o8)+1
by considering the second pair of solutions of the Equations (55) and (57), when € = —1 and o # 0,
c V-0 v—ocot(y/—0o
U 3(x, y, 1) = 0.01 +0.02 ese(V=08) 0001 cot g), (69)
’ pesc(v=0g)+1 pesc(v/=08)+1
and
c V-0 v—otan (/-0
Ur.a(x, v, 1) = 0.01 +0.02 (V=08) __ 0001 an (V—0o¢) : (70)
wsec (v=08) +1 psec(v/—=08)+1
now by considering the solutions of the Equation (63), when yu =0 and o # 0,
K 1
Ui,s(x,y,t) =0.01+0.02— —0.0001 —. (71)

4 g
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6. Results and discussion
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Figure 1. 3D, 2D, and contour plots of the kink solitary wave solution corresponding to Eq. (15) for the function f; s(x, ¢). This figure illustrates how
the fractional parameter influences the geometry of the solution in the fractional KMN model
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Figure 2. 3D, 2D, and contour representations of the bright kink solution of Eq. (62). These plots highlight the effect of the fractional parameter on the
structure of the soliton in the KMN equation
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Figure 3. 3D, 2D, and contour plots of the periodic wave soliton solution corresponding to Eq. (64). The results show the anti-kink of the solution and
its modulation under fractional variations
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Graphical interpretations of the analytical solutions give further understanding of the nonlinear wave dynamics
represented by the time-fractional Kundu-Mukherjee-Naskar (KMN) equation. All figures point to different categories
of wave structures, which do not only verify the validity of the obtained solutions, but also demonstrate the physical
applicability of nonlinear optics and photonics.

Figure 1 shows the kink soliton profile in 3D and 2D profiles and the contour plot. Kink solitons define steep
changes of the amplitude of a wave between two opposite-polarity asymptotic states. When applied to nonlinear optics
these structures have been connected to switching in optical fibers, where the field intensity is abruptly changed in sign,
and can be used in optical signal processing, domain-wall propagation and bistable transmission systems. The contour
plot also reveals the localization of the energy in space as well as its sharp interface which renders the anti-kink solution
especially useful in all-optical switching and logic devices.

Figure 2 shows a bright kink soliton, which is a localized pulse of high intensity contained in a continuous background.
Of particular concern in optical communication systems are such solitons, which are the localized energy packets that can
be long-range (undistorted) propagators due to the compromise between dispersion and nonlinearity. Bright solitons have
been popular in the modelling of ultrashort optical pulses in fiber lasers, and their resilience to perturbation makes them
of interest as high-capacity data carriers, optical memories, and pulse compression systems. The 2D and contour images
highlight sharp localization and stability of bright kink solution under conformable fractional dynamics.

An anti-kink wave soliton structure is shown in Figure 3. The solutions are of particular relevance to fiber Bragg
gratings, nonlinear photonic crystals and optical lattices in Bose-Einstein condensates where periodic changes of refractive
index create controlled light propagation. Anti-kink solitons play an important role in the design of optical modulators,
pulse trains, and frequency combs in photonic applications. The related contour plot indicates the repetition of the intensity
profile, which indicated the perpetual periodicity of the wave profile, could be used in the frequency-locked optical systems
and laser cavity configurations.

Moreover, the impact of the fractional order parameter (@) is evident in all these figures. A range of fractional
parameter () causes changes in the sharpness, amplitude, and speed of propagation of the solitons, illustrating how a
tunable mechanism can be used to manipulate the groups of nonlinear waves with fractional calculus. The property can
be applied in the design of reconfigurable photonic systems, wherein it is desired to optimize signal stability, to control
dispersion effects, or to design custom pulse profiles in a specific optical device by varying the fractional order.

On the whole, these figures not only represent the precise analytical solutions, but also emphasize their physical
significance in the modeling of various nonlinear optical processes. The current findings add to an enhanced comprehens-
ion of the dynamics of waves in optical fibers and associated photonic media by connecting the mathematical constructs
to real-world applications.

7. Comparison with previous literature

The Kundu-Mukherjee-Naskar (KMN) equation has been previously studied applying various methods of analysis.
Indicatively, the exp-function technique was used on the KMN equation in (2 + 1)D in [52] to obtain optical solutions
and illustrate the effectiveness of the technique when dealing with highly nonlinear terms. The exp-function method is
effective, but the number of classes of exact solutions is usually very small, and the method only gives results in terms
of a limited number of functional forms. The current work, in contrast, solves the time-fractional KMN equation in (1
+ 1) dimensions and, using the RMESEM approach and the GPRM approach, finds a broader range of solutions, such
as bright and singular solitons, and periodic waveforms represented by trigonometric, hyperbolic and rational functions.
Correspondingly, in [53], the KMN equation was addressed through the sub-equation approach of Sardar and the new
Kudryashov method to yield optical soliton solutions, including topological, anti-topological, periodic and singular
solitons, which are graphically represented to describe their dynamics. Yet, contrary to [53], we generalize our findings
to the fractional-order case, and we put an emphasis on the impact of the fractional parameter over the wave propagation
not represented previously. In this way, the novelty of the current research is not only in the usage of expansion-based
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techniques that generate richer and more generalized solution families but also in the fact that it is extended to the fractional
framework, thus providing new insights into the nonlinear dynamics of the KMN model in optical media.

8. Conclusion

In this study, we successfully derived new exact traveling wave solutions for the time-fractional KMN equation using
two advanced analytical techniques: the RMESEM and the GPRM. By employing the conformable fractional derivative,
we maintained mathematical consistency while exploring a variety of soliton and periodic wave solutions, including dark
solitons, bright solitons, periodic wave structures, and singular solitons, expressed in terms of trigonometric, hyperbolic,
and rational functions. A key observation from this work is that both methods are highly effective but yield different forms
of solutions, with RMESEM providing a broader class of solutions under certain parameter constraints, while GPRM
offers more structured soliton profiles. The results highlight the rich nonlinear dynamics embedded in the fractional
KMN equation, which is crucial for understanding optical pulse propagation in dispersive media.

The findings of this study not only contribute to the theoretical understanding of fractional nonlinear models but
also have potential implications for optical communications, photonics, and ultra fast laser systems, where such soliton
dynamics play a vital role. Future research could explore higher-dimensional extensions, different fractional operators, or
stochastic perturbations of the KMN equation to further expand its applicability in nonlinear science.

Conflict of interest

The authors declare no competing financial interest.

References

[1] Phoosree S, Payakkarak S, Thadee W. Physical impact of the nonlinear space and time fractional fluid dynamic
equation. In: Proceedings of the International Conference on Applied Statistics (ICAS 2022). Bangkok, Thailand;
2022.

[2] Yasmin H, Alshehry AS, Ganie AH, Mahnashi AM, Shah R. Perturbed Gerdjikov-Ivanov equation: soliton solutions
via Beklund transformation. Optik. 2024; 298: 171576. Available from: https://doi.org/10.1016/j.ijle0.2023.171576.

[3] Seadawy A, Sayed A. Soliton solutions of cubic-quintic nonlinear Schrdinger and variant Boussinesq equations by
the first integral method. Filomat. 2017; 31(13): 4199-4208. Available from: https://doi.org/10.2298/FIL1713199S.

[4] Baleanu D, Karaca Y, Vzquez L, Macias-Diaz JE. Advanced fractional calculus, differential equations and neural
networks: analysis, modeling and numerical computations. Physica Scripta. 2023; 98(11): 110201. Available from:
https://doi.org/10.1088/1402-4896/acfe73.

[5] Almusawa H, Jhangeer A. A study of the soliton solutions with an intrinsic fractional discrete nonlinear
electrical transmission line. Fractal and Fractional. 2022; 6(6): 334. Available from: https://doi.org/10.3390/
fractalfract6060334.

[6] Moghaddam BP, Mostaghim ZS. A novel matrix approach to fractional finite difference for solving models based on
nonlinear fractional delay differential equations. Ain Shams Engineering Journal. 2014; 5(2): 585-594. Available
from: https://doi.org/10.1016/j.asej.2013.11.007.

[71 Rahaman MS, Ullah MS, Islam MN. Novel dynamics of the nonlinear fractional soliton neuron model with sensitivity
analysis. AIP Advances. 2025; 15(8): 085116. Available from: https://doi.org/10.1063/5.0282276.

[8] Zhu C, Al-Dossari M, Rezapour S, Alsallami SAM, Gunay B. Bifurcations, chaotic behavior, and optical solutions
for the complex Ginzburg-Landau equation. Results in Physics. 2024; 59: 107601. Available from: https://doi.org/
10.1016/j.rinp.2024.107601.

[9] Zhu C, Abdallah SAO, Rezapour S, Shateyi S. On new diverse variety analytical optical soliton solutions to the
perturbed nonlinear Schrdinger equation. Results in Physics. 2023; 54: 107046. Available from: https://doi.org/10.
1016/.rinp.2023.107046.

Volume 6 Issue 6]2025| 8789 Contemporary Mathematics


https://doi.org/10.1016/j.ijleo.2023.171576
https://doi.org/10.2298/FIL1713199S
https://doi.org/10.1088/1402-4896/acfe73
https://doi.org/10.3390/fractalfract6060334
https://doi.org/10.3390/fractalfract6060334
https://doi.org/10.1016/j.asej.2013.11.007
https://doi.org/10.1063/5.0282276
https://doi.org/10.1016/j.rinp.2024.107601
https://doi.org/10.1016/j.rinp.2024.107601
https://doi.org/10.1016/j.rinp.2023.107046
https://doi.org/10.1016/j.rinp.2023.107046

[10] Pan Z, Pan J, Sang L, Ding Z, Liu M, Fu L, et al. Highly efficient solution-processable four-coordinate boron
compound: a thermally activated delayed fluorescence emitter with short-lived phosphorescence for OLEDs with
small efficiency roll-off. Chemical Engineering Journal. 2024; 483: 149221. Available from: https://doi.org/10.
1016/j.cej.2024.149221.

[11] Liu L, Zhang S, Zhang L, Pan G, Yu J. Multi-UUV maneuvering counter-game for dynamic target scenario based
on fractional-order recurrent neural network. IEEE Transactions on Cybernetics. 2022; 53(6): 4015-4028. Available
from: https://doi.org/10.1109/TCYB.2022.3225106.

[12] KaiY, JiJ, Yin Z. Study of the generalization of regularized long-wave equation. Nonlinear Dynamics.2022; 107(3):
2745-2752. Available from: https://doi.org/10.1007/s11071-021-07115-6.

[13] Baskonus HM, Bulut H, Sulaiman TA. New complex hyperbolic structures to the Lonngren-Wave equation by using
Sine-Gordon expansion method. Applied Mathematics and Nonlinear Sciences.2019; 4(1): 129-138. Available from:
https://doi.org/10.2478/AMNS.2019.1.00013.

[14] Raza N, Osman MS, Abdel-Aty AH, Abdel-Khalek S, Besbes HR. Optical solitons of space-time fractional Fokas-
Lenells equation with two versatile integration architectures. Advances in Difference Equations. 2020; 2020: 517.
Available from: https://doi.org/10.1186/s13662-020-02973-7.

[15] Hashemi MS, Inc M, Bayram M. Symmetry properties and exact solutions of the time fractional Kolmogorov-
Petrovskii-Piskunov equation. Mexican Journal of Physics. 2019; 65(5): 529-535. Available from: https://doi.org/
10.31349/RevMexFis.65.529.

[16] Jiong S. Auxiliary equation method for solving nonlinear partial differential equations. Physics Letters A. 2003;
309(5-6): 387-396. Available from: https://doi.org/10.1016/S0375-9601(03)00196-8.

[17] Hosseini K, Ansari R. New exact solutions of nonlinear conformable time-fractional Boussinesq equations using
the modified Kudryashov method. Waves in Random and Complex Media. 2017; 27(4): 628-636. Available from:
https://doi.org/10.1080/17455030.2017.1296983.

[18] Akinyemi L, Mirzazadeh M, Badri SA, Hosseini K. Dynamical solitons for the perturbated Biswas-Milovic equation
with Kudryashov’s law of refractive index using the first integral method. Journal of Modern Optics. 2022; 69(3):
172-182. Available from: https://doi.org/10.1080/09500340.2021.2012286.

[19] Khater M, Lu D, Attia RA. Dispersive long wave of nonlinear fractional Wu-Zhang system via a modified auxiliary
equation method. AIP Advances. 2019; 9(2): 025003. Available from: https://doi.org/10.1063/1.5087647.

[20] Kumar D, Kaplan M. New analytical solutions of (2 + 1)-dimensional conformable time fractional Zoomeron
equation via two distinct techniques. Chinese Journal of Physics. 2018; 56(5): 2173-2185. Available from: https:
//doi.org/10.1016/j.cjph.2018.09.013.

[21] Zhang B, Zhu W, Xia Y, Bai Y. A unified analysis of exact traveling wave solutions for the fractional-order
and integer-order Biswas-Milovic equation: via bifurcation theory of dynamical system. Qualitative Theory of
Dynamical Systems. 2020; 19: 11. Available from: https://doi.org/10.1007/s12346-020-00352-x.

[22] Wang F, Salama SA, Khater MM. Optical wave solutions of perturbed time-fractional nonlinear Schrodinger
equation. Journal of Ocean Engineering and Science. 2022. Available from: https://doi.org/10.1016/j.joes.2022.
03.014.

[23] Khater MM. Physics of crystal lattices and plasma; analytical and numerical simulations of the Gilson-Pickering
equation. Results in Physics. 2023; 44: 106193. Available from: https://doi.org/10.1016/j.rinp.2022.106193.

[24] Khan H, Barak S, Kumam P, Arif M. Analytical solutions of fractional Klein-Gordon and gas dynamics equations via
the (G'/G)-expansion method. Symmetry. 2019; 11(4): 566. Available from: https://doi.org/10.3390/sym11040566.

[25] Ali R, Tag-eldin E. A comparative analysis of generalized and extended (G'/G)-expansion methods for travelling
wave solutions of fractional Maccari’s system with complex structure. Alexandria Engineering Journal. 2023; 79:
508-530. Available from: https://doi.org/10.1016/j.a¢j.2023.08.007.

[26] Khan H, Shah R, Gmez-Aguilar JF, Baleanu D, Kumam P. Travelling waves solution for fractional-order biological
population model. Mathematical Modelling of Natural Phenomena. 2021; 16: 32. Available from: https://doi.org/
10.1051/mmnp/2021016.

[27] Al-Sawalha MM, Noor S, Alshammari S, Ganie AH, Shafee A. Analytical insights into solitary wave solutions of
the fractional Estevez-Mansfield-Clarkson equation. AIMS Mathematics. 2024; 9(6): 13589-13606. Available from:
https://doi.org/10.3934/math.2024663.

Co iporary Math tics 8790 | Mohammad Alshammari, ez al.



https://doi.org/10.1016/j.cej.2024.149221
https://doi.org/10.1016/j.cej.2024.149221
https://doi.org/10.1109/TCYB.2022.3225106
https://doi.org/10.1007/s11071-021-07115-6
https://doi.org/10.2478/AMNS.2019.1.00013
https://doi.org/10.1186/s13662-020-02973-7
https://doi.org/10.31349/RevMexFis.65.529
https://doi.org/10.31349/RevMexFis.65.529
https://doi.org/10.1016/S0375-9601(03)00196-8
https://doi.org/10.1080/17455030.2017.1296983
https://doi.org/10.1080/09500340.2021.2012286
https://doi.org/10.1063/1.5087647
https://doi.org/10.1016/j.cjph.2018.09.013
https://doi.org/10.1016/j.cjph.2018.09.013
https://doi.org/10.1007/s12346-020-00352-x
https://doi.org/10.1016/j.joes.2022.03.014
https://doi.org/10.1016/j.joes.2022.03.014
https://doi.org/10.1016/j.rinp.2022.106193
https://doi.org/10.3390/sym11040566
https://doi.org/10.1016/j.aej.2023.08.007
https://doi.org/10.1051/mmnp/2021016
https://doi.org/10.1051/mmnp/2021016
https://doi.org/10.3934/math.2024663

[28] Bhatti MM, Lu DQ. An application of Nwogu’s Boussinesq model to analyze the head-on collision process
between hydroelastic solitary waves. Open Physics. 2019; 17(1): 177-191. Available from: https://doi.org/10.1515/
phys-2019-0018.

[29] Iftikhar A, Ghafoor A, Zubair T, Firdous S, Mohyud-Din ST. Solutions of (2 + 1)-dimensional generalized KdV,
sine-Gordon and Landau-Ginzburg-Higgs equations. Scientific Research and Essays. 2013; 8: 1349-1359.

[30] He JH, Wu XH. Exp-function method for nonlinear wave equations. Chaos, Solitons & Fractals. 2006; 30(3): 700-
708. Available from: https://doi.org/10.1016/j.chaos.2006.03.020.

[31] Raslan KR, Ali KK, Shallal MA. The modified extended tanh method with the Riccati equation for solving the
space-time fractional EW and MEW equations. Chaos, Solitons & Fractals. 2017; 103: 404-409. Available from:
https://doi.org/10.1016/j.chaos.2017.06.029.

[32] Alzaidy JF. Fractional sub-equation method and its applications to the space-time fractional differential equations in
mathematical physics. British Journal of Mathematics and Computer Science. 2013; 3(2): 153-163. Available from:
https://doi.org/10.9734/BJMCS/2013/2908.

[33] Alghtani M, Saad KM, Shah R, Hamanah WM. Discovering novel soliton solutions for (3 + 1)-modified fractional
Zakharov-Kuznetsov equation in electrical engineering through an analytical approach. Optical and Quantum
Electronics. 2023; 55(13): 1149. Available from: https://doi.org/10.1007/s11082-023-05407-2.

[34] Yasmin H, Aljahdaly NH, Saced AM, Shah R. Investigating families of soliton solutions for the complex structured
coupled fractional Biswas-Arshed model in birefringent fibers using a novel analytical technique. Fractal and
Fractional. 2023; 7(7): 491. Available from: https://doi.org/10.3390/fractalfract7070491.

[35] Al-Sawalha MM, Yasmin H, Shah R, Ganie AH, Moaddy K. Unraveling the dynamics of singular stochastic solitons
in stochastic fractional Kuramoto-Sivashinsky equation. Fractal and Fractional. 2023; 7(10): 753. Available from:
https://doi.org/10.3390/fractalfract7100753.

[36] Aldandani M, Altherwi AA, Abushaega MM. Propagation patterns of dromion and other solitons in nonlinear phi-
four (¢*) equation. AIMS Mathematics. 2024; 9(7): 19786-19811. Available from: https://doi.org/10.3934/math.
2024966.

[37] Cinar M, Secer A, Ozisik M, Bayram M. Derivation of optical solitons of dimensionless Fokas-Lenells equation with
perturbation term using Sardar sub-equation method. Optical and Quantum Electronics. 2022; 54(7): 402. Available
from: https://doi.org/10.1007/s11082-022-03819-0.

[38] Ghanbari B. On novel nondifferentiable exact solutions to local fractional Gardner’s equation using an effective
technique. Mathematical Methods in the Applied Sciences. 2021; 44(6): 4673-4685. Available from: https://doi.org/
10.1002/mma.7060.

[39] Al-Sawalha MM, Khan A, Ababneh OY, Botmart T. Fractional view analysis of Kersten-Krasil’shchik coupled KdV-
mKdV systems with non-singular kernel derivatives. AIMS Mathematics.2022; 7(10): 18334-18359. Available from:
https://doi.org/10.3934/math.20221010.

[40] Alshammari S, Al-Sawalha MM, Shah R. Approximate analytical methods for a fractional-order nonlinear system
of Jaulent-Miodek equation with energy-dependent Schrédinger potential. Fractal and Fractional. 2023; 7(2): 140.
Auvailable from: https://doi.org/10.3390/fractalfract7020140.

[41] Alderremy AA, Shah R, Igbal N, Aly S, Nonlaopon K. Fractional series solution construction for nonlinear fractional
reaction-diffusion Brusselator model utilizing Laplace residual power series. Symmetry.2022; 14(9): 1944. Available
from: https://doi.org/10.3390/sym14091944.

[42] Ali R, Barak S, Altalbe A. Analytical study of soliton dynamics in the realm of fractional extended shallow water
wave equations. Physica Scripta. 2024; 99(6): 065235. Available from: https://doi.org/10.1088/1402-4896/ad4784.

[43] Avazzadeh Z, Nikan O, Machado JAT. Solitary wave solutions of the generalized Rosenau-KdV-RLW equation.
Mathematics. 2020; 8(9): 1601. Available from: https://doi.org/10.3390/math8091601.

[44] Nikan O, Avazzadeh Z, Rasoulizadeh MN. Soliton wave solutions of nonlinear mathematical models in elastic rods
and bistable surfaces. Engineering Analysis with Boundary Elements. 2022; 143: 14-27. Available from: https:
//doi.org/10.1016/j.enganabound.2022.05.026.

[45] Kundu A, Mukherjee A, Naskar T. Modelling rogue waves through exact dynamical lump soliton controlled by ocean
currents. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences. 2014; 470(2164):
20130576. Available from: https://doi.org/10.1098/rspa.2013.0576.

Volume 6 Issue 6]2025| 8791 Contemporary Mathematics


https://doi.org/10.1515/phys-2019-0018
https://doi.org/10.1515/phys-2019-0018
https://doi.org/10.1016/j.chaos.2006.03.020
https://doi.org/10.1016/j.chaos.2017.06.029
https://doi.org/10.9734/BJMCS/2013/2908
https://doi.org/10.1007/s11082-023-05407-2
https://doi.org/10.3390/fractalfract7070491
https://doi.org/10.3390/fractalfract7100753
https://doi.org/10.3934/math.2024966
https://doi.org/10.3934/math.2024966
https://doi.org/10.1007/s11082-022-03819-0
https://doi.org/10.1002/mma.7060
https://doi.org/10.1002/mma.7060
https://doi.org/10.3934/math.20221010
https://doi.org/10.3390/fractalfract7020140
https://doi.org/10.3390/sym14091944
https://doi.org/10.1088/1402-4896/ad4784
https://doi.org/10.3390/math8091601
https://doi.org/10.1016/j.enganabound.2022.05.026
https://doi.org/10.1016/j.enganabound.2022.05.026
https://doi.org/10.1098/rspa.2013.0576

[46] Ekici M, Sonmezoglu A, Biswas A, Belic MR. Optical solitons in (2 + 1) dimensions with Kundu-Mukherjee-Naskar
equation by extended trial function scheme. Chinese Journal of Physics. 2019; 57: 72-77. Available from: https:
//doi.org/10.1016/j.cjph.2018.12.011.

[47] Yildirim Y. Optical solitons to Kundu-Mukherjee-Naskar model in birefringent fibers with trial equation approach.
Optik. 2019; 183: 1026-1031. Available from: https://doi.org/10.1016/j.ijle0.2019.02.141.

[48] Yildirim Y. Optical solitons to Kundu-Mukherjee-Naskar model with modified simple equation approach. Optik.
2019; 184: 247-252. Available from: https://doi.org/10.1016/j.ijle0.2019.02.135.

[49] Tang Y. Traveling wave optical solutions for the generalized fractional Kundu-Mukherjee-Naskar (GFKMN) model.
Mathematics. 2023; 11(11): 2583. Available from: https://doi.org/10.3390/math11112583.

[50] Giinerhan H, Khodadad FS, Rezazadeh H, Khater MM. Exact optical solutions of the (2 + 1) dimensions Kundu-
Mukherjee-Naskar model via the new extended direct algebraic method. Modern Physics Letters B. 2020; 34(22):
2050225. Available from: https://doi.org/10.1142/S0217984920502255.

[51] Rizvi STR, Afzal I, Ali K. Dark and singular optical solitons for Kundu-Mukherjee-Naskar model. Modern Physics
Letters B. 2020; 34(6): 2050074. Available from: https://doi.org/10.1142/S0217984920500748.

[52] Talarposhti RA, Jalili P, Rezazadeh H, Jalili B, Ganji DD, Adel W, et al. Optical soliton solutions to the (2
+ 1)-dimensional Kundu-Mukherjee-Naskar equation. International Journal of Modern Physics B. 2020; 34(11):
2050102. Available from: https://doi.org/10.1142/S0217979220501027.

[53] Onder I, Secer A, Ozisik M, Bayram M. On the optical soliton solutions of Kundu-Mukherjee-Naskar equation via
two different analytical methods. Optik. 2022; 257: 168761. Available from: https://doi.org/10.1016/].ijle0.2022.
168761.

[54] Zafar A, Raheel M, Ali KK, Inc M, Qaisar A. Optical solitons to the Kundu-Mukherjee-Naskar equation in (2 +
1)-dimensional form via two analytical techniques. Journal of Laser Applications. 2022; 34(2): 022024. Available
from: https://doi.org/10.2351/7.0000639.

[55] Kumar D, Paul GC, Biswas T, Seadawy AR, Baowali R, Kamal M, et al. Optical solutions to the Kundu-Mukherjee-
Naskar equation: mathematical and graphical analysis with oblique wave propagation. Physica Scripta. 2020; 96(2):
025218. Available from: https://doi.org/10.1088/1402-4896/abd201.

[56] He JH. Variational principle and periodic solution of the Kundu-Mukherjee-Naskar equation. Results in Physics.
2020; 17: 103031. Available from: https://doi.org/10.1016/j.rinp.2020.103031.

[57] Sulaiman TA, Bulut H. The new extended rational SGEEM for construction of optical solitons to the (2 + 1)-
dimensional Kundu-Mukherjee-Naskar model. Applied Mathematics and Nonlinear Sciences. 2019; 4(2): 513-522.
Available from: https://doi.org/10.2478/AMNS.2019.2.00048.

[58] Wang KJ, Zhu HW. Periodic wave solution of the Kundu-Mukherjee-Naskar equation in birefringent fibers via the
Hamiltonian-based algorithm. Europhysics Letters. 2022; 139(3): 35002. Available from: https://doi.org/10.1209/
0295-5075/ac3d6b.

[59] Gonzalez-Gaxiola O, Biswas A, Asma M, Alzahrani AK. Optical dromions and domain walls with the Kundu-
Mukherjee-Naskar equation by the Laplace-Adomian decomposition scheme. Regular and Chaotic Dynamics. 2020;
25(4): 338-348. Available from: https://doi.org/10.1134/S1560354720040036.

[60] Elsayed EM, Shah R, Nonlaopon K. The analysis of the fractional-order Navier-Stokes equations by a novel approach.
Journal of Function Spaces. 2022; 2022(1): 8979447, Available from: https://doi.org/10.1155/2022/8979447.

[61] Alghtani M, Saad KM, Shah R, Weera W, Hamanah WM. Analysis of the fractional-order local Poisson equation in
fractal porous media. Symmetry. 2022; 14(7): 1323. Available from: https://doi.org/10.3390/sym14071323.

[62] Nacem M, Rezazadeh H, Khammash AA, Shah R, Zaland S. Analysis of the fuzzy fractional-order solitary wave
solutions for the KdV equation in the sense of Caputo-Fabrizio derivative. Journal of Mathematics. 2022; 2022(1):
3688916. Available from: https://doi.org/10.1155/2022/3688916.

[63] Nacem M, Azhar OF, Zidan AM, Nonlaopon K, Shah R. Numerical analysis of fractional-order parabolic equations
via Elzaki transform. Journal of Function Spaces.2021;2021(1): 3484482. Available from: https://doi.org/10.1155/
2021/3484482.

[64] Sunthrayuth P, Shah R, Zidan AM, Khan S, Kafle J. The analysis of fractional-order Navier-Stokes model arising
in the unsteady flow of a viscous fluid via Shehu transform. Journal of Function Spaces. 2021; 2021(1): 1029196.
Available from: https://doi.org/10.1155/2021/1029196.

Co iporary Math tics 8792 | Mohammad Alshammari, ef al.


https://doi.org/10.1016/j.cjph.2018.12.011
https://doi.org/10.1016/j.cjph.2018.12.011
https://doi.org/10.1016/j.ijleo.2019.02.141
https://doi.org/10.1016/j.ijleo.2019.02.135
https://doi.org/10.3390/math11112583
https://doi.org/10.1142/S0217984920502255
https://doi.org/10.1142/S0217984920500748
https://doi.org/10.1142/S0217979220501027
https://doi.org/10.1016/j.ijleo.2022.168761
https://doi.org/10.1016/j.ijleo.2022.168761
https://doi.org/10.2351/7.0000639
https://doi.org/10.1088/1402-4896/abd201
https://doi.org/10.1016/j.rinp.2020.103031
https://doi.org/10.2478/AMNS.2019.2.00048
https://doi.org/10.1209/0295-5075/ac3d6b
https://doi.org/10.1209/0295-5075/ac3d6b
https://doi.org/10.1134/S1560354720040036
https://doi.org/10.1155/2022/8979447
https://doi.org/10.3390/sym14071323
https://doi.org/10.1155/2022/3688916
https://doi.org/10.1155/2021/3484482
https://doi.org/10.1155/2021/3484482
https://doi.org/10.1155/2021/1029196

	Introduction
	Kundu-Mukherjee-Naskar equation

	The operational procedure of RMESEM
	Establishing solutions for Kundu-Mukherjee-Naskar equation
	Generalized projective Riccati equations method
	GPREs method for Kundu-Mukherjee-Naskar equation
	Results and discussion
	Comparison with previous literature
	Conclusion

