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Abstract: This paper gives a thorough description of g-Homotopy Mohand Transform Method (¢-HMTM) and Mohand
Transform Variational Iteration Method in solving nonlinear fractional partial differential equations that characterize an
extensive variety of intricate physical and engineering processes. The Caputo-type fractional derivative of these equations
provide important memory and hereditary effects. An extensive numerical study is implemented, covering the profiles
of the solutions, error tables and two dimensional error plots. Quantitative findings indicate that they both give small
absolute errors, with the ¢-HMTM having a faster convergence and being more stable to measure small variations in
the behavior of solutions over different fractional orders. In comparison, Mohand Transform Variational Iteration Method
offers accurate approximations at relatively higher error growth with small fractional parameters. The results demonstrate
that g-HMTM has high accuracy and computational efficiency, and it is especially applicable when it is needed to simulate
systems with nonlocal dynamics.
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1. Introduction

Fractional calculus is a new variant of traditional calculus which allows for generalizing the integer-order differentia-
tion and integration to non-integer orders (i.e., fractional orders). In contrast to the conventional calculus, which represent
the systems with local instant responses, the fractional-order calculus brings the memory and hereditary characteristics of
processes to the base of mathematics, so that it has a significant advantage in describing those physical phenomena of real
world with abnormal diffusion, viscoelasticity, long-range dependence, etc. [1-3]. The classical operators of fractional
calculus, the Riemann-Liouville, Caputo and Grunwald-Letnikov derivative operators, have already been applied to
several different fields, including control systems, bioengineering, signal processing and financial mathematics [4-6].
For instance, in the context of viscoelastic material modeling, fractional derivative-based models yield a better fit of
experimental data than integer order-based models as a result of their capability to describe complex time dependent
properties [7, 8]. In addition, fractional-order models have been proven effective to describe the development of infectious

Copyright ©2025 Saleh Alshammariq, et al.

DOI: https://doi.org/10.37256/cm.6620258203

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Volume 6 Issue 6]2025| 8667 Contemporary Mathematics


https://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0002-4030-9083
https://orcid.org/0000-0001-9604-1680
https://doi.org/10.37256/cm.6620258203
https://creativecommons.org/licenses/by/4.0/

diseases, control systems and neural networks, in particular, offering an improved flexibility and accuracy than their
classical versions [9-11]. While for differential equations fractional analogues of numerical methods were developed and
adapted to approximate solutions of Fractional Differential Equations (FDEs), typically without closed-form solutions
[12—14] and so on [15-19].

Nonlinear Fractional Partial Differential Equations (NFPDEs) come as an effective model in modeling various
complex physical problems in which memory effects, nonlocality phenomena, and anomalous diffusion take place.
Favouring them over classical PDEs, NFPDEs involve the derivatives of non-integer order, which provides better
approximating of realistic physical phenomena like the viscoelastic deformation, the turbulent flows or the biological
systems [1, 3, 7]. These equations are appropriate to describe physical systems in which the rate of change of the system is
sensitive not only to the present state of the system, but also on the past history of the process [20—-24]. In physical context,
the NFPDEs describe the subdiffusive or superdiffusive transport phenomena, which have been widely seen in porous
material dyelectric materials and anomalous heat conduction [8, 25]. In kinetic-reaction systems, the non-local transport
is represented by means of the fractional derivatives, while the nonlinear reaction terms describe complex interactions,
such as chemical kinetics, biological cell dynamics or ecological competition [26—28]. For example, the fractional Fisher-
Kolmogorov equation and the fractional reaction-diffusion equation are used for modeling tumor growth, the epidemic
spreading process, and catalytic reaction [29, 30].

In the recent years, there was a significant progress in developing efficient numerical schemes for solving NFPDEs,
which generalize classical models to make them more compatible with memory and hereditary effects appearing in
the diffusion-reaction equations. Spectral methods have been a popular choice for the numerical methods, as they are
spectrally accurate and exponentially convergent in smooth problems [31], and finite element formulations have been
extended to also include such complicated geometries and boundary conditions as fractional operators [32]. In addition,
some adaptive time-stepping schemes were proposed for the efficient numerical solution of the strong singularities and
non-local memory effects which often arise in NFPDEs [33] may also be more desirable both in stability and efficiency
than uniform discretization. In this respect, the work at hand is different because it considers coupled diffusion-reaction
equations, which have been far less studied than single-equation models. This work is novel in the sense that it generalizes
g-Homotopy Mohand Transform Method (¢-HMTM) and Mohand Variational Iteration Method (MVIM) to coupled
systems, and provides a comparative study between both methods since no any comparisons have been present in literature.

The ¢-HTM, which was initially developed as an extension of the Homotopy Perturbation Method (HPM) and
includes a parameter ¢ € (0,1) for regulating the deformation process of a simple problem into a complex one [34].
The proposed method enhances the convergence by providing flexibility in the choice of building the homotopy series,
especially for nonlinear and fractional systems. Now the g-HTM might be slow among suboptimal or even instable for
certain boundary conditions or stiff like systems. To deal with this problem, the g-HMTM is employed by integrating the
Mohand Transform (MT) an integral transform similar to Laplace transform which is useful to solve differential equations
having non-integer order derivative and the g-Homotopy algebra. The MT renders the initial conditions and fractional
derivatives manageable by converting the initial differential equation into an algebraic form which can be easily handled
[35]. When combined with g-HTM, the g-HMTM can greatly enhance the convergence characterise and lead to direct
and recursive construction of approximate solution, and are also applicable to strongly nonlinear problems.

On the other hand, the MVIM is a kind of extension of the well-known VIM, originally developed by He’s [36],
and it has been successfully applied to solve the linear and nonlinear problems. The correctional functionals of VIM are
built based on Lagrange multipliers, and a semi-analytical iterative strategy is proposed to solve the VIM. MVIM differs
in the sense that it incorporates the MT under the framework of the variational iteration method. This hybridization
takes the advantage of transform not only to simplify the fractional operators and initial conditions but also it does keep
the VIM’s strengths that is to obtain a fast convergent series solution in a closed form without any linearization and
discretization [37]. ¢-HMTM and MVIM have attempted to overcome the drawbacks of the previous approaches using
the benefits of integral transforms and homotopy/variational techniques. They are especially important for the physical
and engineering problems formulated by time-fractional PDEs, which describe the dynamics of diffusion-reaction systems,
population dynamics, and electromagnetic theories, and many more [38—48]. Even comparative studies reveal that these
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methods are impressively successful in achieving high accuracy with simplicity and computational efficiency compared
with conventional techniques.

The novelty of this contribution consists in the generalization of two semi-analytic methods, the ¢-HMTM and MVIM
based on the MT, and apply them for the first time to coupled fractional diffusion-reaction systems with such a systematic
comparison in terms of accuracy, stability and convergence. MT is the keystone in both methods, which renders fractional
operators simpler to analyze in an algebraic sense and makes it easier to deal with nonlocal memory effects associated with
Caputo type derivatives . The direct applications of these methods to nonlinear system of fractional diffusion-reactions has
never been reported before. The key contributions of the present paper can be summarized as follows: (i) proposing and
extending g-HMTM and MVIM to the coupled fractional PDEs under consideration via MT making them available for
wide range of problems; (ii) offering a comprehensive comparative discussion along with error tables and figures supported
by simulations, which reflects better efficiency and accurate results of g-HMTM; (iii) understanding the physical meaning
of fractional parameter that governs memory effects and anomalous diffusion phenomena to connect theoretical aspects
with applications for nonlinear science as well as engineering fields.

The workflow of this study is structured in the following way: In Section 2, the mathematical foundation of the
Mohand transformation and some basic definition related to the fractional calculus is described. The methodology is
outlined in Section 3 and the g-HMTM and the MVIM are developed in detail. Sections 4 and 5 give two examples of the
NFPDEs that show the step-by-step implementation of the methods. The discussion of the results is presented in Section
6, and, lastly, in Section 7 the paper closes with the summary of main findings of the work and the benefits of methods
suggested in its effort to address the nonlocal dynamics.

2. Concepts of MT

In this section we will first address broadly the MT and associated concepts.
Definition 1 Assuming the function y(o) for which [49] indicates the MT as:

M[y(c)] =R(s) =s* /OG y(o)e %o, ki <s<k,.

The inverse MT is denoted as:

Definition 2 The derivative of fractional order in the framework of the MT is given as [50]:
n—1 k
Hie — dipry v ¥ (0) <
My*(o)] =s"R(s) kg(’)sk*(““)’ O<pu<n.

Definition 3 Some of the features of the Mohand transformation is:

1. M[y'(0)] = sR(s) — s*R(0),

2. M[y"(0)] = s>R(s) — s°R(0) — s*R'(0),

3. M[y"(c)] = s"R(s) —s"T'R(0) — s"R'(0) — --- — s"R"~1(0).

Lemma 1 Assume that we have an exponentially ordered function y(f, ). Subsequently, the MT is defined as
MIR(s)] = y(B, 0):
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r—1 .
M [DFy(B, 0)] =s™R(s)— Y s*U DYy (B, 0), 0<u <1, (1)
J=0

where B = (B1, B2, -+, Bu) € R¥ and u € Nand Dg' = D5.Db.- - D (r-times).
Proof. We will employ the induction method to demonstrate the validity of Equation (1). By solving Equation (1)
with » = 1, the resulting outcome is obtained.

MDY y(B. )] = R(s) =™ (B, 0) "' Dy y (B, 0).

By Definition 2, Equation (1) proves to be valid for » = 1. Equation (1) is modified by replacing r = 2 to obtain the
following:

M Dy (B, 0)] =s*R(s) — sy (B, 0) —s* ' Dsy(B, 0). )
We will examine the Equation (2) left-hand side.
LHS=M [D%,“ v(B, c)} : 3)
In addition, Equation (3) may be expressed as follows:
L.H.S=M [DsDgy(B, 0)]. 4)
Let
2B, o) =Dsy(B, o). Q)
In order to determine the following, substitute Equation (5) into Equation (4) and solve.
L.H.S=M [D5z(B, 0)]. (6)
The Caputo derivative induces the subsequent modifications to Equation (6):
LHS=M|J'""Z (B, c)} . (7

In Equation (7), the subsequent modifications are the result of the Riemann-Liouville (RL) integral:
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M [Z’ (B, o)}

LH.S= SEm (3)
Equation (8) is employed to acquire these results through the MT derivative feature.
— M _ Z(ﬁa 0)
LH.S=s"Z(B, s) el ©)
The subsequent outcome was achieved by employing Equation (5).
v(B, 0)
Z(ﬁ, S) = S#R(S) — sl_” .
As, M[z(o, B)] =Z(B, s). Accordingly, Equation (9) may also be represented as follows:
i
_ U 7W(ﬁ30)7DGW(B70)
L.H.S=sMR(s) mEm T (10)
Assuming that Equation (1) is true for » = K. Equation (1) is modified by substituting r = K
M[D’é"w([s, 0')} = sKHR(s) Z SHE=D=1pIE DIt y(B 0), 0 < p < 1. (11)

Showing that Equation (1) is true for r = K + 1 is the subsequent step. Substitute r = K + 1 to solve Equation (1).

K

M[ (K+1)p w(B, o)] = sK+DHR(s ; (K+1)=)=1 piH v(B, 0). (12)
Equation (12) can be employed to achieve this outcome.
LHS=M [D’é“ (D’é“)} . (13)
Let
Dg" =g(B, o).

The following result is achieved by utilizing Equation (13):
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LH.S=M[Dgg(B, o)].
The RL integral and Caputo’s derivative are both implemented to modify Equation (14).

8(B, 0)

sl=n

L.H.S=s"M|D5w(B, o)| -

Using Equation (11), Equation (15) becomes:

r—1 .
LHS=s"R(s)— ) sHr=I=1ply(B, 0).
j=0

We can also denote Equation (16) as:

LHS=M[D¥y(B,0)].

(14)

(15)

(16)

Hence, Equation (1) is true for r = K + 1 using induction technique, which implies that Equation (1) for all positive

integer is true.

Lemma 2 Let us suppose that the order of the function y(f8, o) is exponential. R(s) = M[y(, o)] represents the
MT of y(, o). The expression of the Multiple Fractional Power Series (MFPS) in relation to the MT is as follows:

- ()
R(S):,zo T s> 0,
where, B = (s1, B2, -+, Bu) €ER¥*, peN.
Proof. Consider the Taylor series:
(B. &) = ho(B) + i1 (B) -+ +11(B) O
v(B, 6) =ho(B)+ I (B) =+
TR u2u+1]

The resulting outcome is obtained by applying MT to Equation (18).

My(B, o) =M[hiy(B)]+M |:h1(ﬁ)‘u:-

Make use of the features of MT to achieve the desired result.

M[w(ﬁ,G)]Zﬁo(ﬁ)%+ﬁl(ﬁ)ﬂ[ﬂ+l] 1 +ﬁ2(ﬁ)w 1

plp+ 1] si41 uRu+1] 2850

amn

(18)
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Consequently, this leads to a new Taylor series.

Lemma 3 The modified Taylor series in MFPS has the following form when M[y(B, o)] = R(s) denotes the MT:

ho(B) = lim sR(s) = y(B, 0).

§—ro0

Proof. Consider the Taylor series:

Calculating and simplifying the limit given in Equation (19) yields Equation (20).
Theorem 1 Assume the function M[y(f3, o)] for which R(s) in MFPS form is given as:

where B = (Bi, B2, -+, Bu) € R* and p € N. Then we have

hr(B) = D*w(B, 0),

where, D} = DE.DL ... DL (r-times).
Proof. Assume the Taylor series:

B (B) = s IR(s) — st () — T2B) _s(B)

By applying limit to Equation (21), the following result is obtained:

71 (B) = lim (s*T'R(s) — s*7ip(B)) — lim fa(B) i, 1B

§—o0 s—oo  gH s—o0  §2H

Simplify the Equation (21).

fi(B) = lim (s**'R(s) — s o (B)).

s—>00

We develop the following form of Equation (22) by applying the basic ideas provided in Lemma 1.

i (B) = lim (sM [DEw(B. 6)] (5)).

s—00

The foundation for deriving Equation (23) is Lemma 2.
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1 (B) = Doy (B, 0).

We have to apply the Taylor series and once more take lim;_,.. to get the following result.

() = 4 R(s) — o (B) ~ 1 (8) 2P
Lemma 2 provides the next results.
ha(B) = lim s (s R(s) — 5o (B) s~ 11 (B)) (24)

§—ro0

Lemmas 1 and 3 serve as the foundation for the following modifications to Equation (24):

ha(B) = D' w(B, 0).

Following the same process, we get:

hs(B) = lim s (M [DFy(B. w)] (5))

§—>00

This final result is obtained from Lemma 3.

h3(B) = DY w(B, 0).

Generally

1 (B) =D y(B. 0).

Proved. ]
The following theorem defines and clarifies more effectively the Taylor’s series convergence.
Theorem 2 Lemma 2 characterises the MFTS expression, which is represented as follows: M[y(c, B)] = R(s),

sM [DI iy (B, o)

the inequality:

when <T,forall s >0and 0 < u <1, the residual Hx(f, s) of the new MFTS and validate

T
[Hk (B, s)| < Py 5> 0.
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Proof. Let M [D¢' w(B, o)] (s) isdefinedons > 0forr=0, 1,2, ..., K+ 1 and assume [sM[Dgx:1 (B, 0)]| <T.
The resultant relationship can be found with the help of the new form of Taylor series.

K
Hk(B, ; e +1 (25)

We get the following result by using Theorem 1 and Equation (25):

- D w(B, 0
(B, 5 = ko) - 3 2 H G 26)
Multiply s(K+1a+1 with Equation (26):
S(KJrl),UrHHK(ﬁ’ S) — ( (K+1)/.LR Zs (K+1—r)u— lDr# (ﬁ 0)) ) (27)
r=0

When Lemma 1 is used, Equation (27) takes the following specific form:

sEE (B, 5) = s DSy, o). (28)
Take the absolute:
s (B, 5)]| = ‘sM DSy (B, o)) \ (29)

The condition specifies in Equation (29) must be applied in order to get the desired result.

T
st < Hx (B ) < e

(30)

The result of Equation (30) may also be expressed as follows:

T
s(K+Dp+1"

[Hk (B, 5)| <

This leads to the establishment of unique conditions for the series’ convergence.

3. Methodology
3.1 ¢-HMTM

Assume the general PDE of the time fractional order:
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Doy(B, o) +#y(B, o)+ N y(B, 0) =H(B, 0), n—1<p<n. €2y

The derivative of Caputo is represented by D4 y(B, o) and the source term is H(B, o). .4 represents the nonlinear
operator, while % represents the linear operator.
The transformation of Mohand is applied to Equation (31).

1 n—1

Ay (B, G)]—Sjkg Ty, 0)+si”[///[%’ll/(ﬁ» o)+ AN y(B, o)] - A[H(B, 0)]] =0.  (32)

The non-linear operator defined as follows:

n—1

NI(B. 0 @)l =#1E(B, 05 a)] ~ 5 X s (B, 03 0)(07) + ; LI#L(B, 0 )]
k=0
(33)

+ AN EB, 05 q)] = A[H(B, o)]].

. 1 L . .
With respect to 8, 0, and ¢ € [0, ], the real-valued function in the present case is {(8, o; ¢). We describe a
n

homotopy in the following manner:

(1—=nq)#[E(B, 05 q) = yo(B, 0)] = hgh(B, o) A[S(B, 0 g)]. (34

Within the equation illustrated above, the auxiliary parameter is & = 0 whereas the initial condition is Y.

1
The following is applicable for — as well as 0.
n

(B, o:0)= (B, o). ¢ (.o 1) =i, o) 65)

Due of the intensification of ¢, the solution (3, o ¢) differs from the initial condition yy (8, o) to w(B, o). With
respect to ¢, we may use the Taylor theorem on (3, 0; g) to determine the following:

£(B. 02 q) = vo(B. 0)+ Y Yn(B. 0)", 36)

m=1

where

_ 1 0"¢(B, 0: 9)

“ml dq" =0 7

m
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1
When v (B, o), n, and 7 are set appropriately, the series (34) converges at ¢ = —. Consequently,
n

£, o) = (. )+ X vnlBo) ;) - 69)

m=1

The derivative of Equation (34) with regard to the embedding parameter ¢ may be obtained by setting ¢ = 0 and
dividing by m!.

MYu(B, 6) — kW1 (B, 0)] = (B, O) (W m1). (39)

The following is the definition of the vectors and the auxiliary parameter / # 0:

Wm = [WO(B’ 6)) Wl(ﬁ’ G)? ceey Wm(ﬁa G)] (40)

Apply the inverse transformation of Mohand on Equation (39).

Wm(ﬁv G) :kmwm—1<ﬁ’ G)"‘h‘%il[h([i G)l@m(v}m—l)]a (41)
1 amfll/V , O;

%m (Km—l) = (mi 1)' a[qgnsfgl ° q)} |q=07

P 0Oifm<1, 42

"\ tifm> 1. )

Solving Equation (41) help us to determine the constituents of the g-HMTM solution.

3.2 MVIM

Assume the general PDE of the time fractional order:

DE(B, ) =%w(B, o)+ N y(B, o) +H(B, 0), n—1<u<n. 43)

Initial condition

v(B, 0)=w(B). (44)

Apply the transformation of Mohand on Equation (43).
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MDey(B, o)) =A%y (B, o)+ A y(B, o) +H(B, o). (45)

We get the following result by means of the iterative characteristic of transform:

L U aayip. @)+ A vB. ) 4B, o) (46)
The Lagrange multiplier (—A (s)) is used with the iterative technique to find the solution.

& ko1 9%y (B, 0)

M Yui1 (B, 0)] = A [yu(B, 0)]=A(s) | A [ya(B, 0)] Z ok |- (47)

1 . . . .
Where A(s) = - and Equation (47) are substituted in Equation (46), to get
s

M yir(B, ) = 1yu(B. 0)] —A(s) l///[%(ﬁ, o)=Y i1 2¥(B. )

= dok
(43)
MAZY(B, 0)+ AN y(B, o) +H(B, G)]]-
Apply the inverse transformation of Mohand on Equation (48):
| 1 e 'y (B, 0)
Vi1 (B, 0) = (B, o)+ 4 py Y s T"’///[%V’(ﬁa o)+ A y(B, o) +H(B, 0)]|. (49
k=0
The initial condition is given as:
_ | LY i 9V (B, 0)
WO(B7 G) =M [S” kgo dok . (50)
The iterative scheme is given as:
| U e 94 w(B, 0)
V1 (B, 0) = w(B, o) +. 4 py Y s T‘F///[%W(ﬁ, o)+ A y(B, o) +H(B, o)]|. (51
k=0
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4. Problem 1
4.1 Solution via -HMTM

Take into consideration the Physical model of time fractional order [51]:

2
Dl (B. )~ Y5y (B, o)+ wi(B. O)ve(B. o)~ wi(B. o)

0,

02 , O 52
Dbva(p. @)~ 2 (B 0) 4 v (B. ) va(B. o)~ va(B. 0) =0, 2
6>0,BeR 0<u<l.
Initial conditions:
kP
vi(B, 0) = KB
kB
364 +1
w:(B, 0) = ; (53)
B0 = )2

sH

kB
///[wl(ﬁ,onﬂ( : ) 1%[_(921,,,(;3,(;)

o v (B o) v (B vl o) wa(B. )| <.

3P

—+1 2
4 ot |- S0 25, o)+ (B )walB. 0) - walB. )] 0. (54

L e R

We characterise the nonlinear operators as follows:

ekP
A28 (B, 01 q), &(B, 03 @)l =4 [L1(B, 0 CI)H‘S( >+

1 9*¢i(B, 05 q)
B 4+ 1 %[_ :

STJ“ aﬁz +Cl3(B7 o, q)

+C1(Ba o; q)C2(Ba o, Q)_Cl(ﬁa o, ‘D}?

3ekB
— +1 2 .
AP 010 GlB 010l <GB 0 | s +;%[—W+cﬂﬁ, o: )
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C

+Cl(ﬁ7 o, Q)Cz(ﬁv o; q)_cz(ﬁv o, C]) .

The Mohand operators are describe as follows:

'//[Wlm(ﬁv o-)_kaImfl(ﬁ7 G)] :hh(ﬁa G)%l,m[ﬁm—la %)m—lL

'///[WZm(ﬁv G) _kaZm—l(ﬁv 6)] = ﬁh(ﬁ’ 6)‘@2, m[ﬁmfh @mfl]'

Here,

r%1, m[ﬁmfly @mfl]

ekﬁ 02
=1y (B )+ (1—"'")<k,3+1> /4 P B 21

+Z Z Wl Ba llll (ﬁ? )wlm 1—r— 1 ﬁv +ZW1 ﬁ7 ‘I’2m 1- z(Ba ) Wlm—l(Bv G) )

r=0 i=0

<@2, m[ﬁmfl ) @mfl]

3¢kB !
_ b\ [ 2L, 2B o)
=Bl (1) | s || - g

m—1

+Z‘I/2 Ba lIfzm 1- lﬁ? +ZW1 ﬁ’ ‘l’2m 1- z(ﬁa ) llfzm—l(B7 G) )

Wlm(Bv G) :kmll/lm—l(ﬁv G)+ﬁe/f71 [b(ﬁ: G)%l,m(ViM7la @mfl)h
V2, (B, 0) = knV2,_1 (B, &)+ 5t "' [6(B, 0) %2, m(Wim-1. WVom-1)] -

We get the following result by using initial conditions (58).

(55)

(56)

(57)

(5%)
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hotePk (4K —5) Pk — 4k?)

, 0)=
B o) =
hio* Pk (12k2e2P* + (16K +3) ePX — 20k + 4
llle(.Ba G):_ ¢ ( ‘ ( )e4 )7 (59)
16u(u+1) (ePk+1)
viL(B, 6) =— fict et (ﬁc“u(u+ 1)<—8k4+4<2k4—5k2+5)e3ﬁk
Bu(u+ D) (2u+1) (eBr+1)°
+ (88k4 — 60K +2) Pk 1 (— 88K+ + 104k — 11)8’”‘)
72nu(2,u+1)(eﬁkJr1)2((4k275)e5k74k2)),
v, (B, 6) = ! . (hc”eﬁk (ﬁo“u(/.H— 1)(24k4e4ﬁk—2(56k4— 18K2 + 15)e3ﬁk
32[,L(,u+l)/.l,(2,u+l)(eﬁk+l)
— (528K + 847 473 )24 4 (528K* — 92> 50 ) P — 8 (5Kk* — 202+ 1) ) — 2np (2p + 1) (P + 1)2
x (12k2e2f"’<+ (16k2+3)eﬁ’<—20k2+4))), (60)
and so on.

In this way, the additional terms in the solution are obtained. The following is the solution to Equation (52) using
g-HATM:

vi(B. o) =yip+ i Vi (i)m,

m=1

oo 1 m
W2<ﬁa G) =Y+ Z V2, (I’l> : (61)
m=1
B hotePk ((4k* —5) ePk — 4k? hot P
vi(B, o) =5 [ ( ) 3 ) 5(ﬁo“u(u+1)(78k4
e + Apu(p+1) (ePr+1) Su(u+1)uu+1) (P +1)

4 (2K = 525 ) e 4 (88K* — 607 +2 ) P - (— 88K+ 104K — 11 ) 2P
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—2n/,l(2,u+1)(eﬁk+1)2 X ((4k2—5)e’3k—4k2>) Foo,

(8. o) = 2l 4 notePt (12202 4 (168 +3) P~ 208 +4) | 1
YR OT  1)? 16+ 1) (P4 1) B )
p(u 32[,L(/.L+1)u(2,u+1)(e +1)

(ﬁo“eﬁk (hc“ u(p+1) (24k4e4ﬁ’< 2 (56k4 — 1812+ 15) 3Pk (528k4 T84 73) 2Bk
+ (528K — 924 — 50) Pt — 8 (5K 26>+ 1) )
—onpu(2u+1) (e5k+ 1)2<12k2e2ﬁ"+ (16k2+3)eﬁ’<—20k2 +4))) T (62)

1" 1\"
For = 1,hi=—1and n= 1 solutions ¥ _, v, () and YN_ v, () converges to the exact solutions as
n n

N — oo,

ek(cO'Jrﬁ)
Wl(Ba 0-) = ek(co-JrB) 1 ’
(63)
% okleotB) 4 1
,0)=—+———.
WZ(ﬁ ) (ek(CG+ﬁ>+])2
4.2 Solution via MVIM
Take into consideration the Physical model of time fractional order:
92 , O
Db (B. @) = "4 (B @)~ wi(B. )valB. 0) + wi(B, )
92 , O 64
Dhva(p. ) = TV (6. o) wi(B, )l o)+ (B ), ©9

6>0,BeR 0<u<l.

Initial conditions:
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kP

vi(B,0)= HB1
2 otB (65)
=t
v2(B, 0)=———
2000 = s Ty
We can get subsequent result by applying the recursive formula given in Equation (51).
a wl(ﬁa 0) aZIVln(ﬁ7 O-)
llfln-&-l(ﬁ ) (ﬁa [ Z okl Dok + A 8[32 _W?n(ﬁa G)
7W1n(Ba G)WZ,,(B, G)+Wln(ﬁa G)‘|‘|a
(66)
ok , 0 *vy,(B, o
V2,01 (B, 0) =0, (B, 0)+. 4 [ Z win Z0B0) . ‘”f;fﬁ L y3,8. 0)
—V1,(B, )2, (B, 0) + 2, (B, G)H-
The second approximation is obtained by putting n = 0 into the equation above:
| 1 E e f (B, 0) 9*y19(B, o)
vi1(B, 0) =v(B, o) +.4 1Lﬂ L e | T gp  iolBo o)
—Wlo(ﬁa G)WZO(ﬁ7 G)+WIO(B7 6)117
(67)

2
Y (. o)

dok

m—1 k
v, (B, 0) =vo(B, o) +.4"" [Sl“ y —k-19"¥2(B, 0) i
k=0

—V/lo(ﬁ> O-)IVZO(ﬁv G)+W2O(ﬁ7 G)]]v

by simplification, we get
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_ P ot (P (4 +4ePh+3) — 4k +4)
eﬁk—i-l 4u(u+1)(eﬁk+1)3

Wll(ﬁv G)

b

(68)
3Pk
7 T o (12(k2 - 1) Pk —20 (K2 +2) P + (16K —37) 2Pk — 16)

_|_
(eBk 1) 16u(p+1) (eBE+1)*

v21(B, 0) =

Substitute n = 1 in Equation (66), to obtain

2
T B, o)

L 9B, 0)
— 1 k—1 )
yvi,(B, o) =y1,(B, o)+ .# L“ kzzos“ ToF +.A

71”11(137 G)WZI(Ba G)+WII(B> G)‘|‘|,

(69)

2
T viip. o)

3 1 m—1 e ak , 0
Voa(B. 0) =y, (B. o) +.4 1[” y i1 2B
ST 20 O

—v11(B. 0)y2 (B, o)+ 2 (B, G)H-

After simplifying the expression, the required solution is obtain.

vi,(B, o) =L9 (64(6’3" + 1)8 - (166“ (eﬁk+ 1)6(eﬁ’< (4k2+4eﬁk +3) — 42 +4))/(u(u + 1))

6 <eﬁk+1

+ (807 (P + 1)4(11(8k4 — 81745 ) et - (= 8K + 362 +30) e ((— 88K* 444k +32) P
(K~ 20 +2) +246%%) ) / (2u+ 1) + (0 (B 1) (P (482 +4eP 13) —a?
£4))/ (o + 1 (a4 1) + (407 (2u+ 1)ePeomn? (BF)

(—4k2 sinh(Bk) +4(k2 - 2) cosh(Bk) — 4k> — 3) (8 (2k2 + 1) sinh(Bk) +8<7k2 + 11) cosh(BK)
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— 64k2 +32sinh(2Bk) + 64 cosh(2Bk) + 85))/(u(u T 12u(3u 1))), (70)

¥2,(B, o) :W (64(P*+ 1)6 (3P +4) + 160+ (P 1)4 (12(k = 1)t — 20 (k2 4 2) Pt

(68 )e 1)) )
+ (807 (44 1)2 (P~ a0kt + (411 - 8Kk2 (66K + 13 ) ) 2P

06K +24 (K — 24k +2) ¥ — 4 (28" 4 3142 - 52) € 14 (132K + K2 4115 ) eP* 1272 +-64) )
(a0 (P 1M ()M 2 42) 68 ) 1
(8(12 +12) cosh(Bh) — 16K”  165inh(Bk) + 32c0sh(2Bk) +65) )/ (m(u + 1>uGu+ 1)), (71)

5. Problem 2
5.1 Solution via -HMTM

Assume the time fractional coupled system of diffusion-reaction equation [51]:

2
Dl (B. )~ Y45 y3(B. )+ (B, 0va(B. o)~ wA(B. ) =0,

2
Dhva(p. o) ZYE T v . opvap. o)~ 72

where 0 < pu <1.

Initial condition:

B
VB, )= ——.
(eTJrl)
(73)
1
va(B, 0) = ——
e?2 +1
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ekﬁ 2
Mi(B o) +s ( ) +;//z[—‘9‘”;jfg")+w%<ﬁ, o)+ vi(B. 0)va(B. )~ v (B. 0)| =0,

(e% + 1)2
Mya(B, 0))+5 <1> +1///[—‘92"’2(’3"’)+wl (8. 0)va(B, o)] 0. (74)

st dB?

We characterise the nonlinear operators as follows:

B 2 )
A6 (B, 03 q).&a(B, 03 @)l =A[Gi(B, 01 @)+ (< " )2) +;L//[—(9Cl(aﬁéza’q)
ez +1

+¢E(B, 03 9)(B. 0)+ &1 (B, 05 )& (B, 03 9) — &i(B, o3 q)],

(75)
NGB, 0 ), (B, 03 9)] =GB, 03 g)] +s (ﬁlﬂ)
2 .
+§/4—a Cz(f[;f’ D48, o1 )LalB. o q>].
The Mohand operators are describe as follows:
%[wlm(ﬁa G) _kmwlmfl(ﬁa G)] = ﬁh(ﬁ: G)%l, m [Wmfh @mfl] s
(76)

%[Wzm(ﬁa 6) *kmwzm—l(Bv G)] - ﬁh(ﬁ) G)'@L m [ﬁm*lv @mfl] .

Here,

e%1, m[ﬁmfla @mfl]

i (B )]s (1) (( k;:ﬁ_l>2) +L/,,[_W
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—1

+Z Wl Wlm 1— 1( + Z‘l’l ﬁ G)wzm 1— l(ﬁ )_WImfl(ﬁa G) 5

%2, m[ﬁm—la %)m—l]

MY (B 0)]”(1 _]Zn) <ek2“1+1>

0
+%[ M—i_ Z lIll lV2m 1- z(ﬁ 0->‘| (77)

st 02

Vi,,(B, ©) = kW1, (B, 0)+hdlt " [6(B, 0)Z1 m(Wim1, Vim1),
wzm(ﬁ’ G) :kaZm—l(ﬁv G)+h%7][b(ﬁv O_)%Z,m(ﬁmfla @m71)~ (78)

We get the following result by using initial conditions (78).

ot ek ((k2—2) e% —2k2>
wll(ﬁa 6) = Bk 4 )
2u(p+1) (e7+l)

Bk
v2,(B, o) :ﬁcue . (kz (kﬁk_ 4) e3 ) ’ (79)
Ap(p+1) (ﬁ +1)

hot (8K + (K —4) e F + (3362 — 28) e —2 (9k* — 16+ 8) )

vi2(B, o) =hot Pt 5 6
8u(2p +1) (ﬂ +1)

n ((k2 —2) e¥ —2k2)

+ —
2u(u+1)(eﬁ7+1)

Lo [ ho* (5 =1) (K —2(sK2 = 16) ReT + (2= 4)7eP)  n((R—4)e5 —i)
WZZ(ﬁa 6) =ho"e? Bk 3 - Bk 3 ) (80)
16u(2u+1) (e +1) au(p+1) (5 +1)

and so on.
In this way, the additional terms in the solution are obtained. The following is the solution to Equation (72) using

¢-HATM:
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o 1 m
Wl(ﬁ? 6) =Y+ Z Vi <I’l> )
m=1

oo 1 m
va(B, 0) =vap+ Y ¥, (n> . (81)
m=1
o8 okl (2 —2) e —2) (R =-2)e% —2)
vi(B, o) = m 5+ o 1 + hoteP m Z
(e7+1) 2u(u+1)(e7+1) 2/.L(IJ+1)(€T+1)

hot (8K + (2 —4) ™S + (3342 —28) KPes —2 (9K* — 168> +8) )

8u(2/.t+1)(e¥+1)6

n((k2—4)e@—k2)

e +1 4u(u+1)(e¥+1) 4u(u+1)(6¥+1)3

hot (% —1) (K —2(5K2 —16) Res + (k2 —4)7eP¥)

— (82)
160 (20 +1) (67 +1)

1" 1\"
For = 1,h=—1and n= 1 solutions Y _, v, (> and YN _ v, <) converges to the exact solutions as
n n
N — oo

ek(co+pB)
vi(B, 0)= — s,
(67k<co+ﬁ>+1>
(83)
1
,0)=—— .
WZ(ﬁ ) e%k(CGJrﬁ)Jrl

5.2 Solution via MVIM

Assume the time fractional coupled system of diffusion-reaction equation:

2
Db (B. @)~ T LB, o)+ B, 0)va(B. o)~ (B, o) =0,
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2
Dlbva(p. )~ )y B, o)vap. o) =0,

where O0<pu <1. (84)
Initial conditions:
P
vi(B, 0)= T N2
()
(85)
1
WZ(Bv 0) = .
e?2 +1

We can get subsequent result by applying the recursive formula given in Equation (51).

_ ale/ln(ﬁ’ O')

Vi,1(B, 0) =w1,(B, o l z w1 VB0 |- TVE0) sy (5. o)

dok

+W1n(Bv G)V’Zn(ﬁv o-)_ll,ln(ﬁv G)]]a

ok 9?
V2,.1(B, ) =, (B, &) +. 4~ [ Z ot w;i,ﬁk O)+/// ll/za"ég’c)Jrlllln(ﬁ, o)y, (B, G)H.
(86)
The second approximation is obtained by putting n = O into the equation above:
1 m—1 ak , 0 82 ,

vir(B. o) =y (B, c>+//1‘[wg)s““"gfﬁ Do - 209D 1 yip, o)

+W10(ﬁa G)W2O(ﬁa G)_Wlo(ﬁa G)‘|‘|a (87)

ok 0 22

v21(B, 0) =vso(B, 0 [ z wot SR D) | - TR (B, )8, G)H’

by simplification, we get
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Bk ot ePk ((k2+2) e% —2k2+ZeBk+2>

wll(ﬁa G): k - N )
(e%ﬂ)z 2u(u+1)(eﬁz +1)4
(88)
I K2 —4) ohebk — K2otes
Wzl(ﬁvo): Bk +( )Ge Bk o-i )
ez +1 4[,L(,u+1)<67+1)
Substitute » = 1 in Equation (86) to obtain
ok 0 92 ,
Vi2(B, 0) =v1, (B, o [ z ws CUR D |- YD) i 6 o
+llf11(.33 G)W21(Ba G)_llfll(ﬁac)‘|‘|a (39)

2
fw+%1(37 o)y (B, G)H'

Va(B, 0) =y, (B, &) .4 Li, § 2B 0, L

x
fard Jo

After simplifying the expression, the required solution is obtain.

vi2(B, o)
Bk ohePk ((k2+2)e¥ —2k2+2eBk+2)
= 2~ 7
(e% +1) 2u(i+1) (ﬁﬂ)

oM et (1 +2) % —20 126 +2) (—4 (K —2) €T + (K +8) P 412+ 47 )

X 8
8u(u+ 1)2u(3u + 1) (e% +1)

G2k (8 (K — 1)+ (k4126 +32) €% +2 (9K — 16K +20) P + (—33k* + 42 + 16) ¥ + 1667+ )
+ ) 6 ’
8u(2u +1) (e% +1)

WZZ(ﬁa 6)
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NG oHeBk —K2oHes
Bk ) 3
e? +1 4[1(,11—&-1)(6%4-1)

02 eS (ko (K =82 +32) % + (11K 3262 +16) € + (—11k* +40K% + 16) ¥ )

+ —
160 (2 +1) (eTJrl)

oHpu+1)es (R —4)es —2) (1 +2) e 20+ 2P 12)
. | 90)

7
8u(i+ 1213 +1) (e% + 1)

6. Numerical results and discussion

The systems of PDEs solved in this work using g-HMTM and MVIM are the Caputo fractional-order diffusion-
reaction models: the time-fractional derivative of order 0 < u < 1 brings memory and hereditary into dynamics. From
the phenomenological point of view, these models capture the dynamics resulting from diffusion mechanisms on a
homogeneous background (that accounts for the spatial spreading between the quantities y; and y,) which interacts with
nonlinearities representing self-interaction and cross-interaction terms among two different components. It is essential
because the empirical anomalous diffusion behavior, wherein a system moves in ways that contradict classical Brownian
motion and instead give way to sub-diffusive or history-dependent dynamics found in porous media, viscoelastic materials,
and biological systems, must be described by the fractional operator. The nonlinear terms 11112, %2 and coupling product
Y1y, correspond to cooperative or competitive interaction, ubiquitous in chemical kinetics, population dynamics and
pattern formation of nonlinear science. The selected initial conditions are localized configurations, which may mimic the
concentration profiles or population densities in the beginning of the process. Hence, these fractional coupled diffusion-
reaction equations offer a physically sensible approach for describing real-world dynamics in applications occurring in
nonlinear science; where both the diffusion and the reaction are affected by memory which results with richer and more
realistic behavior than classical integer-order models.

@ (b) ©)

10 0.000

Figure 1. Graphical analysis of fractional order o for the solution y;(f, o). The subfigures (a) show the effect of u = 0.4, (b) show the effect of
1 = 0.6, and (c) show the effect of t = 0.8 of problem 1 for 6 =0.01, k=2/3,andc =1
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Figure 2. Graphical comparison of the g-HMTM solution (a), MVIM solution (b), and exact solution (c) of problem 1 for p = 1.0, 6 = 0.01, k =2/3,
andc=1

-10 -5 5 10 p

Figure 3. Graphical comparison of fractional order i for the solution y; (8, o) of problem 1 for 6 =0.01, k=2/3,and c =1

Figure 4. Graphical analysis of fractional order o for the solution y»(f, ). The subfigures (a) show the effect of u = 0.4, (b) show the effect of
u = 0.6, and (c) show the effect of u = 0.8 of problem 1 for 6 =0.01, k=2/3,and ¢ =1
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Figure 5. Graphical comparison of the g-HMTM solution (a), MVIM solution (b), and exact solution (c¢) of problem 1 for u = 1.0, 6 = 0.01, k =2/3,
andc=1

-10 -5 | 5 10 p

Figure 6. Graphical comparison of fractional order i for the solution y» (8, &) of problem 1 for o =0.01, k=2/3,and c =1

InFigures 1-6, we have shown the numerical solutions of y; (8, ¢) and y» (3, o) which corresponds to the Problem 1
for different values of fractional parameter u and time o, along with exact solution. These figures confirm the effectiveness
of the proposed techniques and indicate the physical importance for varying fractional order. In particular, the influence
of the parameter it on the dynamics of y;(f, o) at a fixed time ¢ = 0.01, is shown in Figure 1. For smaller fractional
value u = 0.4, the solution displays considerable transitions and large memory effects, implying the predominance of
nonlocality and weak diffusion. For u = 0.6,0.8, the profiles become smoother and more diffusive as we increase u
indicating a transition between anomalous to classical diffusion regime.

The solution y; (B, o) obtained through g-HMTM and MVIM are presented as compared with exact solution for
1 =1.0and 6 = 0.01 in Figure 2. The excellent agreement that we obtain from the proposed methods demonstrate that,
they reliably capture the essential dynamics. The fractional orders comparison are shown in Figure 3, and it is observed
that as u — 1, the solution approaches to classical model, this confirms the validity of fractional model comparing with
integer-order models.

A similar analysis for y»(f, o) is presented in Figures 4-6. Similar patterns are observed: the smaller fractional
orders lead to more oscillatory profiles because of more pronounced memory effects and larger values of the order provide
smoother solutions as an evidence of less diffusive carriers. These results emphasize the role of fractional operators for
modeling real-world systems with anomalous diffusion rates that cannot be fully represented by classical PDEs.
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Figure 7. Graphical analysis of fractional order o for the solution y;(f, ). The subfigures (a) show the effect of u = 0.4, (b) show the effect of
1 = 0.6, and (c) show the effect of 4 = 0.8 of problem 2 for 6 =0.01, k=2/3,and c =1

gy
70.000

Figure 8. Graphical comparison of the g-HMTM solution (a), MVIM solution (b), and exact solution (c) of problem 2 for 4 = 1.0, 6 = 0.01, k =2/3,
andc=1

I-6II‘-4IlI-2III‘Il2lll4lll6 P

Figure 9. Graphical comparison of fractional order u for the solution y; (B, o) of problem 2 for 6 = 0.01, k=2/3,and ¢ = 1

Contemporary Mathematics 8694 | Saleh Alshammari, et al.



0.4, (b) show the effect of

2/3,and c=1

0.01, k=

0.8 of problem 2 for o =

0.6, and (c) show the effect of u =

Figure 10. Graphical analysis of fractional order ¢ for the solution y» (S, ¢). The subfigures (a) show the effect of u

u

=2/3,

0.01, k

Figure 11. Graphical comparison of the g-HMTM solution (a), MVIM solution (b), and exact solution (c) of problem 2 for 4 = 1.0, o

andc=1

=2/3,and c=1

0.01, k

Figure 12. Graphical comparison of fractional order u for the solution y,(f, o) of problem 2 for &
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Figure 13. Absolute error comparison of problem 1
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Figure 14. Absolute error comparison of problem 2

Tables 1 and 2 for Problem 1 confirm quantitatively that both methods give good approximations of y; and v, with
the absolute errors mostly being small. In Figures 7-12 and Tables 3 and 4 for Problem 2, the trends outlined are similar
but Y, has slightly large errors for MVIM at lower 3 values. However, both approaches maintain stable error levels as
shown in Figures 13 and 14.
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Table 1. g-HMTM and MVIM solution error analysis of y; (8, &) for k=2/3, and ¢ = 1 of problem 1

o B q¢-HMTM MVIM -1 Exact q-HMTM errory—100 MVIM errory—;.00

-10 0.001276 0.001276  0.001279 2.830701x107° 2.830701x107°

-8 0.004826 0.004826  0.004836 1.060080% 107> 1.060090x 107>

-6 0.018066 0.018066  0.018104 3.830350x 107 3.830390x 107

-4 0.065254 0.065254  0.065375 1.212830x 1074 1.213010x 104

-2 0.209468 0.209468  0.209711 2.430450% 104 2.436050% 104

0.01 0 0.501564 0.501558  0.501667 1.025350% 104 1.083920% 104
2 0.792600 0.792588  0.792490 1.097680x 1074 9.844470x 107

4 0.935508 0.935502  0.935435 7.321050x 1073 6.698020x 1073

6 0.982156 0.982154  0.982131 2.444280% 1072 2.240130x 107>

8 0.995234 0.995233  0.995227 6.857882x 1076 6.286871x1076

10 0.998739 0.998739  0.998737 1.837728x107° 1.684819x10~°

Table 2. g-HMTM and MVIM solution error analysis of y»(f8, o) for k=2/3, and ¢ = 1 of problem 1

o B qg-HMTM, MVIM;— Exact q-HMTM errory—100 MVIM errory—1.00

-10 0.998408 0.998408 0.998401 6.766807x 1076 6.693655x 1076

-8 0.993986 0.993985 0.993960 2.564020x 107> 2.536990x 107>

-6 0.977548 0.977547 0.977452 9.676330x 107 9.583220x 107

-4 0.919706 0.919704 0.919349 3.569960x 104 3.544570x 1074

-2 0.750001 0.749996 0.748856 1.145220% 1073 1.140590% 1073

0.01 0 0.437917 0.437909 0.435834 2.083360x 1073 2.075020% 1073
2 0.167832 0.167830 0.166398 1.434800% 1073 1.432160x 1073

4 0.049981 0.049981 0.049466 5.154140x 1074 5.157100x 1074

6 0.013629 0.013629 0.013481 1.477100x 104 1.479240% 104

8 0.003625 0.003625 0.003585 3.980250x 1073 3.986990x 1073

10 0.000957 0.000957 0.000947 1.055280% 107> 1.057140x 107>

Table 3. g-HMTM and MVIM solution error analysis of y; (8, o) for k=2/3, and ¢ = 1 of problem 2

o B q¢-HMTM,—; MVIM =1 Exact q-HMTM errory—100 MVIM errory—; 00

-10 0.998408 0.998408 0.998401 6.766807x 1076 6.693655x107°

-8 0.993986 0.993985 0.993960 2.564020x 107> 2.536990% 107>

-6 0.977548 0.977547 0.977452 9.676330x 107> 9.583220x 107

-4 0.919706 0.919704 0.919349 3.569960x 104 3.544570x 104

-2 0.750001 0.749996 0.748856 1.145220x 1073 1.140590% 1073

0.01 0 0.437917 0.437909 0.435834 2.083360x 1073 2.075020x 103
2 0.167832 0.167830 0.166398 1.434800x 1073 1.432160x 1073

4 0.049981 0.049981 0.049466 5.154140x 104 5.157100x 104

6 0.013629 0.013629 0.013481 1.477100x 1074 1.479240% 104

8 0.003625 0.003625 0.003585 3.980250x 1073 3.986990x 1073

10 0.000957 0.000957 0.000947 1.055280x 107> 1.057140x 107>

Volume 6 Issue 6]2025| 8697

Contemporary Mathematics



Table 4. g-HMTM and MVIM solution error analysis of y» (8, ) for k =2/3, and ¢ = 1 of problem 2

o B q¢-HMTM MVIM—; Exact q-HMTM errory—100 MVIM errory—;.00

-10 0.965509 0.965555 0.965444 6.511150x 107> 1.109760x 104

-8 0.934932 0.935031 0.934828 1.044330x 104 2.026280x 104

-6 0.880583 0.880797 0.880447 1.360160x 104 3.500190x 104

-4 0.790939 0.791391 0.790841 9.873100x 1073 5.500280x 104

-2 0.659915 0.660755 0.660009 9.389100x 107 7.466270x 104

0.01 0 0.498750 0.500000 0.499167 4.166670x 104 8.333360x 104
2 0.337844 0.339246 0.338497 6.524000x 104 7.486620x 104

4 0.207412 0.208612 0.208059 6.468540x 104 5.527640x 104

6 0.118370 0.119206 0.118853 4.836260x 104 3.523090x 104

8 0.064461 0.064971 0.064767 3.051380x 104 2.041500% 104

10 0.034159 0.034446 0.034334 1.748520x 104 1.118710x10~*

For the error analysis, we have also compared the computational performances of both methods in Mathematica
13.2. For each test problem, we needed only two iterations in all cases to get results with a very high level of precision,
which stress that, both methods converge fast. All computations were executed on a standard desktop computer (Intel 17
processor, 16 GB of RAM); average computational time for g-HMTM was around 0.12-0.18 seconds per iteration and
MVIM took about 0.20-0.28 seconds in the same cases). The g-HMTM captures the fractional behavior easily and needs
lesser symbol manipulation. Looking from an algorithmic point of view, both methods have &'(n) complexity with respect
to number of iterations but simultaneous convergence is obtained within 2 iterations that makes time cost still very low.
These results verify the effectiveness not only in accuracy but also in computation efficiency of our developed methods,
with g-HMTM delivers consistently superior performance to MVIM.

The graphical and tabular analysis which is presented establishes that the fractional order u influence the solution
behavior strongly and achieve balance between memory effects and diffusion in a controlled manner. Furthermore, g-
HMTM and MVIM are reliable, accurate and easy applicable methods for nonlinear fractional PDEs with broader real-
world applications.

7. Conclusion

Two advanced semi-analytical methods, the g-HMTM and MVIM, were applied in this paper to solve coupled
fractional diffusion-reaction equations stated in Caputo sense. These models reflect memory and non-local effects which
play key roles in physical phenomena. Numerical and graphical contrasts with exact solutions indicate that both methods
are effective, but g-HMTM uniformly leads to accuracy, rapid convergence, and improved stability, especially in the
vicinity of discontinuous transition. Despite these strength, certain limitation were also noted. Both techniques being
semi-analytical, they may require significant computational effort for higher-dimensional or strongly non-linear systems.
Their reliability is also based on smooth assumptions and parameter choice in the homotopy setting. We also note that
the work is restricted to temporal independent fractional orders, and the generalization of the present investigation to
variable-order and stochastic fractional systems remain an open challenge. Future work will focus on generalizing these
methodologies in the context of higher-dimensional problems, variable-order operators as well as models that do not have
a simple closed-form solution would expand their applicability to realistic nonlinear science and engineering.
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