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Abstract: In this work, the time-nonlinear fuzzy fractional order partial differential equations with a suitable fuzzy initial
data in the presence of the Caputo differential operator are analytically and numerically investigated using the extended
Laplace fractional residual power series scheme. The analytic-approximate fuzzy solutions have been extracted under
generalized Hukuhara partial differentiability via fuzzy Laplace transform, along with the simulation of the fractional
residual power series strategy. The suggested approach is demonstrated to be effective in solving three non-linear
fractional-order initial value problems under uncertainty; the graphical and numerical impacts demonstrate the algorithm’s
accuracy and ability. Quantitative and graphical presentations of the influence of fractional-motion and uncertain levels
demonstrate the agreement between the fuzzy exact and approximate solutions. The outcomes reveal that the congruence
between the lower and upper portions of uncertain levels depictions of the fuzzy solutions, and the convex symmetric
triangular fuzzy number is fulfilled. As a result, the proposed scheme is a practical and straightforward mathematical
instrument for obtaining fuzzy approximation and exact analytical solutions to time-nonlinear Fuzzy Fractional Order
Partial Differential Equations (FFOPDESs) of the specified type.

Keywords: Fuzzy Fractional Order Partial Differential Equations (FFOPDEs), generalized Hukuhara partial differen-
tiability, Laplace fractional residual power series method
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1. Introduction

Fractional Calculus (FC) has been the tractable subject of numerous studies in recent decades since it is frequently
used in various fields, including engineering, economics, biology, physics, financial markets, signal processing, and
viscoelasticity [1—4]. Over the development of FC theory, Fractional Derivatives (FDs) have been defined in a variety
of approaches to describe the behavior of several phenomena structures, including Riemann-Liouville, Caputo, Caputo-
Fabrizio FD, and conformable FD. Fractional Order Partial Differential Equations (FOPDEs) are among their most
significant uses since they may be used to model most natural phenomena. Due to the widespread usage of FOPDEs
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in scientific and engineering applications, numerous researchers in this area have produced novel findings using both
theoretical and applied investigation techniques [5—8]. Even so, we can’t be certain that these models are perfect, and the
information about them is covered by uncertainty in some circumstances. This ambiguity or uncertainty can arise in a
variety of ways that can be ascribed to different sources. To beat this problem, Zadeh [9] in 1965 combined the fuzzy set
theory with Ordinary Differential Equations (ODEs) to be an efficient tool for modeling this uncertainty, as it can represent
imprecision and vagueness. Several researchers used the notions of fuzzy mapping and control to create ordinary fuzzy
calculus, including work on the definition of fuzzy numbers and their use in fuzzy control [10] and reasoning about
approximate problems [11, 12]. In data analysis, it is challenging to effectively represent several cases with real numbers.
Following that, several significant works on the topic of developing the basic arithmetic for fuzzy numbers were conducted
[13-16].

The concept of investigating Fuzzy Fractional Order Differential Equations (FFODEs) was initially introduced in
2010 [17] as a tool to model specific real-life situations while accounting for data uncertainty. Possible combinations of
the aforementioned FDs and others, along with the notion of fuzzy derivatives, have led to the introduction of various
forms of fuzzy FDs, which have been used to investigate FFODEs. Extensive studies have been conducted on FFODEs
and Fuzzy Fractional Order Partial Differential Equations (FFOPDEs) in the physical sciences. The solution principle
of these equations has been explored [18], and then the existence and uniqueness of solutions to such equations under
the initial data have been proven in some cases [19]. Additionally, the existence and uniqueness of FFOPDEs have been
investigated in [20], and Laplace Transforms (LTs) have been utilized to simplify these equations and obtain closed-form
solutions [21, 22], thereby enhancing the potential of FFOPDEs for practical applications.

Sometimes, nonlinear FFOPDE problems cannot be solved analytically; therefore, obtaining accurate approximate
solutions using numerical approaches is quite valuable. In recent times, numerous researchers have devoted their attention
to examining solutions to FFOPDEs, employing distinct numerical and analytical techniques that several researchers have
effectively utilized to develop algorithms for handling such fractional models.

In this context, the fuzzy fractional Navier-Stokes equations had been solved via the fuzzy Adomian Decomposition
Method (ADM) and fuzzy Modified Laplace Decomposition Mthod (MLDM) [23]. Stepnicka and Valasek utilized the
Fuzzy Transform Method (FTM) to solve the finite fuzzy wave problem [24]. In [25], the fuzzy solution of the heat
equation was introduced by applying the Fuzzy Fractional Transform (FFT). The fuzzy LT, along with ADM, had been
used to obtain general numerical findings for a complex population dynamical model [26]. Allahviranloo et al. [27]
suggested Fuzzy Fourier Sine Transform (FFST) of a fuzzy wave equation in the meaning of generalized Hukuhara partial
differentiability (gH-partial differentiability). The authors of [28, 29] have promoted the work of [30—32] by using the
ADM to examine numerical findings of a particular class of nonlinear FFOPDE:s in the context of a fuzzy environment..
Motivated by the works mentioned above, the LT simplifies the treatment of FDs by reducing convolution-type processes
and exhibiting a high convergence rate among different transform techniques. Additionally, by methodically reducing
truncation errors, the Fractal Residual Power Series (FRPS) framework accelerates convergence and often requires fewer
terms for adequate accuracy. Since no iterative correction functions or auxiliary parameters are required, unlike the
Adomian Decomposition Method (ADM), Homotopy Analysis Method (HAM), and the Variational Iteration Method
(VIM) [33-35], implementation is straightforward. Overall, the computational efficiency of the Laplace-Fractional
Residual Power Series method (L-FRPS) is notably superior to that of several existing analytical methods. Unlike the
Laplace Decomposition Method, which performs iterative transformations, the L-FRPS scheme computes the inverse LT
only once. It also avoids the need to evaluate an inverse linear operator at each step, as required by ADM. Moreover, the L-
FRPS eliminates the convergence-control parameters essential to HAM, whose optimization is computationally expensive.
Finally, it provides a straightforward recurrence relation for series terms, a feature absent in the standard FRPS approach.
These factors contribute to the significantly lower computational expense of the proposed algorithm, where it maintains
competitive accuracy when compared to the existing approaches while combining simplicity and efficiency for a variety
of nonlinear FFOPDEs. We aim in the present investigation to use fuzzy LT along with the FRPS algorithm to generate
accurate approximate solutions of certain time-nonlinear FFOPDEs in light of fuzzy Caputo differentiability.

The article is structured as follows: In Section 2, we present an overview of fuzzy FC theory. As for Section 3,
certain basic preliminary results concerning the fuzzy LT tool and the L-FRPS scheme are provided, as well as the
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framework of the methodology of the suggested algorithm for extracting FPS solutions. The computed findings and
numerical implementations are presented in Section 4. To end, Section 5 presents the concluding remarks.

2. Preliminaries

This section highlights essential characteristics related to FC and fuzzy set theories, as well as critical findings about
the LFRPS method. In [36], a fuzzy number is defined as a fuzzy subset of the real line. Any fuzzy number can be
conceived of as a function whose domain is a certain set, i.e., we call A: R — [0, 1], is a fuzzy number if it holds the
following assumptions:

a) A is upper semi-continuous, i.e. }%A(T) > A(D), Vo eR.

b) A is normal, i.e., there is at least one point ¥ € R such that A(%) = 1.

¢) A is convex, i.e., for each ¥, ¥, € R,and 0 <v < 1, we have A (v + (1 —v)) > min (A (), A(D)).

d) supp(A) = {® € R: A(®) > 0} is the support of A and its closure is a compact set.

Assume that F is the set of all fuzzy numbers on R. The parametric form representation of a fuzzy number A € Fy
can be described as [A]c = {8 € R| A(D¥) > ¢} =[A(g), A(g)] for g € [0, 1].

Defintion 2.1 [13] For ¢ € [0, 1], the parametric form [A(g), A(g)], fulfills the following presumptions:

a) A(g) is a bounded, non-increasing, left-continuous function in (0, 1], and right continuous at 0,

b) A(¢) is a bounded, non-decreasing, left-continuous function in (0, 1], and right continuous at 0,

©) A(g) < A(g). B _

Defintion 2.2 [13] Let [A]; = [A(6), A(g)] and [B]; = [O(¢), O(¢)], be two arbitrary fuzzy numbers and A € R.
Then we have the following arithmetic operations:

a) [A+0]; = [A]; +[0]; = [A(5) +0(¢), Alg) +O(¢],

b) [A—©]c = [Al; — [©); = [A(5) ~ ©(c). A(s) ~ (g]

&) A[Alg = [min{AA(g), AA(¢)}, max{AA(c), AA(c)}].

Definition 2.3 [14] Given two fuzzy numbers A, ® € Fg. The generalized Hukuhara difference (g7 -difference) is
defined as the fuzzy number E € Fy such that

9(
o(

(HA=0O+E or
(i) ®@=A+(—1)E.

Definition 2.4 [14] Assume that Y : [a, b] — Fg, then the gH-partial derivative of first-order at the point (%, {p) is
denoted by 93, Y (90, Co) . A%, T (B, Co). and given by

_ Lm Y (o +h, &) Sen Y (Do, o)
hi—0* h ’

95,3, Y (B0, o)

_ Lm Y (Do, Lo +k) Ogn Y (D, &o)
hpy—0+ k

3, T (%0, &)

)

provided that 819gHY(190, Co) s achT(ﬁo, C()) € Fr.
Definition 2.5 [32] Assume that Y(9, {; ¢) € Fg, (%, o) € [a, b] with respect to £ and X(, {; ), Y(9, ; ¢)
are partially real-valued differentiable functions with respect to {. One says
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a) Y(0, §;) is (i — gH)-partially differentiable with respect to © at the point (d, $o), if g (i—g2)Y (Do, Lo 6) =

[0:X (Do, o, 6), ALY (B0, os 6)],
b) Y(9, §) is (ii — gH)-partially differentiable with respect to © at the point (o, o), if g (ii—g7)Y (D0, Co5 6) =
)

[0:Y (D0, o, )5 OX (Do, Gos 6)]-

Definition 2.6 [32] For p € [0, 1], and Y({; ¢) belongs to the space of continuous fuzzy-valued functions and the
space of Lebesgue-integrable fuzzy-valued functions defined on the interval [a, b]. One can express the fuzzy Caputo-FD
in the (i — gH)-differentiability as follows:

D2 T(C: ) = [DEX (&, 6), DI (Go: ¢)] s € o, 1),

where

| ¢ mep—1 rym :
DOX(C: <) = ) (/0 (§— o) P DY, (5 g))cco’

/7. _ 1 ¢ _ \m—p—1pymy, .
O 9= gy (€0 D e))

Definition 2.7 [26] Let Y({; ¢) be a continuous fuzzy valued function, and assume that Y(&; ¢)e~®¢, is improper
fuzzy Reiman integrable on R™. Then, its fuzzy LT is provided as:

L{Y($; ¢)} = [L{X(S; )}, L{T(: )}, s €0, 1],

where
L{X(G: 9} = | TY(G; g)e®hdg, @ >0,

L{Y(¢: ¢)} :/OmT(C; Se “%dl, o> 0.

Theorem 2.1 [26] Let Y(1%, {; ¢) belongs to the space of continuous fuzzy-valued functions and the space of
Lebesgueintegrable fuzzy-valued functions defined on the interval [a, b]. Then, for p € [0, 1], the LT of fuzzy Caputo-FD
in the (i — gH)-differentiability is expressed as:

L{00; g1 o)} = [L{Dfx(: 9}, L{DIT(&: 9)}], s €[o, 1)

where
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L{D{X(&: §)} = 0PL{X(Z: )}~ 0PX(0: ).
L{DEY(&: §)} = 0PL{T(Z: )}~ 0P T(0: 9).

3. Methodology of the proposed scheme for solving FFOPDEs

It’s substantial to begin with the following theorems and some useful consequences concerning LFPSM that we will
use in the current investigation.

Theorem 3.1 [31] Let the new function L{Y (9, {;¢)} = ¥ (¥, m; ¢) has the following Laplace Fractional Power
Series Expansion (LFPSE) :

=

Y9, w;¢) = ;) ka+1 1961 ® >0, (D)

where Iy (05 ¢) = @’ng(IS, 0; g).

Remark 3.1 The L/ {¥ (9, w; ¢)} = Y(9, {; ¢), gives the following infinite generalized Taylor series form:

= DPY(B, 0; )

Y9, 5¢)=Y —*

k:omcp’ ¢>o0. 2

Theorem 3.2 [31]. Assume that the function W(¥}, @; ¢) can be represent as in Theorem 3.1. If ’wL{@émH)pT(ﬁ,

¢, g)} ’ < ¢(9; ¢), then, for 0 < p < 1, the remaining of the new LFPSE (1) fulfills the following inequality:

0,
R(Y, ¢; g)éaﬁ%l)gl,o<w§£, (¥; ¢)elx]|o0,1]. (3)

The semi-analytical L-FRPS scheme was created to solve both linear and nonlinear ODEs, especially those that have
FDs. This technique builds a solution in the form of a fractional power series while minimizing the residual error at each
iteration by combining the LT with the residual power series strategy. The LT instrument is first used to ease the processing
of FDs by transforming the FODE:s into an algebraic form in the Laplace domain. After that, the solution is given as a
Laplace Fractional Power Series Expansion (LFPSE) series (2) with unknown coefficients that are found recursively. The
inverse LT is applied to the equation as a last step, which converts the obtained expansion into a generalized Taylor series
form. Because of the characteristics of the LT, the L-FRPS scheme has significant benefits like lessening the number
of computations needed to generate solutions, high accuracy, quick convergence, and the capacity to naturally deal with
initial conditions. The proposed method leverages the limit at infinity concept to achieve its main objective, even if it does
not depend on the derivative notion for obtaining the coefficients of the series solution, like the FRPS methodology does.
Additionally, the ability of the suggested approach to handle nonlinear equations is its most crucial feature. This section
aims to clarify the process by which the L-FRPS scheme generates fuzzy analytical solutions to specific FFOPDEs. More
particularly, we will handle in this segment the following general form of nonlinear time-FFOPDEs under Caputo-FD in
the (i — g’H)-differentiability by employing the L-FRPS algorithm:
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Q’EY(& 8§ ¢) =AY, Yy, Yyo)+B(Y, Yo, You, Yo, ), 4)

along with the fuzzy initial condition Y(&, 0; ¢) = A@(®}), for (¥, {) e R x [0, a], a € R, where @Z refers to fuzzy
Caputo-FD in the (i — gH)-differentiability of order p : 0 < p < 1, A, B are both linear and non-linear differential
operators, respectively, and A is a fuzzy number ¢ € [0, 1].

For finding the fuzzy solution of (4), we perform the following iterations:

STEP I: Considering Eq. (4) in the parametric form as:

L[02Y(9, & )| = L[AQ Xy, Xy)+B(X Xy, Typ, YTy, T7)],
(s)
L {ng(ﬁa & G)} =L {A(T, Yo, Yos) +B(T, Yy, Yy, T Ty, TZ)} .

Using the fuzzy initial condition Y (%, 0; ¢) = [X(9, 0; ¢), Y(¥3, 0; ¢)] = [A(S), A(¢)]@(®) and Theorem 2.1. We
have the following equivalent form of Eq. (5) as:

P(S, 0; ¢) =0 'X(D, 0; ¢)+ 0 PL{AL™ [¥, Wy, Wyu)} + 0 PL{BL™ [¥, ¥y, ¥yu, ¥ ¥y, ¥°]},

(©)
F(0, 0 ¢) = 0 'T(9, 0: ¢) + 0 PLLAL [W, By, Wpp} + 0 PL{BL™! ¥, By, Py, ¥ Ty, ¥ | }.

where W(9, @; ¢) =L[X(8, {; ¢)], and ¥(3, w; ¢) =L[X (3, : ¢)].
STEP II: The L-FRPS algorithm consists of representing the solutions of Eq. (6) in the following infinite LFPSEs:

d Y
Y9, o;¢)= ZMg)Zﬁ)ﬁﬁ el, ®>0,
(7
— = (D
Y0, w;6)= ZA(g)wkkEH)lﬁ el, ®>0.
k=0

Obviously, A(S)(9) = lim @¥(3, @: §) = (3, 0: ¢) = A(S)p(9). and A(€)8(9) = lim @T(D, @: ) -
Y(9, 0; ¢) = A(g) (D). So, the infinite LFPSEs (7) will be written as:

w(o, w; ¢)= 282D Ly A BB s,

) = wkp+1
®)
— A ) S O(D
Y8, o; g)=M+ZA(g)a)"k2+)}ﬁel, o > 0.

Hence, the jth-LFPSEs of ¥(¥, ®; ¢), and ¥(¥, ®; ¢) take the forms:
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(9, 0 ¢) = er iK(g) (D) el, ®>0.

STEP III: The jth-Laplace Residual Error (LRE) functions of Eq. (6) may be identified as:

L{Res/ (¥ (0, o; ¢))}
=W, @ ¢)— 0 X(8, 0 )~ PL{AL ! [w, W), w), ]}
—oPL{BL W, W), W, v, ()’]},
L{Res’ (¥/(9, @ ¢)) }
=0, 0; ¢)— 0 'T(D, 0; ¢) — 0 PL {A]L“ [@, ¥, me} }
—a)p]L{B]L‘ [lpf, Ty, By, T, (‘P"ﬂ }
and hence the LRE functions are provided as:

lim L {Res’ (¥ (9, @; ¢)) } = L{Res(¥(, »; ¢))}

Jmree
=¥, 0;6)— 0 'Y(V,0;¢)— 0 PL{AL'[¥, ¥y, Pys}

—0 PL{BL™ [¥, ¥y, ¥y, ¥ ¥,, ¥°]}
1im]L{Resj (@j(ﬁ, w; g))} =L{Res(¥(¥, w; ¢))}
j—oo

= @(ﬁ7 0, ¢) (D_lf(ﬁ, 0; C_',') — (D_pL{AL_l [@ @19, @ﬁﬂ] }

—w*PL{BL*' [@ Uy, Uyp, P Py, @2] }
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STEP IV: Substitute the jth-LFPSEs of (9) into the jth-LRE of (10), and then multiply the resultant equations by the
factor @/P 1,

STEP V: The unknown coefficients y;(1), and & () for k =1, 2, 3, ..., j may be identified by exploring the
solution ofal)iglo /PHL {Res/ (¥/ (9, w; ¢))} =0, and 01,1310 o/PHIL {Resj (W'i(ﬂ, o; g))} = 0. This is followed by
the construction of the jth-LFPSEs of (5) by aggregating the collected coefficients into it.

STEP VI: As a final step, one can implement the inverse LT operator of the acquired jth-LFPSEs in STEP V to find
out the fuzzy approximate solutions of the posed model (4).

4. Applications

In many physical and biological systems, including convection, nonlinear optics, and chemical dynamics, pattern
creation and front propagation are described by the well-known reaction-diffusion model known as the Newell-Whitehead-
Segel (NWS) equation [37]. The model is expanded to include memory effects and uncertainties in system characteristics,
which are commonly seen in complex media, through its fractional and fuzzy formulations. Whilst in compressible flow
issues, such as microscale flows and porous media, where hereditary transport effects and unknown initial or boundary data
are important, the fuzzy fractional gas-dynamics model is used. This model is a significant and difficult test for evaluating
the stability and robustness of numerical methods since it incorporates steep gradients and nonlinear wave propagation
[38]. These issues were chosen as appropriate benchmarks to show how well the suggested method handles nonlinearity,
memory effects, and uncertainty propagation. This section aims to elaborate on the fuzzy approximate solutions of certain
FFOPDEs along fuzzy initial data via the L-FRPS scheme involving the fuzzy Caputo-FD in the (i — g )-differentiability
operator. In addition, simulations and graphical representations of the analyzed models’ outcomes were investigated.
Mathematica 12 was used for both symbolic and computational tasks.

Application 4.1 Consider the fuzzy fractional gas dynamic model:

@ZY(I‘},C;Q)*T(& § o)+ Y(D, &5 o) Yo (9, & ¢)+X3(D, £56)=0,0<p <1,
(12)
Y(9, 0: ¢) =A(g)e?,

where A(¢) = [A(g), A(g)] =g, 3—2¢], ¢ €0, 1] is a fuzzy number.
Based on the prior discussion in Section 3, we have the following parameterized formulation of the fuzzy fractional
gas dynamic model (12):

DRX(Y, £ 6) —X(B, &3 ¢) +X(9, £ )Ly(0, & )+ X3 (W, £56) =0,

X(9,0:¢)=ge ?,
13)
DIX(B, §56)—T(B, &, §)+T(8, & 9o (9, & 6)+T (9, §: 6) =0,

Y(9, 0; g) = (3—2¢g)e 7.

Running the LT of (13) and using their initial conditions yields:
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¥, 0;¢)—¢e Po T —o PY(Y, 0 ¢)+ o PL{L (9, 0; ¢)¥y (P, »; o))}

+o PL{L [¥2(3, o; ¢)]} =0,
(14)
P9, 0;6)—(3-25)e Yo — 0 PE(Y, 0; ¢)+ o PL{L [F(, w; ¢)Ps(d, o; ¢)]}

+w*”]L{]L*1 [@2(19, o; g)}} =0.

To explore the approximate solutions to the posed problem, we should first determine the form of the unknown
functions ¥,(¥#), and 8,(®%) forn =1, 2, ..., j. To accomplish this, we use the j-th transform functions ¥ (9, w; g),
and ¥ (0, o; ¢)(10) into the jth-LRE (11), and then by solving the system al)l_r}n /P L {Res’ (P/ (9, w; ¢))} =0,
and lim wJPHL{Resj (@j(ﬁ, o; g))} = 0, we have the following

W—roo

R Y S 1L, | AWTC)
e g)_g<”‘w> FU=00% D X Fip  DE (G-~ Do+ 1)

. i %i(9)Yj—i-1(9)
“I((j—Dp+1) ,;’) T(ip + 1)r((§-f,-f p+ 1)) ’

(15)
j1 8(0)8] ()

L unG i i D)

6j(d; ¢) = (3-2¢) (5/'—1(19) —T((=Dp+1)

(=D +1) ; T(ip+ DT((j—i—1)p+1)

j-1 8i(9)8;—i-1() ) ,

Considering the initial unknown functions (%) = =7, and §(®) = e~ ?, and utilizing the Mathematica Software
12, we can immediately discover the parameters required ;(%; ¢) = ge™?,and §;(9; ¢) = (3—2¢)e P forj=1,2,3, ....
By combining the results gained with expansions (10), we may anticipate the j-th LFPSEs of (13) as follows:

, PR R
Ej(ﬂa ; G):g —+ —ko+1 |

(16)
—j eiﬁ J 6719
Y (9, @, ¢) = (3-2) ?*,;W -

When j — oo, the LFPSEs of (14) have the following infinite series forms:
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R

e e |
+Zwkp+1>_ge k;)wka’

k=1

: e
Y (0, o; G)=g< °

amn

[ ® wkp+1 kp+1’

k=1 k=0

By taking Inverse LT to (17), the approximate solutions of (13) could be expressed as the closed forms listed below:

X(9, C;g)=ge”’ir e’ =ge PE, (¢P),

= Tkp+1)
(18)

T, 8 )= (3-20)e Y — 2

m = (3-2¢)E, (&7,
k=0

which is compatible with the analytical findings that FADM derived [28]. So, that for p = 1, the exact solution of the
fuzzy fractional gas dynamic model has the general form: Y(%, {; ¢) = [¢, 3 —2¢]eé 7.

Table 1. Absolute errors of the approximating Y¢ (9, §; ¢) for Application 4.1

Y ¢ ¢=0.25 c=0.5 c=0.75 c=1
0.1  1.008909x1010  2.017817x10"10  3.026698x10710  4.035634x10~1°
0.3 2.263439x1077  4.526879x1077 6.790318x 1077 9.053757x1077

3005 8298563x107°%  1.659712x1075  2.489569x107°  3.319425%107°
0.7  8.982963x107° 1.796592x 10~ 2.694888x 104 3.593185x10~*
0.9  5.360260x10~* 1.072052% 1073 1.608078 %1073 2.144104x 1073
0.1 3.384424x10~'*  6.768848x10~'*  1.015324 x10~13  1.353769x10~13
03 7.592992x10~'"  1.518599x10° 10  2277897x10"10  3.037197x10° 10

5 0.5 2.783857x107°  5.567716x10~° 8.351566x107° 1.113543x10~8
0.7  3.013448x107%  6.026896x10~8 9.040345x 1078 1.205379% 1077
0.9  1.798167x1077  3.596334x1077 5.394501x 1077 7.192667 %1077

Table 1 provides the absolute errors of numerically approximating the lower exact solution by Y4(, &; ¢), for
different uncertainty ¢-levels such as ¢ € {0.25, 0.5, 0.75, 1} at p = 1, with fixed values ¥. The table demonstrates that
bigger ¢ values widen the fuzzy solution band, while absolute errors stay very tiny (down to 10~'%) and decrease as p — 1.
Also, listed below are some graphical representations of gas fractional Initial Value Problems (IVPs) (12) produced using
the algorithm discussed, shown in Figures 1, 2, and 3. Including the lower and upper plots of exact and the sixth-truncation
approximate solutions of Application 4.1 for a variety of ¢-level and the parameter p as shown in Figure 1a and b over
a sufficiently temporal domain and a fixed value of ¥. Further, Figures 2 and 3 show the 2D- and 3D-simulation of the
exact and the sixth-truncation approximate solutions of lower and upper fuzzy levels with a diversity of p over ¢ € [0, 1].
These figures demonstrate that, for a fixed value of p, the approximate solutions obtained using the suggested method for
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the chosen grid points are legitimate and in good agreement with one another, close to the exact solutions, and confirm
the efficiency and accuracy of our algorithm in Application 4.1, while increasing values of uncertainty g-levels enlarge
the fuzzy solution band. These findings demonstrate that when the uncertainty g-levels or/and Caputo-FD parameters
vary, there is good agreement between the solutions. Furthermore, these figures demonstrate that the outcomes meet the
convex symmetry.

(@) (®)

[Y (5,491
[Y (5,49l

Figure 1. Plots of fuzzy lower and upper portions for Application 4.1; (a) [Y(9, §; ¢)], and [Ye(0, &; ¢)]atp =15 (B)[X(9, &; ¢)], and [Y6 (I, &5 6)]
atp =0.9

(a) (b)
[Y (3, 1,9] Exact solutions
- 04F._
031 e
02F e

0.1

0.0

Figure 2. Plots of triangle fuzzy solutions at fixed values ¥ = 3, and § = 1; (a) [Ye(0, &; ¢)]; p € {0.5, 0.8, 1}; (b) Exact solutions
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(@) ()

] Lower exact

Bl Upper exact

71.0

©
By, p-085

EY,p=038s

1.0

Figure 3. Surface behavior of findings for Application 4.1; (a) Fuzzy lower and upper exact solutions; (b) X4 (%, ¢; ¢), and Y6(9, &; ¢) when p = 0.45;
(©) X4(9, &;6),and Yo (0, ; ¢) when p = 0.85; (d) Xe(9, &; ¢), and Yo (0, {; ¢) whenp =1

Application 4.2 Consider the fuzzy fractional advection model:

DPY(Y, §5 ¢)+Y(, $:6)Tp(8, £ 6)=0,0<p <1,
(19)
T(ﬂa O; g) = _A(g)ﬁa

where A(g) = [A(g), A(g)]=[g—1, 1—¢], ¢ €0, 1] is a fuzzy number.
The parametric form of (19) is shown as:
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DPX(B, & 6)+X (D, &3 6)Xy(W, £56) =0,
X9, 0;6)=—(c—1)7,

(20)
DIY(D, & ¢) +X(8, &2 9)To(W, §1¢) =0,

Y(9, 0; ¢)=—(1-¢)v.

After taking the LT into the lower and upper parts of the fuzzy fractional advection model (20), and considering their
ICs, we obtain
(0, 0: ¢)+ (g~ 1o~ + o PL{L™ (8, 0 ¢)¥y(D, »; ¢)]} =

1)
¥, w;¢)+(1-¢)d0 '+ PL{L™!

[P(9, 0; ¢)Py (9, 0; ¢)]} =

Referring to the previously indicated approach arguments, the j-th LFPSEs ¥/ (1, @; ¢), and p/ (¥, ; g) of (21)
are expressed as:

\ >

. Cg-np
W(, o ¢) = Z

wkaﬁeI, o >0,

(22)

1‘}61 >0,

Wj(ﬂ ; ¢) = (1- j
) ’g)* ;

a)kp+1

and hence the j th-LRE of (21) will be defined as:

L{Res’/ (¥/(9, w; ¢))} = kZlA ;Z{k(pli)l

J

(23)
. I
L{Resf (\P/(ﬁ, ; g))} :];A(g) wkk(pﬁ)l +oPL
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Then, by solving the system lim w/PTL{Res/ (¥/ (9, w; ¢))} =0, and Jim a)fp“]L{Resj (@j(ﬁ, o; g)) } =
0, we have the following recursive formula:

— ()Y (O
7]'(19; Q) = (Q— 1)( ((J_l P+1 Z, zp _|_y1()r‘zz/}_li1£ 1))p_|_1)>’

24

J-1 6:(9)6!
8j(19; g):(l_g)< ((]_1 p+l Z, 1p+ ()Fz(]_lll_(]ip_t'_]))'

Using the MATHEMATICA Software Package 12 and the obtained recurrence relation (24), we determined the
following first four unknown functions of the LFPSEs of (22), considering (%) = (%) = —9:

n(®: ¢)=—(c—1)%v,

n(d: ¢) =—-2(c—1)*v,

—_1)4 2
1% g) =~ <(9 b 19(4Fr(5)++11>)2+r(2p+1>)> 7

L r(2p+1) 2r(3p +1)
B0 )= -2(c—1)°v (4+ 2(p+1) * C(p+1)T(2p + 1)) ‘

and

81(9: ¢) =—(1-¢)*0,

&(0: ¢)=—-2(1—¢)’®,

—D* (4T (p+1)24+T(2p+1
53(19;€)=—<(g : (r((iprl))z 2 ))>,

1
a _
4 F(’”z) L ABp+1)

o NG L2p+1)
80 ¢) =2(c—1)°® Tp+1)

+4

Furthermore, the components ¥;(%; ¢), and §;(%; ¢) for each j > 5 can be listed similarly. The gained j terms in
the shape of an infinite series are then used to create the approximate solutions ¥(9, ®; ¢), ¥(9, ; ¢) as follows:
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I-¢ (=19 (-1 2(c—1)°8

¥(9, o; ¢) = o Pl @2+l T p3ptl
((G=1)*8 (40(p+1)° +T(2p +1)) L
F(p_’_l)z w4p+1 ey
(25)
D5 o ¢—1 (1-¢)9 (1-¢)*v 2(1-¢)*d
Y(0, o; ¢) = ©  oPtl  ptl T @il
(=D (AT(p+1)>+T(2p +1)) 1 N
C(p+1)? R

Finally, apply the inverse LT to both sides of (25) to obtain the LFPSEs Y (¥, {; ¢), and Y(®, {; ¢) for the
parametrized equation (20):

YW, & ¢) =0 <1g (¢—1)%¢P B 2(c—1)3¢% B (¢—1)4¢3F (4F(p+1)2+1“(2p+1))> .

L(p+1) I'(2p+1) IC(p+1)’T'Bp+1)
(26)
_ 1—¢)2¢P 2(1—¢)3¢%  (1—¢)*¢3 (4T(p +1)>+T(2p +1
Yo, 0o — oot (P8 2026700 (1-9'CY (rp+ 14T+ 1))
L(p+1) r'2p+1) L(p+1)’I'(3p+1)
As a result, the approximate solutions of (20) at p = 1 can be expressed as:
X0, 89)=0(1-c—(c—1)C— (¢~ 1)’ ~ (- 1)) +...,
27
Y0, 8:6)=0(c-1-(1-9*0~(1-¢°C~(1-¢)*C) +...,
which are completely in harmony with the Taylor series of the exact solutions Y (¥, &; ¢) = m, and
Y(0, ¢ 6)= (l(lg)gi_,‘)ﬁl’ as met acquired results by ADM [28].

To demonstrate the accuracy and effectiveness of the suggested approach, the absolute errors of numerically
approximating [Y'(0.5, £; 0.8)] by [Ys(0.5, {; 0.8)] have been computed and listed in Table 2 at a fixed uncertain level and
distinct values of fractional order. Additionally, the numerical outcomes of the sixth approximate solutions for Application
4.2 at various values of fractional order p, with certain chosen grid points provided in Table 3. The findings tabulated
validate the stability of the LFRPS approach by showing that an increase p produces solutions that more closely resemble
the classical (integer-order) case. In the following 2D graphical simulations of the fuzzy exact and sixth approximate
solutions for the model studied (19), as illustrated in Figure 4. In Figure 5, the 3D surface behavior of the findings by
the L-FRPS algorithm for the fractional IVP system (20) is depicted. These analysis data demonstrate the superiority of
the L-FRPS approach, and the outcomes demonstrate how the solution surface transitions smoothly with memory effects
and how reliable the L-FRPS Method (LFRPSM) is in a context of uncertainty. Furthermore, the absolute errors were
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computed for Application 4.2 utilizing the LFRPSM with the ADM [28] for a fixed value of ¢ and various values of {
for the sake of numerical comparisons, as indicated in Table 4. This table makes it evident that, in terms of accuracy and
applicability, our approach is superior to the previously discussed method.

Table 2. Absolute errors of the approximating [Y4(0.5, §; 0.8)] for Application 4.2

4 p=1 p=0.95 p=0.85
0.18 [7.56413,8.12908] x 10712 [3.66388,4.44217 x10~*  [3.66388, 4.44217]x 104
0.36  [9.35692, 10.0809]x 10710 [4.35699, 6.5885 ]x10~* [4.35699, 6.5885 ]x10~*
0.54  [1.54677,1.92133]x107%  [4.07489, 8.02802]x10~*  [4.07489, 8.02802]x 10~*
0.72 [1.12231, 1.4999]x 1077 [3.26577,9.03295 1x10~*  [3.26577,9.03295 x 10~*

09  [5.18831,7.4661]x10~7  [2.14131,9.71016 ]x10~*  [2.14131,9.71016 ]x 10~*

Table 3. Numerical findings of the approximating [Ys(1, §; ¢)] for Application 4.2

ary Math

¢=05
¢
p=1 p=09 p=07
0.25  [0.444445, —0.571428]  [0.435887, —0.589427]  [0.418156, —0.645294 ]
0.5  [0.400024, —0.666626]  [0.393438, —0.701527]  [0.383903, —0.813632]
0.75  [0.364016, —0.799166]  [0.361853, —0.859907]  [0.367720, —1.062997 ]
1 [0.335938, —0.992188 ]  [0.341057, —1.095899 ]  [0.376465, —1.443059]
¢=0.75
0.25  [0.235294, —0.266667]  [0.232756, —0.270340 ]  [0.227086, —0.280304]
0.5  [0.222222,-0.285714] [0.219805, —0.291172]  [0.215366, —0.304894 ]
0.75  [0.210528, —0.307691]  [0.208910, —0.314499]  [0.206593, —0.330925]
1 [0.200012, —0.333313]  [0.199481, —0.341288]  [0.199563, —0.359876 ]
Table 4. Comparison of numerical absolute errors for Application 4.2
c=04 =028
¢
L-FRPSM ADM [28] L-FRPSM ADM [28]
0.18 [3.978,4.9411x107%  [3.683,4.575]x107>  [5.836,6.272]x10°  [1.621, 1.742]x10~7
036  [1.160, 1.799]1x10~*  [5.370, 8.329]1x10~*  [1.804,2.085]x10~7  [2.506, 2.895]x10~°
0.54  [8.090, 1.584]x107*  [2.496,4.890]x 1073  [1.326, 1.647]x107®  [1.227, 1.525]x 107>
0.72  [3.152,7.946]x1073  [7.296,0.183]x107%  [5.412,7.233]x107¢  [3.758,5.023]x 107>
0.9  [0.894,2.994]x1072  [1.656,5.545]x10~2  [1.601,2.304]x107>  [8.896, 0.1280]x 107>

.
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[Ys(5,0.2,0)] Exact solutions
4-
L 2+
u L " s G
: : 0.6 /,MO 8 = ¢
2iE e 0.2 0.4 0.6 0.8---""10
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-6;;::::::-"' af —"‘___—
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Figure 4. Plots of triangle fuzzy solutions at fixed values ¥ = 5, and { = 0.2; (a) [Y6(9, {; ¢)]; p € {0.5, 0.8, 1}; (b) Exact solutions

() (b)
ElLower exact ElY,.p=08

ElUpper exact EY.p=1
EY.p=-08
EY.p=1
0 0§ 22
5 S5 7 1.0
210 _10
15

15
0.0

Y

10 0.0
Figure 5. Surface behavior of findings for Application 4.2; (a) Fuzzy lower and upper exact solutions; (b) Y¢(1, &; ¢), and Y6(1, &; ¢) when p =0.8,
andp =1
Application 4.3 Consider the fuzzy fractional Newell-Whitehead-Segel model:
DIY(V, §:6) — Lo (B, §1 ) —2Y(9, £ ¢)+31%(8, £16)=0,0<p <1,
(28)

X(8, 0; ¢) = aA(s),

where A(¢) = [A(g), A(g)]=[s—1, 1 —¢], ¢ €[0, 1] is a fuzzy number.
The parametric form of (28) is shown as:
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DYX(, §3 ) —Yyu (9, £36) —2X(8, & ¢)+3X%(9, {3 6) =0,

X(9,0,6)=(c—1a,

(29)
DOX(B, §56) —Too (B, §5 ) —2T(8, &5 ) +3T°(8, &5 6) =0,
Applying the LT tool into (29) yields:
YO, 05 6)— (- Naw™ —o PPy (8, ©; ¢) —20 PV, 0; ¢)+30 PL{L™ [¥3(3, ; ¢)]} =0,
(30)

F(B, 0 6)— (1-g)aw™ —Poy(9, ©; 0) ~20PF(, ; ¢)+30PL{L™ [¥(v, @: ¢)| | 0.

According to L-FRPS method, we seek the solutions of the system lim @/ ™'L{Res’ (¥/(9, ®; ¢))} =0, and
W—roo

lim cojp“]L{Resj (@j(ﬁ, o; g))} =0, such that

W—roo

0L {Res’ (¥/(9, w: ¢))} = (s - 1)(%9) ~201(9) = 1 (9)

+30((j—p+1) )

i %(B)Y-i-1(9) )
STip+)0((j—i—1)p+1))’

€1y
0P L Res! (F(0, @1 ¢)) } = (1-¢) (6,~w> —28j-1(8) = 874(9)

3G =DP+) X i T TG == Dp 4 1)

o 5i(0)6;—i-1(9) )

Then, by solving the obtained algebraic system (31) for 7;(¢), and 6;(1%). One can reach the following recurrence
relations for j > 1:

, . o %(B)y—i1(9)
() =2211(0)+ 71 (9) =30~ D9+ ) B ol

(32)

—n5. " . o 61'(75)6'—[—1(0)
‘W)—25#1(1”*514(’9)—3”(1—1)P+1>§0r(,-p+1>r<,-’_,~_1)p+1)'
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Using the MATHEMATICA Software Package 12 and the obtained recurrence relation (32), we determine- the
following first four unknown functions of the LFPSEs of (30), considering ¥ (%) = () = a:

n(d; ¢) =a2-3a(g-1)(s—1),

n(d; ¢) =2a(l -3a(¢—1))(2-3a(s-1))(c 1),

(% ¢) = —ma@— 1Ga(s—1)—2) (4(1 - 3a(s - 1))*T(p + 1% +3a(s - )(3a(s — 1)~ 2T (2p+1)).

ACIES 2(p+ 1)11“(2p+ 1)Zoc(g— DOa(c—(a(c—1)—1)+2) (4(1 —3a(c—1))’T2p+ 12 (p+1),

+6a(c—1)(Balc—1)—2)LBp+ 1 (p+1)+3a(s—1)(3a(s—1)-2)[*(2p+1)),

and

01(0;6) =a2+3a(l-g))(1-g),

6(0;6) = 2a(1+3a(1-¢))(2+3a(1-¢))(1-9),

6(0:¢) =— als—1)Bals—1)+2) (4(Ba(s — 1)+ 1)’(p +1)* +3a(s — 1)(Ba(s — 1) +2)(2p +1)).

2(p+1)

1
CZe+1)I(2p+1)

84(0:6) = — 2a(s —1)(9a(s — 1)(a(s = 1) +1)+2) (4Ba(s — 1) +1)’T(2p + I (p + 1) ,

+6a(g—1)Balg—1)+2)LBp+ HI(p+1)+3a(c— 1)(3a(s— 1) +2)I2(2p+1)).

Moreover, the components ¥;(9; ¢), and §;(1%; ¢) for each j > 5 can be listed similarly. The gained j terms in the
shape of an infinite series are then used to create the approximate solutions ¥(%, ®; ¢), ¥(9, ®; ¢) as follows:

P, o ¢)=a(g— o' +a2-3a(g—1)(c—Ho P!

1

+20(1=3a(g—1)(2-3a(s —1))(g ~ o 2~ — IRICE]

a(c—1)(Ba(s—1)

—2)(4(1-3a(s— 1))’ T(p+1)*+3a(c—1)(Ba(g—1) =2)[2p+ 1)) @ P "+ ..,
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P, 0; ¢)=a(l-¢)o ' —a2+3a(l—¢))(1-¢)o P! —2a(1 +3a(l—¢))(2+3a(1—¢))(1

o1

20 71 %6~ DB~ +2) (4B3als ~ D+ 1T +1)*+3a(s)  (33)

—g)o

—DBa(c—1)+2)T2p+1)o P 1+, ..

Consequently, the approximate series solutions Y (3, {; ¢), and Y(&, ; ¢) for the parametric form, fractional IVPs
(29) can be provided as

S
I'(2p+1)

- (3a(g)

X(0, &5 §) =als ~ 1) (14 2= 3a(s ~ D) 1y + 20 - 3a(s - D)2 3a(s - 1)

—1)—2) (41 -3a(c — 1)’L(p + 1) +3a(s — 1)(3au(c — 1) - 2)0(2p

5
“”r<3p+1>r2<p+1>> T
(34)
_ . e e
(0. £ ) =a(1-) (1- 2+ 3a(1 - ) 15 - 204301 - )+ 30l - ) s
+(3a(s—1)+2) (4Ba(s —1)+1)’T(p +1)?
S
+3a(c—1)Ba(c — 1)+2)F(2p+1))1"(3p+1)1“2(p+1)) +....
Especially, the acquired approximate solutions of fractional IVPs (29) at p = 1 can be formulated as:
Y9, & ¢)=— %06(—3+ CB+EB+82+%(-2+3a(s—1))(c—1)) —9a(s—1)))
(=2+3a(g)—1))(c—D+..., (35)

(0. £ ) =ar(1- 36+ {3+ L2+ 9a(2+3als ~ 1)(s— 1)) +9a(s ~ D)(2+3a(s~ D)(§ 1) =5 ) +.-.

which is in accordance with the findings of [29] and aligns with the Taylor series of the exact solutions Y (9, ; ¢) =

(c—1) 2(—?)0:84 ;and Y(9, §; ¢) = (1—¢) 2<_§>an§ ,atp =1.
<3>+a(1ezc) (3)+a(1e2¢)
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Absolute errors at sufficient grid points in the interval { € [0, 2] between the fuzzy sixth approximate and exact
solutions of the posed problem (28) at % =5 when o = 0.001 achieved using the L-FRPS algorithm are shown in Table
5. The effect of the recommended approach on the fuzzy lower and upper portions of [Y(¥, {; ¢)], and [Ye(®, &; g)]
for Application 4.3 with various uncertain levels with o € {0.1, 0.01} is shown in Figure 6. While Figure 7 illustrates
the behavior of fuzzy lower and upper solutions [Y(9, &; ¢)], and [Y(3, &; ¢)] using the triangle shape to adhere to the
fuzzy theory. Figure 8, show the 3D behavior fuzzy lower and upper layers of [Y(¥, &; ¢)], and [Y¢(®, &; ¢)] for various
values of p and at fixed the uncertain level.

Table 5. Absolute errors of the approximating X4 (5, ; ¢), and Y(5, ¢; ¢) for Application 4.3, at & = 0.001

¢ X4(5, &5 6)
¢=0 ¢=03 ¢=0.6 ¢=0.9
032 508898 x107%  3.02595x107®  1.42287x107°  2.7922x 1077
0.64 2.63771x 107 1.55702x 107>  7.24705x 107®  1.40003 x 107°
0.96 8.74468 x 107> 4.99831x 107> 221654 x 107> 3.94746 x 107°
128  1.90435x107%  9.76473 x 107> 3.55093 x 107> 3.82662 x 10~°
1.6 2.00094x 107* 432644 x 107> 3.03155x 107> 2.12694 x 107>
192 334454 x107%  4.65872x 107*  3.97904 x 10*  1.32215x 107
Yo(5, & g)
032  7.55402x 107  5.28643x 1077 6.07428 x 1077 2.28254 x 10713
0.64 1.02657x107°  2.14253x107°  2.86252x107°  1.12599 x 10~
0.96 1.85284x 107>  1.94443x107% 520963 x107°  2.88772x 10°°
128 1.45095x 107*  6.67603 x 107>  1.81743x 107>  4.71383 x 107
1.6 7.08817x107*  4.02094 x 107*  1.75737x10™*  3.03582x 107>
192 250698 x 1073 1.53039 x 1073 7.45497 x 10™*  1.53941 x 107*
(a) (®)
. l l -.----i:::::ff“’ 015 ' l ' ’
0 B 010}
= gl M= $=0.65 .\"‘x\ TG _ 0.05}
w ----- c=085 b v 0.00
A N ] Ees
St . Ky 0.0 f
Exact “\ 015k
b - - . = 2020 ks : - : :
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0
¢ ¢

Figure 6. Plots of fuzzy lower and upper portions for Application 4.3; (a) [Y(9, {; ¢)], and [Ys(9, §; ¢)]ata =0.1; (b) [Y (I, §; ¢)], and [Y6(D, &; )]

at a =0.01
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[Ys(5.2,9)] Exact solutions
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Figure 7. Plots of triangle fuzzy solutions at fixed values & =5, and { = 0.2; (a) [Y6(9, &; ¢)];p € {0.75, 0.85, 1}; (b) Exact solutions

(a) (b)
El Lower exact Bl p=05
Kl Upper exact EXYsp=1

ni:ﬁ =05
EY.p-1

Figure 8. Surface behavior of findings for Application 4.3; (a) Fuzzy lower and upper exact solutions; (b) Y¢(1, §; ¢), and Y6(1, &; ¢) when p =0.5,
andp =1

5. Concluding remarks

This investigation introduces the analytical study of the fuzzy L-FRPS technique for successful application in
predicting and generating analytic-approximate series solutions of fuzzy fractional gas, fuzzy fractional advection, and
fuzzy fractional Newell-Whitehead-Segel models in the sense of fuzzy Caputo FD. The proper procedure has been
established to create fractional approximate solutions of the considered uncertain models, along with fuzzy initial data
via simulation of the FRPS strategy and the fuzzy LT operator in the Laplace domain under (i — g )-differentiability.
The suggested scheme’s main advantages are its straightforwardness, quickness, and accuracy in discovering exact and
accurate approximate series solutions of both linear and nonlinear fuzzy FODEs. To verify the validity of the proposed
method. Our findings were simulated using 2D and 3D graphs for various values of FD order. From these depictions,
the observed behavior of the lower bound as a rising function and the upper bound as a decreasing one indicates that the
obtained solutions represent fuzzy numbers. Also, by altering the fractional order values, we conducted a parametric test
to assess resilience. As the fractional order becomes closer to unity, the accuracy of the findings produced by the suggested
method improves, as shown by the error analysis. These results validate the scheme’s dependability and stability in the
context of order changes. Additionally, we retrieve the fractional-order model’s outcomes for the studied Applications as
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shown in [30-32] when we replace the uncertain level ¢ = 1 in numerical solutions of the problems posed. Therefore, the
global dynamic of the studied model is provided by the FD operator with fuzziness, as opposed to the traditional integer
and fractional-order models. Consequently, the outcome declared that FC, in conjunction with fuzzy concepts, improves
the dynamics of a physical process. In a future study, we may extend the L-FRPSM framework to interval-valued fuzzy
uncertainty and trapezoidal fuzzy numbers for certain non-linear FFOPDEs. Further, we may also highlight possible
extensions of the proposed method for exploring fuzzy approximate solutions of nonlinear control systems.
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