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1. Introduction
In this article, a commutative ring having identity 1 ̸= 0 shall be denoted by R.When an element c2, different from

zero (0 ̸= c2 ∈ R), exists such that c1c2 = 0, then the nonzero element c1 is called a zero-divisor of R. Z(R) is the collection
of those zero-divisors in the ring R and Z(R)∗ = Z(R)\{0}.

The graph G = (V, E) has been defined, where V denotes the set of vertices and E denotes the set of edges of G.
When two distinct vertices of graph G, c1 and c2 are adjacent to each other in graph G, the notation c1 ∼ c2 represents
this. In a graph G, the set of vertices adjacent to a vertex c is called its neighborhood; this neighborhood is represented by
the notation NG(c). Km refers to the complete graph with m vertices, deg(c), the degree of vertex c, represents the number
of edges incident with c ∈V . For every vertex c ∈ G, G is k-regular if deg(c) = k. Let Ak×k be any square matrix and let
λ1, λ2, λ3, . . . , λk be its different eigenvalues with multiplicities of f1, f2, f3, . . . , fk respectively. The spectrum of A is
then denoted by σ(A), which is defined by

σ(A) =
{

λ1 λ2 λ3 · · · λk

f1 f2 f3 · · · fk

}
. (1)

Copyright ©2025 Abu Zaid Ansari, et al.
DOI: https://doi.org/10.37256/cm.6520258269
This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics 6812 | Abu Zaid Ansari, et al.

https://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0001-6139-7521
https://doi.org/10.37256/cm.6520258269
https://creativecommons.org/licenses/by/4.0/


Van Lint and Seidel [1] introduced the Seidel matrix of G, defined as S(G) = [si j] where,

(si j) =



−1, ci ∼ c j

1, ci ≁ c j

0, otherwise.

(2)

The Seidel spectrum of G is denoted by specS(G). Let Ds(G) = diag(n−2d1 −1, n−2d2 −1, . . . , n−2dn −1) be
the diagonal matrix where di is the degree of the vertex ci. The Seidel Laplacian matrix [2] of a graph is defined as

SL(G) = Ds(G)−S(G). (3)

And the Seidel signless Laplacian matrix of a graph is defined as

SL+(G) = Ds(G)+S(G). (4)

Nikmeher et al. [3] introduced the idea of a weakly zero-divisor graph of ring R. The weakly zero-divisor graph of
ring R is represented by the symbolWΓ(R). This undirected simple graphWΓ(R) has a vertex set as set of non-zero zero-
divisors of R. The two distinct vertices, c1 and c2, are adjacent if and only if r ∈ ann(c1) and s ∈ ann(c2) exist, satisfying
the condition that rs = 0. The weakly zero-divisor graph’s spanning sub-graph is easily observed to be the zero-divisor
graph of a ring.

The Seidel Laplacian and Seidel signless Laplacian spectrum of the weakly zero-divisor graph Zn of is found in
this paper for various values of n. More information about spectrum of graphs based on different structure can be found
in [4–8]. The definitions, lemmas, and theorems that used to support the main results are presented in Section 2. In
section 3, we calculate the Seidel Laplacian spectrum of WΓ(Zn). In section 4, we find the Seidel signless Laplacian
spectrum of the weakly zero-divisor graph WΓ(Zn), when n is the product of primes and their powers and also for n =

Ψ1Ψ2 . . .Ψtηd1
1 ηd2

2 . . .ηds
s (ds ≥ 2, t ≥ 1, s ≥ 0) whereΨi’s and η ′

i ’s are distinct primes.

2. Preliminaries
Definition 1 “Let G(V, E) be a graph of order m having vertex set {c1, c2, . . . , cm} and Fk(Vk, Ek) be disjoint graphs

of order mk, 1 ≤ k ≤ m. The graph F1, F2, . . . , Fm formed the generalized join graph G[F1, F2, . . . , Fm] and whenever ck

and cl are adjacent in G, joined each vertex of Fk to every vertex of Fl , 1 ≤ l, k ≤ m.”
τ( j1) indicates the number of positive divisors of a positive integer j1. For j2 to not divide j1, we write j2 ∤ j1. The

greatest common divisor of j1 and j2 is shown by ( j1, j2). The number of positive integers smaller than or equal to j1
that are relatively prime to j1 is indicated by Eulur’s phi function ϕ( j1). If j1 =Ψ h1

1 Ψ h2
2 . . .Ψ hk

k , where h1, h2, . . . , hk are
positive integers andΨ1,Ψ2, . . . ,Ψk are distinct primes, then j1 is in prime decoposition.

Let j1, j2, . . . , jk be the proper divisors of n. For 1 ≤ i ≤ k, consider the following sets

A ji = {x ∈ Zn: (x, n) = ji}. (5)
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Moreover, observe that for i ̸= s, A ji ∩A js = /0. As a result, the vertex set of WΓ(Zn) has a partition formed by the
sets A j1 , A j2 , . . . , A jk i.e. V (WΓ(Zn)) = A j1 ∪A j2 ∪·· ·∪A jk , as a result. The following lemma provides information about
the cardinality of each A ji .

Lemma 1 [9, Lemma 2.1] “Let ji be the proper divisor of n then |A ji |= ϕ( n
ji
) for 1 ≤ i ≤ k”.

Lemma 2 [8] Let n be represented as n= l1l2 . . . lmw1
s1w2

s2 . . .wi
si where li′s,wi

′s are distinct primes and i≥ 0, si ≥ 2
and m ≥ 1. Suppose, the set of divisors of n are { j1, j2, . . . , jk}. If jr ∈ {l1, l2, . . . , lm} then the induced subgraph of
WΓ(Zn) by A jr is Kϕ( n

jr )
.

Corollary 1 [8] Let jt be the proper divisor of positive integer n. The following assertions are true:
1. For t ∈ {1, 2, . . . , k}, the induced subgraphWΓ(A jt ) ofWΓ(Zn), formed by the vertices in the set A jt is take two

forms: either Kϕ( n
jt
) or Kϕ( n

jt
).

2. For t, q ∈ {1, 2, . . . , k} and t ̸= q, a vertex within A jt is connected to either all or none of the vertices in A jq in the
graphWΓ(Zn).

The sub-graphsWΓ(A jt ) created within the structure ofWΓ(Zn) can be classified as either complete graphs or empty
graphs, as shown by the previously noted Corollary 2.1. The graph δ ⋆

n is created as a complete graph by utilizing the set
of all proper divisors of n, represented by the notation { j1, j2, . . . , js}.

Lemma 3 [8]WΓ(Zn) = δ ∗
n [WΓ(A j1), WΓ(A j2), . . . , WΓ(A js)] where j1, j2, . . . , js are all the proper divisors of n.

3. Seidel Laplacian spectrum of the weakly zero-divisor graph
In this section, we will highlight the primary results of Seidel Laplacian spectrum of the weakly zero-divisor graph.

For r ∈ {1, 2, . . . , k} the induced subgraph WΓ(A jr) of WΓ(Zn), formed by the vertices in the set A jr is either Kϕ( n
jr )

or
Kϕ( n

jr )
. The Seidel Laplacian spectrum of complete graph Kl and its complement graph Kl on l vertices is given by

specSL(Kl) =

{
0 −l
1 l −1

}
and specSL(Kl) =

{
0 l
1 l −1

}
respectively. (6)

The following theorem provides the generalized join graph’s Seidel spectrum of regular graphs.
Theorem 1 [2] Consider G[L1, L2, . . . , Lk] where G is simple connected graph with vertices labeled as 1, 2, . . . , k

and S = [si j]k×k is the Seidel matrix of G and L j is r j− regular and |V (L j)| = n j, for every j = 1, 2, . . . , k. Let {σSL
j1 =

0, σSL
j2 , . . . , σSL

jn j
} be the Seidel Laplacian eigenvalues of L j, for j = 1, 2, . . . , k. Then, the Seidel Laplacian spectrum of

the G-join of the graph L1, L2, . . . , Lk is given by,

specSL(G[L1, L2, . . . , Lk]) =

( k∪
j=1

n j∪
i=2

(σSL
ji + τ j)

)∪
spec(TSL(G)), (7)

where τ j =
k
∑

i=1
si jni and

TSL(G) =


τ1 −s1, 2n2 . . . −s1, knk

−s1, 2n1 τ2 . . . −s2, knk
...

...
. . .

...
−s1, kn1 −s2, kn2 . . . τk

 . (8)
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Lemma 4 Let n be the product of two different primes Ψ1 and Ψ2. The Seidel Laplacian spectrum of WΓ(Zn) is
given by,

{
Ψ2 −Ψ1 Ψ1 −Ψ2

Ψ2 −2 Ψ1 −2

}
. (9)

The remaining two Seidel Laplacian eigenvalues of the graphWΓ(Zn) are the eigenvalues of the matrix,

[
1−Ψ1 Ψ1 −1
Ψ2 −1 1−Ψ2

]
. (10)

Proof. The proper divisors of n areΨ1,Ψ2 andΨ1 <Ψ2. Also, by the definition of δ ∗
n ; Ψ1 ∼Ψ2.Now by Lemma 3, we

haveWΓ(ZΨ1Ψ2) = δ ∗
Ψ1Ψ2

[WΓ(AΨ1),WΓ(AΨ2)]. Therefore, by Lemma 1 and Corollary 1, we haveWΓ(AΨ1) = Kϕ(Ψ2) and
WΓ(AΨ2)=Kϕ(Ψ1). Consequently, in order of proper divisor sequence we have n1 = ϕ(Ψ2)=Ψ2−1, n2 = ϕ(Ψ1)=Ψ1−1,
value of τ1 = 1−Ψ1 and τ2 = 1−Ψ2. Therefore, the Seidel Laplacian spectrum of the graphWΓ(ZΨ1Ψ2) is

{
Ψ2 −Ψ1 Ψ1 −Ψ2

Ψ2 −2 Ψ1 −2

}
. (11)

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

[
1−Ψ1 Ψ1 −1
Ψ2 −1 1−Ψ2

]
. (12)

The matrix (12) has a characteristic polynomial λ 2 −λ (2−Ψ1 −Ψ2).

Example 1 The Seidel Laplacian spectrum of the graphWΓ(Z6) is given by,

{
1 −1
1 0

}
. (13)

The remaining two Seidel Laplacian eigenvalues of the graphWΓ(Z6) are the eigenvalues of the matrix,

[
−1 1
2 −2

]
. (14)

Proof. The proper divisors of 6 are 2, 3 and 2 < 3. Also, by the definition of δ ∗
6 ; 2 ∼ 3. Now by Lemma 3, we have

WΓ(Z6) = δ ∗
6 [WΓ(A2), WΓ(A3)]. Therefore, by Lemma 1 and Corollary 1, we have WΓ(A2) = K2 and WΓ(A3) = K1.

Consequently, in order of proper divisor sequence we have n1 = 2, n2 = 1, value of τ1 =−1 and τ2 =−2. Therefore, the
Seidel Laplacian spectrum of the graphWΓ(Z6) is
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{
1 −1
1 0

}
. (15)

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

[
−1 1
2 −2

]
. (16)

The matrix (16) has a characteristic polynomial λ 2 +3λ .
Lemma 5 For distinct primesΨ1 andΨ2, if n =Ψ1

2Ψ2 then, the Seidel Laplacian spectrum ofWΓ(Zn) is given by

{
−E 2(Ψ 2

1 −Ψ1)−E
Ψ1Ψ2 −4 Ψ 2

1 −Ψ1 −1

}
. (17)

Where E = ϕ(Ψ1Ψ2) + ϕ(Ψ 2
1 ) + ϕ(Ψ2) + ϕ(Ψ1). The remaining four Seidel Laplacian eigenvalues of the graph

WΓ(Zn) are the eigenvalues of the matrix (19).
Proof. Let n = Ψ1

2Ψ2, where Ψ1 < Ψ2, note that δ ∗
Ψ1

2Ψ2
is complete graph on vertices {Ψ1, Ψ2, Ψ1

2, Ψ1Ψ2}. By
Lemma 3, we have WΓ(ZΨ1

2Ψ2
) = δ ∗

Ψ1
2Ψ2

[WΓ(AΨ1), WΓ(AΨ2), WΓ(AΨ1
2), WΓ(AΨ1Ψ2)]. Therefore, by Lemma 1 and

Corollary 1, we have WΓ(AΨ1) = Kϕ(Ψ1Ψ2), WΓ(AΨ2) = Kϕ(Ψ1
2), WΓ(AΨ1

2) = Kϕ(Ψ2) and WΓ(AΨ1Ψ2) = Kϕ(Ψ1). Also
n1 = ϕ(Ψ1Ψ2), n2 = ϕ(Ψ1

2), n3 = ϕ(Ψ2), n4 = ϕ(Ψ1). By using Theorem 1, the value of τi = ni −E for 1 ≤ i ≤ 4 where
E = ϕ(Ψ1Ψ2)+ϕ(Ψ 2

1 )+ϕ(Ψ2)+ϕ(Ψ1).Therefore, by Theorem 1, the Seidel Laplacian spectrum of the graphWΓ(ZΨ1
2Ψ2

)

is

{
−E 2(Ψ 2

1 −Ψ1)−E
Ψ1Ψ2 −4 Ψ 2

1 −Ψ1 −1

}
. (18)

E = ϕ(Ψ1Ψ2)+ϕ(Ψ 2
1 )+ϕ(Ψ2)+ϕ(Ψ1). And the matrix given in (19), can be used to determine the remaining four

eigenvalues.


ϕ(Ψ1Ψ2)−E ϕ(Ψ 2

1 ) ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ1Ψ2) ϕ(Ψ 2
1 )−E ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ1Ψ2) ϕ(Ψ 2
1 ) ϕ(Ψ2)−E ϕ(Ψ1)

ϕ(Ψ1Ψ2) ϕ(Ψ 2
1 ) ϕ(Ψ2) ϕ(Ψ1)−E

 . (19)

Example 2 The Seidel Laplacian spectrum of the graphWΓ(Z28), shown in Figure 1, is given by

{
−15 −11
10 1

}
. (20)
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The remaining four Seidel Laplacian eigenvalues of the graphWΓ(Z28) are the eigenvalues of the matrix (22).

22

106

26

2 18 8 20

24

12

4

16

7

21

14

WΓ(A7)

WΓ(A4)

WΓ(A14)

WΓ(A2)

Figure 1. Weakly zero-divisor graphWΓ(Z28)

Proof. Let n = 28, note that δ ∗
28 is complete graph on vertices {2, 7, 4, 14}. By Lemma 3, we have WΓ(Z28) =

δ ∗
28[WΓ(A2), WΓ(A7), WΓ(A4), WΓ(A14)]. Therefore, by Lemma 1 and Corollary 1, we have WΓ(A2) = K6, WΓ(A7) =

K2,WΓ(A4) = K6 andWΓ(A14) = K1. Also n1 = 6, n2 = 2, n3 = 6, n4 = 1 and E = 6+2+6+1 = 15. By using Theorem
1, the value of τ1 =−9, τ2 =−13, τ3 =−9 and τ4 =−14. Therefore the Seidel Laplacian spectrum of the graphWΓ(Z28)

is given by

{
−15 −11
10 1

}
. (21)

Characteristic polynomial and the eigenvalues of the matrix (22) are respectively, λ (λ 3 +45λ 2 +675λ +3,375) =
λ (λ +15)3, and {−15, −15, −15, 0}.

M =


−9 2 6 1
6 −13 6 1
6 2 −9 1
6 2 6 −14

 . (22)

Lemma 6 For distinct primeΨ1,Ψ2,Ψ3, if n =Ψ1Ψ2Ψ3 then, the Seidel Laplacian spectrum of the graphWΓ(Zn) is
given by,

{
2ϕ(Ψ2Ψ3)−E 2ϕ(Ψ1Ψ3)−E 2ϕ(Ψ1Ψ2)−E −E
ϕ(Ψ2Ψ3)−1 ϕ(Ψ1Ψ3)−1 ϕ(Ψ1Ψ2)−1 ϕ(Ψ1)+ϕ(Ψ2)+ϕ(Ψ3)−3

}
, (23)

where E = ϕ(Ψ1)+ϕ(Ψ2)+ϕ(Ψ3)+ϕ(Ψ1Ψ2)+ϕ(Ψ1Ψ3)+ϕ(Ψ2Ψ3). The remaining Seidel Laplacian eigenvalues of the
graphWΓ(Zn) are the eigenvalues of the matrix (25).
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Proof. Let n=Ψ1Ψ2Ψ3, whereΨ1 <Ψ2 <Ψ3, note that δ ∗
Ψ1Ψ2Ψ3

is complete graph on vertices {Ψ1,Ψ2,Ψ3,Ψ1Ψ2,Ψ1Ψ3,

Ψ2Ψ3}. Now, by Lemma 3, we have, WΓ(ZΨ1Ψ2Ψ3) = δ ∗
Ψ1Ψ2Ψ3

[WΓ(AΨ1), WΓ(AΨ2), WΓ(AΨ3), WΓ(AΨ1Ψ2), WΓ(AΨ1Ψ3),

WΓ(AΨ2Ψ3)]. Therefore, by Lemma 1 and Corollary 1, we have WΓ(AΨ1) = Kϕ(Ψ2Ψ3), WΓ(AΨ2) = Kϕ(Ψ1Ψ3), WΓ(AΨ3) =

Kϕ(Ψ1Ψ2),WΓ(AΨ1Ψ2) = Kϕ(Ψ3),WΓ(AΨ1Ψ3) = Kϕ(Ψ2) andWΓ(AΨ2Ψ3) = Kϕ(Ψ1). And n1 = ϕ(Ψ2Ψ3), n2 = ϕ(Ψ1Ψ3), n3 =

ϕ(Ψ1Ψ2), n4 = ϕ(Ψ3), n5 = ϕ(Ψ2) and n6 = ϕ(Ψ1). It follows that from Theorem 1, τi = ni −E for 1 ≤ i ≤ 6 where
E = ϕ(Ψ1)+ϕ(Ψ2)+ϕ(Ψ3)+ϕ(Ψ1Ψ2)+ϕ(Ψ1Ψ3)+ϕ(Ψ2Ψ3). Therefore, by Theorem 1, the Seidel Laplacian spectrum
of the graphWΓ(ZΨ1Ψ2Ψ3) is

{
2ϕ(Ψ2Ψ3)−E 2ϕ(Ψ1Ψ3)−E 2ϕ(Ψ1Ψ2)−E −E
ϕ(Ψ2Ψ3)−1 ϕ(Ψ1Ψ3)−1 ϕ(Ψ1Ψ2)−1 ϕ(Ψ1)+ϕ(Ψ2)+ϕ(Ψ3)−3

}
, (24)

where E = ϕ(Ψ1) + ϕ(Ψ2) + ϕ(Ψ3) + ϕ(Ψ1Ψ2) + ϕ(Ψ1Ψ3) + ϕ(Ψ2Ψ3). And the matrix given in (25), can be used to
determine the remaining six eigenvalues,

M =



n1 −E ϕ(Ψ1Ψ3) ϕ(Ψ1Ψ2) ϕ(Ψ3) ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ2Ψ3) n2 −E ϕ(Ψ1Ψ2) ϕ(Ψ3) ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ2Ψ3) ϕ(Ψ1Ψ3) n3 −E ϕ(Ψ3) ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ2Ψ3) ϕ(Ψ1Ψ3) ϕ(Ψ1Ψ2) n4 −E ϕ(Ψ2) ϕ(Ψ1)

ϕ(Ψ2Ψ3) ϕ(Ψ1Ψ3) ϕ(Ψ1Ψ2) ϕ(Ψ3) n5 −E ϕ(Ψ1)

ϕ(Ψ2Ψ3) ϕ(Ψ1Ψ3) ϕ(Ψ1Ψ2) ϕ(Ψ3) ϕ(Ψ2) n6 −E


. (25)

Theorem 2 Let n =Ψ K
1 where K = 2 j,Ψ1 is a prime and j ≥ 3 is a positive integer. Then Seidel Laplacian spectrum

of the graph WΓ(ZΨ1
2 j) is consists of the eigenvalue −E with multiplicitiesΨ 2 j−1

1 −2 j for i = 1, 2, 3, . . . , j−1, j, j+

1, j + 2, . . . , 2 j − 1. Where E =
2 j−1
∑

i=1
ϕ(Ψ i

1), the remaining Seidel Laplacian eigenvalues of the graph WΓ(ZΨ1
2 j) are

eigenvalues of the matrix (27).
Proof. For n =Ψ 2 j

1 , where j is a positive integer andΨ1 is a prime, the proper divisors ofΨ 2 j
1 areΨ1,Ψ 2

1 ,Ψ 3
1 , . . . ,

Ψ j−1
1 , Ψ j

1 ,Ψ
j+1

1 , . . . , Ψ 2 j−2
1 , Ψ 2 j−1

1 . By Lemma 3, we have WΓ(ZΨ1
2 j) = δ ∗

Ψ1
2 j [WΓ(AΨ1), WΓ(AΨ1

2), . . . , WΓ(AΨ1
j−1),

WΓ(AΨ1
j), . . . ,WΓ(AΨ1

2 j−2), WΓ(AΨ1
2 j−1)]. Therefore, by Lemma 1 and Corollary 1, we get

WΓ(ZΨ1
2 j) = δ ∗

Ψ1
2 j [Kϕ(Ψ1

2 j−1), Kϕ(Ψ1
2 j−2), . . . , Kϕ(Ψ1

j+1), Kϕ(Ψ1
j), . . . , Kϕ(Ψ1

2), Kϕ(Ψ1)]. (26)

And ni = ϕ(Ψ1
2 j−i) for i = 1, 2, 3, . . . , j − 1, j, j + 1, j + 2, . . . , 2 j − 1. It follows that from Theorem 1, τi =

ni − E for i = 1, 2, 3, . . . , j − 1, j, j + 1, j + 2, . . . , 2 j − 1. Where E =
2 j−1
∑

i=1
ϕ(Ψ i

1). Therefore, by Theorem 1, the

Seidel Laplacian spectrum of the graph WΓ(ZΨ1
2 j) is consists of the eigenvalue −E with multiplicities Ψ 2 j−1

1 − 2 j for
i = 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1. The roots of the characteristic polynomial of the matrix (27) can be used
to determine the remaining eigenvalues,
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

ϕ(Ψ1
2 j−1)−E ϕ(Ψ1

2 j−2) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)

ϕ(Ψ1
2 j−1) ϕ(Ψ1

2 j−2)−E . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)

...
...

. . .
...

... . . .
...

...
ϕ(Ψ1

2 j−1) ϕ(Ψ1
2 j−2) . . . ϕ(Ψ1

j+1)−E ϕ(Ψ1
j) . . . ϕ(Ψ1

2) ϕ(Ψ1)

ϕ(Ψ1
2 j−1) ϕ(Ψ1

2 j−2) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j)−E . . . ϕ(Ψ1
2) ϕ(Ψ1)

...
... . . .

...
...

. . .
...

...
ϕ(Ψ1

2 j−1) ϕ(Ψ1
2 j−2) . . . ϕ(Ψ1

j+1) ϕ(Ψ1
j) . . . ϕ(Ψ1

2)−E ϕ(Ψ1)

ϕ(Ψ1
2 j−1) ϕ(Ψ1

2 j−2) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)−E


. (27)

Example 3 The Seidel Laplacian spectrum of the graphWΓ(Z81) is consists of the eigenvalue−26 with multiplicity
23. The remaining Seidel Laplacian eigenvalues of the graphWΓ(Z81) are eigenvalues of the matrix (28).

Proof. For n = 81, the proper divisors of 81 are 3, 9, 27. By Lemma 3, we haveWΓ(Z81) = δ ∗
81[WΓ(A3), WΓ(A9),

WΓ(A27)]. Therefore, by Lemma 1 and Corollary 1, we get WΓ(Z81) = δ ∗
81[K18, K6, K2] and n1 = 18, n2 = 6, n3 = 2. It

follows that from Theorem 1, τ1 =−8, τ2 =−20, τ3 =−24 and E = 18+6+2= 26. Therefore, by Theorem 1, the Seidel
Laplacian spectrum of the graphWΓ(Z81) is consists of the eigenvalue−26withmultiplicity 23. Characteristic polynomial
and the eigenvalues of the matrix (28) are respectively,−λ 3−52λ 2−676λ =−λ (λ 2+52λ +676) =−λ (λ +26)2, and
{0, −26, −26}.

M =

−8 6 2
18 −20 2
18 6 −24

 . (28)

Theorem 3 Let n = Ψ K
1 where K = 2 j + 1, Ψ1 is a prime and j ≥ 3 is a positive integer. Then Seidel

Laplacian spectrum of the graph WΓ(ZΨ1
2 j+1) is consists of the eigenvalue −E with multiplicities Ψ 2 j

1 − (2 j + 1) for

i = 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1, 2 j.Where E =
2 j
∑

i=1
ϕ(Ψ i

1), the remaining Seidel Laplacian eigenvalues

of the graphWΓ(ZΨ1
2 j+1) are eigenvalues of the matrix (29).

Proof. Similarly as above Theorem 3, we can prove that the Seidel Laplacian spectrum of the graphWΓ(ZΨ1
2 j+1) is

consists of the eigenvalue −E with multiplicitiesΨ 2 j
1 − (2 j+1) for i = 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1, 2 j.

The remaining, Seidel Laplacian eigenvalues of the graphWΓ(ZΨ1
2 j+1) are eigenvalues of the matrix’s (29).



ϕ(Ψ1
2 j)−E ϕ(Ψ1

2 j−1) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)

ϕ(Ψ1
2 j) ϕ(Ψ1

2 j−1)−E . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)

...
...

. . .
...

... . . .
...

...
ϕ(Ψ1

2 j) ϕ(Ψ1
2 j−1) . . . ϕ(Ψ1

j+1)−E ϕ(Ψ1
j) . . . ϕ(Ψ1

2) ϕ(Ψ1)

ϕ(Ψ1
2 j) ϕ(Ψ1

2 j−1) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j)−E . . . ϕ(Ψ1
2) ϕ(Ψ1)

...
... . . .

...
...

. . .
...

...
ϕ(Ψ1

2 j) ϕ(Ψ1
2 j−1) . . . ϕ(Ψ1

j+1) ϕ(Ψ1
j) . . . ϕ(Ψ1

2)−E ϕ(Ψ1)

ϕ(Ψ1
2 j) ϕ(Ψ1

2 j−1) . . . ϕ(Ψ1
j+1) ϕ(Ψ1

j) . . . ϕ(Ψ1
2) ϕ(Ψ1)−E


. (29)
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Example 4 The Seidel Laplacian spectrum of the graphWΓ(Z32) is consists of the eigenvalue−15 with multiplicity
11. The remaining Seidel Laplacian eigenvalues of the graphWΓ(Z32) are eigenvalues of the matrix (30).

Proof. For n = 32 the proper divisors of 32 are 2, 4, 8, 16. By Lemma 3, we haveWΓ(Z32) = δ ∗
32[WΓ(A2),WΓ(A4),

WΓ(A8), WΓ(A16)]. Therefore, by Lemma 1 and Corollary 1, we get WΓ(Z32) = δ ∗
32[K8, K4, K2, K1] and n1 = 8, n2 =

4, n3 = 2, n4 = 1. It follows that from Theorem 1, E = 8+4+2+1 = 15 and τ1 =−7, τ2 =−11, τ3 =−13, τ4 =−14.
Therefore, by Theorem 1, the Seidel Laplacian spectrum of the graph WΓ(Z32) is consists of the eigenvalue −15 with
multiplicity 11. Characteristic polynomial and the eigenvalues of the matrix (30) are respectively, λ (λ 3 +45λ 2 +675λ +

3,375) = λ (λ +15)3, and {0, −15, −15, −15}.

M =


−7 4 2 1
8 −11 2 1
8 4 −13 1
8 4 2 −14

 . (30)

Theorem 4 For distinct primesΨ1,Ψ2 andwhere t is positive integer, if n=Ψ1
tΨ2 then the Seidel Laplacian spectrum

of the graphWΓ(Zn) is

{
−E 2(Ψ t

1 −Ψ t−1
1 )−E

Ψ t−1
1 Ψ2 −2t Ψ t

1 −Ψ t−1
1 −1

}
. (31)

Where E =
t
∑

k=1
ϕ(Ψ k

1 )+
t−1
∑

k=0
ϕ(Ψ1

kΨ2) and the matrix (35) provides the remaining eigenvalues.

Proof. Let n =Ψ1
tΨ2, where Ψ1 <Ψ2, note that δ ∗

Ψ1
tΨ2

is complete graph on vertices {Ψ1, Ψ 2
1 , . . . , Ψ1

t , Ψ2, Ψ1Ψ2,

Ψ1
2Ψ2, . . . , Ψ1

t−1Ψ2}. By lemma 3, we have

WΓ(ZΨ1
tΨ2

) = δ ∗
Ψ1

tΨ2
[WΓ(AΨ1), WΓ(AΨ1

2), . . . , WΓ(AΨ1
t ), WΓ(AΨ2), WΓ(AΨ1Ψ2), . . . , WΓ(AΨ1

t−1Ψ2
)]. (32)

Therefore, by Lemma 1 and Corollary 1, we get

WΓ(ZΨ1
tΨ2

) = δ ∗
Ψ1

tΨ2
[Kϕ(Ψ1

t−1Ψ2)
, Kϕ(Ψ1

t−2Ψ2)
, . . . , Kϕ(Ψ2), Kϕ(Ψ1

t ), Kϕ(Ψ1
t−1), . . . , Kϕ(Ψ1)]. (33)

And nΨ1 = ϕ(Ψ1
t−1Ψ2), nΨ1

2 = ϕ(Ψ1
t−2Ψ2), . . . , nΨ1

t = ϕ(Ψ2), nΨ1Ψ2 = ϕ(Ψ1
t−1), . . . , nΨ1

rΨ2 = ϕ(Ψ1
t−r), . . . , nΨ1

t−1Ψ2

= ϕ(Ψ1) and nΨ2 = ϕ(Ψ1
t). It follows that from Theorem 1, τd j = nd j −E where d j ∈ {Ψ1, Ψ 2

1 , . . . , Ψ1
t , Ψ1Ψ2, Ψ1

2Ψ2,

. . . ,Ψ1
t−1Ψ2} and E =

t
∑

k=1
ϕ(Ψ k

1 )+
t−1
∑

k=0
ϕ(Ψ1

kΨ2). By Theorem 1, the Seidel Laplacian spectrum of the graphWΓ(Zn) is

{
−E 2(Ψ t

1 −Ψ t−1
1 )−E

Ψ t−1
1 Ψ2 −2t Ψ t

1 −Ψ t−1
1 −1

}
. (34)

The roots of the characteristic polynomial of the matrix (35) can be used to determine the remaining eigenvalues
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

nΨ1 −E nΨ 2
1

. . . nΨ t
1

nΨ2 nΨ1Ψ2 . . . nΨ1
t−1Ψ2

nΨ1 nΨ 2
1
−E . . . nΨ t

1
nΨ2 nΨ1Ψ2 . . . nΨ1

t−1Ψ2
...

...
. . .

...
...

...
. . .

...
nΨ1 nΨ 2

1
. . . nΨ t

1
−E nΨ2 nΨ1Ψ2 . . . nΨ1

t−1Ψ2

nΨ1 nΨ 2
1

. . . nΨ t
1

nΨ2 −E nΨ1Ψ2 . . . nΨ1
t−1Ψ2

nΨ1 nΨ 2
1

. . . nΨ t
1

nΨ2 nΨ1Ψ2 −E . . . nΨ1
t−1Ψ2

...
...

. . .
...

...
...

. . .
...

nΨ1 nΨ 2
1

. . . nΨ t
1

nΨ2 nΨ1Ψ2 . . . nΨ1
t−1Ψ2

−E


. (35)

Theorem 5 Let n =Ψ1Ψ2 . . .Ψtηd1
1 ηd2

2 . . .ηds
s (di ≥ 2, t ≥ 1, s ≥ 0) whereΨi’s and ηi’s are the distinct primes. Let

β = {Ψ1, Ψ2, . . . , Ψt} and {c1, c2, . . . , cτ(n)−2} represents the collection of all proper divisors of n. Then, the Seidel
Laplacian spectrum WΓ(Zn) consists of eigenvalues −E with multiplicity ϕ( n

ci
)− 1 when ci /∈ β and 2ϕ( n

c j
)−E with

multiplicity ϕ( n
c j
)−1 when c j ∈ β for 1 ≤ i, j ≤ τ(n)−2, where E =

τ(n)−2
∑

i=1
ϕ( n

ci
). The characteristic polynomial of the

matrix (36) provides the remaining eigenvalues.
Proof. Suppose that n=Ψ1Ψ2 . . .Ψtηd1

1 ηd2
2 . . .ηds

s (di ≥ 2, t ≥ 1, s≥ 0)whereΨi’s and ηi’s are the distinct primes. Let
β = {Ψ1,Ψ2, . . . ,Ψt} and {c1, c2, . . . , cτ(n)−2} represents the collection of all proper divisors of n. Now by Lemma 2, the
following conclusions can be drawn: for each ci ∈ β , we haveWΓ(Aci) = Kϕ( n

ci
) and for c j /∈ β we haveWΓ(Aci) = Kϕ( n

ci
)

for 1≤ i, j ≤ τ(n)−2. Also, nci = ϕ( n
ci
), nc j = ϕ( n

c j
) for all ci ∈ β and c j /∈ β . It follows that fromTheorem 1, τci = nci −E

where E =
τ(n)−2

∑
i=1

ϕ( n
ci
). By Theorem 1, Seidel Laplacian eigenvalues of the graph WΓ(Zn) are respectively, −E with

multiplicity ϕ( n
ci
)−1 when ci /∈ β and 2ϕ( n

c j
)−E with multiplicity ϕ( n

c j
)−1 when c j ∈ β for 1 ≤ i, j ≤ τ(n)−2. The

roots of the characteristic polynomial of the matrix (36) can be used to determine the remaining eigenvalues.

Y =



nc1 −E · · · nct nct+1 · · · nτ(n)−2
...

. . .
...

...
...

...
nc1 · · · nct −E nct+1 · · · nτ(n)−2

nc1 · · · nct nct+1 −E · · · nτ(n)−2
...

...
...

...
. . .

...
nc1 · · · nct nct+1 · · · nτ(n)−2 −E


. (36)

Example 5 The Seidel Laplacian spectrum of the graphWΓ(Z12) is given by

{
−7 −3
2 1

}
. (37)

The remaining four Seidel Laplacian eigenvalues of the graphWΓ(Z12) are the eigenvalues of the matrix (39).
Proof. Let n = 22 · 3 = 12, where 2 < 3, note that δ ∗

12 is complete graph. By theorem 5 proper divisor of 12 are
{c1, c2, c3, c4}= {2, 3, 4, 6} and β = {3}. So we haveWΓ(A3) = K2,WΓ(A2) = K2,WΓ(A4) = K2, WΓ(A6) = K1. Also
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n1 = 2, n2 = 2, n3 = 2, n4 = 1 and E = 2+ 2+ 2+ 1 = 7. By using Theorem 5, the value of τ1 = τ2 = τ3 = −5 and
τ4 =−6. Therefore the Seidel Laplacian spectrum of the graphWΓ(Z12) is given by

{
−7 −3
2 1

}
. (38)

Characteristic polynomial and the eigenvalues of the matrix (39) are respectively, λ 4 + 21λ 3 + 147λ 2 + 343λ =

λ (λ 3 +21λ 2 +147λ +343) = λ (λ +7)3, and {0, −7, −7, −7}.

M =


−5 2 2 1
2 −5 2 1
2 2 −5 1
2 2 2 −6

 . (39)

4. Seidel signless Laplacian spectrum of the weakly zero-divisor graph
In this section, we will highlight some results of Seidel signless Laplacian spectrum of the weakly zero-divisor graph.

The Seidel signless Laplacian spectrum of complete graph Kl and its complement graph Kl on l vertices is given by

specSL+(Kl) =

{
2(ni −2ri −1) −1

1 l −1

}
and specSL+(Kl) =

{
2(ni −2ri −1) 1

1 l −1

}
respectively. (40)

The following theorem provides the generalized join graph’s Seidel signless Laplacian spectrum in terms of the
spectrum of regular graphs.

Theorem 6 [2] Consider G[L1, L2, . . . , Lk] where G is simple connected graph with vertices labeled as 1, 2, . . . , k
and S = [si j]k×k is the Seidel matrix of G and L j is r j− regular and |V (L j)|= n j, for every j = 1, 2, . . . , k. Let {σSL+

j1 =

2(n j −2r j −1), σSL+
j2 , . . . , σSL+

jn j
} be the Seidel signless Laplacian eigenvalues of L j, for j = 1, 2, . . . , k. Then, the Seidel

signless Laplacian spectrum of the G-join of the graph L1, L2, . . .Lk is given by,

specSL+(G[L1, L2, . . . , Lk]) =

( k∪
j=1

n j∪
i=2

(σSL+
ji + τ j)

)∪
spec(TSL+(G)). (41)

Where τ j =
k
∑

i=1
si jni and

TSL+(G) =


2(n1 −2r1 −1)+ τ1 s1, 2n2 . . . s1, knk

s1, 2n1 2(n2 −2r2 −1)+ τ2 . . . s2, knk
...

...
. . .

...
s1, kn1 s2, kn2 . . . 2(nk −2rk −1)+ τk

 . (42)

Contemporary Mathematics 6822 | Abu Zaid Ansari, et al.



Lemma 7 Let n be the product of two different primesΨ1 andΨ2. Then, the Seidel signless Laplacian spectrum of
WΓ(Zn) is given by,

{
2−Ψ1 2−Ψ2

Ψ2 −2 Ψ1 −2

}
. (43)

The remaining two Seidel signless Laplacian eigenvalues of the graphWΓ(Zn) are the eigenvalues of the matrix,

[
2Ψ2 −Ψ1 −3 1−Ψ1

1−Ψ2 2Ψ1 −Ψ2 −3

]
. (44)

Proof. The proper divisors of n areΨ1 andΨ2 andΨ1 <Ψ2. Also, by the definition of δ ∗
n ; Ψ1 ∼Ψ2.Now by Lemma 3,

we haveWΓ(ZΨ1Ψ2) = δ ∗
Ψ1Ψ2

[WΓ(AΨ1), WΓ(AΨ2)]. Therefore, by Lemma 1 and Corollary 1, we haveWΓ(AΨ1) = Kϕ(Ψ2)

andWΓ(AΨ2) = Kϕ(Ψ1). Consequently, in order of proper divisor sequence we have n1 = ϕ(Ψ2) =Ψ2 −1, n2 = ϕ(Ψ1) =

Ψ1 −1, value of τ1 = 1−Ψ1, τ2 = 1−Ψ2, r1 = r2 = 0 and E = ϕ(Ψ1)+ϕ(Ψ2). Therefore, the Seidel signless Laplacian
spectrum of the graphWΓ(ZΨ1Ψ2) is

{
2−Ψ1 2−Ψ2

Ψ2 −2 Ψ1 −2

}
. (45)

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

[
2Ψ2 −Ψ1 −3 1−Ψ1

1−Ψ2 2Ψ1 −Ψ2 −3

]
. (46)

The matrix (46) has a characteristic polynomial λ 2 −λ (Ψ1 +Ψ2 −6)+2(2Ψ1Ψ2 −Ψ 2
1 −Ψ 2

2 −Ψ1 −Ψ2 +4).
Example 6 The Seidel signless Laplacian spectrum of the graphWΓ(Z10) is given by,

{
0 −3
3 0

}
. (47)

The remaining two Seidel signless Laplacian eigenvalues of the graphWΓ(Z10) are the eigenvalues of the matrix,

[
5 −1
−4 −4

]
. (48)

Proof. The proper divisors of 10 are 2, 5 and 2 < 5. Also, by the definition of δ ∗
10; 2 ∼ 5.Now by Lemma 3, we have

WΓ(Z10) = δ ∗
10[WΓ(A2), WΓ(A5)]. Therefore, by Lemma 1 and Corollary 1, we have WΓ(A2) = K4 and WΓ(A5) = K1.

Consequently, in order of proper divisor sequence we have n1 = 4, n2 = 1, value of τ1 =−1, τ2 =−4, r1 = r2 = 0 and
E = 4+1 = 5. Therefore, the Seidel signless Laplacian spectrum of the graphWΓ(Z10) is
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{
0 −3
3 0

}
. (49)

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

[
5 −1
−4 −4

]
. (50)

The matrix (50) has a characteristic polynomial λ 2 −λ −24.
Lemma 8 For distinct primes Ψ1 and Ψ2, if n =Ψ1

2Ψ2 then, the Seidel signless Laplacian spectrum of WΓ(Zn) is
given by

{
1−Ψ 2

1 −Ψ2 2−Ψ1Ψ2 −1− (Ψ 2
1 +Ψ1Ψ2 −Ψ1 −Ψ2) 2Ψ1 −Ψ1Ψ2 −Ψ 2

1 −1
Ψ1Ψ2 −Ψ1 −Ψ2 Ψ 2

1 −Ψ1 −1 Ψ2 −2 Ψ1 −2

}
. (51)

Where E = ϕ(Ψ1Ψ2)+ ϕ(Ψ 2
1 )+ ϕ(Ψ2)+ ϕ(Ψ1). The remaining four Seidel signless Laplacian eigenvalues of the

graphWΓ(Zn) are the eigenvalues of the matrix (53).
Proof. Let n = Ψ1

2Ψ2, where Ψ1 < Ψ2, note that δ ∗
Ψ1

2Ψ2
is complete graph on vertices {Ψ1, Ψ2, Ψ1

2, Ψ1Ψ2}. By
Lemma 3, we have WΓ(ZΨ1

2Ψ2
) = δ ∗

Ψ1
2Ψ2

[WΓ(AΨ1), WΓ(AΨ2), WΓ(AΨ1
2), WΓ(AΨ1Ψ2)]. Therefore, by Lemma 1 and

Corollary 1, we have WΓ(AΨ1) = Kϕ(Ψ1Ψ2), WΓ(AΨ2) = Kϕ(Ψ1
2), WΓ(AΨ1

2) = Kϕ(Ψ2) and WΓ(AΨ1Ψ2) = Kϕ(Ψ1). Also
n1 = ϕ(Ψ1Ψ2), n2 = ϕ(Ψ1

2), n3 = ϕ(Ψ2), n4 = ϕ(Ψ1). By using Theorem 6, the value of τi are, τi = ni −E, for 1 ≤ i ≤ 4
and r1 = ϕ(Ψ1Ψ2)− 1, r2 = 0, r3 = ϕ(Ψ2)− 1 and r4 = ϕ(Ψ1)− 1. where E = ϕ(Ψ1Ψ2) + ϕ(Ψ 2

1 ) + ϕ(Ψ2) + ϕ(Ψ1).

Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graphWΓ(ZΨ1
2Ψ2

) is

{
1−Ψ 2

1 −Ψ2 2−Ψ1Ψ2 −1− (Ψ 2
1 +Ψ1Ψ2 −Ψ1 −Ψ2) 2Ψ1 −Ψ1Ψ2 −Ψ 2

1 −1
Ψ1Ψ2 −Ψ1 −Ψ2 Ψ 2

1 −Ψ1 −1 Ψ2 −2 Ψ1 −2

}
. (52)

And the matrix given in (53), can be used to determine the remaining four eigenvalues.


2−ϕ(Ψ1Ψ2)−E −ϕ(Ψ 2

1 ) −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ1Ψ2) 3ϕ(Ψ 2
1 )−2−E −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ1Ψ2) −ϕ(Ψ 2
1 ) 2−ϕ(Ψ2)−E −ϕ(Ψ1)

−ϕ(Ψ1Ψ2) −ϕ(Ψ 2
1 ) −ϕ(Ψ2) 2−ϕ(Ψ1)−E

 . (53)

Lemma 9 For distinct prime Ψ1, Ψ2, Ψ3, if n =Ψ1Ψ2Ψ3 then, the Seidel signless Laplacian spectrum of the graph
WΓ(Zn) is

{
1+ϕ(Ψ2Ψ3)−E 1+ϕ(Ψ1Ψ3)−E 1+ϕ(Ψ1Ψ2)−E ϕ(Ψ3)− (1+E) ϕ(Ψ2)− (1+E) J′

ϕ(Ψ2Ψ3)−1 ϕ(Ψ1Ψ3)−1 ϕ(Ψ1Ψ2)−1 ϕ(Ψ3)−1 ϕ(Ψ2)−1 J′′

}
. (54)
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Where J′ = ϕ(Ψ1)− (1+E), J′′ = ϕ(Ψ1)− 1 and E = ϕ(Ψ1)+ ϕ(Ψ2)+ ϕ(Ψ3)+ ϕ(Ψ1Ψ2)+ ϕ(Ψ1Ψ3)+ ϕ(Ψ2Ψ3),

The remaining Seidel signless Laplacian eigenvalues of the graphWΓ(Zn) are the eigenvalues of the matrix (56).
Proof. Let n=Ψ1Ψ2Ψ3, whereΨ1 <Ψ2 <Ψ3, note that δ ∗

Ψ1Ψ2Ψ3
is complete graph on vertices {Ψ1,Ψ2,Ψ3,Ψ1Ψ2,Ψ1Ψ3,

Ψ2Ψ3}. Now, by Lemma 3, we have, WΓ(ZΨ1Ψ2Ψ3) = δ ∗
Ψ1Ψ2Ψ3

[WΓ(AΨ1), WΓ(AΨ2), WΓ(AΨ3), WΓ(AΨ1Ψ2), WΓ(AΨ1Ψ3),
WΓ(AΨ2Ψ3)]. Therefore, by Lemma 1 and Corollary 1, we have WΓ(AΨ1) = Kϕ(Ψ2Ψ3), WΓ(AΨ2) = Kϕ(Ψ1Ψ3), WΓ(AΨ3) =

Kϕ(Ψ1Ψ2),WΓ(AΨ1Ψ2) = Kϕ(Ψ3),WΓ(AΨ1Ψ3) = Kϕ(Ψ2) andWΓ(AΨ2Ψ3) = Kϕ(Ψ1). And n1 = ϕ(Ψ2Ψ3), n2 = ϕ(Ψ1Ψ3), n3 =

ϕ(Ψ1Ψ2), n4 = ϕ(Ψ3), n5 = ϕ(Ψ2) and n6 = ϕ(Ψ1). It follows that from Theorem 6, τi = ni−E for 1 ≤ i ≤ 6 and r1 = r2 =

r3 = 0, r4 = ϕ(Ψ3)−1, r5 = ϕ(Ψ2)−1 and r6 = ϕ(Ψ1)−1 where E = ϕ(Ψ1)+ϕ(Ψ2)+ϕ(Ψ3)+ϕ(Ψ1Ψ2)+ϕ(Ψ1Ψ3) +
ϕ(Ψ2Ψ3). Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graphWΓ(ZΨ1Ψ2Ψ3) is

{
1+ϕ(Ψ2Ψ3)−E 1+ϕ(Ψ1Ψ3)−E 1+ϕ(Ψ1Ψ2)−E ϕ(Ψ3)− (1+E) ϕ(Ψ2)− (1+E) J′

ϕ(Ψ2Ψ3)−1 ϕ(Ψ1Ψ3)−1 ϕ(Ψ1Ψ2)−1 ϕ(Ψ3)−1 ϕ(Ψ2)−1 J′′

}
. (55)

Where J′ = ϕ(Ψ1)− (1+E), J′′ = ϕ(Ψ1)− 1 and E = ϕ(Ψ1)+ ϕ(Ψ2)+ ϕ(Ψ3)+ ϕ(Ψ1Ψ2)+ ϕ(Ψ1Ψ3)+ ϕ(Ψ2Ψ3),

And the matrix given in (56), can be used to determine the remaining six eigenvalues,

M =



A −ϕ(Ψ1Ψ3) −ϕ(Ψ1Ψ2) −ϕ(Ψ3) −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ2Ψ3) B −ϕ(Ψ1Ψ2) −ϕ(Ψ3) −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ2Ψ3) −ϕ(Ψ1Ψ3) C −ϕ(Ψ3) −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ2Ψ3) −ϕ(Ψ1Ψ3) −ϕ(Ψ1Ψ2) D −ϕ(Ψ2) −ϕ(Ψ1)

−ϕ(Ψ2Ψ3) −ϕ(Ψ1Ψ3) −ϕ(Ψ1Ψ2) −ϕ(Ψ3) E ′ −ϕ(Ψ1)

−ϕ(Ψ2Ψ3) −ϕ(Ψ1Ψ3) −ϕ(Ψ1Ψ2) −ϕ(Ψ3) −ϕ(Ψ2) F


, (56)

where A = 3ϕ(Ψ2Ψ3)−2−E, B = 3ϕ(Ψ1Ψ3)−2−E, C = 3ϕ(Ψ1Ψ2)−2−E, D = 2−ϕ(Ψ3)−E, E ′ = 2−ϕ(Ψ2)−E
and F = 2−ϕ(Ψ1)−E.

Example 7 For distinct prime 2, 3, 5, if n = 2.3.5 = 30 then, the Seidel signless Laplacian spectrum of the graph
WΓ(Z30) is

{
−12 −16 −18 −18 −20 −21

7 3 1 3 1 0

}
. (57)

The remaining Seidel signless Laplacian eigenvalues of the graphWΓ(Z30) are the eigenvalues of the matrix (59).
Proof. Let n = 2 ·3 ·5 = 30, where 2 < 3 < 5, note that δ ∗

30 is complete graph on vertices {2, 3, 5, 6, 10, 15}. Now, by
Lemma 3, we have, WΓ(Z30) = δ ∗

30[WΓ(A2), WΓ(A3), WΓ(A5), WΓ(A6), WΓ(A10), WΓ(A15)]. Therefore, by Lemma 1
and Corollary 1, we haveWΓ(A2) = Kϕ(15),WΓ(A3) = Kϕ(10),WΓ(A5) = Kϕ(6),WΓ(A6) = Kϕ(5),WΓ(A10) = Kϕ(3) and
WΓ(A15) = Kϕ(2). Also n1 = 8, n2 = 4, n3 = 2, n4 = 4, n5 = 2, n6 = 1 and E = 8+4+2+4+2+1 = 21. It follows that
from Theorem 6, τ1 =−13, τ2 =−17, τ3 =−19, τ4 =−17, τ5 =−19, τ6 =−20, and r1 = r2 = r3 = 0, r4 = 3, r5 = 1
and r6 = 0. Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graphWΓ(Z30) is

{
−12 −16 −18 −18 −20 −21

7 3 1 3 1 0

}
. (58)
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Characteristic polynomial and the eigenvalues of the matrix (59) are respectively, λ 6+91λ 5+3,082λ 4+46,534λ 3+

254,293λ 2−614,897λ −7,676,304= (λ +19)(λ 5+72λ 4+1,714λ 3+13,968λ 2−11,099λ −404,016) = (λ +19)(λ +

19)(λ 4 +53λ 3 +707λ 2 +535λ −21,264) and {−19, −19, −32.19, −15.82, −9.41, 4.43}

M =



1 −4 −2 −4 −2 −1
−8 −11 −2 −4 −2 −1
−8 −4 −17 −4 −2 −1
−8 −4 −2 −23 −2 −1
−8 −4 −2 −4 −21 −1
−8 −4 −2 −4 −2 −20


. (59)

Theorem 7 Let n =Ψ K
1 , where K = 2 j,Ψ1 is a prime and j ≥ 3 is a positive integer. Then Seidel signless Laplacian

spectrum of the graph WΓ(ZΨ1
2 j) is consists of the eigenvalue ϕ(Ψ 2 j−i

1 )− (1+E) with multiplicities ϕ(Ψ 2 j−i
1 )− 1 for

i= 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1, whereE =
2 j−1
∑

i=1
ϕ(Ψ i

1), the remaining Seidel signless Laplacian eigenvalues

of the graphWΓ(ZΨ1
2 j) are eigenvalues of the matrix (61).

Proof. For n =Ψ 2 j
1 , where j is a positive integer andΨ1 is a prime, the proper divisors ofΨ 2 j

1 areΨ1,Ψ 2
1 ,Ψ 3

1 , . . . ,

Ψ j−1
1 , Ψ j

1 ,Ψ
j+1

1 , . . . , Ψ 2 j−2
1 , Ψ 2 j−1

1 . By Lemma 3, we have WΓ(ZΨ1
2 j) = δ ∗

Ψ1
2 j [WΓ(AΨ1), WΓ(AΨ1

2), . . . , WΓ(AΨ1
j−1),

WΓ(AΨ1
j), . . . ,WΓ(AΨ1

2 j−2), WΓ(AΨ1
2 j−1)]. Therefore, by Lemma 1 and Corollary 1, we get

WΓ(ZΨ1
2 j) = δ ∗

Ψ1
2 j [Kϕ(Ψ1

2 j−1), Kϕ(Ψ1
2 j−2), . . . , Kϕ(Ψ1

j+1), Kϕ(Ψ1
j), . . . , Kϕ(Ψ1

2), Kϕ(Ψ1)]. (60)

And ni = ϕ(Ψ1
2 j−i) for i = 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1. It follows that from Theorem 6, τi = ni −E

and also ri = ϕ(Ψ1
2 j−i)−1 for i = 1, 2, 3, . . . , j−1, j, j+1, j+2, . . . , 2 j−1 and where E =

2 j−1
∑

i=1
ϕ(Ψ i

1). Therefore, by

Theorem 6, the Seidel signless Laplacian spectrum of the graphWΓ(ZΨ1
2 j) is consists of the eigenvalue ϕ(Ψ 2 j−i

1 )−(1+E)

with multiplicities ϕ(Ψ 2 j−i
1 )− 1 for i = 1, 2, 3, . . . , j − 1, j, j + 1, j + 2, . . . , 2 j − 1. The roots of the characteristic

polynomial of the matrix (61) can be used to determine the remaining eigenvalues,



K −ϕ(Ψ1
2 j−2) . . . −ϕ(Ψ1

j+1) −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)

−ϕ(Ψ1
2 j−1) L . . . −ϕ(Ψ1

j+1) −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)
...

...
. . .

...
... . . .

...
...

−ϕ(Ψ1
2 j−1) −ϕ(Ψ1

2 j−2) . . . M −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)

−ϕ(Ψ1
2 j−1) −ϕ(Ψ1

2 j−2) . . . −ϕ(Ψ1
j+1) P . . . −ϕ(Ψ1

2) −ϕ(Ψ1)
...

... . . .
...

...
. . .

...
...

−ϕ(Ψ1
2 j−1) −ϕ(Ψ1

2 j−2) . . . −ϕ(Ψ1
j+1) −ϕ(Ψ1

j) . . . Q −ϕ(Ψ1)

−ϕ(Ψ1
2 j−1) −ϕ(Ψ1

2 j−2) . . . −ϕ(Ψ1
j+1) −ϕ(Ψ1

j) . . . −ϕ(Ψ1
2) R


, (61)

where K = 2−ϕ(Ψ1
2 j−1)−E, L = 2−ϕ(Ψ1

2 j−2)−E, M = 2−ϕ(Ψ1
j+1)−E, P = 2−ϕ(Ψ1

j)−E, Q = 2−ϕ(Ψ1
2)−E,

R = 2−ϕ(Ψ1)−E.
Theorem 8 Let n =Ψ K

1 , where K = 2 j+1,Ψ1 is a prime and j ≥ 3 is a positive integer. Then the Seidel signless
Laplacian spectrum of the graph WΓ(ZΨ1

2 j+1) is consists of the eigenvalue ϕ(Ψ 2 j−i+1
1 )− (1 + E) with multiplicities
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ϕ(Ψ 2 j−i+1
1 )− 1 for i = 1, 2, 3, . . . , j − 1, j, j + 1, j + 2, . . . , 2 j − 1, 2 j, where E =

2 j
∑

i=1
ϕ(Ψ i

1), the remaining Seidel

signless Laplacian eigenvalues of the graphWΓ(ZΨ1
2 j+1) are eigenvalues of the matrix (62).

Proof. Similarly as above Theorem 7, we can prove that the Seidel signless Laplacian spectrum of the graph
WΓ(ZΨ1

2 j+1) is consists of the eigenvalue ϕ(Ψ 2 j−i+1
1 )−(1+E)with multiplicities ϕ(Ψ 2 j−i+1

1 )−1 for i = 1, 2, 3, . . . , j−

1, j, j+1, j+2, . . . , 2 j−1, 2 j.Where E =
2 j
∑

i=1
ϕ(Ψ i

1), The remaining, Seidel signless Laplacian eigenvalues of the graph

WΓ(ZΨ1
2 j+1) are eigenvalues of the matrix (62).



K −ϕ(Ψ1
2 j−1) . . . −ϕ(Ψ1

j+1) −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)

−ϕ(Ψ1
2 j) L . . . −ϕ(Ψ1

j+1) −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)
...

...
. . .

...
... . . .

...
...

−ϕ(Ψ1
2 j) −ϕ(Ψ1

2 j−1) . . . M −ϕ(Ψ1
j) . . . −ϕ(Ψ1

2) −ϕ(Ψ1)

−ϕ(Ψ1
2 j) −ϕ(Ψ1

2 j−1) . . . −ϕ(Ψ1
j+1) P . . . −ϕ(Ψ1

2) −ϕ(Ψ1)
...

... . . .
...

...
. . .

...
...

−ϕ(Ψ1
2 j) −ϕ(Ψ1

2 j−1) . . . −ϕ(Ψ1
j+1) −ϕ(Ψ1

j) . . . Q −ϕ(Ψ1)

−ϕ(Ψ1
2 j) −ϕ(Ψ1

2 j−1) . . . −ϕ(Ψ1
j+1) −ϕ(Ψ1

j) . . . −ϕ(Ψ1
2) R


, (62)

where K = 2−ϕ(Ψ1
2 j)−E, L = 2−ϕ(Ψ1

2 j−1)−E, M = 2−ϕ(Ψ1
j+1)−E, P = 2−ϕ(Ψ1

j)−E, Q = 2−ϕ(Ψ1
2)−E,

R = 2−ϕ(Ψ1)−E.
Theorem 9 For distinct primes Ψ1, Ψ2 where t is positive integer, if n =Ψ1

tΨ2 then the Seidel signless Laplacian
spectrum of the graphWΓ(Zn) is

{ ϕ( n
Ψ1
)− (1+E) ϕ( n

Ψ 2
1
)− (1+E) . . . ϕ( n

Ψ t
1
)− (1+E) 1+ϕ( n

Ψ2
)−E ϕ( n

Ψ1Ψ2
)− (1+E) . . .

ϕ( n
Ψ1
)−1 ϕ( n

Ψ 2
1
)−1 . . . ϕ( n

Ψ t
1
)−1 ϕ( n

Ψ2
)−1 ϕ( n

Ψ1Ψ2
)−1 . . .

ϕ( n
Ψ t−2

1 Ψ2
)− (1+E) ϕ( n

Ψ t−1
1 Ψ2

)− (1+E)

ϕ( n
Ψ t−2

1 Ψ2
)−1 ϕ( n

Ψ t−1
1 Ψ2

)−1

}
.

Where E =
t
∑

k=1
ϕ(Ψ k

1 )+
t−1
∑

k=0
ϕ(Ψ1

kΨ2), and the matrix (61) provides the remaining eigenvalues.

Proof. Let n =Ψ1
tΨ2, where Ψ1 <Ψ2, note that δ ∗

Ψ1
tΨ2

is complete graph on vertices {Ψ1, Ψ 2
1 , . . . , Ψ1

t , Ψ2, Ψ1Ψ2,

Ψ1
2Ψ2, . . . ,Ψ1

t−1Ψ2}. By lemma 3, we have

WΓ(ZΨ1
tΨ2

) = δ ∗
Ψ1

tΨ2
[WΓ(AΨ1), WΓ(AΨ1

2), . . . , WΓ(AΨ1
t ), WΓ(AΨ2), WΓ(AΨ1Ψ2), , . . . , WΓ(AΨ1

t−1Ψ2
)]. (63)

Therefore, by Lemma 1 and Corollary 1, we get

WΓ(ZΨ1
tΨ2

) = δ ∗
Ψ1

tΨ2
[Kϕ(Ψ1

t−1Ψ2)
, Kϕ(Ψ1

t−2Ψ2)
, . . . , Kϕ(Ψ2), Kϕ(Ψ1

t ), Kϕ(Ψ1
t−1), . . . , Kϕ(Ψ1)]. (64)
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And nΨ1 = ϕ(Ψ1
t−1Ψ2), nΨ1

2 = ϕ(Ψ1
t−2Ψ2), . . . , nΨ1

t = ϕ(Ψ2), nΨ1Ψ2 = ϕ(Ψ1
t−1), . . . , nΨ1

rΨ2 = ϕ(Ψ1
t−r), . . . , nΨ1

t−1Ψ2

= ϕ(Ψ1) and nΨ2 = ϕ(Ψ1
t). It follows that from Theorem 6, τd j = nd j −E also rΨ1 = ϕ(Ψ1

t−1Ψ2)−1, rΨ1
2 = ϕ(Ψ1

t−2Ψ2)−
1, . . . , rΨ1

t = ϕ(Ψ2)−1, rΨ1Ψ2 = ϕ(Ψ1
t−1)−1, . . . , rΨ1

rΨ2 = ϕ(Ψ1
t−r)−1, . . . , rΨ1

t−1Ψ2
= ϕ(Ψ1)−1 and rΨ2 = 0.Where

d j ∈ {Ψ1,Ψ 2
1 , . . . ,Ψ1

t ,Ψ1Ψ2,Ψ1
2Ψ2, . . . ,Ψ1

t−1Ψ2} and E =
t
∑

k=1
ϕ(Ψ k

1 )+
t−1
∑

k=0
ϕ(Ψ1

kΨ2). By Theorem 6, the Seidel signless

Laplacian spectrum of the graphWΓ(ZΨ1
tΨ2

) is

{ ϕ( n
Ψ1
)− (1+E) ϕ( n

Ψ 2
1
)− (1+E) . . . ϕ( n

Ψ t
1
)− (1+E) 1+ϕ( n

Ψ2
)−E ϕ( n

Ψ1Ψ2
)− (1+E) . . .

ϕ( n
Ψ1
)−1 ϕ( n

Ψ 2
1
)−1 . . . ϕ( n

Ψ t
1
)−1 ϕ( n

Ψ2
)−1 ϕ( n

Ψ1Ψ2
)−1 . . .

ϕ( n
Ψ t−2

1 Ψ2
)− (1+E) ϕ( n

Ψ t−1
1 Ψ2

)− (1+E)

ϕ( n
Ψ t−2

1 Ψ2
)−1 ϕ( n

Ψ t−1
1 Ψ2

)−1

}
.

Where E =
t
∑

k=1
ϕ(Ψ k

1 )+
t−1
∑

k=0
ϕ(Ψ1

kΨ2), the roots of the characteristic polynomial of the matrix (65) can be used to

determine the remaining eigenvalues



2− (nΨ1 +E) −nΨ 2
1

. . . −nΨ t
1

−nΨ2 −nΨ1Ψ2 . . . −nΨ1
t−1Ψ2

−nΨ1 2− (nΨ 2
1
+E) . . . −nΨ t

1
−nΨ2 −nΨ1Ψ2 . . . −nΨ1

t−1Ψ2
...

...
. . .

...
...

...
. . .

...
−nΨ1 −nΨ 2

1
. . . 2− (nΨ t

1
+E) −nΨ2 −nΨ1Ψ2 . . . −nΨ1

t−1Ψ2

−nΨ1 nΨ 2
1

. . . −nΨ t
1

3nΨ2 − (2+E) −nΨ1Ψ2 . . . −nΨ1
t−1Ψ2

−nΨ1 −nΨ 2
1

. . . −nΨ t
1

−nΨ2 B′ . . . −nΨ1
t−1Ψ2

...
...

. . .
...

...
...

. . .
...

−nΨ1 −nΨ 2
1

. . . −nΨ t
1

−nΨ2 −nΨ1Ψ2 . . . A′


, (65)

where A′ = 2− (nΨ1
t−1Ψ2

+E), B′ = 2− (nΨ1Ψ2 +E).

Theorem 10 Let n =Ψ1Ψ2 . . .Ψtηd1
1 ηd2

2 . . .ηds
s (di ≥ 2, t ≥ 1, s ≥ 0) whereΨi’s and ηi’s are the distinct primes. Let

β = {Ψ1, Ψ2, . . . , Ψt} and {c1, c2, . . . , cτ(n)−2} represents the collection of all proper divisors of n. Then, the Seidel
signless Laplacian spectrumWΓ(Zn) consists of eigenvalues ϕ( n

c j
)−(1+E)with multiplicity ϕ( n

c j
)−1 when c j /∈ β and

1+ϕ( n
ci
)−E withmultiplicity ϕ( n

ci
)−1when ci ∈ β for 1≤ i, j ≤ τ(n)−2, where E =

τ(n)−2
∑

i=1
ϕ( n

ci
).And the characteristic

polynomial of the matrix (66) provides the remaining, eigenvalues.
Proof. Suppose that n=Ψ1Ψ2 . . .Ψtηd1

1 ηd2
2 . . .ηds

s (di ≥ 2, t ≥ 1, s≥ 0)whereΨi’s and ηi’s are the distinct primes. Let
β = {Ψ1,Ψ2, . . . ,Ψt} and {c1, c2, . . . , cτ(n)−2} represents the collection of all proper divisors of n. Now by Lemma 2, the
following conclusions can be drawn: for each ci ∈ β , we haveWΓ(Aci)=Kϕ( n

ci
) and for c j /∈ β we haveWΓ(Ac j)=Kϕ( n

c j
).

Contemporary Mathematics 6828 | Abu Zaid Ansari, et al.



Y =



2(n1 −2r1 −1)+n1 −E · · · −nct −nct+1 · · · −nτ(n)−2
...

. . .
...

...
...

...
−nc1 · · · 2(nct −2rct −1)+nct −E −nct+1 · · · −nτ(n)−2

−nc1 · · · −nct G′ · · · −nτ(n)−2
...

...
...

...
. . .

...
−nc1 · · · −nct −nct+1 · · · F ′


, (66)

where G′ = 2(nct+1 −2rct+1 −1)+nct+1 −E and F ′ = 2(nτ(n)−2 −2rτ(n)−2 −1)+nτ(n)−2 −E.
For 1 ≤ i, j ≤ τ(n)−2, we have, nci = ϕ( n

ci
), nc j = ϕ( n

c j
) for all ci ∈ β and c j /∈ β . It follows that from Theorem 6,

τci = nci −E. Also, rci = 0 for ci ∈ β and rc j = ϕ( n
c j
)− 1 for c j /∈ β where E =

τ(n)−2
∑

i=1
ϕ( n

ci
). By Theorem 6, the Seidel

signless Laplacian spectrumWΓ(Zn) consists of eigenvalues ϕ( n
c j
)−(1+E)with multiplicity ϕ( n

c j
)−1 when c j /∈ β and

1+ϕ( n
ci
)−E with multiplicity ϕ( n

ci
)−1 when ci ∈ β for 1 ≤ i, j ≤ τ(n)−2. The roots of the characteristic polynomial

of the matrix (66) can be used to determine the remaining eigenvalues.
Example 8 Seidel signless Laplacian spectrum of the graphWΓ(Z66) is shown in Figure 2, is

{
−24 −34 −42 −36 −44 −45
19 9 1 9 1 0

}
. (67)

The remaining six Seidel signless Laplacian eigenvalues of the graphWΓ(Z66) are the eigenvalues of the matrix (69).
The proper divisors of 66 are 2, 3, 11, 6, 22 and 33. Note that δ ∗

66 is complete graph on vertices 2, 3, 11, 6, 22 and
33 Now by Lemma 3, we haveWΓ(Z66) = δ ∗

66[WΓ(A2),WΓ(A3),WΓ(A11),WΓ(A6),WΓ(A22),WΓ(A33)]. Therefore, by
Lemma 1 and Corollary 1, we haveWΓ(A2) = K20, WΓ(A3) = K10, WΓ(A11) = K2, WΓ(A6) = K10, WΓ(A22) = K2 and
WΓ(A33) = K1. Now according the proper divisor sequence, we have, n1 = 20, n2 = 10, n3 = 2, n4 = 10, n5 = 2, n6 = 1.
Further, we have r1 = r2 = r3 = 0, r4 = 9, r5 = 1 and r6 = 0. And by using Theorem 6, the value of τi = ni −E for
1 ≤ i ≤ 6, where E = 45.

Consequently, Seidel signless Laplacian spectrum of the graphWΓ(Z66) is given by Theorem 6,

{
−24 −34 −42 −36 −44 −45
19 9 1 9 1 0

}
. (68)

And eigenvalues of the matrix (69) are respectively {−43, −43, −66.340, −39.486, −15.688, 20.514}.

M =



13 −10 −2 −10 −2 −1
−20 −17 −2 −10 −2 −1
−20 −10 −41 −10 −2 −1
−20 −10 −2 −53 −2 −1
−20 −10 −2 −10 −45 −1
−20 −10 −2 −10 −2 −44


. (69)
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Figure 2. Weakly zero-divisor graphWΓ(Z66)

5. Conclusion
Our result gives Seidel Laplacian and Seidel signless Laplacian spectrum of the weakly zero-divisor graph of integer

modulo n by using the generalized join graph of induced subgraphs.
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