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Abstract: Let us consider the finite commutative ring R, whose unity is 1 # 0. The weakly zero-divisor graph, denoted by
WTI'(R), is an undirected graph whose distinct vertices ¢ and ¢, are adjacent if and only if, there exist » € ann(c;) and s €
ann(c;) that satisfy the condition rs = 0. This article finds the Seidel Laplacian and Seidel signless Laplacian spectrum
for the graph WI'(Z,) for various values of .
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1. Introduction

In this article, a commutative ring having identity 1 # 0 shall be denoted by R. When an element c¢;, different from
zero (0 ¢, € R), exists such that ¢ ¢, = 0, then the nonzero element ¢ is called a zero-divisor of R. Z(R) is the collection
of those zero-divisors in the ring R and Z(R)" = Z(R)\{0}.

The graph G = (V, E) has been defined, where V denotes the set of vertices and E denotes the set of edges of G.
When two distinct vertices of graph G, ¢ and c¢; are adjacent to each other in graph G, the notation ¢; ~ ¢, represents
this. In a graph G, the set of vertices adjacent to a vertex c is called its neighborhood; this neighborhood is represented by
the notation Ng(c). K, refers to the complete graph with m vertices, deg(c), the degree of vertex ¢, represents the number
of edges incident with ¢ € V. For every vertex ¢ € G, G is k-regular if deg(c) = k. Let Agx be any square matrix and let
M, A2, Az, ..., A be its different eigenvalues with multiplicities of f1, f2, f3, ..., f respectively. The spectrum of A is
then denoted by o(A), which is defined by

(1

G(A){;Ll A Ay e Ak}'

fi L o fi
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Van Lint and Seidel [1] introduced the Seidel matrix of G, defined as S(G) = [s;;| where,

-1, c¢i~c¢j
(sif) =91, ci=cj ()
0, otherwise.

The Seidel spectrum of G is denoted by spec®(G). Let Dy(G) = diag(n —2dy —1,n—2d> — 1, ..., n—2d, — 1) be
the diagonal matrix where d; is the degree of the vertex c;. The Seidel Laplacian matrix [2] of a graph is defined as

SL(G) = Ds(G) — S(G). 3)
And the Seidel signless Laplacian matrix of a graph is defined as
SL*(G) = Ds(G) +S(G). 4)

Nikmeher et al. [3] introduced the idea of a weakly zero-divisor graph of ring R. The weakly zero-divisor graph of
ring R is represented by the symbol WI'(R). This undirected simple graph WI'(R) has a vertex set as set of non-zero zero-
divisors of R. The two distinct vertices, ¢ and ¢, are adjacent if and only if » € ann(c;) and s € ann(c;) exist, satisfying
the condition that rs = 0. The weakly zero-divisor graph’s spanning sub-graph is easily observed to be the zero-divisor
graph of a ring.

The Seidel Laplacian and Seidel signless Laplacian spectrum of the weakly zero-divisor graph Z, of is found in
this paper for various values of n. More information about spectrum of graphs based on different structure can be found
in [4-8]. The definitions, lemmas, and theorems that used to support the main results are presented in Section 2. In
section 3, we calculate the Seidel Laplacian spectrum of WI'(Z,). In section 4, we find the Seidel signless Laplacian
spectrum of the weakly zero-divisor graph WI'(Z,), when n is the product of primes and their powers and also for n =
Y. .. ‘an‘ nzdz . (dg>2,t>1,5>0) where ¥’s and n;’s are distinct primes.

2. Preliminaries

Definition 1 “Let G(V, E) be a graph of order m having vertex set {c1, ¢2, ..., cn } and F(Vi, E;) be disjoint graphs
of order my, 1 <k < m. The graph Fy, F3, ..., F,, formed the generalized join graph G[F}, F>, ..., F,;] and whenever ¢;
and ¢; are adjacent in G, joined each vertex of Fj to every vertex of F, 1 <[, k <m.”

7(J1) indicates the number of positive divisors of a positive integer j;. For j to not divide j;, we write j, 1 j;. The
greatest common divisor of j; and j, is shown by (ji, j»). The number of positive integers smaller than or equal to j;
that are relatively prime to j; is indicated by Eulur’s phi function ¢ (j;). If j; = 'Plhl .},2/12 ... 'ﬂch", where hy, ho, ..., hy are

positive integers and ¥}, ¥, ..., ¥ are distinct primes, then j; is in prime decoposition.
Let j1, j2, ---, jx be the proper divisors of n. For 1 <i <k, consider the following sets
Aj, ={x€Zy: (x,n) = ji}. ®)
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Moreover, observe that for i # s, Aj; NA;, = 0. As a result, the vertex set of WI'(Z,) has a partition formed by the
setsAj,Aj,,...,Aj e V(WI(Z,)) =A; UA;,U---UAj, as aresult. The following lemma provides information about
the cardinality of each A ;.

Lemma 1 [9, Lemma 2.1] “Let j; be the proper divisor of n then |Aj,| = ¢(3) for 1 <i<k”.

Lemma?2 [8]Letnberepresentedasn=11l...L,w1"1w2"2.. . w;% wherel;'s, w;'s are distinct primes and i >0, s; > 2
and m > 1. Suppose, the set of divisors of n are {ji, ja, ..., ji}. If j- € {li, bo, ..., L} then the induced subgraph of
WF(Z,,) by Ajr is f(p(fnr)

Corollary 1 [8] Let j; be the proper divisor of positive integer n. The following assertions are true:

1. Forr € {1,2, ..., k}, the induced subgraph WI'(A;,) of WI'(Z,), formed by the vertices in the set A, is take two
forms: either K‘P(%) or Kq)(%)

2. Fort,qge{1,2,...,k} andt # g, a vertex within A ;, is connected to either all or none of the vertices in Aj, inthe
graph WI'(Z,).

The sub-graphs WI'(A ) created within the structure of WI'(Z,) can be classified as either complete graphs or empty
graphs, as shown by the previously noted Corollary 2.1. The graph §; is created as a complete graph by utilizing the set
of all proper divisors of n, represented by the notation {ji, jo, ..., js}-

Lemma 3 [8] WI'(Z,) =6, [WI'(4;,), WI'(4;,), ..., WI'(A},)] where ji, ja, ..., js are all the proper divisors of n.

3. Seidel Laplacian spectrum of the weakly zero-divisor graph

In this section, we will highlight the primary results of Seidel Laplacian spectrum of the weakly zero-divisor graph.
Forre {1,2, ..., k} the induced subgraph WI'(A; ) of WI'(Z,), formed by the vertices in the set A, is either Fq,(;,z) or

K(p(ji). The Seidel Laplacian spectrum of complete graph K; and its complement graph K; on [ vertices is given by

0

- 0 l
1 -1

specSL(K)) = { | -1

} and spec’L(K)) = { }respectively. (6)

The following theorem provides the generalized join graph’s Seidel spectrum of regular graphs.

Theorem 1 [2] Consider G[Li, Ly, ..., L] where G is simple connected graph with vertices labeled as 1, 2, ..., k
and S = [s;;]xxx is the Seidel matrix of G and L; is rj— regular and |V (L;)| = n;, forevery j=1,2, ..., k. Let {o}] =
0,65, .., Gf,fj } be the Seidel Laplacian eigenvalues of L;, for j =1, 2, ..., k. Then, the Seidel Laplacian spectrum of
the G-join of the graph L1, Lo, ..., Ly is given by,

k nj
specSL(G[Ll, Ly, ..., L)) = < U U(Q]»S,»L-i- Tj)) Uspec(TSL(G)), @)
j=li=2
k
where 7; = Y s;n; and
J J
i=1
T1 —S1,2n2 ... =Sy KNk
—S81,2N11 T cee TS KNk
T (G)=| S T ®)
=81, —S2 k2 - Tk
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Lemma 4 Let n be the product of two different primes ¥) and ¥. The Seidel Laplacian spectrum of WI'(Z,) is
given by,

B- Y-%
. 9
(6 W) ®
The remaining two Seidel Laplacian eigenvalues of the graph WI'(Z,) are the eigenvalues of the matrix,
1-¥ -1
. 10
l% 11w ] (10)

Proof. The proper divisors of nare ¥, ¥ and ¥ < ¥. Also, by the definition of §,"; ¥| ~ ¥. Now by Lemma 3, we
have WI'(Zy,y, ) = &y, WT'(Ay; ), WI'(Ay, )]. Therefore, by Lemma 1 and Corollary 1, we have WI'(Ay; ) = K () and
WI(Ayg,) = Ky (). Consequently, in order of proper divisor sequence we have n; = ¢ B)=%—-1,m=90W)=¥ -1,
value of 7y = 1 — ¥ and 7o = 1 — ¥. Therefore, the Seidel Laplacian spectrum of the graph WI'(Zy, g, ) is

{ B- Y-"% } (11)

“%-2 WY-2

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

I- ¥Y-1
. 12
oo -
The matrix (12) has a characteristic polynomial A2 — A (2 —¥| — ¥). O

Example 1 The Seidel Laplacian spectrum of the graph WI'(Z) is given by,

1 -1
(v @

The remaining two Seidel Laplacian eigenvalues of the graph WI'(Zg) are the eigenvalues of the matrix,

-1 1
[2 _2] | (11

Proof. The proper divisors of 6 are 2, 3 and 2 < 3. Also, by the definition of §;; 2 ~ 3. Now by Lemma 3, we have
WI'(Zs) = 6;[WT'(A2), WI'(A3)]. Therefore, by Lemma 1 and Corollary 1, we have WI'(A,) = K, and WI'(A3) = K.
Consequently, in order of proper divisor sequence we have n; =2, ny = 1, value of 7 = —1 and 7, = —2. Therefore, the
Seidel Laplacian spectrum of the graph WI'(Z) is
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1 -1
(v .

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

-1 1
B "

The matrix (16) has a characteristic polynomial 1% +324. O
Lemma 5 For distinct primes ¥ and W, if n = ¥;>¥ then, the Seidel Laplacian spectrum of WTI'(Z,) is given by

_ 2 _ _
E z(lplz ) —E | (17)
R e

Where E = ¢(P1') + ¢ (P2) + ¢ (¥) + ¢(¥). The remaining four Seidel Laplacian eigenvalues of the graph
WT'(Z,) are the eigenvalues of the matrix (19).

Proof. Letn = ‘P1 ¥, where ¥ < ¥, note that 5* is complete graph on vertices {¥], ¥, 'Plz, Y% }. By
Lemma 3, we have WI'(Zy,2y,) = 5;‘,1 %[WF(AI{II) WF(Anpz) WI'(Ay2), WI'(Ag,y, )]. Therefore, by Lemma 1 and
Corollary 1, we have WI'(Ay, ) = Kyp ), WI'(Ag) = K¢(‘I’12)’ WI'(Ay,2) = Ky(p) and WI'(Agy, ) = Ky (w). Also

=0(VW), ny = ¢('P12), n3 = ¢(¥), na = ¢(¥)). By using Theorem 1, the value of 7; = n; — E for 1 <i <4 where
E=¢("¥)+ ¢ () + ¢ () + ¢ (¥). Therefore, by Theorem 1, the Seidel Laplacian spectrum of the graph WI(Zy 2g,)
is

-4 -1 [

E=0(W¥)+ ¢ (P2 +¢(¥) + ¢ (). And the matrix given in (19), can be used to determine the remaining four
eigenvalues.

O(UB)—E  o(F) o)  o(H)

O(UE) (I —E  o(B)  o() (19)
O(H') o) o(%) - ¢(%1)
oLHE) o) o(B)  G(W)-E

O

Example 2 The Seidel Laplacian spectrum of the graph WI'(Z,g), shown in Figure 1, is given by
—-15 11
{ b } 20)
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The remaining four Seidel Laplacian eigenvalues of the graph WI'(Zy3) are the eigenvalues of the matrix (22).

W(A4)

N/ —

Figure 1. Weakly zero-divisor graph WI'(Z,s)

Proof. Let n = 28, note that 8}, is complete graph on vertices {2, 7, 4, 14}. By Lemma 3, we have WI'(Zx) =
054[WI'(A2), WI'(A7), WI'(A4), WI'(A14)]. Therefore, by Lemma 1 and Corollary 1, we have WI'(A2) = Kg, WI'(A7) =
K>, WI'(Ag) =Kg and WI'(A14) = K. Alson; =6,n, =2,n3 =6,n4 = 1 and E = 6+2+ 6+ 1 = 15. By using Theorem
1, the value of ) = =9, 7, = —13, 73 = —9 and 74 = —14. Therefore the Seidel Laplacian spectrum of the graph WT'(Zyg)
is given by

—-15 —11
{ o0 1 } @1

Characteristic polynomial and the eigenvalues of the matrix (22) are respectively, A (A3 +451% + 6754 +3,375) =
A(A+15)3, and {—15, —15, —15, 0}.

-9 2 6 1
6 —13 6 1
M= 6 2 -9 1 (22)
6 2 6 —14
O

Lemma 6 For distinct prime ¥, ¥, ¥, if n = Yi' %P then, the Seidel Laplacian spectrum of the graph WI'(Z,) is
given by,

{ 20(BY) —E 20(H¥) —E 20(%Y5)—E E o

o) -1 (W) -1 ¢(Wi)—1  o(W)+o(F2)+0(%5) -3 }

where E=¢ (V) + 0 (Fr) + ¢ (B) + 0 (I'F2) + 0 (P1Bs) + ¢ (F¥5). The remaining Seidel Laplacian eigenvalues of the
graph WI'(Z,) are the eigenvalues of the matrix (25).
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Proof. Letn = WYY, where W) < ¥ < ¥, note that 5[}‘,111,2% is complete graph on vertices {¥}, ¥, ¥, Vi ', V1 95,
'Pz%} NOW, by Lemma 3, we have, WF(lel lpzlp}) = 5;{,1 XA [WF(Alpl), WF(AIPZ), WF(A%), WF(Alpllpz), WF(Aqtl%),
WT'(Agyy, )]. Therefore, by Lemma 1 and Corollary 1, we have WI'(Ay, ) = Ky(uu), W (A ) = Ky gquy), WL(Ayy) =
K‘P('Pllf’z)’ WF(Atplq/z) = Kq)(%), WF(Alplq/}) = KGI)(%) and WF(A%%) = K‘P(‘Pl) And n) = ¢(\Bo;), o = ¢(V'Bs), n3 =
(W), na = ¢(\W), ns = ¢(¥) and ng = ¢(¥). It follows that from Theorem 1, 7; = n; — E for 1 < i < 6 where
E=¢0P)+0()+0(B)+0(\P1h) + 0 (H1'B) + ¢ (PF). Therefore, by Theorem 1, the Seidel Laplacian spectrum
of the graph WI'(Zy, gy, ) is

{ 20(HY) —E 20(H¥)—E 20(%Y)—E E o

(BB -1 d(HB) -1 (B -1 o(H)+o(B)+o(¥) -3 }

where E = ¢(V)) + ¢(H5) + ¢ (W) + ¢ (P15) + 0 (H1'B5) + ¢ (F2YW5). And the matrix given in (25), can be used to
determine the remaining six eigenvalues,

m—E  9(UW) O(H¥) 9(%) 6(H) o(H)
P(BYs) m—E  ¢(H¥) ¢o(H) ¢(H) (W)
o |9 OB m—E  9(#) 9(%) o) 29
O(B) O(TME) O(HB) m—E 9(%) (W)
O(BY) O(TMW) O(HW) () ns—E (%)
[9(B) G(HW) O(HW) 6(B) 9(H) ne—E
O

Theorem 2 Letn = 'PIK where K =2j, W is a prime and j > 3 is a positive integer. Then Seidel Laplacian spectrum
of the graph WF(Z.Plz,-) is consists of the eigenvalue —FE with multiplicities ‘Plzf_l —2jfori=1,2,3,....,7—1,j,j+

2j—1 .
1, j+2,...,2j—1. Where E = ¥, ¢(¥/), the remaining Seidel Laplacian eigenvalues of the graph WF(Zq,lz_,-) are
i=1

eigenvalues of the matrix (27).
Proof. For n = ‘I’lzj , where j is a positive integer and ¥ is a prime, the proper divisors of 'Plzj are ¥, ‘Plz, '1113, ey
i—1 g g+l 2j-2 y2i-1 ,
w/m ol gt w2 T By Lemma 3, we have WI(Zy,2) = (Sq,lzj[wr(AlPl), WL (Ay,2), s WE(Ay, 1),
WI(Ay,j), -, WI'(Ag2j2), WE'(Ag 2j-1)]. Therefore, by Lemma 1 and Corollary 1, we get

WF(Z‘PI 2j) = &,

] 2j [K

oep2-1) K

O(22yr o K

opitt) K

oy Kooy Kopan)- (26)

And n; = ¢(H %) fori=1,2,3, ..., j—1,j, j+1, j+2, ..., 2j— 1. It follows that from Theorem 1, 7; =
2j—1 )
ni—Efori=1,2,3, ..., j—=1,j,j+1,j+2,...,2j—1 Where E= Y ¢(¥/). Therefore, by Theorem 1, the
i=1
Seidel Laplacian spectrum of the graph Wl“(ZlPl 2j) is consists of the eigenvalue —F with multiplicities ‘I’IZJ 1 j for
i=1,2,3,...,j—1,j,j+1,j+2,...,2j—1. The roots of the characteristic polynomial of the matrix (27) can be used
to determine the remaining eigenvalues,
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OB ) —E (V) .. oW oK) ... oW o(#) ]
LG IIC R By SN 10 “EARS I TC 75D I IC 5 B 1C )
OO (MU (MI-E o) . oK) e(m) | o
o(H> ) KV o W) W -E ... e(W) o(H)
ORI SN L g(mIT)  e() .. o(B)-E  o(®)
IC KV o oW (M) . 97 ¢(W)—E
L]

Example 3 The Seidel Laplacian spectrum of the graph WI'(Zg) ) is consists of the eigenvalue —26 with multiplicity
23. The remaining Seidel Laplacian eigenvalues of the graph WI'(Zg;) are eigenvalues of the matrix (28).

Proof. For n = 81, the proper divisors of 81 are 3, 9, 27. By Lemma 3, we have WI'(Zg;) = &g, [WI'(A3), WI'(Ag),
WT'(A27)]. Therefore, by Lemma 1 and Corollary 1, we get WI'(Zg;) = O, [Kis, K¢, Kz] and ny =18, np =6, n3 =2. It
follows that from Theorem 1, 7y = —8, 7p = —20, 73 = —24 and E = 18 + 6+ 2 = 26. Therefore, by Theorem 1, the Seidel
Laplacian spectrum of the graph WI'(Zg, ) is consists of the eigenvalue —26 with multiplicity 23. Characteristic polynomial
and the eigenvalues of the matrix (28) are respectively, —A3 — 5242 — 6764 = —A (A2 4524 +676) = —A (A +26)2, and
{0, —26, —26}.

-8 6 2
M=|18 —20 2 |. (28)
18 6 -24

O
Theorem 3 Let n = PX where K = 2j+ 1, ¥ is a prime and j > 3 is a positive integer. Then Seidel
Laplacian spectrum of the graph Wl“(Z.]yl 2j+1) 1is consists of the eigenvalue —FE with multiplicities ‘1’12] —(2j+1) for
2j .
i=1,2,3,...,j—1,j,j+1,j+2,...,2j—1,2j. Where E = Y, ¢(¥/), the remaining Seidel Laplacian eigenvalues
i=1

=

of the graph WF(Z.{,] 2j+1) are eigenvalues of the matrix (29).

Proof. Similarly as above Theorem 3, we can prove that the Seidel Laplacian spectrum of the graph WF(Z.PI 2j11) 18
consists of the eigenvalue —F with multiplicities ‘Plzj —2j+ 1) fori=1,2,3,...,j—1,j,j+1,j+2,...,2j—1,2j.
The remaining, Seidel Laplacian eigenvalues of the graph WF(Z% 2j+1) are eigenvalues of the matrix’s (29).

[o(BY)—E  o(B¥) . e(B) O(F) . (WD) o) ]
oY) e H-E ... (W oM o (W) o(¥)
oY) U)o B W) .. o) etm) | o
O(HY) 9P 9T (W) -E ... 9 o(H)
S ) L eI o) . gWD-F  o(¥)
L oY) CIC TR ISR IC aay o) .. oW’ 9(W)—El
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O

Example 4 The Seidel Laplacian spectrum of the graph WI'(Z3;) is consists of the eigenvalue — 15 with multiplicity
11. The remaining Seidel Laplacian eigenvalues of the graph WI'(Z3;) are eigenvalues of the matrix (30).

Proof. For n = 32 the proper divisors of 32 are 2, 4, 8, 16. By Lemma 3, we have WI'(Z3;) = 65,[WI'(A;), WI'(A4),
WTI'(Ag), WI'(Aj6)]. Therefore, by Lemma 1 and Corollary 1, we get WI'(Z32) = 03,(Kg, Ka, K>, Ki] and ny =8, np =
4, n3 =2, ng = 1. It follows that from Theorem 1, E =8+44+2+1=15and 71 =-7, p = —11, 13 = —13, 7y = —14.
Therefore, by Theorem 1, the Seidel Laplacian spectrum of the graph WI'(Z3,) is consists of the eigenvalue —15 with
multiplicity 11. Characteristic polynomial and the eigenvalues of the matrix (30) are respectively, A (A3 +451% + 6751 +
3,375) = A(A +15)3, and {0, —15, —15, —15}.

-7 4 2 1
8§ —11 2 1
M= 8 4 —13 1 (30)
8 4 2 —14
O

Theorem 4 For distinct primes ¥, ¥ and where 7 is positive integer, if n = ¥|' ¥ then the Seidel Laplacian spectrum
of the graph WI'(Z,,) is

q]]tflq/z_zt %t—%171—1

t t—1
Where E = ¥ ¢(¥F)+ ¥ ¢(¥i*¥) and the matrix (35) provides the remaining eigenvalues.
k=1 k=0

Proof. Let n = ¥|"¥, where ¥| < ¥, note that 5;;1,% is complete graph on vertices {¥], 'Plz, L YW,
Y2, ..., T W). By lemma 3, we have

W (Zgyrgy) = Sy gy WT(Aw,), WE(Ay,2), .., WE(Agyr), WE(Aws ), WE(Ays), ..., WE(Agiig,)). (32)

Therefore, by Lemma 1 and Corollary 1, we get

WF(ZIIIIMPZ) = 6,;';.{,2[K¢(,P1t711},2), K¢(,P1[721P2>7 ey K¢(l}12)7 E¢<1111t)7 K¢(‘I,I[71), ceey K¢(l}ll)] (33)
Andng, ="~ ¥), ng 2 = 9 ('), e = O(B), gy = (1), gy = O(B ), g1

= ¢(¥) and ny, = ¢(¥"). It follows that from Theorem 1, Tq; = ng; — E where d; € (W, ¥, ..., "', "', Y2y,
13 t—1

LU Ty and E= Y ¢(FY) + ¥ ¢(H*¥). By Theorem 1, the Seidel Laplacian spectrum of the graph WI'(Z,) is
k=1 k=0

E 2w
: 34
{ qjltflquizt q/ltiqjltflil ( )

The roots of the characteristic polynomial of the matrix (35) can be used to determine the remaining eigenvalues
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_nlyl —F n.l,lz e l’llplt Ny, ny,yp, e n.I,l,_u P T
ny, n.f,lz —-E ... nq/]t ny, ny g, nlIll[_IqIZ
ny, n.l,lz e n‘f’l’ —E Ny, ny, y, ces n.I,l,_u P (35)
ny, nlplz nnylt ny, —F nyy, nlIIl[_IqIZ
ny, n.},lz ce I/lnylt ny, nyy, — E ... n'yltillPZ
L ny, nl},lz nnylt ny, ny g, I/llplz—l% *E_
O
Theorem 5 Letn =¥|%. ..‘Imfl‘ ngz c.né(di >2,t > 1,5 >0) where ¥’s and n;’s are the distinct primes. Let
B={%,%, ..., ¥} and {ci, c2, ..., Cr(y)—2} represents the collection of all proper divisors of n. Then, the Seidel
Laplacian spectrum WI'(Z,) consists of eigenvalues —F with multiplicity ¢(£) — 1 when ¢; ¢ B and 2(}5(%) — E with
T(n)—2
multiplicity (])(%) —lwhenc;epforl<i j<t(n)—2,where E = (])(cﬂl) The characteristic polynomial of the

matrix (36) provides the remaining eigenvalues. -

Proof. Suppose thatn =¥ P . .. 'Hnldl ngz ...n%(d;>2,t>1,s>0) where ¥’s and 1);’s are the distinct primes. Let
B={%,"¥,. .., i} and {c1, 2, ..., C(n)—2 } represents the collection of all proper divisors of n. Now by Lemma 2, the
following conclusions can be drawn: for each c; € B, we have WI'(A;) = Ky(») and for c; ¢ B we have WI'(A,) = Ky(n)
for1 <i, j<t(n)—2. Also,nc, = ¢(2), ne; = (])(%) forallc; € Bandc; ¢ B. It follows that from Theorem 1, 7, =n, —E

t(n)-2
where E = ¢(%). By Theorem 1, Seidel Laplacian eigenvalues of the graph WI'(Z,) are respectively, —E with
i=1 !

multiplicity ¢(Cﬂl) —1whenc; ¢ B and 2(/’)(6%) — E with multiplicity (])(Cﬁ/) —1lwhenc;epfforl<i j<rt(n)—2. The
roots of the characteristic polynomial of the matrix (36) can be used to determine the remaining eigenvalues.

ey — E .- ne, o '” Ng(n)—2
nC ... nC —_ E nC ... n 72
Yy — 1 ‘ r+1 7(n) , (36)
ne, ne, Mg,y — E - Ng(n)—2
i nL‘] P N, ncH—l P nT(n>_2 — E_

Example 5 The Seidel Laplacian spectrum of the graph WI'(Z),) is given by

-7 =3
(72 -

The remaining four Seidel Laplacian eigenvalues of the graph WI'(Z,) are the eigenvalues of the matrix (39).
Proof. Let n =2%.3 = 12, where 2 < 3, note that 0}, is complete graph. By theorem 5 proper divisor of 12 are
{c1,¢2,¢3,¢4} =12,3,4,6} and B = {3}. So we have WI'(A3) = K», WI'(A2) = Ky, WI'(A4) = Ky, WI'(Ag) = K. Also
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n=2m=2n=2n=1andE=2+2+2+1=7. By using Theorem 5, the value of 7, = 7p = 73 = —5 and
T4 = —6. Therefore the Seidel Laplacian spectrum of the graph WI'(Z;5) is given by

-7 -3
{ > } (38)

Characteristic polynomial and the eigenvalues of the matrix (39) are respectively, A* + 2113 + 14712 + 3431 =
A(A3+21A2 + 1474 +343) = A(A +7)3, and {0, -7, —7, —7}.

-5 2 2 1
2 =5 2 1
M=
2 2 =5 1 (39)
2 2 2 -6
0

4. Seidel signless Laplacian spectrum of the weakly zero-divisor graph

In this section, we will highlight some results of Seidel signless Laplacian spectrum of the weakly zero-divisor graph.
The Seidel signless Laplacian spectrum of complete graph K; and its complement graph K; on [ vertices is given by

2(n;—2r;—1) -1 — 2(n;—2r;i—1 1
SP€CSL+ (K1) :{ (m 17’1 ) -1 }and SpeCSL+ (K1) Z{ (i 1r, ) -1 }respectively. (40)

The following theorem provides the generalized join graph’s Seidel signless Laplacian spectrum in terms of the
spectrum of regular graphs.
Theorem 6 [2] Consider G[Li, Ly, ..., L] where G is simple connected graph with vertices labeled as 1, 2, ..., k

and S = [s;j]kxx is the Seidel matrix of G and L; is rj— regular and |V (L;)| = n;, forevery j=1,2, ..., k. Let {stlL+ =
2(nj—2rj—1), 0']52L+, o anL;} be the Seidel signless Laplacian eigenvalues of L, for j = 1,2, ..., k. Then, the Seidel

signless Laplacian spectrum of the G-join of the graph L;, L, ...L; is given by,

k nj

+
spec™ (GIL1, La, ..., Ly]) = (U Ueir +rj)) Uspec(Ts+ (G)). (41)
j=1i=2
k
Where 7; = Y s;n; and
i=1
2(”1—21‘1—])—1—11 S1,2012 S1, kM
S1,2M1 2(n2—2r2—1)—|—72 82, ki
Ty (G) = : : . | . “2)
S1, kN1 82, k12 2(nk—27k—1)+fk
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Lemma 7 Let n be the product of two different primes ¥ and ¥. Then, the Seidel signless Laplacian spectrum of
WT'(Z,) is given by,

2-W 22—
(W5 us) )

The remaining two Seidel signless Laplacian eigenvalues of the graph WI'(Z,) are the eigenvalues of the matrix,

F%_'ﬂ_3 I-% ] (44)

1-% 2% —% -3

Proof. The proper divisors of n are ¥} and ¥ and W] < ¥. Also, by the definition of §,;"; ¥| ~ ¥. Now by Lemma 3,
we have WI'(Zyw,) = Oy, [WI'(Ay; ), WI'(Ay, )]. Therefore, by Lemma 1 and Corollary 1, we have WI'(Ay; ) = K w)
and WI'(Ay, ) = Ky (y,). Consequently, in order of proper divisor sequence we have ny = ¢(¥5) =¥ — 1, my = ¢(¥)) =
Y —1,valueof 11 =1-¥, o =1—-¥,ri=rn=0and E = (V) + ¢(¥). Therefore, the Seidel signless Laplacian
spectrum of the graph WI'(Zy, g, ) is

2-¥Y 2-Y%
. 45
{%—z ‘1’1—2} )

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

l2‘1’2—'f’1—3 I-% ] (46)

1-% 2% % -3

The matrix (46) has a characteristic polynomial 2 — A (| + ¥ — 6) + 2(2¥|¥ — V2 — ¥ — ¥ — ¥ +4). O
Example 6 The Seidel signless Laplacian spectrum of the graph WI'(Z)) is given by,

0 -3
{3 0 } (7

The remaining two Seidel signless Laplacian eigenvalues of the graph WI'(Z() are the eigenvalues of the matrix,

5 -1
5 "

Proof. The proper divisors of 10 are 2, 5 and 2 < 5. Also, by the definition of J;); 2 ~ 5. Now by Lemma 3, we have
WI(Z19) = 6;5[WI'(A2), WI'(As)]. Therefore, by Lemma 1 and Corollary 1, we have WI'(A,) = K4 and WI'(A5) = K.
Consequently, in order of proper divisor sequence we have ny =4, ny =1, valueof 71 = -1, , = -4, r; =rp, =0 and
E =4+ 1= 5. Therefore, the Seidel signless Laplacian spectrum of the graph WI'(Zy¢) is
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0 -3
{3 0 } (49)

And the characteristic polynomial of the matrix provided below, can be used to determine the remaining eigenvalues,

5 -1
5 o

The matrix (50) has a characteristic polynomial 1% — A —24. O
Lemma 8 For distinct primes ¥ and ¥, if n = ‘1’12‘1’2 then, the Seidel signless Laplacian spectrum of WI'(Z,) is
given by

-2 - 2-YY¥  —1-(WH+HUB-Y-¥) ¥ -V - -1
1 1 1 (51)

HH-V - Y -¥-1 ¥ -2 ¥ -2

Where E = ¢ (V1) + ¢ (¥?2) + ¢(¥) + ¢ (¥). The remaining four Seidel signless Laplacian eigenvalues of the
graph WI'(Z,) are the eigenvalues of the matrix (53).

Proof. Let n = 'I’lz'f’z, where V| < ¥, note that 5;;1 2y is complete graph on vertices {¥], ¥, ‘I’lz, Y\ }. By
Lemma 3, we have WI'(Zy,2y,) = 6;/12%[WF(A11/1), WI'(Ag, ), WI'(Ay,2), WI'(Agy ). Therefore, by Lemma 1 and
Corollary 1, we have WF(AlP]) = K¢(-}1|1I/2)7 WF(A%) = f¢(q,12)7 WF(A'PIZ) = Kd’('l’z) and WF(AqJ]lyz) = Kq)(q/]) Also
n=0(\Pi\¥), np = ¢('P12), n3 = ¢ (%), ng = ¢(\)). By using Theorem 6, the value of 7; are, 7; =n; — E, for 1 <i<4
and ri = (V) — 1, =0, r3 = ¢(¥) — 1 and r4 = ¢(¥)) — 1. where E = ¢(V1'B5) + ¢ (F2) + 0 (H5) + ¢ ().
Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graph Wl“(ZlI,1 2y ) is

1-W2-% 2-¥% —1-(B+HUB-HU-%) 2% -HHB-P -1 (52)
Y- - -1 ¥ -2 -2 '
And the matrix given in (53), can be used to determine the remaining four eigenvalues.
2-9(W') - E —9(¥7) —0(%2) —0(*%)
—0("') —0(¥)  2-9(B)-E  —9(¥)
—0 () —0 (%) —0(¥)  2-9(W)-E
O
Lemma 9 For distinct prime ¥, ¥, ¥, if n = VY5 then, the Seidel signless Laplacian spectrum of the graph
WI'(Z,) is
{ 1+¢(B¥)—E 1+9(HB)—E 1+o(HH)-E ¢(B)-(1+E) ¢)-(1+E) J } (54)
o (P¥5) — 1 o) —1 o) —1 ¢(%5) —1 p(H)-1 J"
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Where J' = ¢(#) — (1 +E),J" = ¢(¥) — L and E = ¢(¥)) + ¢ (¥2) + 0 (F5) + 0 (P1¥2) + ¢ (1 5) + ¢ (P2'F5),
The remaining Seidel signless Laplacian eigenvalues of the graph WI'(Z,) are the eigenvalues of the matrix (56).

Proof. Letn =¥ ¥ ¥, where ¥ < ¥ < ¥, note that 5.;,1 W, is complete graph on vertices {\¥}, ¥, W, V1, VI 5,
%%} Now, by Lemma 3, we have, WF(lellpz%) = 5;,1%.{,3 [WF(Alyl), WF(Alpz), WF(A%), WF(A'PI‘PZ)» WF(AlyllyS),
WT'(Agyy, )]. Therefore, by Lemma 1 and Corollary 1, we have WI'(Ay, ) = Ko ), W (Agy) = Ko (uyuy), WL (Agy) =
K‘P('Pllf’z)’ WF(Atplq/z) = K(p(%), WF(AI}II%) = K‘P(‘Fz) and WF(A!}/Z%) = K‘P(‘Pl) And n; = ¢(\BB;), 2 = ¢(V'Bs), 3 =
O(P), na = 0 (B5), ns = ¢ (W) and ng = ¢ (F)). It follows that from Theorem 6, ; =n;, —E for | <i<6andrj =rp =
r3=0, g =¢(W5) =1, rs=¢(¥2) —land r¢ = ¢(¥) — 1 where E = ¢ (1) + ¢ (¥2) + ¢(¥5) + ¢ (‘11¥2) + ¢ (V1¥5) +
¢ (¥5¥5). Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graph WI'(Zy, yy, ) is

{1+¢<%%>—E L+0(H¥) —E 1+0(¥i%)—E 9(%)~(1+E) 9(#)~(1+E) J } 59

G —1  G(HE) -1 o(HB)-1  9(%) -1 o) -1 I

Where J' = ¢(#) — (1 +E),J" = ¢(¥1) — 1 and E = (V1) + ¢ (¥2) + 0 (F5) + 0 (P1¥5) + ¢ (1 ¥5) + ¢ (P2'F5),
And the matrix given in (56), can be used to determine the remaining six eigenvalues,

A G(HE) —0(HB) —9(%) —0(H) —0(#)
SO(BE) B 9(H¥) —0(B) —0(B) —9(H)
g | OB —e(mu) C —g(w) —g(¥) —9(¥) 56
Q) —9(HW) —9(H¥) D —0(H) —o(¥)|’
SO(BH) —0(HW) —9(HW) —6(H) E —9(¥)
[—¢('s) —o(W¥s) —9(Wit) —o(H) —o(%) Fo

where A = 3¢ (¥4%) ~2— E, B=39({¥s) ~2 —E,C=3¢(¥{¥y) ~2—E, D=2 (%) ~E,E' =2~ 9(¥) - E

and F=2—-¢(¥)—E. O
Example 7 For distinct prime 2, 3, 5, if n = 2.3.5 = 30 then, the Seidel signless Laplacian spectrum of the graph
WF(Z30) 1S

{—12 -16 —-18 —-18 —-20 -21 } (57)

7 3 1 3 1 0

The remaining Seidel signless Laplacian eigenvalues of the graph WI'(Z39) are the eigenvalues of the matrix (59).

Proof. Letn=2-3-5=30, where 2 < 3 < 5, note that &5, is complete graph on vertices {2, 3, 5, 6, 10, 15}. Now, by
Lemma 3, we have, WI'(Z3) = 8;,[WT'(4;), WI'(A3), WI'(As), WI'(As), WI'(A10), WI'(A;5)]. Therefore, by Lemma 1
and Corollary 1, we have WI'(A2) = Ky (15), WI'(A3) = K(10), WI'(As) = K¢(6), WI'(As) = Ky (5, WI'(A19) = Ky(3) and
WI(A5) = K¢(2). Alsoni =8, ny=4,n3=2,ny=4,ns=2,ng=1andE=8+4+2+4+2+1=21. It follows that
from Theorem 6, 7y = —13, o, =—17, 3 =—-19, 4y =—17, 15 =—19, 16 =-20, and ry =, =r3 =0, r4, =3, rs =1
and rg = 0. Therefore, by Theorem 6, the Seidel signless Laplacian spectrum of the graph WI'(Z3) is

{12 -16 —-18 —-18 —-20 -21 } (58)

7 3 1 3 1 0
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Characteristic polynomial and the eigenvalues of the matrix (59) are respectively, A® +911° 4-3,0824% 4-46,534A3 +
254,293A% —614,897A — 7,676,304 = (A +19)(A° + 724* + 1,7141° + 13,968A% — 11,0994 —404,016) = (A +19)(A +
19)(A* 4+ 5343 + 70742 4+ 5351 — 21,264) and {—19, —19, —32.19, —15.82, —9.41, 4.43}

1 -4 -2 —4 -2 -1
—8 —11 -2 -4 -2 -1
-8 —4 —17 -4 -2 -1
M= 5
-8 —4 -2 -23 -2 -1 (59)
8 —4 -2 -4 21 -1l
-8 —4 2 —4 -2 -20]
O

Theorem 7 Letn =YK, where K =2j, ¥} is a prime and j > 3 is a positive integer. Then Seidel signless Laplacian
spectrum of the graph WI'(Zy,»;) is consists of the eigenvalue ¢ (P ") — (1+ E) with multiplicities ¢ (¥ ~") — 1 for

2j-1 .
i=1,2,3,...,j—1,j,j+1,j+2,...,2j—1,where E= ¥ ¢(¥/), the remaining Seidel signless Laplacian eigenvalues
i=1

of the graph WI'(Zy, ;) are eigenvalues of the matrix (61).7

~ Proof. Forn= ‘Plzj , where j is a positive integer and ‘¥ is a prime, the proper divisors of ‘I’12j are ¥, ‘Plz, '{’13, .
W/ e et e w ! By Lemma 3, we have WI(Zy,2)) = 8y 2 [WE (A ), WE(Ayp2), ..., WE(Ay 1),
WI(Ay,j), -, WI(Ay2j-2), WE(Ay 2j-1)]. Therefore, by Lemma 1 and Corollary 1, we get

WF(Z‘HZ/) = 5;,121- [Kq)(‘lﬁz-"’l)’ K(p(ll,lz‘,;z), ce K¢<q,1j+l)7 Kq)(.},lj), ey K¢(q,12), K¢(IPI)}. (60)

Andn; = oW ) fori=1,2,3,....j—1,j, j+1, j+2,...,2j— 1.1t follows that from Theorem 6, 7; = n; — E
. 2j—1 .
andalsor; = ¢(W ¥ ) —1fori=1,2,3,...,j—1,j,j+1,j+2,...,2j—1and where E= ¥, ¢ (¥/). Therefore, by
i=1
Theorem 6, the Seidel signless Laplacian spectrum of the graph Wl“(ZlJE,1 »j) is consists of the eigenvalue ¢ ('Plzj —(+E)
with multiplicities ¢(¥> ) =1 fori=1,2,3,..., j—1, j, j+1, j+2, ..., 2j— 1. The roots of the characteristic
polynomial of the matrix (61) can be used to determine the remaining eigenvalues,

K
—o(H¥ )
—p(w
—o(H¥ )
—o(w2)
L—¢(H¥ )

—o(M¥?)
L
—p(w)
(W)

—o(w)
0B ?)

() —o(w)
—0(HT) —o(w)
M —o(#)
—o(wh) P
So(#) —o(wt))
(B —o(#)

; (61)

where K =2— (WY ) —E, L=2— (WY 2)—E,M=2—¢(P/")—E, P=2—¢(V/)—E, Q=2—-0(¥?) —E,
R=2-9¢(¥)-E.

O

Theorem 8 Letn = 'PlK ,where K =2j41, ¥, is a prime and j > 3 is a positive integer. Then the Seidel signless

iporary Math tics

Laplacian spectrum of the graph WI'(Zy2;:1) is consists of the cigenvalue (])(‘Plzj Y _ (1 + E) with multiplicities
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. %
Gy —1fori=1,2,3,...,j—1,j, j+1,j+2, ...,2j—1,2j, where E = ¥, ¢(¥), the remaining Seidel
i=1

signless Laplacian eigenvalues of the graph WF(Z.PIZ j+1) are eigenvalues of the matrix (62).

Proof. Similarly as above Theorem 7, we can prove that the Seidel signless Laplacian spectrum of the graph
WT(Zy,2j+1) is consists of the eigenvalue ¢(‘I’12J_'+1) — (1+E) with multiplicities (])(‘Plz’_”’l) —1fori=1,2,3,...,j—

2j .

Lj,j+1,j+2,...,2j—1,2j. Where E =}, ¢(%¥}), The remaining, Seidel signless Laplacian eigenvalues of the graph
i=1

Wl"(Zq,lsz) are eigenvalues of the matrix (62).

[ K (BT L (BT —e(B) . o) —9(H)]
—o(¥%%) L o (BT () L —0(BP) —0(W)
oY) oI L M o) .. —0(HD) —o(#) .
—0(#Y) —o(HY) . (W) P () —e(H)|]
SoMHY) —o(HYT) L et —g(m) .. 0 —g(®)
—o(WY) —o(m¥) . (W) —e(W) ... —e(W) R ]

where K =2— (%)~ E, L=2— (%) —E, M=2—9(H/*)—E, P=2—(¥/)—E, 0 =2— ¢ (¥2) —E,
R=2—-¢(¥)-E. O

Theorem 9 For distinct primes ¥;, ¥, where ¢ is positive integer, if n = ¥|"¥ then the Seidel signless Laplacian
spectrum of the graph WI'(Z,) is

{¢('1’5.)(1+E) ¢(L12)*(1+E) ¢(WL{)*(1+E) 1+0(g)~E O(ghg) — (1+E)
¢(%)_1 ¢(l;71]2)—1 ¢(IPL1’)_1 (Z)(%z)_] ¢(qllnl}/2)_1

(g ) —(1HE) 0(5rrg) —(1+E) }

Olgtg) =1 Ot -1

1 t—1
Where £ = Y, (])(‘Plk )+ ¥ (), and the matrix (61) provides the remaining eigenvalues.
k=1 k=0

Proof. Let n = ¥'¥, where | < ¥, note that &,

i is complete graph on vertices {¥, 'Plz, L YW,
DZRL 7S ‘I’l”“Pz}. By lemma 3, we have

W (Zuygrs) = Sy W (Aug ), WE(Ag2), .., W (Ayqr), WE(Ags), WE(Auyas), -, WE(Agyi1g)]. (63)

Therefore, by Lemma 1 and Corollary 1, we get

WF(Z'}’I“PZ) = 5*1“?2[1(4)(?’1[71'{/2)’ K¢('I"1t72'{’2)7 R K¢(l}12)7 F‘P(lplt)’ K‘p(\yltil)’ ey Kq)(qjl)] (64)
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Andng = ¢(H'™ "), N2 = (W), ... g = (), nyps = O(P' 1), . gy = O(H'T), S
= ¢(¥) and ny, = ¢(¥1"). It follows that from Theorem 6, Tq; =ng; — E also ry = oW 1) 1, rg2 = O 2P —
Lo rgr = 0(W) — 1 rapwy = 9(B ) =1, gy = 9(B ") — 1, oy rg g = 9(W1) — 1 and ryy = 0. Where
t t—1

di e {¥, 92, ..., "', VB, T2, ..., P W and E= Y (P9 + ¥ ¢ (Wi¥¥). By Theorem 6, the Seidel signless
k=1 k=0

Laplacian spectrum of the graph WI'(Zy, 1y, ) is

{¢(q’3l)—(1+E) 0(32)—(1+E) . 0(g)~(1+E) 14+9(g)~E 9(g'g) —(1+E)

t t—1
Where E = Y ¢(¥F)+ ¥ ¢(Hi*¥), the roots of the characteristic polynomial of the matrix (65) can be used to
k=1 k=0

determine the remaining eigenvalues

2— (ntpl +E) —nq,lz e —I —ny, gy . Tyl

—hy, 2— (nq,lz + E) ce —nq;lr —ny, —nyy o ... —I’lq,lzfl%
—hy, —nq,lz e 2-— (nlplt +E) —ny, —pg, e gty (65)

)
—ny, nll,lz ... —Ngr 3]’1\;12 — (2 + E) —pg, e gty
/
ny, I’lq,lz cee }'lqllt Ny, B cee I’lq,lz—l%
A/
L —hy, —nq,lz cee —nq,lx —hy, —nyy ... ]
I __ /

where A" =2 — (ng -1y + E), B =2 — (nyy, + E). O

Theorem 10 Letn =¥V ... ‘I’,nldl ngz <..nd(d; >2,t>1,5>0) where ¥’s and 7);’s are the distinct primes. Let
B={%,¥, ..., ¥} and {c1, c2, ..., cr(y)—2} represents the collection of all proper divisors of n. Then, the Seidel
signless Laplacian spectrum WI'(Z,) consists of eigenvalues ¢(%) — (14 E) with multiplicity q)(%) —1whenc; ¢ B and

T(n)—2
1+ ¢ (%) — E with multiplicity ¢ (Z) — 1 when¢; € B for 1 <i, j <7(n)—2,where E= Y. ¢(). And the characteristic
1 1 1:1 v
polynomial of the matrix (66) provides the remaining, eigenvalues.

Proof. Suppose thatn =¥|¥ ... 'Enfl 17512 ...n%(d;>2,t>1,s>0) where ¥’s and 1);’s are the distinct primes. Let
B={%,"¥, ..., i} and {c1, 2, ..., C¢(n)—2 } represents the collection of all proper divisors of n. Now by Lemma 2, the
following conclusions can be drawn: for each ¢; € B, we have WI'(A.,) = K(») and for ¢ ¢ B we have WI'(A.,) = Ky ).

J cj

n
<
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[2(ny —2r1 —1)+n —E - —n, Mgy vt g2 ]
Y = _nCI e 2(”6/ - 2rC1 - 1) +nC1 —E _nc‘;+1 e _”r(n)fz , (66)
_nC] .. —nct G DI —nr<n>72
L e, N, ey F' i

where G' = 2(nc, | — 21,y — 1) +ne,, —E and F' = 2(ny(y—2 = 2rg(n)—2 — 1) + gy — E.

For 1 <i, j <t(n)—2, we have, n., = (/)(%), ne; = (])(Cl/) forall ¢; € B and c; ¢ B. It follows that from Theorem 6,

' t(n)—2
Te; =N, —E. Also, re; =0 for¢; € B and 1, = ¢(%) —1forc; ¢ Bwhere E= Y ¢(Z). By Theorem 6, the Seidel
i=1 i

signless Laplacian spectrum WI'(Z,) consists of eigenvalues (ZJ(%) — (1+E) with multiplicity ¢(%) —1whenc; ¢ B and
1+¢(2) — E with multiplicity ¢(7) — 1 when ¢; € B for 1 <4, j < 7(n) —2. The roots of the characteristic polynomial
of the matrix (66) can be used to determine the remaining eigenvalues. O

Example 8 Seidel signless Laplacian spectrum of the graph WI'(Zgc) is shown in Figure 2, is

24 —34 —42 -36 —44 —45
{ } (67)

19 9 1 9 1 0

The remaining six Seidel signless Laplacian eigenvalues of the graph WI'(Zgg) are the eigenvalues of the matrix (69).

The proper divisors of 66 are 2, 3, 11, 6, 22 and 33. Note that §J is complete graph on vertices 2, 3, 11, 6, 22 and
33 Now by Lemma 3, we have WI'(Zgg) = 65s[WI'(A2), WI'(A3), WI'(Ay1), WI'(Ag), WI'(A22), WI'(A33)]. Therefore, by
Lemma 1 and Corollary 1, we have WF(AQ) = TQ(), WF(A3) = ?107 WF(A“) = Fz, WF(A6) = K107 WF(AQQ) = K2 and
WT(A33) = K;. Now according the proper divisor sequence, we have, ny =20, n, =10, n3 =2, ny = 10, n5 =2, ng = 1.
Further, we have ri =r, =r3 =0, r4 =9, r5s = 1 and r¢ = 0. And by using Theorem 6, the value of 7; = n; — E for
1 <i <6, where E = 45.

Consequently, Seidel signless Laplacian spectrum of the graph WI'(Zgg) is given by Theorem 6,

(68)

24 —34 —42 -36 —44 —45
9 9 1 9 1 o0 [

And eigenvalues of the matrix (69) are respectively {—43, —43, —66.340, —39.486, —15.688, 20.514}.

13 —-10 -2 —10 -2 —1]
-20 -17 -2 -10 -2 -1
-20 —-10 —41 -—-10 -2 -1
M = .

-20 -10 -2 -53 -2 -1 (69)
-20 -10 -2 —-10 —-45 -1
-20 -10 -2 —-10 -2 —-44
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Figure 2. Weakly zero-divisor graph WI'(Zes)

5. Conclusion

Our result gives Seidel Laplacian and Seidel signless Laplacian spectrum of the weakly zero-divisor graph of integer
modulo n by using the generalized join graph of induced subgraphs.
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