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Abstract: This paper presents a set of new and precise Stirling-type formulas that approximate the Gamma function and
provide associated sharp bounds. The proposed approximations are constructed using ratios of monic polynomials of even
degree. In conclusion, an open question is raised regarding the general structure of such Gamma function approximations.
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1. Introduction

The gamma function:

F(x—|—1):/0 re’'dt, x>0

is a powerful mathematical tool that generalizes the factorial function to real and complex numbers. Although it originates
from pure mathematics, its applications extend far beyond, playing a significant role in various fields of science. However,
the gamma function is not straightforward to compute for arbitrary inputs, as it lacks a simple closed-form expression.
This complexity has led to the development of bounding techniques and approximations that make it more accessible for
scientists.

Undoubtedly, one of the best-known and most widely used formulas for estimating the factorial function and its
extension, the gamma function, is the Stirling’s formula:

n
I'(n+1)~V27mn (ﬁ) , asn—>oo.
e
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It was first introduced in the early 18th century by the Scottish mathematician James Stirling, who published it in
his 1730 work Methodus Differentialis. This approximation laid the groundwork for many developments in analysis
and probability theory and remains a cornerstone in the study of special functions, including the gamma function. For
example, the Beta function can be expressed as a combination of Gamma functions, B(x, y) = I'(x)I'(y) /T'(x+), and the
digamma and polygamma functions are derived from the logarithm of the Gamma function. In addition, functions such
as hypergeometric or Bessel-type functions frequently involve Gamma function ratios in their definitions or asymptotic
expansions. Therefore, obtaining accurate Stirling-type approximations for the Gamma function is crucial, not only for
theoretical analysis but also for improving the precision of related functions. Recent works [1-5] highlight the usefulness
of such approximations in both analytical and numerical applications.

2. The results

Since the discovery of Stirling’s formula, numerous refinements have been made by researchers. We start our study
with a recent result of Mahmoud et al. [6], who added a factor to improve Stirling’s formula:

n 24 7 \2
T(n+1) ~ 270 (ﬁ) ("“ﬁ) , neN. 1)

e 712—E

In the beginning, we consider the following family of approximations in this paper, for a, b, ¢ € R:

r‘(n+1)w,/27m<ﬁ)n <n4+anz+b>4. 2)

e n+c

We will find the parameters a, b, and ¢ that give the most accurate approximation (2). We also prove that
approximation is better than the Mahmoud approximation (1).
Usually, to an approximation formula of the form

f(n)~g(n), asn— e, 3)

(in the sense that lim,_,. f (n) /g (n) = 1) is associated the sequence

~

(n
(n)

~—

w, =1In

oQ

Evidently, the greater the rate of convergence of the sequence ,, the more precise the resulting approximation (3).
A main tool for measuring the rate of convergence of a sequence @, is the following result, first stated in this form
by Mortici [7].

Lemma 1 If (w,),-, is convergent to zero and

lim n* (O — 1) =1, 01 € [—o0, o0

n—oo
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for some k£ > 1, then

lim ! W, =
n—soo

l
1 “)

This lemma has been proved to be useful in the problem of finding some approximation formulas, or to accelerate
some convergences. See, e.g., [1, 2, 8, 9] and all reference therein. If the limit (4) holds true with [ # 0, then the sequence
®, converges to zero like n~*~1) and we say that the approximation formula (3) is of order n~*~1)_ Clearly, the higher
k, the more accurate approximation formula (3).

As an example, for Mansour et al. formula (1), we have:

or
1 +&
a),,:1nF(n+1)—71n27z:n—n1nn—|—n—ﬁlnn 80
2 2 -k
Thus
o o 46 461 o 1
n T I T 8144018 6048007 n8
and

461
im 1 (o, — _ g6l
Jim 1 (O = Oni1) = 70"

According to Lemma 1, lim,, e’ @, = %, and consequently, the approximation formula (1) is of order n=>.

Remark. The selection of the form (2) is motivated by its natural extension of previous quadratic refinements (see
[1, 2]) and by the fact that the exponent n/4 allows the systematic cancellation of low-order terms in the expansion of
Wy, —Wwp1, as guaranteed by Lemma 1. This choice thus balances simplicity with increased accuracy.

Coming back to the family (2), we define the sequence

C(n+1) .
\/ﬁ(g)n (n4+an2+b>%

nt+c

w, =1In

We have
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1 Yran’+b
Wy zlnl"(n—i—l)—§1n27tn—nlnn—|—n—gln (W—) ,

nt+c

with

1 n
Wy — Wy :fln(nqtl)filnn_’_1

—nlnn+ (n+1)In(n+1)—1

Elnn4+an2+b+n—|—l In (n+1)*+a(n+1)*+b
4 n*+c 4 (n+1)*+¢ .

To use Lemma 1, we write the difference w,, —w,, | as a power series in n L

Loy, (1 1)1
n—Wppt =— | za—— | 5+ 1a-— |3
Wn = Wnitl 47 \d )0

1 5 5 5 5, 5., 5\1
gt TRl by TR _84> 16
5 15 1 15 15, 5, 3\1
e Zph— g+ ab _- B
§CT T TRy 56) "

Now we are in a position to give the following:
Theorem 1 a) Forall a, b, c € R, a # 1/3, the approximation formula (2) is of order n~!, since

1 1 1 1
,}LH}OHZ Wy —Wny1) = —Z(H—E and r}ggonwn = —Za—i— P #0.

b)Forallb,ceR, c#b— %, the approximation formula

Co iporary Math tics 8192 | Mansour Mahmoud, et al.




n 4, 1.2 b %
P 1)~ vam () <+3+

e n*+c

is of order n=3, since

3 3 1 1/3 3 1
nlggon (Wn —Wnt1) 4c 4b+ 30 and nlglolon Wy 3 ( c b+ ) £0.

c)ForallbeR, b# 924—65, the approximation formula

4,10 i
3 b
F(n+1)ws/27m(ﬁ>n <n+%n—|—2>
e

n4+b75

5

is of order n™>, since

5 13 1/5 13
6 _ 2, S N S
nlggn (Wn —Wny1) 12b 1134 and r}glolon Wn 5 (12b 1134) #0.

d) The approximation formula
41,2, 26\ 14
nfnt+an°+ g5z
r(n+1)~\ﬁzym(ﬁ) (316945>
e

(obtained from (2) for a = 1/3, b =26/945, ¢ = —16/945) is of order n~’, since

. 1 . 1
’}g{}ong (Wn —Wnp1) = ~270 and ,}22,”7“ = T1890°

Note that the best constants

_1,_ 2% __16
=3 PTu5 °T Toss

in case d), are obtained from the condition that as many as possible of the first coefficients in the series w, — w, 4 are
canceled. More precisely, they are the solution of the system:
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1 _
Cl—ﬁ—o

I

32 1 3 3 3
sa> — ja— bt3ctr3 =0
32 1 3 3 1
5

1 5 5 5 5.2 5.3 —
Za—i‘*b_zc—zab—za +ﬁa _@—O

The other cases a)-c) follow by successively vanishing the first three coefficients in the series of w;, — w4 .

3. Further refinements

We also considered, for all parameters o, 8,and 9, the following family of approximations, as n — oo:

n /6 4 2\ §

D(o+1) ~ Vo (1) (TEA P ©)
n /8 6 4\ 8

o2 (22

By using the same method, we obtained the following approximation formulas:

61,4 13 2\ 6
nfn’ 4 sn" 4 51
r(n+1)~\/27m(?) (229120> %

6_ 29
¢ "~ 1680

8)
8§ _ 116 2 (
" — 28357

r(n+1)~\/%(")"<

n
n® + gn6—|—ln4 8
3 5
e )

which are the best possible through the corresponding family (5)-(6).
Remark. Equations (5), (6), and (8) arise by expanding the logarithmic terms in powers of 1/n and applying Lemma
1 to ensure the successive cancellation of coefficients. The resulting polynomial forms are minimal in complexity while
providing systematic accuracy improvements, which explains their particular selection among many possible candidates.
Note that after a simplification by n?, the formula (8) can be written in the form:

62,4, 12\%
nfn’+zn"+zn
e (2 (1Y

€ — 2835

We propose the following open question: for integers k > 1, find the approximation of the form:
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r(n+1)~\/2mz(’2)"<32’;((’:3)>2k, as 11— oo, )

where Py and Qy are monic polynomials of 2k-th degree. The requested polynomials are supposed to be the best possible,
in the sense that the corresponding approximation (9) is the most accurate.

Note that we solved here the case k = 2, 3, 4 of (9), while previously, Mansour et al. [6] found the approximation
formula (1) in case k = 1. The approximation formulas (9) are of order n~> in case k = 1, and of order n~7 in other cases
k=2,3,4.

We mention here another idea for using the previous method and Lemma 1. More precisely, we considered the
following family of approximations, as n — co:

nn (n24a 5+a
F(n-+1) ~ v (*) ( ) , (10)

n2+b

where a, b, ¢ € R. Note that Mansour et al.’s approximation formula (1) is obtained as a particular case of (10) for

Private computations lead us to the best constants

_ st 67 46l
T 50477 504" 5040

a

that give the most accurate approximation formula (10):

461

2, 151\ 27 5040m
n [ n®+ =5
F(n+1)~\/27rn(ﬁ> ( 504) , N —»oo.

This is an approximation of order n~’, since the associated sequence

I 1

W, =In (n+) n, 46l

n [ 2431\ 27 50400
vam (2 (55

satisfies:
34333 1
Wy — Wy = ———m - .
n Wl 13063680n8+0<n9>’ asn

We omit the proofs in this section, for the sake of simplicity.
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We give the following:
Theorem 2 The following inequality holds

[(x+1)

c1 < Tl <cy, x>1 (11)
o 2150\ 27 s0d0x
vam(2) (54
(ﬂ)2981/5040€
with sharp constants ¢; = WT ~ 0.999885 and ¢, = 1.
Proof. Consider the function
r 1
Ki(x) =1n et ]) 1, d6l
2, 151\ 27T 50408
vam(2) (54
504

and hence

Kl (x) = —1270080x* +423360x> — 549360x> 4 77448x — 50585
= 10x (504x2 + 67) (504x2 4 151)

24 151
(461 —2520x%) In (’“ s )

24 67
X+ 504

+

504022 Fylo) —lInx.

Now, consider the function

B 5x(7x(8430x — 17) + 32682)
 30x(x(14x(1405x — 237) + 11447) — 1580) + 6241

K>(x) —Inx+ y(x)

which satisfies

%[KZ(X‘FZ) —K(x+1)]=

where

K3(x) =1.69847 x 10%2x” +2.08731 x 10%x® 4+ 1.13303 x 10**x”

+3.56209 x 10%*x% +7.14298 x 10%*x° +9.4691 x 10%*x*
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+8.2897 x 10%*x® +4.61086 x 10%*x% + 1.47263 x 10%*x +2.04522 x 103
and

Kq(x) =1.21256 x 103x'% +-3.31335 x 10*x'® +4.28782 x 10%x!7
+3.49292 x 10%%x!6 4 2.00803 x 10%7x!5 + 8.65624 x 10*"x!4
+2.90203 x 10%8x'3 +7.74376 x 10%8x'2 +1.66925 x 10%x!!
+2.93288 x 1072x10 +4.2182 x 10%x? 4 4.96684 x 10%x8
+4.76884 x 10°x” +3.7012 x 10%°x5 +2.28822 x 10%x°
+1.10116 x 107x* +3.97696 x 10%8x> +1.01437 x 10252
+1.62938 x 10?7 x4 1.23965 x 10%°.

Using the asymptotic expansion of y(x), we get

—964337 332605549 u
Ky(x+2)— Ky (x+1) = 0 o
20 42) = Kalr 1) = 505000 T 157922000000 T 0K ) X

and hence limy_;e[K2(x+2) — K2(x+1)] = 0. Then

Kg(x+2)—K2(x—|—1)<0, x>0

or

Ky(x+1)>Ky(x+2)>--->Ky(x+i), i€N; x>0.

But

_ 964337 38950081
~495684000x8 6964360200009

K> (x) o9, x—o

and hence lim,_;. K2 (x) = 0. Therefore K»(x) > 0 forx > 1, or
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5x(7x(8430x — 17) + 32682) s a2)
30x(x(14x(1405x — 237) + 11447) — 1580) + 6241° = =

y(x) > Inx—

Using inequality (12), we have

461 1 2B K (x)
X AN s | _ K5
1) > (5040x2 2) [n <x2+56074 Ko(r)

461 1
- (5040x2 N 2) Ko (x),

where

Ks(x) =504x(124912368000x” — 21070627200x° + 76856774400x>

— 10735986240x* — 1776091310x> 4 596725710x% — 1914376032x
+315700985)

and

K (x) = (2520x> —461) (590100x* —99540x" + 343410x* — 47400x

+6241) (504x +67) (504x* + 151) .

Now

where

Kg(x) =504(3.0922 x 10**x'! +3.3256 x 10%x'0 4 1.64367 x 10%x°
+4.92624 x 10%°x® +9.94264 x 10%°x” 4+ 1.41806 x 10?"x°
+1.45737 x 1077x° + 1.07849 x 10%"x* +5.62792 x 10%°x°

41.9709 x 10%x* +4.16576 x 10%x 4 4.02278 x 10°*)
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and

Ko(x) = (504x* + 1008x+ 571)° (504 + 1008x + 655)” (25207 + 5040x

+2059)2 (590100x4 +2260860x° +3585390x +2701200x + 79281 1)2 .
Also,

438544523 38950081

K = — _ —-10
7() 321203232000x%  348218010000x° S

X —>

and hence lim,_,.. K7(x) = 0. Therefore K7(x) < 0 for x > 1, then K| (x) > 0 for x > 1. Also,

198128243 34333 w1
 253487646720x° 914457607

K1 (x)

and hence lim,_;. K (x) = 0. Therefore K; (x) > 0 for x > 1 and

571 2981/5040
In ((655) ¢

\/2775 >:K1(l)<K1(x)<K1(0<>):O,

with sharp bounds which completes the proof. O

Remark. Beyond the specific formulas obtained here, such Stirling-type approximations have several applications
in analytic number theory: they refine bounds for factorials and binomial coefficients, improve asymptotic estimates of
partition functions and divisor sums, and sharpen evaluations in formulas involving the Riemann zeta function. Moreover,
the general scheme (9) provides a framework for constructing entire hierarchies of refined approximations, suggesting new
directions for inequalities and computational methods.

4. A monotonicity result

Related to the approximation formula (1), Mansour et al. [6, Theorem 1] proved that the function

I'x+1)

R (2:)

20

is strictly decreasing for x > 1. We give here an alternate solution for this fact. In this sense, let us define the function

1 x Xt
f(x)=InP (x)=InT'(x+1)— - In2ax—xInx+x— = In .
2 22—k
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We have:

=y o)
f ()C)—V’I( ) 2 252 (60X2+7)2 (20)62—1)2’

where

P (x) =98x + 1120x% + 6160x> 4 10400x* — 52800x°
—192000x° + 864 000x” — 1440000x® + 2880000x” — 49.

Here, v is the logarithmic derivative of the gamma function

W) = (nr () = 1.

The function  is also called the digamma function, while its derivative W’ is known as the trigamma function and
admits the following asymptotic expansion as x — oo:

W(x)fl+i+i— Ly 1,2
Tox o 232 63 30x5 4247 30x%  66x!1 T

The complete series can be expressed in terms of Bernoulli numbers. Successive lower and upper approximations of
v’ can be obtained by truncating its series. What we need here is the inequality:

l[/j(x)>1+i—|—i— 1 + 1 _ 1
x 2x2 0 6x3 30x5  42x7 300

(13)

For proofs and further properties, please see [10].
Now we deduce that /" (x) > g (x), where

()_l A1 1
W22 T 68 300 420 300

1 P(x)

X222 (60x2 +7) (2002 — 1)

We have

_ t(x)
210x? (60x2 +7)* (20x2 — 1)’

g(x)
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where

£ (x+2) =1890000x'* + 52920000x" + 687960000x'2 + 5503680000x"!
+30274850000x'° + 121173160000x° 4 364063593600x°
+ 834549657600x” 4 1467442056755x° + 1970383055460x°
+1988993872157x* + 1463247554856x° + 740964277053x>
+230795020724x + 33272650829 > 0, x> 0.

Evidently, g (x) > 0, then f” (x) > 0, for x > 2. Thus f” is strictly increasing, for x > 2. As f/(2) = 1.3456... > 0,
we deduce that f/ (x) > 0, for x > 2. In conclusion, f is strictly increasing on [2, o).

The function f is also strictly increasing on [1, ) (as Theorem 1 in [6] asserts) and this fact can be proven using the
above method by considering more terms in (13) from the truncation of the trigamma function y”.

Note that, moreover, the function P; is logarithmically convex, as f = In P} is convex.

Remark 1 Some calculations in this paper were performed by using the Maple software for symbolic computation.

5. Conclusion

The main objective of this work is to develop highly accurate and efficient approximations for the Gamma function.
These approximations have applications in mathematics, statistics, physics, and engineering, wherever the Gamma
function arises in computations or modeling. The main conclusions of this study are presented in Theorem 1 and formulas
(7) and (8), where we provide several highly accurate approximation formulas for the Gamma function. Theorem 2
presents some new sharp bounds of the Gamma function. Some of our new approximations achieve a rate of convergence
of order n~7, which is significantly better than the classical Stirling’s formula of order n~! and the recent Mahmoud
et al. formula (1) of order n~>. The methods used in this work can be adapted to other special functions, such as the
polygamma and incomplete Gamma functions. Finally, we propose an open question concerning the general form of
several approximations of the Gamma function.

Conflict of interest

The authors declare no competing financial interest.

References

[1] Mahmoud M, Almuashi H. Two approximation formulas for gamma function with monotonic remainders.
Mathematics. 2024; 12: 655. Available from: https://doi.org/10.3390/math12050655.

[2] Mahmoud M, Almuashi H. New accurate approximation formula for gamma function. Symmetry. 2024; 16: 150.
Available from: https://doi.org/10.3390/sym16020150.

Volume 6 Issue 6]2025| 8201 Contemporary Mathematics


https://doi.org/10.3390/math12050655
https://doi.org/10.3390/sym16020150

[3]

C

Bornemann F. A stirling-type formula for the distribution of the length of longest increasing subsequences.
Foundations of Computational Mathematics. 2024; 24: 915-953.  Available from: https://doi.org/10.1007/
$10208-023-09604-z.

Lampret V. Accurate approximations of classical and generalized binomial coefficients. Computational and Applied
Mathematics. 2024; 43: 341. Available from: https://doi.org/10.1007/s40314-024-02851-y.

Xue Y, Guo S. Concise proofs on monotonicity for remainders of stirling’s formula. Research in Mathematics. 2025;
12(1): 2505287. Available from: https://doi.org/10.1080/27684830.2025.2505287.

Mahmoud M, Alsulami SM, Almarashi S. On some bounds for the gamma function. Symmetry. 2023; 15: 937.
Available from: https://doi.org/10.3390/sym15040937.

Mortici C. Product approximations via asymptotic integration. American Mathematical Monthly. 2010; 117(5):
434-441. Available from: https://doi.org/10.4169/000298910x485950.

Chen CP, Elezovic N, Vuksic L. Asymptotic formulae associated to the wallis power function and digamma function.
Journal of Classical Analysis. 2013; 2: 151-166. Available from: https://doi.org/10.7153/jca-02-13.

Mortici C. Fast convergences towards euler-mascheroni constant. Computational and Applied Mathematics. 2010;
29(3): 479-491. Available from: https://doi.org/10.1590/S1807-03022010000300009.

Abramowitz M, Stegun IA. Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables.
New York: Dover Publications Inc.; 1965.

iporary Math tics 8202 | Mansour Mahmoud, et al.



https://doi.org/10.1007/s10208-023-09604-z
https://doi.org/10.1007/s10208-023-09604-z
https://doi.org/10.1007/s40314-024-02851-y
https://doi.org/10.1080/27684830.2025.2505287
https://doi.org/10.3390/sym15040937
https://doi.org/10.4169/000298910x485950
https://doi.org/10.7153/jca-02-13
https://doi.org/10.1590/S1807-03022010000300009

	Introduction
	The results
	Further refinements
	A monotonicity result
	Conclusion

