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Abstract: In this paper we study a multi-term non-linear fractal orders delayed integral equation of the second kind.
We examine the existence of integrable solution x € L;[0, T]. Under certain assumptions, the uniqueness of this solution
will be demonstrated. Additionally, the continuous dependence on the problem’s parameters will be investigated. The
Hyers-Ulam stability of the problem itself will be established. Finally, as applications we study two initial value problems
of multi-term fractal orders integro-differential equations.
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1. Introduction

Abel integral equations play a fundamental role in solving various physical and engineering problems involving
memory and hereditary properties. The second kind Abel integral equation typically includes both the unknown function
and its integral, making it more complex and realistic for modelling real-world systems. When extended to multi-term,
non-linear, and delayed forms, these equations can describe processes with multiple interacting effects, time delays, and
non-linear behaviours [1-13].

Let B € (0, 1). The fractal operators, differential and integral of order 8, are given, respectively [14—17]:

d t
Dpx(t) = - 5x(t), Igx(t) = /O B B x(s) ds.
Consider the initial value problem
Dg x(t) + A x(t) = g(1), x(0) = xo,
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which can be written as

1B ax
B + A x(t) = g(t), x(0) = xo,
dx

T AR 4 = B g, x(0) =

and has the solution (the second kind Abel fractal integral equation)

X(t) + /l/olﬁsﬁ*‘ x(s)ds = G(1), where G(t)=xo + /0’/5 B o(s) ds.

The non-linear version with delay (J(¢) < t) can be defined by

(1)
x(t) + f( t,l/(;9 Bsﬁ_lx(s) ds) = g(t, x(1)).

Our aim here is to study the multi-term non-linear fractal orders second kind Abel integral equation with delay

1() (1)
x@ﬂ@%éﬂ&ﬁﬂﬂmum%fsmﬁ”WMW%mW» (1)

wheret € J =0, T], B € (0, 1) and the parameters A; > 0,i=1, ..., n.

Here, under some given assumptions, the existence of an integrable solution to Equation (1) will be established
within the space L; (/). Furthermore, the continuous dependence of the solution on the parameters A;, ; as well as on the
functions f, g, ¥; will be examined. Finally, the Hyers-Ulam stability of the problem itself will also be demonstrated.

As applications, we apply our obtained results to the two initial value problems of multi-term nonlinear fractal orders
delayed integro-differential equations

V(1) Uy (1)
D u(t) + f(1, A / " Dy u(s) ds, oo A / De, u(s) ds) = g(t, Dg u(t)), 1€ (0,T]
0 0
and

du 01 (1) du O (t) du du
= t, A Bi—1 27 g, ... / BV 22 ds) = g(t, — te(0,T].
dt +f(a 1/0 ﬁlS ds s, 7&1 0 ﬁns ds S) g(? dl‘)’ 6( ; ]

2. Existence of solution

We analyze equation (1) subject to the following assumptions:
(D O;: J — J is a continuous function, where ¥;(¢) <t¢, i=1, ..., n.

an
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* f:JXR" — R is measurable in ¢t € J, Vx € R and continuous in x € R, V¢t € J, g: J X R — R is measurable in
t € J,Vx € R and continuous inx € R, Vr € J.

* There exista;: J — R, i=1,2 with tPo~"a;(t)| € L1 (J), [y t%~"|a;()| dt < a and positive constants by, by such
that

[f(t, 21, oxn)] < Jar(t)|+b1 (Jxi]+...+|x] ) and  [g(z,x)| < |aa(t)|+ D2 |x|. )

() b (1+n A TP) < 1, where b = max{hy, b}, B =max{B;} and A =max{A;}, i=1,...,n.
Theorem 1 Assuming that conditions (I)—(III) are met, equation (1) admits at least one solution. x € L;(J).
Proof. Equation (1) can be expressed as

RO o) p
x(t) = —f(t, 4 /0 Bi s x(s) ds, ...y Ay /0 B s? 7 x(s) ds) +g(¢, x(t))
which can be given by
B (t) By (2)
Pl k) = — P pe A / B P x(s) ds, o A / By sP1 x(s) ds)
0 0

Pt (1, x(1)),

where fp = min{f;, i=1, ..., n}.
Let

v(t) =P~ x(r), then x(r) =1'"Po v(r) 3)
and
-1 (1) 11— On(0) 11— ~1 -
v(t) = —tP 17, ),1/ BisPr s Pov(s)ds, ..., ln/ BusP s Pov (s)ds) + P g(r, ' Pov(r)).  (4)
0 0
We introduce the operator F' as follows
. B (1) B (1) B 4 .
Fv(t) = —P1 £z, Ay / BisPPov (5)ds, ..., 2o / BusPrPov (s)ds) + P T g(r, 1 Pov (1))
0 0

and the non-empty, bounded, convex and closed ball

2a

0= {ve LW IVl <), where r= gt
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Now, let v € Q,, then
Pyl = 1= e [P vy ds e [T B s (s ds)
0 0
R (e P v(0)) |

B (1) O (1)
P £, / B PP v(s) ds, o, A / By s B0 v(s) ds) |
0 JO

IN

+P (e, 1 v () |

IN

V()
PV |ay (1) + by P! M/O l Bi PP |v(s)| ds +....

O (1)
+by P! z,n/ B sPPo |v(s)| ds + PV Jay(e)| + PV by £ P |v(r)|
0

IN

t
P Jay (1) + b 1o~ /1/0 B PP [v(s)| ds + ...

t
B [y BB (v(s)] ds + B las(o)] + b1v(e)
0

IN

T
P Jay (6)] + b P~ 2 By tﬁI*BO/O v(s)| ds +....

T
b A B, ,ﬁrﬁo/ IV(s)| ds + P~ ay (1) + b |v(2)]
0

IN

P ay (6) [+ b A B P VIL T ao (1) 4 |v(2)]

and

IN

T T T T T
/ Fv(1)] di /tﬁ0’1|a1(t)|dt—|—nbl||v\|1/ ﬁtﬁfldwr/ tﬁ°’1|a2(t)|dt+b/ V()] dt
0 0 0 JO 0

IN

a+nbA TP ||V|[i+a+b|v|
< 2a+b(1+nATPr =r

This confirms that the operator F maps Q, into itself, and the family {F v} remains uniformly bounded within Q,.
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LetQ € Q,and v € Q, then
T T 1 il
/ | (FV(s))i — (Fv(s)) | ds = / 15[ Fve)do—Fv(s) | ds
0 0 t

T 1+1
_ /O%|/t+(Fv(6)—Fv(s))d6|ds

IN

T t+1
L1 [ 1rve-rvis)jaeas
0 t
then
T 41
1(Fv) = (FV)[|; < /O i / | Fv(8) — Fv(s) | d6 ds.
1
Since Fv(t) € O, C L1(J), from Lebesgue point theorem [18], it follows that
1
7 / | Fv(0) — Fv(s) | d6 —0, as -0,
t
then

[|[(Fv);— (FV)|l; =0, asl—0.

Consequently, the family {F v} is relatively compact [19] implying that F is compact operator [18, 20].
Take {v;,} C Q, such that v,, — v, thus

O (1) Oy (1)
V() = = B /' By sPFo v, (s) ds, /1/ B, sP B0 v, (s) ds)
0 0

+P (e, 1P v, (1)) |

9 (1) B ()
< tBO*] |f([7 At / : ﬁl sﬁlfﬁo Vm(s) ds, ..., An / ﬁn Sﬁniﬁo Vm(s) dS) ‘
0 0
‘Hﬁoil | g(ta tliﬁo Vm(t)) |
t
< P oy (6)|+b P! A/ Bi PP vy (s)| ds + ...
0
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t
+b tho~! A/O Bu sPPo ()| ds + P aa(0)] + b [Vin(2)]

< N ay @) 4nb 2 B PVl [+ Jax(0)] b Vi 1)

and

(1=b) V()| < PV a ()| +nb A BB~ rtP=1 jay (1)),

[Vin(1)] < ﬁ [P~V a () +nb A B P r+Po~V ay(1)|] = y(r) € Li(J).

Now, we have

O (1) By (1)
Fv(t) =— P01 £t 2 / By BB v, (s) ds, s D / B, sP B0 v, (s) ds)
0 0

+ 1P gt 11 Po v, (1)),
Subsequently, by invoking the Lebesgue Dominated Convergence Theorem, [18, 20], we derive

By

1 (¢) ()
lim Fv,(t) = —%71 £ 2 lim 1 B sPPo v, (s) ds, ..., A, lim By sP B0 v, (s) ds)

m—oo m—eo /() m—ee /()
+P~ 1 g(t, 7P lim (1))

m—soo

310 301
) / S sPR lim v (s) ds, . Ay / By sP B0 Tim vu(s) ds)
0 m—eo 0

M—yoo
Pt (e, 1" Po v(1))
310 (0
— P /‘ By sPFo v(s) ds, /1/ By PP v(s) ds)
0 0

+1P= 1 g, ' Pov(1)
= Fv(r).

This signifies that Fv,,(r) — Fv(t). Then the operator F is continuous [21].
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Now, Utilizing the Schauder Fixed Point Theorem [22], we confirm the existence of at least one integrable solution
v € O, C L1 (J) of the integral Equation (4).
As a result, there exist at least one solution x(r) = ' ~Po v(r) € L;(J) of the fractal integral Equation (1).

2.1 Uniqueness results

Now, consider the following assumption (IT)*
* f:J X R" — R is measurable in t € J for every x € R and

‘f(thlu7-xn)_f(t7y1a7yn)|§bl(‘xl_yl|++|xn_yn|)7 b1>0 (5)

* g:J X R — R is measurable in ¢ € J for every x € R and

lg(t, x) —g(t,y)| <ba|x—yl,  b2>0. (6)

Remark 1. From the Lipschitz conditions (5) and (6), we can get the growth conditions (2) as f(¢, 0) = a;(¢) and
8(1,0) = ax(1).

Theorem 2 Suppose the assumptions (1), (II)* and (IIT) be hold, the solution v € L;(J) of equation (4) is unique. It
follows that, the solution x € L;(J) of (1) is unique.

Proof. Let the hypothesis of Theorem 1 be met, then the solution of (4) exist. Let v and V be two solutions of
Equation (4), as a result

VO -5l = 1= A [ BB v ds e [ By s v(s) ds)
0 0

+1Po g1, ' P (1)) — Pt g (s, 1 P 9 (h))

By

0 Ot
Pt f (e, A / By sP B0 v(s) ds, ..., A, / By P B0 v(s) ds) |
JO 0

() 3n)
< g [ BB v ds e [ B PR () d)
0 0

V(1) O (1)
e [ BV ds, Ay [T B PR () ds) |
P (e, T Pov(n) — (et P B () |
O (1)
< bl )Ll/' B PP | 9(s) = v(s) | ds +....
JO

O(r)
+1Po=1 p, /1,1/ B sPrPo | v(s) = v(s) | ds + P~ by ' Po | v(r) = V(1) |
0
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t
< b [ B () < v(s) [ ds
0
t
+tﬁo—l bk/ ﬁn Sﬁn_ﬁO | \_/(S) 7\/(5) ‘dS —+ b | V(t)f‘_/(t) |
0
T
< P Tpa B tﬁl’ﬁ"/ [ V(s)=v(s) [ds +...
0
T
P12 B» tﬁ»rﬁo/ [ V(s)—Vv(s)|ds + b|v(t)—V(r) ]
0
< BAB PV —VI[i ++ BAB T [V =V + b V() —V() |
< nbABPV V-V +b|vE)-V()|

and
T T T
/\v(t)—\_/(t)|dt§nb/'t|\V—\7\|1/ ﬁtﬁ-ldz+b/ V(1) =) | d,
0 0 0
v=vIh <nbA TP ||v=9[[i+b]v-7|],
then
[1=b (1402 TP)] |lv=¥[[i <0,
implies

[lv—¥|l1 =0.

This establishes v = V, confirming the uniqueness of the solution of (4).
Consequently, for any two solutions x, X € L;(J) of the equation (3), we get

() =x()] = [PV —'Pv() |

= v - |

IN

TR [ v(e) = v(1) |,
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then

[ o -sayar<n M vio 50 | a
0 0
b—gl < TR v=vl =0, = x() = 0)

and the solution of (1) is unique.

2.2 Continuous dependence

Definition 1 The solution x € L;(J) of equation (1) depends in a continuous manner on the parameters A; and on the
functions f, g [23], if Ve >0, 30 > 0, where

max{ |4 = A/[, |f=f"[, lge=&"[} <8, i=1...n

implies

lx—x*][1 <e,
where x* is the unique solution of
e = [ e ds g [T g ) s ), )
() =t 7Povi(r), ®)

where

3100 ()
Vi) = — Bt e A /' By BP0 v (s) ds,...,;L;/ B, sP o v (5) ds)
0 0
+P gt (1, 1P v () ©)

Theorem 3 Under the assumptions of Theorem 2, the unique solution of (1) depends continuously on the parameters
Ai, i=1, ..., nas well as the functions f, g.
Proof.
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811 on(t)
() / Y B BB v(s) ds, o / By sP B0 v (s) ds)
0 0

IN

+ P (e, ' P v(e)) — P gt (e, 1P v (1))

B

By (1) )
R / B PPV () ds, e, A / Bu sP=Fo v (s) ds) |
0 0

(1) B (1)
| — Pt fe, 4 / By PP v(s) ds, o / By 5P~ v (s) ds)
Jo 0

B

(1) ()
1Pt flt, A / ! Bi sPi=Po v(s)ds, ..., A, / B sP=Po v(s) ds)
0 O

0 (f) O (t)
S A; [ B PP V() ds e 2 [ B s v(s) d)
0 0

By

¥ (¢) )
bt g g [P v s, 2 [T BB V() dy
0 0

O (t) 19n(t)
—tﬁo_l f(t, ll* / 1 Bl Sﬁl_ﬁo V*(S) dS, ) l}f / ﬁ” Sﬁn_ﬁo V*(S) dS)
0 0

9 (;) 19,,(!)
+tﬁ0_l f*([7 A’l* / ' Bl sﬁl_BO V*(S) dS7 ceny A; / ﬁn sﬁn—ﬁo V*(S) dS)
0 0

P e, ' Pov(r)) — Pl g(r, ' P vi(r))
+P (e, 6P v (1)) — Pt gt (e, 1 P v () |

B

310 )
P | £, /1;‘/01 By PP v(s) ds,...,?L,’[/O By sP 0 v (s) ds)

(1) Bt
(M /1 By BP0 v(s) ds,...,ﬁ,n/ By sP o v(s) ds) |
0 0

Ot

O (t) )
A g [T B PR ) ds, e 2 [ B PR v () d)

B

B (1) (1)
(A / B PP v(s) ds, oy A / By PP v(s) ds) |
0 0
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IN

IN

IN

o (t) B (1)
Pl | o AT / BBV (5) ds, o, A / Bu sPPo v (s) ds)
0 0

B (1) O (1)
fe A [ B PRy ds A [T B PR v (s) )
0 0

+P 7 g(t, 1P v() — gle P v (e) |

+P (e, 6P v (1) — g (e, 1" P v (1)) |
Pl by | A — M |/0191(t)ﬁ1 sPr=PBo |v(s)| ds + ...
AR Ay My RCIRIPE
+tP by A7 /0%) BisP P ve(s) = v(s) | ds +...
+ Pl py A /019"0) By sPPo| v¥(s) —v(s) | ds

+Pmt s 4 Pl gy P vy —vi(r) | 4+ P S

t t
tﬁ°’1b6/ By PP v (s)| ds +...+tﬁ°*1b5/ﬁ,, BB |v(s)| ds
JO JO
t
b0 b/ll*/ B PP | v (s) = v(s) | ds +...
0
t
P bx,j/ Bu sP 0 | v (s) = v(s) | ds
0
2P s b ve)—vi() |
T T
B 5 By rﬁlfﬁo/ V(s)| ds + ...+ P71 b 8 B, rﬁrﬁo/ v(s)| ds
0 0
T
B p A By rﬁl—ﬁo/ | Ve (s) = v(s) | ds + ...
0

T
Y ML) / v (s) = v(s) | ds
0
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then

[wo-

TB
W=vill <nbSTE Vil + nbA TP v—vi + 28

and

thus

Finally

and
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IA

IN

2PN s+ b v(e)—vi() |
bSBP VI 4.+ bSBPT VI +BABPT V=V +...
+bAB P vV +28 P + b vE)-vi) ]

nbS ||V BP '+ nbA|v—vi i BP £ 28P 7 4 b v(ie)—vi() ],

\dt<nb6||v||1/ BB Vdr + nbA|v— v||1/ B P ar
+25/zﬁ1dt+b/\v 0 | dr,

+ blv=vih
B

TB
H=b(1+n A TE)lv-v*||; < 25F +nb8 TP V|,

26T + nbSBTP|v|i
B1—b(1+nATh)

Ilv=vilh <

N
~
>
<
=
<
*
~—
=
—
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IN

/OT x(t) —x* (1) di < T' /OT V() = v ()] di
= TPy —v),
< TP =g,

thus

=2l < e

Definition 2 Let ¥;: J — J be a continuous function and 9, (r) <. The solution x € L;(J) of equation (1) varies
continuously with respect to the delay functions ¥;, if Ve > 0, 38 > 0 such that

| — /| < 6, i=1,.,n
implies
[be—x"]1 <,

in which x* uniquely satisfies the equation

X (1) = —f (1, M /Oﬂ‘*(’) By P X (s) ds, .., z%/o'ﬁ’m B sP X (s) ds) + g(t, < (1)) (10)
which can be given by equation (8),

Vi) = =Pl f /0 O g BB vt (s) ds. A, /0 0 B v (5) d)
+ PV gz, 1P vi(r)) (11)

Theorem 4 Suppose the hypotheses of Theorem 2 are fulfilled, the unique solution corresponding to equation (1)
depends continuously with respect to the delay functions 9, i =1, ..., n.

Proof. Letx and x* be given by (3) and (8) and v and v* by (4) and (11), then
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IN

IN
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9 ([) 19n(l‘)

| — P~ e 0 / l B sPPov(s)ds, .., A / Bu sP P v(s) ds)
0 0

+¢Po—1 glt, t1-Po v(t)) — tPo~1 g(t, t!=Po vi(t))

*

07 () By (1)
+ePo=1 (e, 0 / : By sPPo vi(s) ds, ..., Ay / By sPr=Po v*(s) ds) |
0 0

9 ([) 19n(t)
| — Pl fe, / CB PR v(s) ds, ..., Ay / Bu P Po v (s) ds)
Jo J0

9() 3()

P f(2, A / B P v(s) ds, oy A / By sB o v (s) ds)
0 0
9() %)

—tP=1 (e, A / l Bi sPr=Pov(s) ds, ..., A, / By sPPo v (s) ds)
0 0

*

(1) Oy (1)

+P e, / B PPV (s) ds, o B / BusP o v (s) ds)
0 0

+Pg(e, 1V Pov(e)) — (P (e, e P vi (1)) |

95 (1) B, (1)
B g [ B SPv(s) ds, Ay [ B PR v(s) d)
0 0
310 (0
M / B PP v(s) ds, ., A / By s B0 v(s) ds) |
0 0
o 1) 30
B £, A / By BB v (s) ds, ..y D / By sPBo v (s) ds)
JO JO

3() ()
ey /1 By sP1Po v(s) ds, ,1/ By sB P v(s) ds) |
0 0

P gt 1P v() — gl Rvi(0) |

n B7(r) B
A Y [, BV as]

L o7 (1)
B Y [T BB V) V) ds + B bR v v ()|
=1 /0
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n 0¥ (1)
< hlpry |/ Bi PP v(s) ds |
i—1 /()
n t
4Bl Z/ Bi PP | v(s) = vi(s) |ds + b | V(i) — vi(t) |
i=170
L 97 (t)
< PIpA Y BiPh |/ v(s) ds |
i=1 (1)
n t
P12 Y PP / | v(s) = V*(s) | ds + b | v(t)—Vv*(t) |
i=1 0
< tr v(s)ds
i=1 o 19i<t)
n T
+bAB Y A /0 1V(s) = v(s) | ds + b | v(t) = v (1) |
i=1
o)
< bABFTY \/ v(s)ds| +nbA B P~V || v—v*| + b|v(E)—Vvi()],
=1 S

Since v € Li(J) and | 0;(¢) — 0/ (¢) | < 6, then from the absolute continuity of Lebesgue integral [18], we can get
[y v(s)ds| <&, i=1, . nand

V() =viD)| < nbABP e +nbABP vV + b|v(e)—-Vvi()],

thus
V=Vl < nbATP e +nbA TP ||v—v*i+b]v-Vv
and
H=b(U+nA T ||v=v*|i < nbA TP,
then
v =V = nbATh ¢ e
1-b(1+nATH)
Contemporary Mathematics 8608 | Hanadi Zahed, ef al.




Now,

x(0) =2 ()] = [PV PV |

IN

TP | v(t)—vi(r) |,
then
lx=x*|li < T'Poflv—vi, < T' Pog =&

Definition 3 The solution x € L;(J) of equation (1) depends in a continuous manner on the parameters f; [23],
if Ve >0, 36 > 0, such that

|Bi —B'| < 8, i=1,..,n
implies
e—x"[]1 <e,

where x* is the unique solution of

By (1)
0

X)) =—f@, M / Bi sPi=l x*(s) ds, ..., Ay /Oﬂn(t) B sPi=l x*(s) ds) +g(t, x* (1)) (12)

and
B (¢) . On () *
Vi) = 1 f, 2 / U BB v (s) ds, o D / B PP v (5) ds)
0 0

+ Pl g(r, 1P v¥ (1)) (13)

Theorem 5 Under the assumptions of Theorem 2, the unique solution of (1) depends continuously on the parameters
ﬁ[, i= 1, .oy N
Proof. Letx and x* be as in (3) and (8) v and v* be as in (4) and (13), then

9 (1) Oy (1)
V) =V = =P e A / By BB v(s) ds, o A / By sP 0 v (s) ds)
0 0

+P (1, 1P (1)) = P~ (e, 1P v (1))
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ary Math

+ePo=1 f(e, Ay /0 o B sPr=Povi(s) ds, ...
= |=tP T ree, M /01910)131 sPPov(s) ds, ...
+Pl (e, My /O o By s Po v (s) ds, ...
—tPt f(, /019. ! Bi sP1Po v (s) ds, ...
+ePo=1 f(e, Ay /O o B sPrPovi(s) ds, ...
—tP=1 £t A4 /0191 ! Bi sPPo v (s) ds, ...

V(1) .
+tﬁ071f(ta M / I B sPi—Po v¥(s) ds, ...
0

o [T v sy a) |
o [ v
s A /0 " B, sPPo v (s) ds)
o [ s ) )
o [ B BB s a)

O (1) B
,M/ B PP v (5) ds)
JO

Pl g (e, 1" Pov(e)) — Pl g (e, 1 Po v (r)) |

IN

B (1)
B fe [ B sPR (s) d,
0

O (1)
2o / B, sP 0 v (s) ds)
0

B (1) B (1)
M / B PP v(s) ds, o, A / By s B0 v(s) ds) |
0 0

(1)
B fe [ B PRV (s) ds,
0

(1)
s Do / B sPBo v* (5) ds)
0

O (1) O (1)
—f(t, M / By PP v (s) ds, .., A / By sP B v (s) ds) |
0 0

0i(1) .
R A [ B PV (s) s
0

O (1) B
s Ao / B PP v* (5) ds)
0

B (1) B (1)
M / B PP v () ds, o D / B 5P Po v (s) ds) |
0 0

P g (e, P v(e)) — g(e, £ P v (1))
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n (1)
< Bn Y[ B ()= V) ds
i=1
n (1)
+ Pl p, Z/Ii/ 1B = Bil PP |v* (5)] ds
i=1 /0
n ﬁi(t) *
+eho1 p, Z/v/ Bi 1P P —PBol v (s)| ds + P by £ B Jv(r) — v (o)
i=1 /0
n ot L !
< P pap Z/ PP |vr(s) = v(s)| ds + P T p A S 2/ PP v (s)| ds
=Jo i=170
n t "
Ay Z/ By 157 P — PiPoy [v¥(s)| ds + b |v(1) = v*(1)]
i=17/0
T T
< P Tppa Btﬁ‘ﬁo/ IV*(s) = v(s)| ds + P~ nb A 6:’3‘3‘)/ [V(s)| ds
0 0

+iPo=1p 2 ZI/OT |sPT=Po — PiPo| |v*(s)| ds + b |v(t) = v*(1)].
Now, [24] Ve, > 0, 36 > 0 such that |3/ — ;| <  implies
|sﬁi**ﬁ0 _sBi*BO| — ¢Bi—Bo ‘sﬁ,‘**ﬁi —1<e,
thus

V(ie)=vi@)] < nbABP T [v=v +nbA &PV
+nb A g PV + b v(e) = Vi),

then

T T T
/ |v(t)—v*(t)|dt§nbl||v—v*||1/ B P! dz+nb/15||v*|\1/ B g
0 0 0

T T
+nbl£1||v*|\1/ tﬁfldt+b/ V(t) —v*(1)| dt
JO 0
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T8

<nbATP|v—v*|| + nbA S 5

VeI

Tﬁ * *
+nbA g F IV + bllv—Vv',

T8
[[Vv—v*i < b(1+nA Tﬁ) [[V=Vv*|li + nbA (6+¢&) — ||Vi]I

B
and
[1=b (1402 TP [[v=v'| < nbA (5+e) 7; v,
then
-yl < TPACT I
Now,
() =x" ()] = 1P (o) = Vi) < TR v(e) = v ()]
and

x—x |y < T Poflv=vi|, < T'"Pg = ¢

2.3 Hyers-Ulam stability

Definition 4 [9, 15,25, 26] Suppose equation (1) admits a solution x € L; (J). The equation (1) is Hyers-Ulam stable
provided that for each € > 0, 3 § > 0 such that for any §-approximate solution x; of equation (1) satisfying

B (1) 0 O (1) .
|xs(t>+f(17 kl/ ﬁl eﬁl xs(e) de, -~-aln/ ﬁn eﬁn xs(e) d@)—g(t,xs(t)) | <9,
0 0
implies

[lx —x4||1 < €.
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Theorem 6 Assuming the conditions of Theorem 2 hold, it follows that the integral equation (1) possesses Hyers-
Ulam stability.
Proof.

o)+ 10 [ B 0P o) o,y [ B 0P 5,(0) d0) —ste, x| < 6
then
“8 < () + £t M /Owﬁl 0P~ x,(0) do, ...,ln/()ﬁn(t)ﬁ,, 051 x,(0) dO) — g(t, xs(1)) < &
multiplying by P01, we get

—8tPol <A < &P

where

3100 (1)
A= Pl ) + B fG )Ll/ " B6P 1k (6)d6, /1/ B,0%1x,(0)d0) — 1P g(1, x,(1))
JO 0

and let v,(r) = tPo~1 x,(r), then

—§thl < B < 5Pt

where
- 19]([) - 19"0) _ 1 1—
B = vi(1) + P £, ;Ll/ B, 65 Bovs(e)d97...,l,,/ B,05Poy,(0)d6) — P o(t, 1 Povy (1)
0 0
thus we obtain

01(0) 300
Vy() + P £ (1, ll/ ' ﬁleﬁl’ﬁovs(e)d(-),...,l,,/ B.6B oy (0)d6) — P~ g(t, ' Pov (1))| < S0
0 0

Now,
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v(t) = vs(1)| =
<
<
<

iporary Math s

| — Bl pe, A /Oﬂl(t)ﬁl 05150 v(6) do, ..., A / B, 05Po v(6) d6)

+1Po=V gt 1P v()) — vi(r) |

| — Pl fe, Ay /OM)& 6P1=Po v(6) de, ..., A, /Oﬂ"([)ﬁn 65 —Po v(6) d6)

+1P g, ' P v (2)) — Pl g(r, 11 Po v (1))

BNy /sz) B, 65 Bo v,(6) de, ..., A, /Oﬂ"(t) B, 65 Bo v,(6) d6)

“(v(e) + P p e /0191@ B 6P ~Po v (8) do, ..., A, /019,,([>Bn 65— v, (9) d6)
—tPo~ g(z, £ Po vy(1)) ) |

P £ M /019' B PPy, o / B, 65~ v (9) d6)

e [ g ohBvioao. . [* B, 05 v(o)a0)|

P~ (e, 1P v(r)) — g(t, £ PO vy(n)) |

Hvet) + P, A /0191([) B 65Po vi(0) B, ..., A /Oﬂ"(t) B, 65~ v, (9) d6)
—tP~ Vgt P vi(1)) ) |

8=l Pl 0y /Oﬂl(’)/sl 0PI =P | vi(0)—v(0) | dO +....

+iP=1p 2, /019,,@) B 6P Po | vi(8) —v(0) | d6 + P by ' P | v(t) — vi(1) |

§ Pt 4 Pl p ) /Otﬁl 0P1=Po | v(6) —v(0) | d6 +....

+iPo=1p A /Otﬁn 0P —Po | v(6) —v(0) | dO + b | v(t)— vi(t) |
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IN

IA

IN

then

T
§ht b2 By [Cv(60) - v(6) [ d6 ..
0

BT, ,Brﬁo/oT| vy(8) —v(8) | d6 + b | V() — V(1) |

StP L b A BT V=Vl 4.+ bAB P v=vi|li + b| V()= Vi(t) |

atﬁ—l +nbl ﬁ tﬁ_l ||V—\/S||1 + b | V([)*V_y(t) ‘7

/|v e |d;<5/ BV dt £ b v vs||1//315 1dz+b/ V() = vs(0) | dt

and

then

Finally

then from (14), we get
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TP 5
[lv—vi1 < 5? +nbATP||v—=v|i + bIlv—vill1,

B
[1—b(14+n AT [[v=v < 5%,

5Tk
[lv—=vi[i < B Bb(in AT = g. (14)
() —xs(t)] = [ Pov) =" Pov(r) |

= P v v |

IN

TP [ v(t) = v,(1) |,

x—x|[i < TV Pojlv—v, < Te =e.
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3. Examples

@ Let frJXR—R, i=1,2,..,nand

-

Il
-

ﬁ(tv ui)7

f(ta Ur, Uz, ..., un) =
the integral equation (1) may be reformulated as
1 (1)
X0+ YA 2 [ BT G) ds) = g x(0), red.
i=1 0
(D) Let f(t, u;) = u;, then
n (1)
x(t) + Z Ai / Bi sPV x(s) ds = g(t, x(r)), rel.
i=1 0

(IIT) Here, we give a simple numerical example to illustrates our results
Take n =2 and T = 1, then we have

) + £ [ BB ) s 2 [ B P () ds) = gl x0), 1< (0,1

We choose the following parameters §; = 0.2, B, = 0.4, 4; = 0.1, A, = 0.3,
the delay functions ¥ (1) = 0.5¢, U»(r) = 0.2 ¢, the function

ft,u,v)=12t]—04u+0.1v and g(t,x) =0.25 + [t]+0.5 x(z),

which all of them satisfies our assumed conditions as

by =0.4,by=0.5,a,(t) =[2t] and ax(t) =0.25+ [¢]

Then we obtain x € L; (/) as

1 1
(1) + [21] — 0.008 / 5708 x(s) ds + 0.012 / Y500 x(s) ds = 0.25 + [1] +0.5x(r)
0 0

from which we can obtain x(0) = 0.5 and
Lt L
(1) = 0.5 + 0.016 / 5708 x(s) ds — 0.024 / 508 x(s)ds, 1€[0,0.5)
0 0
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1 1
x(t) = 15 + 0.016/2 5708 x(s) ds — 0.024/5 508 x(s)ds, t€[0.5,1)
0 0

and
% ;
x(1) = =15 + 0.016 / 5708 x(s) ds — 0.024 / 5706 x(s) ds.
0 0

4. Applications

(a) For the initial value problem associated with the fractal-integro-differential equation.

du (1) du (1) du du
- ﬁl*l — ﬁn*l - — _
o a [ B s e [T BBt S as) = gl ),
with

u(0) = uy.

we have the following lemma.

t€(0,T] (15)

(16)

Lemma 1 Let the assumptions of Theorem 1 (or Theorem 2) be satisfied, then the solution u € AC(J) of the problem

(15)-(16) is given by

u(t) = up + /Otx(s) ds,

where x € L (J) is the solution of (1).
Proof. Assume that % = x(t), in (15)-(16), then we can get

1
u(t) = u(0) + / x(s) ds
0
with the solution u € AC(J) of (15)-(16) represented by

ult) = up + /Otx(s) ds

where x € L;(J) denotes the solution to

(17)

(1) 4 “On (1) .
x(@) + f(tr, 4 / Bi sPi x(s) ds, ..., Ay / B sPn x(s)ds) = g(t, x(r)), telJ.
0 0
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(b) For the initial value problem of the fractal orders integro-differential equation

o) )
Do ult) + f(t, A, /0 De, u(s) ds, ., A, /O De, u(s) ds) = g(t, D u(t)),

with

u(0) = xo,
where o = min{oy, i =1, .., n} we have
=% du
D )= — — =x(t
wult) =" T =20,
then
1'% duy =% = gy a
D i t) = - = OCIOFI _— —_— = ilaiai t
a (1) o dt o o ) a; *(1)

and let 4; = %Bili*, Bi€(0,1)and B =1+ (a — o), then

* « A —a « O L «
A Do u(t) = 4 Efa Yx(t) = A atﬁ' Lx(r) = A o B;
A 1 A L

thus we get

19,'(1) 19,'(1)
k,-*/ Dg, u(s) ds = ),i/ Bi sP1 x(s) ds.
0 0

Finally, we obtain that

() Oy (1)
x(t) + f(t, M /0 B shi-1 x(s) ds, ..., Ay /0 B Pl x(s) ds) = g(t, x(1))

which is the multi-term non-linear second kind delayed Abel fractal integral equation (1) and

u(t) = u(0) + /OI(X 5% x(s) ds

which is the solution of problem (18)-(19) and can be written as

Co iporary Math tics

te(0,T]  (18)

(19)

Bi P x(r) = N Bi P x(1),

, tel
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!
u(t) = xo + / o 5% x(s) ds.
0

As aresult, we arrive at the proof of the lemma below.

Lemma 2 Assuming the conditions of Theorem 1 (or Theorem 2) hold true, then the solution u € AC(J) of the
problem (18)-(19) is given by

t
u(t) = xo + / a s* ! x(s) ds,
Jo

where x € L;(J) is the solution of (1).

5. Conclusions

In recent years, the concept of fractional calculus (differential and integral of fractional orders) has become an
important foundation in mathematics and its applications in most scientific fields, especially in modeling complex
phenomena which cannot be accurately described using classical calculus. Fractional-order Abel integral equations are
important examples of this [1].

Fractal Abel integral equations have been defined in [17]. Here, we try to present a theoretical study of the Abel
fractal integral equation, which is an analogy to the case of fractional-orders equation.

In this paper, we presented a theoretical study on the analysis of the existence and stability of solution (and the
problem itself) to the multi-term non-linear second kind delayed Abel integral equation of fractal orders (1) and properties
associated with these solutions. Our analysis confirms that there is at least one solution x € L;[0, T] of (1) by applying
Schauder fixed point Theorem. In addition, we provided sufficient conditions that ensure the solution is unique and
continuously depends on the parameters A;, 3;, i =1, 2, ..., n and on the functions f, g and the delay functions ¥, ..., O,.
Additionally, we explored the Hyers-Ulam stability of (1).

As applications, two initial value problems of multi-term fractal orders integro-differential equations have been
studied. Some examples have been given also.
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