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Abstract: The Hermite-Hadamard inequality is universally recognized as a highly influential inequality in mathematics.
Nowadays, researchers are actively engaged in exploring its various improvements, generalizations and refinements. This
article focuses on determining the results of Hermite-Hadamard-Mercer type in conticrete settings within a fractional
framework. The approach combines the ideas of majorization, convexity, and Caputo-Fabrizio fractional operators. New
weighted versions are also presented by employing certain monotonic tuples together with weighted majorized Jensen-
Mercer inequalities. In addition, an integral identity is established for a differentiable function. This identity is further
applied to obtain estimates for the discrepancy in terms related to the major result. The obtained bounds rely on the convex
nature of | f ′|, | f ′|q, (1 < q), along with power mean, Hölder, and Young’s inequalities. The paper further demonstrates
applications of the main findings to modified Bessel functions and special means. Several existing results are recovered
as special cases, while new inequalities are also established.
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1. Introduction
The theory of convexity has stood as one of the fundamental pillars of mathematical analysis for more than a century,

shaping the study of extremal problems and influencing diverse areas of pure and applied mathematics [1, 2]. Its elegant
structure and wide-ranging adaptability have made it a powerful analytical framework, equally valuable in theoretical
explorations and in addressing problems across engineering [3], economics [4], and the physical sciences [5]. Over the
years, mathematicians have explored numerous generalizations of convexity, each enriching the theory and expanding its
applicability. For example, classical convex functions and their practical implications can be found in detail in [6], while
Ostrowski type results have been extended to s-convex functions [7] and p-convex settings [8] . Further refinements
include Geometric-Arithmetic means convexity [9] and broader generalized convexity frameworks, for which modified
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integral inequalities have been established [10]. Convexity theory has also been adapted to hyperbolic geometry, leading
to Hermite-Hadamard (H-H) inequalities for hyperbolic p-convex functions [11], and has been linked to higher-order
expansions such as Steffensen’s inequality and generalized Taylor’s formula [12]. Developments in modern analysis
have connected convexity with quantum calculus, producing quantum H-H inequalities via Green’s functions [13], while
coordinate-wise convexity has been employed to derive Hadamard-type inequalities for products of s-convex functions
[14].

The strength of convexity lies not only in its own intrinsic properties but also in the way it seamlessly leads to
inequality theory. Convex functions possess geometric and analytic features such as those reflected in Jensen’s inequality
that make them a natural tool for deriving sharp bounds, estimating functional values, and establishing stability results.
This deep and inherent relationship ensures that many classical inequalities are, in essence, manifestations of convexity
principles, while newer inequalities often arise from its modern generalizations. In this sense, convexity acts as a
conceptual bridge, connecting pure mathematical structures with a vast array of applied problems.

From this foundation, inequalities emerge as a direct extension of convexity theory, growing into one of the versatile
and broadly applicable branches of analysis. Integral inequalities, in particular, have far-reaching applications: they
are instrumental in optimization theory for designing reliable algorithms, in probability and statistics for determining
expectations and bounds, in information theory and economics for modeling uncertainty, and in mathematical finance for
quantifying risk. Their relevance extends into engineering, data science, and physics, making them indispensable across
disciplines.

Among the wide range of inequalities influenced by convexity, several occupy a central place in both theoretical
development and practical application. Notably, Jensen’s inequality [15, 16], Fejer inequality [17], Slater’s inequality [18,
19], the H-H inequality [20], Ostrowski inequality [21], and majorization inequality [22], have each inspired substantial
research activity, and lead to further refinements and extensions.

Fractional calculus is a well-established branch of mathematical analysis that extends the classical notions of
differentiation and integration to arbitrary, non-integer orders [23, 24]. The concept was first introduced in 1695 by
Leibniz and L’Hopital. It sparked curiosity among mathematicians for more than three centuries. Since then, it has
evolved through the contributions of many prominent scholars. It experienced significant theoretical advancements in
the nineteenth century and attracted renewed interest in recent decades. Its remarkable versatility has led to applications
across numerous scientific and engineering domains, including geophysics [25],biology [26], mathematical analysis [27],
engineering [28], control theory [29] and medicine [30]. Fractional calculus, unlike integer-order calculus, naturally
considers memory effects and long-range dependencies. This property makes it a powerful tool for modeling processes
influenced by their past states. Furthermore, it plays a pivotal role in signal processing, particularly in the study of self-
similar and scale-invariant signals [31, 32].

One of the earliest and most influential developments in this area was the introduction of the Riemann-Liouville
fractional integrals [33], which formed the basis for subsequent extensions and generalizations. In the present day,
researchers frequently employ a variety of fractional operators, such as the Caputo [34], Hadamard [35], k-Caputo [36],
Caputo-Fabrizio [37, 38], Katugampola [39], and Atangana-Baleanu [40] formulations. These operators offer distinct
properties that aid in resolving diverse mathematical problems with greater precision and versatility.

Within this framework, the relationship between fractional calculus and convexity theory forms an active and
compelling research direction. By bridging ideas from classical calculus and modern fractional analysis, this connection
enables the formulation of models that incorporate non-local effects, thereby enriching both optimization theory and
mathematical modeling [41–44]. Fractional operators have the capacity to modify the geometric properties of functions.
As a result, they can produce generalized notions of convexity and concavity that extend beyond classical definitions
[45, 46]. The past few years have witnessed significant progress in extending the classical Hermite-Hadamard inequality
to the domian of fractional calculus, particularly through the use of fractional operators. Researchers have introduced
a variety of generalized forms, applying them to both fractional integrals and derivatives. These contributions not only
deepen the understanding of convex functions in fractional contexts but also offer directions for theoretical exploration
and practical implementation.

Researchers commonly employ generalized convexity, generalized integrals, or a combination of both to establish
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inequalities in either the continuous or discrete setting, which are recognized as the two primary categories of inequalities.
At this point, there is a growing need for concepts capable of producing inequalities that bridge the gap between these two
settings. The theory of majorization satisfies this requirement. To fulfill this requirement, Faisal et al. [47–49] recently
formulated generalized inequalities by means of the notions of convexity and majorization that unifies continuous and
discrete versions.

Majorization represents a partial order structure involving two tuples. It measures how one tuple differs from another,
or how closely the entries of one tuple approximate those of the other. This concept is useful for transforming complex
optimization problems into simpler ones that can be solved more readily [50, 51]. Modern applications of majorization
theory can be found in areas such as signal processing and communication [52, 53].

The primary aim of this work is to establish conticrete Hermite-Hadamard-Mercer inequalities by combining the
concepts of convexity, Caputo-Fabrizio fractional integral operators, and majorization theory. For specific parameter
choices, the proposed inequalities reduce to known results in the literature. In addition, the paper presents weighted
extensions of the main results, formulates integral identities, and derives further consequences of these identities using
Hölder, power mean, and Young’s inequalities. Applications of the principal findings are also provided, including those
related to Bessel functions and various special means.

The paper is structured as follows. Section 2 reviews the fundamental concepts and preliminary definitions. Section
3 establishes the two main results by employing fractional integrals, convexity, and majorization theory. In Section
4, weighted extensions of the principal findings are derived for certain monotonic tuples with the aid of majorized
weighted Jensen-Mercer results presented in Lemma 1 and Lemma 2. Section 5 introduces an integral identity for
a differentiable function, from which additional results are obtained by applying Hölder, power mean, and Young’s
inequalities. Applications of the main results to modified Bessel functions and special means are discussed in Section
6. The paper is finalized in Section 7, where conclusions are given and directions for future research are proposed.

2. Preliminaries
This section is devoted to recalling the fundamental concepts, definitions, and preliminary results required for

establishing our main findings. We begin with a discussion of the classical Jensen-Mercer inequality and the Hermite-
Hadamard inequality. The notion of majorization is then introduced, followed by the majorized form of the Jensen-
Mercer inequality. Weighted versions of the majorized Jensen-Mercer inequality for different tuples are also presented
and formulated as Lemma 1 and Lemma 2. Finally, we provide the definition of the Caputo-Fabrizio fractional integral
operator, which plays a central role in the subsequent analysis.

Jensen-Mercer Inequality ([54, 55]):
Let f represents a convex function throughout the interval [ϑ1, ϑ2] ⊆ R. Also, let yς . ∈ [ϑ1, ϑ2], and non-negative

weights σς . for ς . = 1, 2, . . . , φ . such that
φ .

∑
ς .=1

σς . = 1. Then

f
(

ϑ1 +ϑ2 −
φ .

∑
ς .=1

σς .yς .

)
≤ f (ϑ1)+ f (ϑ2)−

φ .

∑
ς .=1

σς . f (yς .).

Hermite-Hadamard Inequality ([56]):
Let f : [ϑ1, ϑ2]→ R represents a convex function. Then

f
(

ϑ1 +ϑ2

2

)
≤ 1

ϑ2 −ϑ1

∫ ϑ2

ϑ1

f (u)du ≤ f (ϑ1)+ f (ϑ2)

2
.

Majorization ([57]):
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Consider two real tuples δ = (δ1, δ2, . . . , δφ .) and γ = (γ1, γ2, . . . , γφ .), both arranged in decreasing order. Then
δ is said to majorize γ, written as γ≺ δ, if the following requirements are satisfied:

s

∑
ς .=1

δ[ς .] ≥
s

∑
ς .=1

γ[ j] (s = 1, 2, . . . , φ .−1), and
φ .

∑
ς .=1

δς . =
φ .

∑
ς .=1

γς . .

Within the setting of majorization, the Jensen-Mercer inequality admits the following extended formulation.
Theorem 1 ([58]) Let f : I → R denotes a function throughout the interval I, where f is assumed to be convex.

Consider an n×φ . matrix Y with entries yiς . ∈ I for all i = 1, 2, . . . , n and ς . = 1, 2, . . . , φ .. Also, let
• a tuple ωωω = (ω1, ω2, . . . , ωφ .) where ς . = 1, 2, . . . , φ ..

• a tuple of non-negative weights (σ1, σ2, . . . , σn) such that
n
∑

i=1
σi = 1.

Suppose further that ωωω majorizes every row of the matrix Y . Then

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

n

∑
i=1

σiyiς .

)
≤

φ .

∑
ς .=1

f (ως .)−
φ .−1

∑
ς .=1

n

∑
i=1

σi f (yiς .).

The following lemmas are employed as fundamental tools in establishing our new results [47].
Lemma 1 Let f : I →R denotes a function throughout the interval I, where f is assumed to be convex. Consider an

n×φ . matrix with entries yiς . ∈ I for all ς . = 1, 2, . . . , φ ., i = 1, 2, . . . , n. Also, let
• a tuple ωωω = (ω1, . . . , ωζ ), where ς . = 1, 2, . . . , φ ..
• a tuple of weights p = (p1, . . . , pφ .) with pς . ≥ 0, pφ . ̸= 0 for all ς . = 1, . . . , φ .. Define η = 1

pφ.
.

• a tuple of non-negative scalars σ = (σ1, σ2, . . . , σn) with
n
∑

i=1
σi = 1.

Suppose that the tuple (yi1, yi2, . . . , yiφ .) is decreasing for each i = {1, 2, . . . , n} and satisfies

s

∑
ς .=1

pς .yiς . ≤
s

∑
ς .=1

pς .ως . , (1 ≤ s ≤ φ .−1) and
φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .yiς . .

Then,

f

(
φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

n

∑
i=1

ησi pς .yiς .

)
≤

φ .

∑
ς .=1

η pς . f (ως .)−
φ .−1

∑
ς .=1

n

∑
i=1

ησi pς . f (yiς .).

Lemma 2 Let f : I →R denotes a function throughout the interval I, where f is assumed to be convex. Consider an
n×φ . matrix with entries yiς . ∈ I for all ς . = 1, 2, . . . , φ ., i = 1, 2, . . . , n. Also, let

• a tuple ωωω = (ω1, . . . , ωζ ), where ς . = 1, 2, . . . , φ ..
• a tuple of weights p = (p1, . . . , pφ .) with pς . ≥ 0, pφ . ̸= 0 for all ς . = 1, . . . , φ .. Define η = 1

pφ.
.

• a tuple of non-negative scalars σ = (σ1, σ2, . . . , σn) with
n
∑

i=1
σi = 1.

Suppose that both yiς . and (ως . −yiς .) exhibit identical monotonic behavior for each i = 1, 2, . . . , n, and
φ .

∑
ς .=1

pς .ως . =

φ .

∑
ς .=1

pς .yiς . holds. Then,
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f

(
φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

n

∑
i=1

ησi pς .yiς .

)
≤

φ .

∑
ς .=1

η pς . f (ως .)−
φ .−1

∑
ς .=1

n

∑
i=1

ησi pς . f (yiς .).

Now, we recall the definition of fractional operator which will be utilized to present the results of this paper.
Definition 1 ([37, 38]) If f ∈ H(ζ1, ζ2) where ζ1 < ζ2 and 0 ≤ α ≤ 1, the corresponding left and right Caputo-

Fabrizio fractional integrals take the form:

CF
ζ1

Iα f (r) =
1−α

B(α)
f (r)+

α

B(α)

∫ r

ζ1

f (s)ds

and

CF Iαζ2
f (r) =

1−α

B(α)
f (r)+

α

B(α)

∫ ζ2

r
f (s)ds,

where 0 < B(α) denotes a normalization function such that B(0) = B(1) = 1.

3. Main results
We formulate our new findings in the setting of Caputo-Fabrizio fractional operators, as presented below.
Theorem 2 Let f : I → R denote a function throughout the interval I, where f is assumed to be convex. Let the

tuples ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ= (ρ1, ρ2, . . . , ρφ .) and ϱ= (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ .

and ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ≺ ωωω and ϱ≺ ωωω and let 0 ≤ α≤ 1, while B(α) denotes
normalization mapping. Then

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
≤ B(α)

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF Iαφ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]

≤
φ .

∑
ς .=1

f (ως .)−
1
2

[
φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

]
.

(1)

Proof. Let 0 ≤ t ≤ 1. The proof of the desired result is carried out in the following manner:
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f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

= f

{
1
2

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . +
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}

= f

{
1
2

( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

)

+
φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))}
.

(2)

The convexity of f ensures that (2) results in the below inequality.

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤1
2

{
f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))

+ f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))}
.

By integrating over t ∈ [0, 1], we obtain

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤ 1
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)


φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

)
∫

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du+

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f (u)du

 .
(3)
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The fact that ρ≺ ωωω and ϱ≺ ωωω , leads to
φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ϱς . = ϱφ . ,

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ρς . = ρφ . . Also, taking ρφ . >ϱφ . and

doing simple calculation, we can prove that
φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1

(
ρς .+ϱς .

2

)
>

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ϱς . and

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1

(
ρς .+ϱς .

2

)
<

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ρς . . This enables us to apply the definition of Caputo-Fabrizio fractional integral operator.

Now, bymultiplying both sides of (3) by
α

φ.−1
∑

ς .=1
(ϱς .−ρς .)

B(α) and then adding 1−α
B(α) f

( φ .

∑
ς .=1

ως .−
φ .−1
∑

ς .=1
ρς .

)
+ 1−α

B(α) f
( φ .

∑
ς .=1

ως .

−
φ .−1
∑

ς .=1
ϱς .

)
, we have

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+

1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

≤1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+

α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

)
∫

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du

+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+

α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f (u)du.

=CF Iαφ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+ CF

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

Re-arrangement of the above inequality yields

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤ B(α)

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF Iαφ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
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+CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]
. (4)

This ends the first part of (1). By employing Theorem 1 with the substitutions σ1 = t
2 , σ2 = 2−t

2 , and n = 2, we
establish the second part of inequality (1) as outlined below:

f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))

≤
φ .

∑
ς .=1

f (ως .)−
(

t
2

φ .−1

∑
ς .=1

f (ρς .)+
2− t

2

φ .−1

∑
ς .=1

f (ϱς .)

) (5)

and

f
( φ .

∑
ς .=1

ως . −

(
t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))

≤
φ .

∑
ς .=1

f (ως .)−
(

t
2

φ .−1

∑
ς .=1

f (ϱς .)+
2− t

2

φ .−1

∑
ς .=1

f (ρς .)

)
.

(6)

Adding (5) and (6), we get

f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))

+ f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))

≤2
φ .

∑
ς .=1

f (ως .)−
(φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

)
.

Integrating over t ∈ [0, 1], and adopting the above mentioned procedure, we get
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CF Iαφ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+ CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

≤
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

φ .

∑
ς .=1

f (ως .)−
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)


φ .−1
∑

ς .=1
f (ρς .)+

φ .−1
∑

ς .=1
f (ϱς .)

2



+
1−α

B(α)

[
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)]
.

(7)

Now, by re-arranging (7) and then joining with (4), we get complete result of (1).
Remark 1
(i) If we substitute φ . = 2 in (1), then we get the following inequality of [59].

f
(

ω1 +ω2 −
(
ρ1 +ϱ1

2

))

≤ B(α)
(ϱ1 −ρ1)

[
CF Iα

ω1+ω2−
ρ1+ϱ1

2
f (ω1 +ω2 −ϱ1)+

CF
ω1+ω2−

ρ1+ϱ1
2

Iα f (ω1 +ω2 −ρ1)

−1−α

B(α)
[ f (ω1 +ω2 −ρ1)+ f (ω1 +ω2 −ϱ1)]

]

≤ f (ω1)+ f (ω2)−
f (ρ1)+ f (ϱ1)

2
.

(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (1), then we get the following inequality of [60].

f
(

ω1 +ω2

2

)

≤ B(α)
α(ω2 −ω1)

[
CF Iα(ω1+ω2

2

) f (ω1)+
CF(

ω1+ω2
2

)Iα f (ω2)−
1−α

B(α)
[ f (ω1)+ f (ω2)]

]
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≤ f (ω1)+ f (ω2)

2
.

We present another version of our result by employing a procedure similar to that used in the previous theorem.
Theorem 3 Let f : I → R denote a function throughout the interval I, where f is assumed to be convex. Let the

tuples ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ= (ρ1, ρ2, . . . , ρφ .) and ϱ= (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ .

and ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ≺ ωωω and ϱ≺ ωωω and let 0 ≤ α≤ 1, while B(α) denotes
a normalization mapping. Then

f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤ B(α)

2α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF( φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ϱς .
)Iα f

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

+CF Iα( φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ρς .
) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]

≤1
2

[
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)]

≤
φ .

∑
ς .=1

f (ως .)−
1
2

(φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

)
.

(8)

Proof. It can be written as:

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

= f

{
1
2

{
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . +
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

}}
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= f

{
1
2

{
t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)}}
. (9)

The convexity of f ensures that (9) results in the below inequality.

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤1
2

{
f

{
t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}

+ f

{
t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)}}
.

(10)

On multiplying (10) with
α

φ.−1
∑

ς .=1
(ϱς .−ρς .)

B(α) and subsequently integrating with respect to t on [0, 1], we obtain

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
2B(α)

[∫ 1

0
f

(
t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

))
dt

+
∫ 1

0
f

(
t
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t)

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

))
dt

]

By making a suitable substitution, we have
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α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
2B(α)


φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)
du

φ .−1
∑

ς .=1

(
ϱς . −ρς .

) +
φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)
du

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)


2α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤ α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du+
α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du

(11)

By adding 1−α
B(α) f

( φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ρς .

)
+ 1−α

B(α) f
( φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ϱς .

)
to both sides of (11), we get

2α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
+

1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

≤1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+

α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du

+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+

α

B(α)

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du

(12)
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To proceed with the application of Caputo-Fabrizio fractional operators in (12), first we show that

φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς . <
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . .

Since ρ≺ωωω and ϱ≺ωωω . Therefore
φ .−1
∑

ς .=1
ϱς .−

φ .−1
∑

ς .=1
ρς . = ρφ .−ϱφ . . By using the assumption ρφ . >ϱφ . ⇒ ρφ .−ϱφ . > 0,

we get −
φ .−1
∑

ς .=1
ϱς . <−

φ .−1
∑

ς .=1
ρς . . Now, adding

φ .

∑
ς .=1

ως . to both sides, we get

φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς . <
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . .

Now, (12) implies

f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

≤ B(α)

2α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF( φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ϱς .
)Iα f

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

+CF Iα( φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ρς .
) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]

(13)

Hence, the first part of the inequality (8) is established. The derivation of the remaining part of this inequality is an
outcome ensured whenever f exhibits convexity as given below:

f

(
t

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t)

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

))

≤t f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t) f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

) (14)

and
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f

(
t

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t)

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

))

≤t f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t) f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
.

(15)

By adding (14) and (15) and by setting σ1 = 1 and n = 1 in Theorem 1, it follows that

f

(
t

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+(1− t)

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

))

+ f

(
t

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
+(1− t)

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

))

≤ f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f

(
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

≤2
φ .

∑
ς .=1

f (ως .)−

(
φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

)
.

Integrating over t ∈ [0, 1], and adopting the above mentioned procedure, we get

CF( φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .
)Iα f

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ CF Iα( φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .
) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

≤
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

(
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

))

+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+

1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

≤
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

(
2

φ .

∑
ς .=1

f (ως .)−
(φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

))
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+
1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+

1−α

B(α)
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
.

Re-arrangement of the above inequality, gives

B(α)

2α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF( φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ϱς .
)Iα f

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

+CF Iα( φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ρς .
) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]

≤1
2

[
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)]

≤
φ .

∑
ς .=1

f (ως .)−
1
2

(φ .−1

∑
ς .=1

f (ρς .)+
φ .−1

∑
ς .=1

f (ϱς .)

)
.

(16)

Now, by combining (13) and (16), we get complete result of the inequality (8).
Remark 2
(i) For φ . = 2, in (8), we get the following inequality, which is a new addition to the literature.

f
(

ω1 +ω2 −
ρ1 +ϱ1

2

)

≤ B(α)

2α
φ .−1
∑

ς .=1

(
ϱ1 −ρ1

) ×
[

CF(
ω1+ω2−ρ1

)Iα f
(
ω1 +ω2 −ρ1

)
+CF Iα(

ω1+ω2−ρ1

) f
(
ω1 +ω2 −ϱ1

)

−1−α

B(α)

{
f
(
ω1 +ω2 −ρ1

)
+ f
(
ω1 +ω2 −ϱ1

)}]

≤1
2
[

f
(
ω1 +ω2 −ρ1

)
+ f
(
ω1 +ω2 −ϱ1

)]
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≤ f (ω1)+ f (ω2)−
1
2
(

f (ρ1)+ f (ϱ1)
)
.

(ii) For φ . = 2, ρ1 = ω1, and ϱ1 = ω2 in (8), we get the following inequality which is also a new addition to the
literature.

f
(

ω1 +ω2

2

)

≤ B(α)

2α
φ .−1
∑

ς .=1

(
ω2 −ω1

)
[

CF
ω1

Iα f (ω2)+
CF Iαω2

f (ω1)−
1−α

B(α)
{ f (ω1)+ f (ω2)}

]

≤1
2
[ f (ω1)+ f (ω2)] .

4. Weighted extentions of the principal results
Theorem 4 Let f : I →R denote a function throughout the interval I, where f is assumed to be convex. Let the tuples

ωωω, ρ, ϱ, ppp∈ Iφ . be defined byωωω = (ω1, ω2, . . . , ωφ .), ρ= (ρ1, ρ2, . . . , ρφ .), ϱ= (ϱ1, ϱ2, . . . , ϱφ .), and ppp= (p1, p2 . . . , pφ .)

with ρφ . >ϱφ . and ως . , ρς . , ϱς . , pς . ∈ I, pς . ≥ 0, pφ . ̸= 0 for all ς . = 1, 2, . . . , φ ., η = 1
pφ.

. Suppose further that 0 ≤α≤ 1,
B(α) denotes normalization mapping, and the tuples ρ, ϱ are decreasing which satisfy

s

∑
ς .=1

pς .ρς . ≤
s

∑
ς .=1

pς .ως . ,
s

∑
ς .=1

pς .ϱς . ≤
s

∑
ς .=1

pς .ως . , (1 ≤ s ≤ φ .−1),

and

φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ρς . ,
φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ϱς . .

Then,

f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

≤ B(α)

α
φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)
CF Iαφ.

∑
ς .=1

η pς .ως .−η
φ .−1

∑
ς .=1

(
pς .ρς .+pς .ϱς .

2

) f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)

Contemporary Mathematics 404 | Tareq Saeed



+CF
φ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)Iα f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)
+ f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)}]

≤
φ .

∑
ς .=1

η pς . f (ως .)−
1
2

[
φ .−1

∑
ς .=1

η pς . f (ρς .)+
φ .−1

∑
ς .=1

η pς . f (ϱς .)

]
. (17)

Proof. Let 0 ≤ t ≤ 1. The establishment of the desired outcome is carried out in the following manner:

f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

= f

{
1
2

( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς . +
φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)}

= f

{
1
2

( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ρς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ϱς .

)

+
φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ϱς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ρς .

))}
.

(18)

The convexity of f ensures that (18) results in the below inequality

f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

≤1
2

{
f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ρς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ϱς .

))

+ f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ϱς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ρς .

))}
.

By integrating over t ∈ [0, 1], we obtain
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f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

≤ 1
φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)

×


φ.

∑
ς .=1

η pς .ως .−η
φ .−1

∑
ς .=1

( pς .ρς .+pς .ϱς .
2

)
∫

φ.
∑

ς .=1
η pς .ως .−

φ.−1
∑

ς .=1
η pς .ϱς .

f (u)du+

φ.

∑
ς .=1

η pς .ως .−
φ.−1

∑
ς .=1

η pς .ρς .∫
φ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

( pς .ρς .+pς .ϱς .
2

) f (u)du

 .

(19)

The fact that
φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ρς . ,
φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ϱς . , leads to
φ .−1
∑

ς .=1
pς .ϱς . −

φ .−1
∑

ς .=1
pς .ρς . = pφ .ρφ . − pφ .ϱφ . .

Also, taking into account pφ . ̸= 0 and ρφ . > ϱφ . and doing simple calculation, we can prove that
φ .

∑
ς .=1

η pς .ως . −

η
φ .−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)
>

φ .

∑
ς .=1

η pς .ως .−
φ .−1
∑

ς .=1
η pς .ϱς . and

φ .

∑
ς .=1

η pς .ως .−η
φ .−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)
<

φ .

∑
ς .=1

η pς .ως .−
φ .−1
∑

ς .=1
η pς .ρς . .

This enables us to apply the definition of Caputo-Fabrizio fractional integral operator.

Now, by multiplying (19) with
α

φ.−1
∑

ς .=1
(η pς .ϱς .−η pς .ρς .)

B(α) and then adding 1−α
B(α) f

( φ .

∑
ς .=1

η pς .ως . −
φ .−1
∑

ς .=1
η pς .ρς .

)
+

1−α
B(α) f

( φ .

∑
ς .=1

η pς .ως . −
φ .−1
∑

ς .=1
η pς .ϱς .

)
, we have

α
φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)
B(α)

f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

+
1−α

B(α)
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)
+

1−α

B(α)
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)

≤1−α

B(α)
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)
+

α

B(α)

φ.

∑
ς .=1

η pς .ως .−η
φ.−1

∑
ς .=1

(
pς .ρς .+pς .ϱς .

2

)
∫

φ.
∑

ς .=1
η pς .ως .−

φ.−1
∑

ς .=1
η pς .ϱς .

f (u)du
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+
1−α

B(α)
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)
+

α

B(α)

φ.

∑
ς .=1

η pς .ως .−
φ.−1

∑
ς .=1

η pς .ρς .∫
φ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

) f (u)du.

=CF Iαφ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

) f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)

+ CF
φ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)Iα f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)

Re-arrangement of the above inequality yields

f

(
φ .

∑
ς .=1

η pς .ως . −η
φ .−1

∑
ς .=1

(
pς .ρς . + pς .ϱς .

2

))

≤ B(α)

α
φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)
CF Iαφ.

∑
ς .=1

η pς .ως .−η
φ .−1

∑
ς .=1

(
pς .ρς .+pς .ϱς .

2

) f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)

+CF
φ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)Iα f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)
+ f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)}]
.

(20)

This ends the first part of (17). Next, by using Lemma 1 with the choices σ1 =
t
2 , n = 2, and σ2 =

2−t
2 , we derive

the second portion of the inequality (17) in the subsequent way:

f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ρς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ϱς .

))

≤
φ .

∑
ς .=1

η pς . f (ως .)−
(

t
2

φ .−1

∑
ς .=1

η pς . f (ρς .)+
2− t

2

φ .−1

∑
ς .=1

η pς . f (ϱς .)

) (21)

and
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f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ϱς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ρς .

))

≤
φ .

∑
ς .=1

η pς . f (ως .)−
(

t
2

φ .−1

∑
ς .=1

η pς . f (ϱς .)+
2− t

2

φ .−1

∑
ς .=1

η pς . f (ρς .)

)
.

(22)

Adding (21) and (22), we get

f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ρς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ϱς .

))

+ f
( φ .

∑
ς .=1

η pς .ως . −
(

t
2

φ .−1

∑
ς .=1

η pς .ϱς . +
2− t

2

φ .−1

∑
ς .=1

η pς .ρς .

))

≤2
φ .

∑
ς .=1

η pς . f (ως .)−
(φ .−1

∑
ς .=1

η pς . f (ρς .)+
φ .−1

∑
ς .=1

η pς . f (ϱς .)

)
.

Integrating over t ∈ [0, 1], and adopting the above mentioned procedure, we get

CF Iαφ.
∑

ς .=1
η pς .ως .−η

φ.−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

) f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)

+ CF
φ.
∑

ς .=1
η pς .ως .−η

φ .−1
∑

ς .=1

(
pς .ρς .+pς .ϱς .

2

)Iα f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)

≤
α

φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)
B(α)

φ .

∑
ς .=1

η pς . f (ως .)

−
α

φ .−1
∑

ς .=1

(
η pς .ϱς . −η pς .ρς .

)
B(α)


φ .−1
∑

ς .=1
η pς . f (ρς .)+

φ .−1
∑

ς .=1
η pς . f (ϱς .)

2



+
1−α

B(α)

[
f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ρς .

)
+ f
( φ .

∑
ς .=1

η pς .ως . −
φ .−1

∑
ς .=1

η pς .ϱς .

)]
.

(23)
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Now, by re-arranging (23) and then joining with (20), we get complete result of (17).
Using Lemma 2, we deduce the following result.
Theorem 5 Let f : I →R denote a function throughout the interval I, where f is assumed to be convex. Let the tuples

ωωω, ρ, ϱ, ppp∈ Iφ . be defined byωωω = (ω1, ω2, . . . , ωφ .), ρ= (ρ1, ρ2, . . . , ρφ .), ϱ= (ϱ1, ϱ2, . . . , ϱφ .), and ppp= (p1, p2 . . . , pφ .)

with ρφ . >ϱφ . and ως . , ρς . , ϱς . , pς . ∈ I, pς . ≥ 0, pφ . ̸= 0 for all ς . = 1, 2, . . . , φ ., η = 1
pφ.

. Suppose further that 0 ≤α≤ 1,
B(α) represents normalization mapping, and the tuples ρ, ωωω −ρ, ϱ and ωωω −ϱ exhibit identical monotonic behavior and
satisfying

φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ρς . ,
φ .

∑
ς .=1

pς .ως . =
φ .

∑
ς .=1

pς .ϱς . .

Then, inequality (17) holds.
Proof. Lemma 2, when applied with the procedure utilized in Theorem 4, one can establishes (17).
Remark 3 We can also obtain weighted extensions of Theorem 3 by utilizing Lemma 1 and Lemma 2.

5. Key integral identity and bounds for the gap of the major results
5.1 Formulation of the core integral identity

Lemma 3 Let f : I →R represents a differentiable function whose domain is in the interval I. Let the tuplesωωω, ρ, ϱ∈
Iφ . be defined byωωω = (ω1, ω2, . . . , ωφ .), ρ= (ρ1, ρ2, . . . , ρφ .) and ϱ= (ϱ1, ϱ2, . . . , ϱφ .)with ρφ . >ϱφ . andως . , ρς . , ϱς . ∈ I
for all ς . = 1, 2, . . . , φ .. Suppose further that 0 ≤ α≤ 1, B(α) represents normalization mapping and f ′ ∈ L(I). Then

ζ (ως . , ρς . , ϱς . , f ) =

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
4

[∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))
dt

−
∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))
dt

]
,

(24)

where

ζ (ως . , ρς . , ϱς . , f ) =
B(α)

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF Iαφ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]
− f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
.
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Proof. With the goal of achieving the desired outcome, we begin by assuming that

K =
∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))
dt

−
∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))
dt

=K1 −K2

(25)

By using Integration by parts, we determine K1 and K2 as follows:

K1 =
∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ϱς . +
2− t

2

φ .−1

∑
ς .=1

ρς .

))
dt

=t

f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1
∑

ς .=1
ϱς . +

2−t
2

φ .−1
∑

ς .=1
ρς .

))
− 1

2

φ .−1
∑

ς .=1

(
ϱς . −ρς .

) ∣∣∣∣∣
1

0

+
2

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)

×
∫ 1

0
f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))
dt

K1 =
−2

φ .−1
∑

ς .=1

(
ϱς . −ρς .

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

+
4(φ .−1

∑
ς .=1

(
ϱς . −ρς .

))2

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f (u)du (26)

And

Contemporary Mathematics 410 | Tareq Saeed



K2 =
∫ 1

0
t f ′
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))
dt

=t

f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1
∑

ς .=1
ρς . +

2−t
2

φ .−1
∑

ς .=1
ϱς .

))
1
2

φ .−1
∑

ς .=1

(
ϱς . −ρς .

) ∣∣∣∣∣
1

0

− 2
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)

×
∫ 1

0
f
( φ .

∑
ς .=1

ως . −
(

t
2

φ .−1

∑
ς .=1

ρς . +
2− t

2

φ .−1

∑
ς .=1

ϱς .

))
dt

K2 =
2

φ .−1
∑

ς .=1

(
ϱς . −ρς .

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

− 4(φ .−1
∑

ς .=1

(
ϱς . −ρς .

))2

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

)
∫

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du (27)

By subtracting (27) from (26), we have

K1 −K2 =
4(φ .−1

∑
ς .=1

(
ϱς . −ρς .

))2


φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

)
∫

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du+

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f (u)du



− 4
φ .−1
∑

ς .=1

(
ϱς . −ρς .

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
(28)

On multiplying (28) with

φ.−1
∑

ς .=1

(
ϱς .−ρς .

)
4 , we deduce
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φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
4

(K1 −K2)

=
1

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)


φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

)
∫

φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1
ϱς .

f (u)du+

φ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

ρς .∫
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f (u)du



− f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

(29)

By multiplying (29) with
α

φ.−1
∑

ς .=1

(
ϱς .−ρς .

)
B(α) and then adding 1−α

B(α) f
( φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ρς .

)
+ 1−α

B(α) f
( φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1
ϱς .

)
,

we get

α

(φ .−1
∑

ς .=1

(
ϱς . −ρς .

))2

4B(α)
(K1 −K2)+

1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}

=CF Iαφ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+ CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

−
α

φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
B(α)

f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

(30)

Through multiplication of (30) with B(α)

α
φ.−1

∑
ς .=1

(
ϱς .−ρς .

) , we achieve
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φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
4

(K1 −K2)

=
B(α)

α
φ .−1
∑

ς .=1

(
ϱς . −ρς .

)
CF Iαφ.

∑
ς .=1

ως .−
φ.−1

∑
ς .=1

(
ρς .+ϱς .

2

) f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

+CF
φ.
∑

ς .=1
ως .−

φ.−1
∑

ς .=1

(
ρς .+ϱς .

2

)Iα f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)

−1−α

B(α)

{
f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
+ f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}]

− f
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))

(31)

Now, by inserting (31) in (25), we acquire (24).
Remark 4 (i) If we substitute φ . = 2 in (24), then we get the following equality of [59].

B(α)
α(ϱ1 −ρ1)

[
CF Iα

ω1+ω2−
ρ1+ϱ1

2
f (ω1 +ω2 −ϱ1)+

CF
ω1+ω2−

ρ1+ϱ1
2

Iα f (ω1 +ω2 −ρ1)

−1−α

B(α)
[ f (ω1 +ω2 −ρ1)+ f (ω1 +ω2 −ϱ1)]

]
− f

(
ω1 +ω2 −

ρ1 +ϱ1

2

)

=
ϱ1 −ρ1

4

[∫ 1

0
t f ′
(

ω1 +ω2 −
(

t
2
ϱ1 +

2− t
2

ρ1

))
dt

−
∫ 1

0
t f ′
(

ω1 +ω2 −
(

t
2
ρ1 +

2− t
2

ϱ1

))
dt
]

(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (24), then we get the following equality of [60].

B(α)
α(ω2 −ω1)

[
CF Iαω1+ω2

2
f (ω1)+

CF
ω1+ω2

2
Iα f (ω2)−

1−α

B(α)
[ f (ω2)+ f (ω1)]

]
− f

(
ω1 +ω2

2

)

=
ω2 −ω1

4

[∫ 1

0
t f ′
(

t
2

ω1 +
2− t

2
ω2

)
dt −

∫ 1

0
t f ′
(

t
2

ω2 +
2− t

2
ω1

)
dt
]
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5.2 Estimates based on the integral identity

Now, employing Lemma 3, we obtain the subsequent findings:
Theorem 6 Let f : I → R represents a differentiable function whose domain is in the interval I. Let the tuples

ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ = (ρ1, ρ2, . . . , ρφ .) and ϱ = (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ . and
ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ≺ ωωω and ϱ≺ ωωω , | f ′| is convex function, 0 ≤ α≤ 1, and
B(α) denotes normalization mapping. Then

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[
φ .

∑
ς .=1

| f ′(ως .)|−
1
2

{
φ .−1

∑
ς .=1

| f ′(ρς .)|+
φ .−1

∑
ς .=1

| f ′(ϱς .)|

}]
. (32)

Proof. Applying the modulus to Lemma 3, we obtain

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣=
∣∣∣∣∣∣∣∣∣

φ .−1
∑

ς .=1
(ϱς . −ρς .)

4

[∫ 1

0
t f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))
dt

−
∫ 1

0
t f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))
dt

]∣∣∣∣∣ .
(33)

By employing property of modulus in (33), we get

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣dt

+
∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣dt

] (34)

Using Theorem 1 for the choices σ1 =
2−t

2 , n = 2 and σ2 =
t
2 in (34), we get

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[∫ 1

0
t

(
φ .

∑
ς .=1

| f ′(ως .)|−
(

2− t
2

φ .−1

∑
ς .=1

| f ′(ρς .)|+
t
2

φ .−1

∑
ς .=1

| f ′(ϱς .)|
))

dt

+
∫ 1

0
t

(
φ .

∑
ς .=1

| f ′(ως .)|−
(

2− t
2

φ .−1

∑
ς .=1

| f ′(ϱς .)|+
t
2

φ .−1

∑
ς .=1

| f ′(ρς .)|
))

dt

]
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=

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

×

[(∫ 1

0
tdt
) φ .

∑
ς .=1

| f ′(ως .)|−
(∫ 1

0

(
t − t2

2

)
dt
)φ .−1

∑
ς .=1

| f ′(ρς .)|−
(∫ 1

0

t2

2
dt
)φ .−1

∑
ς .=1

| f ′(ϱς .)|

+

(∫ 1

0
tdt
) φ .

∑
ς .=1

| f ′(ως .)|−
(∫ 1

0

(
t − t2

2

)
dt
)φ .−1

∑
ς .=1

| f ′(ϱς .)|−
(∫ 1

0

t2

2
dt
)φ .−1

∑
ς .=1

| f ′(ρς .)|

]
(35)

Since,

∫ 1

0
tdt =

1
2
,
∫ 1

0

(
t − t2

2

)
dt =

1
3
,
∫ 1

0

t2

2
dt =

1
6
.

Therefore, (35) implies

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[
φ .

∑
ς .=1

| f ′(ως .)|−
1
2

{
φ .−1

∑
ς .=1

| f ′(ρς .)|+
φ .−1

∑
ς .=1

| f ′(ϱς .)|

}]
.

This finishes the proof.
Remark 5
(i) If we substitute φ . = 2 in (32), then we get Theorem 4.1 of [59].
(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (32), then we get Theorem 5 of [60].
Theorem 7 Let f : I → R represents a differentiable function whose domain is in the interval I. Let the tuples

ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ = (ρ1, ρ2, . . . , ρφ .) and ϱ = (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ . and
ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ≺ ωωω and ϱ≺ ωωω , q > 1 such that 1

p +
1
q = 1, | f ′|q is convex

function, 0 ≤ α≤ 1, and B(α) represents normalization mapping. Then

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4(p+1)
1
p

[( φ .

∑
ς .=1

| f ′(ως .)|q −
1
4

(
3

φ .−1

∑
ς .=1

| f ′(ρς .)|q +
φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)) 1

q

+

( φ .

∑
ς .=1

| f ′(ως .)|q −
1
4

(
3

φ .−1

∑
ς .=1

| f ′(ϱς .)|q +
φ .−1

∑
ς .=1

| f ′(ρς .)|q
)) 1

q
]
.

(36)

Proof. Lemma 3, when used together with the modulus property, gives
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∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣dt

+
∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣dt

]

By employing Hölder inequality, we get

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[(∫ 1

0
t pdt

) 1
p
(∫ 1

0

∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣qdt
) 1

q

+

(∫ 1

0
t pdt

) 1
p
(∫ 1

0

∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣qdt
) 1

q
]

(37)

Utilizing Theorem 1 for the case n = 2 with σ1 =
2−t

2 and σ2 =
t
2 in (37) in light of the convexity of | f ′|q, we achieve

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1

p+1

) 1
p

×

(∫ 1

0

( φ .

∑
ς .=1

| f ′(ως .)|q −
2− t

2

φ .−1

∑
ς .=1

| f ′(ρς .)|q −
t
2

φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)

dt

) 1
q

+

(∫ 1

0

( φ .

∑
ς .=1

| f ′(ως .)|q −
2− t

2

φ .−1

∑
ς .=1

| f ′(ϱς .)|q −
t
2

φ .−1

∑
ς .=1

| f ′(ρς .)|q
)

dt

) 1
q
 .

(38)

Since,

∫ 1

0

(
2− t

2

)
dt =

3
4
,
∫ 1

0

t
2

dt =
1
4
.
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Therefore, (38) implies

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4(p+1)
1
p

[( φ .

∑
ς .=1

| f ′(ως .)|q −
1
4

(
3

φ .−1

∑
ς .=1

| f ′(ρς .)|q +
φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)) 1

q

+

( φ .

∑
ς .=1

| f ′(ως .)|q −
1
4

(
3

φ .−1

∑
ς .=1

| f ′(ϱς .)|q +
φ .−1

∑
ς .=1

| f ′(ρς .)|q
)) 1

q
]
.

Thus, the desired result has been proven.
Remark 6
(i) If we substitute φ . = 2 in (36), then we get Theorem 4.2 of [59].
(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (36), then we get Theorem 6 of [60].
Theorem 8 Let f : I → R represents a differentiable function whose domain is in the interval I. Let the tuples

ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ = (ρ1, ρ2, . . . , ρφ .) and ϱ = (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ .

and ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ ≺ ωωω and ϱ ≺ ωωω , | f ′|q, (1 < q) is convex function,
0 ≤ α≤ 1, and B(α) denotes normalization mapping. Then

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q
[(

1
2

φ .

∑
ς .=1

| f ′(ως .)|q −
1
6

(φ .−1

∑
ς .=1

| f ′(ϱς .)|q +2
φ .−1

∑
ς .=1

| f ′(ρς .)|q
)) 1

q

+

(
1
2

φ .

∑
ς .=1

| f ′(ως .)|q −
1
6

(φ .−1

∑
ς .=1

| f ′(ρς .)|q +2
φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)) 1

q
]
.

(39)

Proof. Lemma 3, when used together with the modulus property, gives

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣dt

+
∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣dt

]

By employing power mean inequality in the above integral, we get
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∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[(∫ 1

0
tdt
)1− 1

q
(∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣qdt
) 1

q

+

(∫ 1

0
tdt
)1− 1

q
(∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣qdt
) 1

q
]

(40)

Utilizing Theorem 1 for the case n = 2 with σ1 =
2−t

2 and σ2 =
t
2 in (40) in light of the convexity of | f ′|q, we achieve

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q

×

(∫ 1

0
t
( φ .

∑
ς .=1

| f ′(ως .)|q −
2− t

2

φ .−1

∑
ς .=1

| f ′(ρς .)|q −
t
2

φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)

dt

) 1
q

+

(∫ 1

0
t
( φ .

∑
ς .=1

| f ′(ως .)|q −
2− t

2

φ .−1

∑
ς .=1

| f ′(ϱς .)|q −
t
2

φ .−1

∑
ς .=1

| f ′(ρς .)|q
)

dt

) 1
q


=

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q
[(

φ .

∑
ς .=1

| f ′(ως .)|q
∫ 1

0
tdt −

∫ 1

0

(
t
2− t

2

)
dt

φ .−1

∑
ς .=1

| f ′(ρς .)|q

−
∫ 1

0

t2

2
dt

φ .−1

∑
ς .=1

| f ′(ϱς .)|qdt

) 1
q

+

(∫ 1

0
tdt

φ .

∑
ς .=1

| f ′(ως .)|q

−
∫ 1

0

(
t
2− t

2

)
dt

φ .−1

∑
ς .=1

| f ′(ϱς .)|q −
∫ 1

0

t2

2

φ .−1

∑
ς .=1

| f ′(ρς .)|qdt

) 1
q
]
.

(41)

Since,

Contemporary Mathematics 418 | Tareq Saeed



∫ 1

0
tdt =

1
2
,
∫ 1

0

(
t
2− t

2

)
dt =

1
3
,
∫ 1

0

t2

2
dt =

1
6
.

Therefore, (41) implies

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q

×

[(
1
2

φ .

∑
ς .=1

| f ′(ως .)|q −
1
6

(φ .−1

∑
ς .=1

| f ′(ϱς .)|q +2
φ .−1

∑
ς .=1

| f ′(ρς .)|q
)) 1

q

+

(
1
2

φ .

∑
ς .=1

| f ′(ως .)|q −
1
6

(φ .−1

∑
ς .=1

| f ′(ρς .)|q +2
φ .−1

∑
ς .=1

| f ′(ϱς .)|q
)) 1

q
]
.

Thus, the desired result has been proven.
Remark 7
(i) If we substitute φ . = 2 in (39), then we get Theorem 4.3 of [59].
(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (39), then we get Theorem 7 of [60].
Theorem 9 Let f : I → R represents a differentiable function whose domain is in the interval I. Let the tuples

ωωω, ρ, ϱ ∈ Iφ . be defined by ωωω = (ω1, ω2, . . . , ωφ .), ρ = (ρ1, ρ2, . . . , ρφ .) and ϱ = (ϱ1, ϱ2, . . . , ϱφ .) with ρφ . > ϱφ . and
ως . , ρς . , ϱς . ∈ I for all ς . = 1, 2, . . . , φ .. Suppose further that ρ≺ ωωω and ϱ≺ ωωω , q > 1 such that 1

p +
1
q = 1, | f ′|q is convex

function, 0 ≤ α≤ 1, and B(α) denotes normalization mapping. Then

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

×

 2
p(p+1)

+

2
φ .

∑
ς .=1

| f ′(ως .)|q

q
−

φ .−1
∑

ς .=1
| f ′(ϱς .)|q +

φ .−1
∑

ς .=1
| f ′(ρς .)|q

q

 .
(42)

Proof. Employing Lemma 3, and property of modulus, we obtain
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∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

[∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣dt

+
∫ 1

0
t
∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣dt

]

By employing Young’s inequality in the above integral, we get

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

×

[(
1
p

∫ 1

0
t pdt +

1
q

∫ 1

0

∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ρς . +
t
2

φ .−1

∑
ς .=1

ϱς .

))∣∣∣∣qdt
)

+

(
1
p

∫ 1

0
t pdt +

1
q

∫ 1

0

∣∣∣∣ f ′
(

φ .

∑
ς .=1

ως . −
(

2− t
2

φ .−1

∑
ς .=1

ϱς . +
t
2

φ .−1

∑
ς .=1

ρς .

))∣∣∣∣qdt
)]

(43)

Utilizing Theorem 1 for the case n = 2 with σ1 =
2−t

2 and σ2 =
t
2 in (43) in light of the convexity of | f ′|q, we achieve

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

×

[(
1

p(p+1)
+

1
q

( φ .

∑
ς .=1

| f ′(ως .)|q −
∫ 1

0

(
2− t

2

)
dt

φ .−1

∑
ς .=1

| f ′(ρς .)|q

−
∫ 1

0

t
2

dt
φ .−1

∑
ς .=1

| f ′(ϱς .)|q
))

+

(
1

p(p+1)
+

1
q

( φ .

∑
ς .=1

| f ′(ως .)|q

−
∫ 1

0

(
2− t

2

)
dt

φ .−1

∑
ς .=1

| f ′(ϱς .)|q −
∫ 1

0

t
2

dt
φ .−1

∑
ς .=1

| f ′(ρς .)|q
))]

(44)

Since,

∫ 1

0

(
2− t

2

)
dt =

3
4
,
∫ 1

0

t
2

dt =
1
4
.
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Therefore, (44) implies

∣∣ζ (ως . , ρς . , ϱς . , f )
∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

 2
p(p+1)

+

2
φ .

∑
ς .=1

| f ′(ως .)|q

q
−

φ .−1
∑

ς .=1
| f ′(ϱς .)|q +

φ .−1
∑

ς .=1
| f ′(ρς .)|q

q

 .

The desired result has been successfully proved.
Remark 8
(i) If we substitute φ . = 2 in (42), then we get Theorem 4.4 of [59].
(ii) If we substitute φ . = 2, ρ1 = ω1, ϱ1 = ω2 in (42), then we get Theorem 8 of [60].

6. Applications of the main results
6.1 Modified bessel functions

Modified Bessel functions arise naturally in various physical and engineering contexts, especially in solving
differential equations involving cylindrical or spherical symmetry. These functions, known for their smooth behavior
and exponential growth, serve as essential tools in applied mathematics, including problems related to heat conduction,
wave propagation, and statistical distributions. Their intrinsic connection with convexity properties makes them a fertile
ground for analytical investigations through inequalities. Motivated by this, we now demonstrate the applicability of
our newly established results, which are derived through the connection between convex functions and the concept of
majorization. These results provide broader and more refined inequalities that yield meaningful estimates for special
functions. In particular, we illustrate how our generalized framework can be applied to the modified Bessel functions,
demonstrating both the versatility and analytical power of our approach.

Watson [61] defined the function Jν : R→ ∞ as

Jν(x) =2xΓ(ν +1)x−ν Iν(x), x ∈ R,

and the modified Bessel function of the first kind as

Iν(x) =
∞

∑
j=0

(x/2)ν+2 j

j!Γ(ν + j+1)
.

Employing the above two functions, one can obtain the following:

J′ν(x) =
x

2(ν +1)
Jν+1(x),

J′′ν (x) =
1

4(ν +1)

[
x2

ν +2
Jν+2(x)+2Jν+1(x)

]
.
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In what follows, the derivatives of first and second order obtained earlier will be applied to deduce the results:
Example 1 By choosing f (x) = J

′
ν(x) and substituting the two preceding identities into Theorem 6 while using the

assumptions α= 1, and B(α) = 1, we establish the following outcome.

∣∣∣∣∣∣∣∣∣
1

φ .−1
∑

ς .=1
(ϱς . −ρς .)

[{
Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
− Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}

−

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1

(
ρς .+ϱς .

2

)
2(ν +1)

Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
∣∣∣∣∣∣∣∣∣

≤

φ .−1
∑

ς .=1
(ϱς . −ρς .)

4

[
φ .

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

( ω2
ς .

ν +2
Jν+2(ως .)+2Jν+1(ως .)

)∣∣∣∣∣
−1

2

{
φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ρ2

ς .

ν +2
Jν+2(ρς .)+2Jν+1(ρς .)

)∣∣∣∣∣
+

φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ϱ2

ς .

ν +2
Jν+2(ϱς .)+2Jν+1(ϱς .)

)∣∣∣∣∣
}]

.

Example 2 By choosing f (x) = J
′
ν(x) and substituting the two preceding identities into Theorem 7 while using the

assumptions α= 1, and B(α) = 1, we obtain the subsequent result.

∣∣∣∣∣∣∣∣∣
1

φ .−1
∑

ς .=1
(ϱς . −ρς .)

[{
Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς .

)
− Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)}

−

φ .

∑
ς .=1

ως . −
φ .−1
∑

ς .=1

(
ρς .+ϱς .

2

)
2(ν +1)

Jν

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

(
ρς . +ϱς .

2

))
∣∣∣∣∣∣∣∣∣

≤

φ .−1
∑

ς .=1
(ϱς . −ρς .)

4(p+1)
1
p

[
A

1
q +B

1
q
]
,
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where,

A =
φ .

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

( ω2
ς .

ν +2
Jν+2(ως .)+2Jν+1(ως .)

)∣∣∣∣∣
q

−

(
3
4

φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ρ2

ς .

ν +2
Jν+2(ρς .)+2Jν+1(ρς .)

)∣∣∣∣∣
q

+
1
4

φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ϱ2

ς .

ν +2
Jν+2(ϱς .)+2Jν+1(ϱς .)

)∣∣∣∣∣
q)

,

and

B =
φ .

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

( ω2
ς .

ν +2
Jν+2(ως .)+2Jν+1(ως .)

)∣∣∣∣∣
q

−

(
1
4

φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ρ2

ς .

ν +2
Jν+2(ρς .)+2Jν+1(ρς .)

)∣∣∣∣∣
q

+
3
4

φ .−1

∑
ς .=1

∣∣∣∣∣ 1
4(ν +1)

(
ϱ2

ς .

ν +2
Jν+2(ϱς .)+2Jν+1(ϱς .)

)∣∣∣∣∣
q)

.

The presented examples illustrate how the inequalities established in Theorem 6 and Theorem 7 can be specialized
to yield concrete bounds for the Bessel function of the first kind. In particular, by selecting f (x) = J′ν(x), the imposed
differentiability and convexity conditions are satisfied, thereby enabling a direct application of the general results. The
derived inequalities furnish explicit upper bounds for differences of Bessel functions in terms of their higher-order
counterparts Jν+1 and Jν+2. These findings demonstrate the applicability of our theoretical framework to special functions
that arise frequently in applied mathematics, especially in contexts such as wave propagation and signal analysis.

6.2 Applications to special means
Arithmetic mean:

A(ζ1, ζ2) =
ζ1 +ζ2

2
, ζ1, ζ2 ∈ R,

Logarithmic mean:

L̄(ζ1, ζ2) =
ζ2 −ζ1

ln |ζ2|− ln |ζ1|
, ζ1, ζ2 ∈ R\{0}
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Generalized log-mean:

Ln(ζ1, ζ2) =

(
ζ n+1

2 −ζ n+1
1

(n+1)(ζ2 −ζ1)

) 1
n

, n ∈ R\{−1, 0}, ζ1 < ζ2.

Proposition 1 Suppose that the requirements of Theorem 6, are met then

∣∣∣∣∣An
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−Ln
n

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤
n

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4
A
( φ .

∑
ς .=1

|ως . |n−1 −
φ .−1

∑
ς .=1

|ρς . |n−1,
φ .

∑
ς .=1

|ως . |n−1 −
φ .−1

∑
ς .=1

|ϱς . |n−1
)

Proof. The result follows immediately from Theorem 6 by choosing α= 1, B(α) = 1, and considering f (x) = xn for
x ∈ R.

Proposition 2 Suppose that the requirements of Theorem 7, are met then

∣∣∣∣∣An
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−Ln
n

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤
n

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4(p+1)
1
p

[(
n

φ .

∑
ς .=1

|ως . |(n−1)q

− n
2

A
(

3
φ .−1

∑
ς .=1

|ρς . |(n−1)q,
φ .−1

∑
ς .=1

|ϱς . |(n−1)q
)) 1

q

+

(
n

φ .

∑
ς .=1

|ως . |(n−1)q

− n
2

A
(φ .−1

∑
ς .=1

|ρς . |(n−1)q, 3
φ .−1

∑
ς .=1

|ϱς . |(n−1)q
)) 1

q
]
.

Proof. The result follows immediately from Theorem 7 by choosing α= 1, B(α) = 1, and considering f (x) = xn for
x ∈ R.
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Proposition 3 Suppose that the requirements of Theorem 8, are met then

∣∣∣∣∣An
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
−Ln

n

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤
n

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q

×

[(
n
2

φ .

∑
ς .=1

|ως . |(n−1)q − n
3

A
(

2
φ .−1

∑
ς .=1

|ρς . |(n−1)q,
φ .−1

∑
ς .=1

|ϱς . |(n−1)q
)) 1

q

+

(
n
2

φ .

∑
ς .=1

|ως . |(n−1)q − n
3

A
(φ .−1

∑
ς .=1

|ρς . |(n−1)q, 2
φ .−1

∑
ς .=1

|ϱς . |(n−1)q
)) 1

q
]
.

Proof. The result follows immediately from Theorem 8 by choosing α= 1, B(α) = 1, and considering f (x) = xn for
x ∈ R.

Proposition 4 Suppose that the requirements of Theorem 6, are met then

∣∣∣∣∣A−1
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
−L̄−1

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4
A
( φ .

∑
ς .=1

|ως . |−2 −
φ .−1

∑
ς .=1

|ρς . |−2,
φ .

∑
ς .=1

|ως . |−2 −
φ .−1

∑
ς .=1

|ϱς . |−2
)

Proof. The result follows immediately from Theorem 6 by choosing α = 1, B(α) = 1, and considering f (x) = 1
x ,

x ̸= 0, x ∈ R.
Proposition 5 Suppose that the requirements of Theorem 7, are met then

∣∣∣∣∣A−1
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)
−L̄−1

( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4(p+1)
1
p

[( φ .

∑
ς .=1

|ως . |−2q − 1
2

A
(

3
φ .−1

∑
ς .=1

|ρς . |−2q,
φ .−1

∑
ς .=1

|ϱς . |−2q
)) 1

q

+

( φ .

∑
ς .=1

|ως . |−2q − 1
2

A
(φ .−1

∑
ς .=1

|ρς . |−2q, 3
φ .−1

∑
ς .=1

|ϱς . |−2q
)) 1

q
]
.

Proof. The result follows immediately from Theorem 7 by choosing α = 1, B(α) = 1, and considering f (x) = 1
x ,

x ̸= 0, x ∈ R.
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Proposition 6 Suppose that the requirements of Theorem 8, are met then

∣∣∣∣∣A−1
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)

−L̄−1
( φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ρς . ,
φ .

∑
ς .=1

ως . −
φ .−1

∑
ς .=1

ϱς .

)∣∣∣∣∣

≤

φ .−1
∑

ς .=1
|ϱς . −ρς . |

4

(
1
2

)1− 1
q
[(

1
2

φ .

∑
ς .=1

|ως . |−2q − 1
3

A
(

2
φ .−1

∑
ς .=1

|ρς . |−2q,
φ .−1

∑
ς .=1

|ϱς . |−2q
)) 1

q

+

(
1
2

φ .

∑
ς .=1

|ως . |−2q − 1
3

A
(φ .−1

∑
ς .=1

|ρς . |−2q, 2
φ .−1

∑
ς .=1

|ϱς . |−2q
)) 1

q
]
.

Proof. The result follows immediately from Theorem 8 by choosing α = 1, B(α) = 1, and considering f (x) = 1
x ,

x ̸= 0, x ∈ R.

7. Conclusion
TheHermite-Hadamard inequality has become a key focus in recent mathematical studies. It ensures integrability and

provides approximations for convex functions. Over time, it has been extended to the functions belonging to s-convexity,
η-convexity, coordinate convexity, and strong convexity. These extensions, together with related integral identities, have
produced many refined inequalities.

This study has advanced the theory of Hermite-Hadamard type inequalities by formulating Mercer-type versions in
conticrete fractional settings. The methodology relied on the joining of majorization, convexity, and Caputo-Fabrizio
fractional operators, which allowed the derivation of several new and generalized results. Weighted forms were also
obtained by employing certain monotonic tuples together with weighted majorized Jensen-Mercer inequalities. An
integral identity for differentiable functions was developed, which served as a foundation for establishing sharp bounds
for the discrepancy of terms in the main inequalities. These estimates were derived by employing the convexity of
| f ′|q, (1 < q) and | f ′|, alongside classical inequalities such as the power mean, Hölder, and Young’s. The applications
presented to modified Bessel functions and special means further highlighted the versatility of the findings. The outcomes
not only produce several existing results as special cases but also generate entirely new inequalities. Thus, this work
contributes both to the theoretical enrichment of fractional inequalities and to their potential applications in broader areas
of mathematical analysis.
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