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Abstract: This research delves into several inequalities of complex functions, which are key to understanding their
behavior. Such inequalities are vital in complex analysis for setting bounds, demonstrating convergence, and uncovering
analytical and geometrical characteristics of regular g-functions. Our investigation focuses on a new collection of regular
and univalent g-functions, denoted by Ef}f (4¢) and defined within the unit disk: |z| < 1. The definition and study of
functions in 32 r¢ (4¢) encompass several established subsets of regular g-functions, including g-bounded turning functions,
Carathéodory functions, and four-leaf-type function. The study also incorporates several foundational mathematical ideas:
a fresh Mathieu g-series expansion, subordination and convolution principles, g-operator theory, transformation of complex

functions, and a few domain mappings. In particular, we explore the properties of two regular functions of the forms:

0(z) =z+ Y a’, filz) =z+), b(cj+1)z(cj+l) cE)?(40).
c=1

c=2

Here, § is the jth-root transform of g. Our findings include estimates for some prominent inequalities such as Fekete-Szego,
Zalcman, Krushkal, and Ma inequalities. We also include numerous corollaries to highlight the connection between g and f.
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1. Background to the study

A set of complex-valued functions g that are regular (i.e. holomorphic or analytic) and defined in the open unit
disk: |z| < 1, is connoted by A in this work. Also, let S connote the subset of A, a set consisting of functions having
Maclaurin-Taylor’s series type

g(z):z+azzz+agz3+~~+aczc+~~~:z+2aczc, (1)
c=2

normalized such that g(0) = 0 = g’(0) — 1 for all |z] < 1. The set S is famously refers to as the set of normalized regular
and univalent functions defined for all |z| < 1. The various analytic and geometric properties of S and its subsets, such as
the sets of starlike functions (where PRe (zg’/g) > 0), convex functions (where Re[(zg” /g’) + 1] > 0), bounded turning
functions (where Re (g') > 0), and many others, have drawn the attention of numerous researchers for further explorations
on functions g € S. For more details on set S and its subsets, see [1-3].

Many researchers have shown significant interest in Geometric Function Theory (GFT), a subfield of Complex
Analysis. This is primarily due to the geometric and analytic properties of these regular functions, and their applications in
engineering design [4], conformal mappings [5, p.242—-249], mathematical physics [5, p.280-318], complex dynamics [6],
and special functions [7]. One can find more application fields in the work of Zill and Shanahan [8]. Intriguingly, GFT
combines analysis with geometry to focus on how complex functions transform shapes and domains in the complex plane.
A crucial mathematical problem that led to the advent of GFT is a conjecture of 1916. This conjecture states that if g € S
with the Maclaurin-Taylor series (1), then |a.| < ¢ for all ¢ > 2. Bieberbach, the conjecturer, ascertained the conjecture for
¢ = 2, while subsequent researchers, including Lowner, Garabedian and Schiffer, Pederson and Schiffer, and Pederson,
confirmed it for ¢ = 3, 4, 5, and 6, respectively. Nonetheless, settling the conjecture for ¢ > 7 elusively lingered until 1985
when Branges [9] engaged the idea of hypergeometric functions in GFT to prove the inequality |a.| < ¢ for all ¢ > 2. For
more historic details, see the canonical texts in [1-3, 10].

Sometime in the 1960s, Zalcman, see [3, p.127], conjectured the inequality

|ag_a2071}<(c_1)2 (6227 ges)a

while Krushkal [11] ascertained the inequality for ¢ = 3. Presumably, the inequality is still an open problem for ¢ > 3.
More so, the inequality

Zc(A,g)=|Aa} —ap 1| <A —2c+1 (A >0, c>2, g€S), ()
was explored in [12—-14] for different subsets of S. In particular, the celebrated Fekete-Szego [15] coefficient inequality
F(A,g)=|Aa3—a3] <44-3 (120, g€S), 3)

holds for ¢ = 2 in (2). Furthermore, Pfluger [16] extended the work of Fekete-Szego by proving it for complex parameter
A. In the process of solving the Zalcman conjecture, Krushkal [17] explored the inequality

Kc,k(g) =

da V<K (e k>, ges), )
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while Ma [14] explored the inequality

M. 4(g9) = lacag—acia—1| < (c=1)(d—1) (c,d>2, g€S). (5)

The above-mentioned inequalities are all sharp for the Koebe function

RR) =z(1-2)2=Y ez (2 <1),

c=1

or one of its various rotations

e 0R(e%7) = ) ce 70 (0< O <2m, |z <1).

c1

Two fundamental principles in GFT that we will be needing in this work are the subordination and convolution
principles. The subordination principle implies that if we have two regular functions g in (1) and

G(z) =24+ ) bz" (|2 <1), (6)

c=2

then g ‘is subordinate to’ G (usually expressed in notation g < G), if and only if, there is a third regular function

E(z)=Y &z (ER)I<1, £(0)=0, |z <1), (7

c1

such that

9(2) =Go&(z) =G(E(z)) (lzl<1).
Suppose G is also univalent in |z| < 1, then the definition improves to say that
<G < g(0)=G(0) and g(Jz] <1) CG(|z] <1).

For more properties on subordination, see [ 18—22]. Further, the Hadamard product (sometimes called convolution) of
two functions g and G (usually expressed in notation g+ G) is defined as:

(6%G)(z) : =24 ) (ac x bo)z" =z+ Y (be X ac)z" =: (Gxg)(2).

c=2 c=2

Let the set of regular functions of Taylor’s series type
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D) = 14 prztpr +pse =11 Y pect. ®

c1

be represented by H such that Ref(z) > 0 and h(0) = 1 for all |z| < 1. The function b is called a regular function with
positive real part in |z| < 1. However, it is well-known that functions & in (7) and b in (8) are interconnected by the relation

1 1 1 1 1 1 1
E(z)= = §P12+ (2P24P12> 2+ <8Pf2P1P2+2P3> 2

o1 1o 14,35 \4
+<2p4 SP1P3 = 1P) 16pl+8p1pz>z+ . )

The series (9) is famous as a tool for solving many coefficient problems involving function-type g in (1).

1.1 The n-leaf-shaped domain

A n-leaf-shaped domain is a term primarily used in mathematical contexts, particularly in the study of complex
functions that map the unit disk onto a domain bounded by an epicycloid with n cusps. In 2020, Gandhi [23] studied some
analytical properties of a certain set of starlike functions satisfying the condition

zg'(2)

o) <30(z) = 1+iz+lz4 (lz2| < 1).

575

Function 3/(z) was said to map the unit disk |z| < 1 onto a three-leaf-shaped domain. Later, Gandhi et al. [24]
generalized the three-leaf-shaped domain and introduced the function

N 1
() =14+— 74— N (N=4.56,.... n=N—1 1
né(z) +N+IZ+N+IZN ( ,5,6,...,n , 2l < 1),

where the function n¢(z) maps the unit disk |z| < 1 onto a n-leaf-shaped domain, or in other words, we say that function
nf(z) maps the unit disk |z| < 1 onto a domain bounded by an epicycloid with n = (N — 1) cusps. Studies in the same
paper were on the set ST(nf(z)) of starlike functions satisfying the condition

z2¢'(2)
e < nl(z).

Explorations in the paper included some radii problems, several inclusion properties, and some sharp estimations for
a few early coefficients of function g € ST(n{(z)). Furthermore, Gandhi et al. [24] provided some analytical properties
and descriptive diagrams of function g € ST(nf(z)) for some specific values of n. For instance, some subsets of S in
association with the four-leaf-type function

5 1
40(z) =1+ git gzs (lz] < 1), (10)

Co iporary Math tics 3608 | Timilehin Gideon Shaba, et al.




were studied by authors in [25-31] for various geometric conditions, diagrams, definitions and examples.
This study’s impetus comes from the aforementioned sets and their results. So, in view of (9) and (10),

1

4(2) 0 ()) =4(E Q) = 1+ 26+ 6@ (< 1),

and by simple expansion we have

a2 Sy Lo\, 5 (15 3
M(E(z) =1+ TR <P2 2P1>Z +35 <4P1 Ple+p3> z

5 1 1 1 1 1
+4(‘24!7?'1‘41312172—3P1P3—6P22+3P4>Z4+"'- (11)

1.2 The Jackson’s differentiation

Foremost, let ¢ € (0, 1) and define the g-number ¢ by

0 when ¢ =0,
1 when c=1,
[elg = 1+g¢ when ¢ =2, (12)
1 _qc c—1
17q:ZqJ when céeR.
j=0

We can deduce, by L’Hopital’s rule, that li%rll[c]q = c. As aresult of the g-number system, the quantum derivative
q
(g-difference, g-derivative or Jackson’s derivative) for function g was defined by Jackson [32] as

9,9(0)=g'(0) =1,

940() = LG = 14 Tldpa ™! (40) )

959(1) = Qq(gqg(z)) = Z [C]q[c_ l]qa656725

c=2

and clearly,

9(z) — 9(q2)

e =9'(2),

Iim®,g(z) =lim
gt 49(2) gt

where g'(z) is the classical differentiation of function g. For more details, see [32-40].
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1.3 A novel set of regular q-functions

The special infinite series type

(r>0),
c=1

was introduced by Mathieu [41] in 1890. The series has been extensively explored in mathematical analysis for establishing
inequalities, approximations, as well as establishing some connections with special functions such as the Riemann zeta
function and Gamma functions. Applications of the Mathieu series also extend to mathematical physics, including heat
conduction and wave propagation problems in cylindrical or spherical geometries. In 2019, Bansal and Sokdl [42] (see
also [43]), presented the normalized form of series () as

1—|—r c(14+r%4)?%
p(rz) = 52 —z—i—z(ir)z‘ (r>0, z] < 1),

where several geometric properties of function g, defined in connection with p(r, z), were reported.
Definition 1.1 Let ¢ € (0, 1) and r > 0, then using the g-number system in (12), we introduce the Mathieu g-series

Ug (1, z) as

(1+7%)? 2[c] 1+r) .
Uq(r z) = 7+ ¥ (Il <),
2 &z +r?)? C; 2)?
and observe that li%l Uy (r, 2) = u(r, z).
q
Definition 1.2 Define the g-function ¥,(r, z) as
1+72)?2
1l = o)l 9 =5+ L (@e©.1), 120, 1< 1)
c=2
and using (13) means
1+r
) (’)/q(r Z =1+ Z H(_;'_r2)) ZC_I (qE (0, 1), r> 0, |Z| < 1) (14)
c=2

Definition 1.3 Let 7 € C\ {0}, ¢ € (0, 1), r >0, and ¢ € (—mx, 7]. Then function g € A of the series type (1) is said
to be in the set EZ},‘Z) (4¢), if and only if, the subordination condition

i9

o (Dt )+ (75 ) @ ) 1) <4460 15

holds for 4¢(z) in (10) and |z] < 1.
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Remark 1.4 Enumerated below are the subordination conditions of the sets of functions that are closely related to the

set Eg_y’f (4¢). Thus, setting
1. 1 =1 and ¢ = 7 leads to the condition

Dy(%(r,2)) < 46(2);
2.m=1,¢ =m,and g T 1 leads to the condition
(7(r, 2))" < 4L(2);
3. n =1 leads to the condition

et
2,401 )+ (5 ) D3m0 ) <46

4.1 =1and g 1 1 leads to the condition

o
(ot )+ (5 ) )" < 4

5. m =1 and ¢ = 0 leads to the condition

Dy (Y1, 2)) +205(%(r, 2)) < 4L(2);

6.n=1,¢=0,and g 11 leads to the condition

(Ya (1, 2)) +2(%(1, 2))" < 4L(2).

Example 1.5 Observe that some examples of functions g in (1) are:

01(2) =z,

4
0(z) = 1— =z+2+2+4 4,

Z

:m:Z—Z2+Z4—Z5+"'7

93(z)
1
84(z) = —[z+In(1—2)?] :z+z2+%z3+§z4+-~-,

. eiﬂz ) . .
9s5(z) = eilﬂm =742 +3e%03 44304 ..
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to get the novel functions:

N.q(r2) =2

e =< (R B T
) == e gy
e s S+

2O+ 5
e T ey

Blg(1+7°) 5

B4 4030 [4),(1+7r)? 4

75,61(7’, Z):Z-i-Ze”‘9 ([4]5+r2)2 4,
respectively.

Indeed, the aforementioned subsets, the novel Mathieu g-series, and the robust nature of condition (15) are the
motivations for this exploration. Thus, in this exploration, we provided some upper estimates for the initial coefficients of
function g € E,T},q) (4¢). After that, we investigated the jth-root transformations of the function g and derived several upper
estimates for a number of functionals.

From now onwards, all parameters are assumed to be as stated in Definition 1.3 unless otherwise specified. The
findings are presented in Section 3.

2. Lemmas and propositions

The following lemmas and propositions will be required to support the findings. Now, let H be the set of functions b
in (8), then the following lemmas and propositions hold.
Lemma 2.1 [3, p.25]If h € Hand ¢ € N, then

|pe| < 2. (16)
Lemma 2.2 [44, Lemma 2.3] If h € Hand ¢, d € N, then

2 when 0 < B <1,

|pc+d - chpd‘ <
2128 — 1| elsewhere.

Lemma 2.3 [45, Lemma 2.2] If h € H, then
t1p7 — 2p1p2 +13p3| < 2|1 | + 2]t — 211 [+ 2|11 — 2+ 13).
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Lemma 2.4 [46, Corollary 2.5]If h € Hand 8 € C, then

p?
‘Pz—ﬁzl <2max {1, ]5 1]},

Proposition 2.5 If ) € H, then
(i) Lemma 2.2 implies

<2 (17)

(i) Lemma 2.3 implies

<2 (18)

15
2P —P1p2+pP3

and
(iii) Lemmas 2.1, 2.2, and 2.3 implies
L Lo 1 1o 1
24P1 4P1P2 3PlP3 6P2 3P4
IR N TR U T S
= | TP 4 P14 P1P2 3P3 3 pa— 5P
15 1 1 1 1,
< —p3__ - —lps— =p?| < 2.
<|pil 2aPT — gPIP2 T 3P3 |+ 5 \pa— 5Py S 2 (19)
Proposition 2.6 If g € (0, 1), ¢ € (—=x, 7], x € N, and
Qr =2+ [x]g(1+¢), (20)
then
[0l = /4420y (2 + ) (1 + cosg). @1

3. Main results
3.1 Coefficient inequalities for g € Eg;," (40)

Theorem 3.1If g € £ (4¢), then
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Sinl([213+7°)
3[22(1+72)2/10+6cos ¢’

|az| < (22)

5nl([B12+77)?
3[B12(1472)2/4+2[2],(2+ [2]) (1 +cos §)’

las| < (23)

5[n[([4]2+r%)?
3[A12(1472)2/4+2[3],(2+ [3]y) (1 +cos 9)’

|as| < 24

and

SInl([s13+°)°

Jas| < 2 22 :
[512(14r2)2\/4+2[4],(2+[4],)(1 +cos 9)

(25)

Proof. If g € Eg_f,d’ (4¢), then by the principle of subordination, we can write (15) as

e'?
1+% <©q(7q(r, 7))+ <1+2 )z@ﬁ(yq(r, 2)— 1) = 4(E(2)), 26)

where the use of (14) and (20) in (26) implies

4o (@qwq(r, )+ (”;w)zaag(yq(r, )~ 1)

25(1+7%)%0 BIEA+r20 , MEO+7)%0

=1 L A et
T oam@ET A T mBEr P T @

2 r2 2
Wasz4+--- =4(&(2))- 7
q

A systematic comparison of terms in (27) and (11) shows that

2n(2g+r7)? s o= 5in|([2]5+r%)? ol
PR+ 12! 2= eRR(+ 2o P

a = (28)

and the application of (16) with (21) shows that inequality (22) holds. Similarly, we have

m(Blg+r)? s S|nl([3]5+7%)?

_ -~ _1 2 _ 1 2
BT BRI+, (12 (”2 z”1> = |0l = Eap T e

p2=5Pi

; (29)
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and the application of (17) with (21) shows that inequality (23) holds. Furthermore, we have

m(Ez+r)? s

_ Anldg )T S (15 _

5|n|([4]g+ )
[415(1+72)210s]

1

2P —Pip2tps (30)

and the application of (18) with (21) shows that inequality (24) holds. And finally,

S+ 501 4 1, 1 1, 1
= V— —_ R — _— - — — 31
as [5]3(1+r2)2Q4 X 1 ( 24P1 +4P1P2 3Plpz 6p2+ 3p4> , (31)

from where
sn([sl+77)° 15 1 1 1 1,
AR+ (oot =g gor} 53 {202} ).
so,
Sinl([s]2 + )2 L 1 1,
< 5P~ = 2 |P4— 5 )
|as| 2[5]§(l—|—r2)2|Q4| <|P1| 24P1 4P1P2+3P3 + 3 P4 2p2 >
and the successive application of (19) with (21) shows that inequality (25) holds. O

3.2 The jth-root transform of g € S

The jth-root transformation, see [2, p.18], is one of the basic transformations that preserves the properties of functions
g € S. This transformation is expressed in series type:

P=1 = (/o)
=2+ 814220tV - [81a3 — &03] 2P + [§1as — 280003 + §a3] 23D
+ [81a5 — 8 (20004 + a3) + 3830303 — &a3] 24V 4

=z+ Y b, (32)

c1

where we let SU) connote the set of functions f, j € N, and the 8-function
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1
- for ¢c=1,
J

8= (33)

11 1
H(k) for C>2
clj Jj

k=1

applies. It can easily be observed that for some j in (32), we have
1. f1(z) = g(z) € S =:Sin (1);
2. f2(z) = /0(z2) =2+ 0322 + bsz> +--- € S?);
3. f3(2) = /0(23) = 2+ buz* + b7z’ +--- € SB);
4. etc.
Theorem 3.2 If f € ng (4¢), then

581 Inl([2] + %)
3[22(1+2)2,/T10+6cos ¢’

61| <

581 |n](3];+1)? 258, (122 + )
3B12(1+r2)2/4+2[2],2+ [2])) (1 +cos¢)  9[2]5(1+72)*(10+6cos )’

[b2ji1] <

B3701] < 561|n|([4]5 4 )
S 321+ 2)2 /A + 23], + Blg) (1 +cos9)

- 508 |n (21 + ) (315 + )7
O[22312(1 + r2)*\/TO + 6c05 ¢ /4 + 2[2], 2+ [2],) (1 + cos §)

12580 (215 +r)°
T IR+ )5 (/10T 6oos§)

and

581 n1([515+1%)*
[512(1+7r2)2\/4+2[4]4(2+ [4]4) (1 +cos 9)

|bajr1] <

+ 508 |n (21 + ) (45 +7°)°
9[2]2[4]2(1 4 r?)*y/T0+6cos ¢ /4 +2[3],(2+ [3],) (1 +cos 9)

258 |n*([3]; + )
3] (14 r2)*[4+2[2]4(2+ [2]) (1 +cos ¢)]

+

Co iporary Math tics 3616 | Timilehin Gideon Shaba, et al.




125685 | ([2]7 + ) (13]5 +7)?
9[2J4[3]2(14r2)°(10+6cos ¢) /4 +2[2]4(2+[2]4) (1 +cos ¢)

6258 |*([2]3 +)°
81[2]3(1+72)8(10+6cos ¢)?

Note that setting ] = 1 leads to the results in Theorem 3.1.

Proof. Let f € ;) (46) then putting (28)—(31) in (32) and using (16)—(21) complete the proof. O
The functional (3) is modified for § € 32;;” (44) as

Fi(A,f) = [Ab%, — by | <441 -3 (jeN, A>0, jesSV), (34)

and we shall let F{ (A, f) = F(A, g). Moreover, see [47, 48] for some related works on functional (34).
Theorem 3.3 (Fekete-Szego Inequality) If f € Eg,d) (4¢), then for A >0

' 5[n1([3]2+r%)?
Fj(4. 9 < 373201+ )2 /A4 2020, 2 + Rlg) (1 + <05 ) max{1, }.

where

_B_1|= 50|22 + j— D[B2([212 + r)* /4 +2[2]4(2+ [2]4) (1 + cos §)
. ST+ P(BE + P10 + 65050)

Proof. Letf € &/ ,¢ (4¢), then putting (32) into (34) means

A - — 2 1 2 1 (j—1) 2A+j—1 1
2 2\ _ 2
b] 1 bZ/ ! (]’az) (]‘a3 2]2 G)l= —FH | — 303,

22

where using (28) and (29) gives

2+j—1\ [ mEE+R? 7 1 f sn(ERE+R? !
=t = (35 {azmiﬂ)zw} ‘J{smmm (- 2v7) }

Some simplifications give

A6 b = ONBlgEr? | SN@A+ - VBB pf
TR e e, \ P e e ) 2
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So,

S|nl([3]3+7%)?
6j315(1+7r2)?1 Qx|

SN2+ /- VB2 +7)'02 )\ p}
[Ab%, ) —bojs1] < - (1 AN % ;

6j203(1+r2)2([312+ )20}

or for short,

Snl(B]3+7%)°

PP
B+ 2R PP

|/lb§ —byj1| <

)

where

g4 NG+ DBE(RE )0,
C SR PR(BE 2P0

Now, the application of Lemma 2.4 with the use of (21) gives the result.

Setting j = 1 leads to:
Corollary 3.4 If g € £ 2 (40), then for A >0,

SInl([3]3+7)?

F@,9) < 3[312(1472)%/4+2[2],(2+ [2]4) (1 +cos §) max{l, }.

where

107L|17H3 24 /4+22],(2+[2],) (1 +cos¢)
6[2] (1+r2) ([3]2+7r2)? (10+6cos¢) '

The functional (2) is modified for f € 32;;” (40) as

Zo(A,f) = |AB2 —boe 1| AP —2c+1 (A0, jEN, ¢ j+1, feSV). (35)

Theorem 3.5 (Zalcman Inequality) If f € Eg_f,d’ (4¢), then
(i)Forc=j+1,Z;11(A,f) =F;(A, f) in Theorem 3.3, and
(i) Forc =2j+ 1 we get

Zyj1(4,f)

_625(A85 + &) |n[*([2]7 + )
 81[2]8(1+2)8(10+6c0s )2
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n 125(24.818, +38) n|* ([2)5 +*)* (135 +7°)°
27(204[312(1+r2)0(10+ 6cos ¢) /4 +2[2]4 (2 + [2],) (1 + cos ¢)

N 25(A87 + &) |n[* (317 + )
9[3]4(1+r2)*[442[2]4(2+ [2]4) (1 +cos 9)]

+ 508 (2l + ) (45 +°)°
9[2]5[4]2(1+r2)4\/m\/4+2[3]4(2+[3]q)(1+cos¢)

561|n1([5)7+%)*
[512(1+r2)2\/4+2[4],(2+ [4],) (1 + cos )

+

Proof. Let f € Egrq) (4¢), then putting (32) into (35) means
Ab%,ﬂ —bygjr1 = A (Sa3 — 5za§)2 — [81a5 — &(2a20a4 + 03) + 3830303 — S403]
= (A87 +84)a3 — (2488, +383)a3a3 + (A8} + &) a3 + 28004 — 81 05. (36)
Now, putting (28)—(31) in (36) simplifies to

625(A83 +8.)n* (21 +17)°
1,296[2]8(1 +r2)80% !

2
M’zj+1 - b4j+1 =

125(2,16162+363)n3([2]§+r2)4([3}§+r2)2 15\
- 206122 B(1+ 2)6030, ( 2‘2”1>”1

25(A8¢ +&)n*([Bl5 +r7)* 1,)\°
36[3]3(1+ r2)* Q3 (”2 e )

256m>([23 + )2 ([412+ ) (1
4

Zp3_
18[2](2][4]5(1+r2)4Q1Q3 Pi P1P2+P3> p1

_561n([5]§+r2)2< 1,

1, 1 1, 1
2[512(1+ r2)204 YLl +4P1pz— 3PIP3 = P> + 3P4)-

So,
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AFZ s — bl 625(1622+54>m|4<[2]3+r2>8I
2T RS T 0628 (1 )8 [

‘ 4

125(24.8, 8, +383)|n (2] + *)*(B]7 + )

216[2]3 315 (1+12)°101 | Q2|

25(A87 + &) In (35 +)*
36[3J5(1+r2)*Q2?

P1

258 [n[*([21; + ) (415 +7)?
18[2]2[4]2(14-12)* 01| Q3]

1
4

N 581 ([5]5 +r*)?
2(515(1+72)|Qal

1

Setting j = 1 leads to:
Corollary 3.6 If g € Egr(p (4¢), then

1
2—51)12

pi —p1p2+p3

LIPS C YRS DRI By S
24 PU T gPIP2 = 3P1P3 = P2+ 3P4

|Pl|2

lp1]

(i) Z3(4, g) <

and we can systematically implement (16)—(21) to arrive at the result. O
(1) Z2(A, g) =F(A, g) in Corollary 3.4, and
25An (3] +*)* + 5[5 ]2 2)2
OBJg(1+r2)*[4+2[2)y (k) (1 +cos9)] * [5]2(1+r2)2\/4+2[4],(2+ [4],) (1 +cos )
The functional (4) is modified for § € Egj’ (40) as
m k(m—1 m—
K2 () = bk —ay "] < 260 —
(37)

and

C

(mk>=2, jeN, c>j+1, feS(f)),

Theorem 3.7 (Krushkal Inequality) If f € Eg;,‘p (4¢), then
() Form=3,k=2,andc=2j+1,
" 625(1 — 33)|n[* (122 + )
2j+1.2() < 81[2J3(1+72)8(10+6cos §)2

25088 (213 + ) (313 + )

T 2TABR(1 + 2)5(10 + 6005 0) /A T 22, @ 1 2Jg) {1+ cos9)

2567 In*(13) +*)*
OBIG(1+r2)*[4+2[2)4 (2 +[2]¢) (1 +cos 9)]’

+

(i) Form=3=k,andc=2j+1
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K )< A3OS0+ E) (2 + )"
LIS 729R] (1 42)12(10 +6cos §)°

3,1258, 83 [ (23 + )M (BR + )

* 81[213[3]2(1+1r2)10(10 4 6cos ¢)2/4+2[2],(2+[2],) (1 +cos 9)

625628, [* (22 + ) (32 + 1)

T 2 IRPBIA(T + )5 (10 + 600s )[4+ 212] (2 + [2]g) (1 1 cos 9]

12587 ([3]2 4 r%)°
T+ (AT 22,2t D)1+ cos )

Proof. Let j € E ¢ (4¢), then
(i) Putting (32) into (37) means

b%j+] az (6[“3—52a2) —az (1 —62) 26]52a2a3+61 a3. (38)
Now, putting (28) and (29) in (38) simplifies to

. 625(1—52 n*([2

62 ad ) Z+r7)8
ikt 1,296[2]8(1 +r2)3Q}

%)

1258 8,m° ([2]3 + )4 (3] +°)? L5 o
O 108[24[312(1+12)°Q30, < >

2582n%([3)2 +r2)* 1 ,\?
36[314(1+12)%02 ( ”12) '

So,

o2, _a4|<625(1—6%)\17\4([215“2)8‘ ’
2N T 20628 (14 )80 !

1258, 82| (212 + ) (32 + 1)

p2—5pi

108[2]3[3]2(1+72)6|01 | 02| 2"t
2582 In*(13];+r*)* 1,
3631+ ) 0. P2 2P|
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and we can systematically implement (16), (17), and (21) to arrive at the result;
(ii) Putting (32) into (37) means

3
B34 — a3 = (8103 — 8203)” —af = —(1+ &)ad + 368870303 — 367 60503 + 5 3.

Now, putting (28) and (29) into (39) simplifies to

o 15625(1 +6§)n6([2]?,+r2)'2p6
— 1
46,656[2]12 (1 +r2)120§

3
by —a; =

3,12581831° (212 + )8 ([3]3 + r)? _ L) e
2,592[213[3]2(1 4 r2)1°01 0> Vs

_6255]252774([2}3+r2>4([3}§+r2>4( ! 2>2 0

WP+ Ry \P2T 2P A

125803 ([3]2+r%)° 1,)\°
6 2\6 3 (pZ_p1> .
216[3]5(1+r2)°0; 2

So,

‘53‘ —a6‘ 15,625(1+523)|77|6([2}§+r2)12| o
2 TS s eselR(1+ Ao !

ISBBMP+ P+ 1
25921213313 (1 +72) 10101 [*( Qx| 2
SO EIN(2+ P ) | 1P
2B+ APl [ 2]
12587 [n* (3] +7°)° 1,
2061315(1+ )]0, P2~ 2P
Hence, a careful usage of (16), (17), and (21) completes the proof.
Setting j = 1 leads to:
Corollary 3.8 If g € Z"0 (4¢), then
(i) Form =3 =c,and k =2,
401912 4,28 201312 & 2)4
K3 () < 625[n " (123 +) 25In1*([Blg +r°)

[
(9) < 81[23(1+7r2)8(10+6cos 9)? * O[3]4(1+r2)*4+2[2]4(2 4 [2]4) (1 +cos 9)]’

(39)
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and
(i) Form=c=k=3,

15,625(n(5([2]2 + )" 125|n*([3]2 +r%)°

3
Kisle) < 7290121+ 2)2(10 1 6cos §) 273]8(1+ 2)0(y/4+212], 2+ 2],) (1 + cos 9))>

The functional (5) is modified for § € Eg;,‘p (4¢) as
M, 4(F) = |actg — acrg 1| < (c—1)(d—1) (e,d>(j+1); feSV). (40)

Theorem 3.9 (Ma Inequality) If f € Eg;p (4¢), then
(i)Forc=(j+1)=d, M1y, j+1(f) =F;(1, f) in Theorem 3.3;
(i) Forc=j+1landd=2j+1,orc=2j+1andd = j+1,

I g 125(81 8, + 83)[n[* (127 4 r)°
j+1,2]+1(f) X 27[2]2(1 +r2)6(\/m)3

25(8¢ +28)|nP([217 + ) (135 + )

* 9[212[3]2(1 + r2)*/T0+ 6cos ¢ /4 +2[2], (2 + [2]4) (1 +cos §)

. 581[n|([42+ ) .
343 (1+72)%/4 23], 2+ Blg) (1 +cos9)’

and
(i) Forc=j+1landd =3j+1,orc=3j+1andd=j+1,

M;i1,35+1(F)

625(81 83 + &) | |*([2)2 +12)®
= 81218(1+72)8(10+6c0s )2

" 25(87 + 28)In (213 + PP (43 + )
O (1+72)' /106056 /4 + 23], 2+ Bl (1 +cos9)

+ 125(2818, +383) |n[*([2J7 + ~)* (BJg + *)°
27[2J43]2(1 4 r2)8(10+6.cos ¢ ) /4 +2[2]4 (2 + [2]4) (1 +cos @)

25800 2(3]; +)* ; 561 n|([5]3 + )
93] (1+r2)*[4+2[2]4(2 + [2]4) (1 +cos 9)] S (14 r2)2/A+ 24,2+ A, (1 —eost)

+
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Proof. Let f € 27 (4£), then
() Mji1,j1(F) = 65, —baj1| = F;(1, §) in Theorem 3.3;
(i) Putting (32) into (40) means

bjr1b2j1 —b3j01 = (8102) (8103 — &03) — (8104 — 280203 + 5303)
= (818 + 8)a3 + (87 +28)aza3 — 8ra4. 41
Now, putting (28), (29), and (30) into (41) simplifies to

125(81 8+ &) ([22+7)°
216[2]8(1+12)°0} !

bji1b2j01 —b3jp1 = —

25(8,2+252)172([2E+r2)2([3]5+r2)2< 1 z) o

36212312 (1 +2)% 0102 P2= 3P
56m([4;+7) (1 4
- 6[42(1+12)205 <4pl —P1p2 +P3> .

So,

125(818, + 85) [n |3 ([2]2 + r2)°

216125(1 + 2)°]01 P pil?
q r) ‘Qll

610211 —b3j41] <

25(8¢ +28) [n P (217 + ) (35 +r*)?
36[21735(1+72)*101 102

1
- §P12

1]

58| ([4]; +7*)°
6415 (1+r2)%|0s

1 3
ZP1 —pP1p2+pP3

9

and we can systematically implement (16), (17), and (21) to arrive at the result; and
(iii) Putting (32) into (40) means

bj+1b3j+1 — b4j+1 = (51 az) (51 as —206a03 + &ug) — [51 as — 52(2&2614 + a%) +363a%a3 — 64&3}
= (6165 + 64)&3t + (612 —1—262)u2a4 — (25152 + 353)&%&3 + 52&% —d1as. (42)

Now, putting (28)—(31) into (42) simplifies to
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+1r%)8 4
Q411 P1

625(8163 + 84)n* ([2];
8

Bioibriny —byig =
SRR 1,296[2]8(1+12)

2587 +28)n([21 + )[4l +7°)° (1 5
36[2]5[4]5(1—‘!‘7'2)4Q1Q3 <4p1 _P1P2+P3> P1

125(281 8, +383)n°([2]7 + ) (137 4 72)? 15\ o
B 216123 B2(1 +2)5020; ( 27 oP 1)” !

256,n*([3]2 4 %) 1,)\?
36[3]4(1+r2)403 (pz_zp')

551n([5]§_~_r2)2 1 4,1, 1 I, 1
T 2[512(1+72)204 (‘24!)1 +PiP2 = 3P1P3 — P2 +2p4> _
So,

625(8183+ &) [n[*([2]2 +2)®
1,296[2]2(1 + r2)8|Q1 |4

[bj41b3j11 — bajpr] < o *

25(87 +28)[nP (215 + ) (45 + ) |1

3
—p; —p1p2+
3622E12(1+ )01 0] i PP ps

2 lp1]

125(281 8, +383)|n[* (1217 + ) (1315 + )

41212 2\6 2 |p1|2
216[2J4[3]2(1+r2)0]01 [ Q1|

1
P2 5P

2568 |n|*([3]3 + r)* 2

36[3J5(1+r2)*Q2?

1
p2— 5912

581 n|(517+7*)°
2[513(1+r2)%|Q4|

1 4
—ﬂm

LI 1o, ]
2PiP2 = 3P1P3 = Py 5P4

Hence, a careful application of (16)—(21) complete the proof. O

4. Conclusion

The importance of seeking the upper bounds of inequalities especially in the study of coefficient properties of real and
complex functions can not be overlooked any more. In this work, we defined a novel regular ¢-function p,(r, z) which is
the quantum analogue of the well-known Mathieu special function. So, using the g-function p,(r, z), g-differentiation, and
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subordination principle, we introduced a novel set of regular g-functions that contained many known and new subsets
of regular and univalent functions. Among the results obtained are the estimates for some initial coefficient bounds of

the regular function g(z) =z+ Y. a.z°. Further, we presented some estimates for some functionals whose entries are the
c=2

coefficients of the regular function-type f;(z) =z+ ¥ by; H)z("j“), where b, 1) are the coefficients of the jth-root
c>1 ’ ’

transform of g. Some of the explored functionals are the Zalcman, Krushkal, Fekete-Szegd, and Ma functionals. These
functionals are important in geometric function theory in order to understand and solve some coefficient problems of regular
functions. The inequalities from the results are vital in complex analysis for setting bounds, demonstrating convergence,
and uncovering analytical and geometrical characteristics for certain regular functions.

A situation where the geometric condition in (15) is generalized as

e
1+% (C‘Dq(}’q(n 7))+ <1 +2 ) 20, (¥(r. 2)) — 1> <nl(z) (n=3),

may be considered for future study. More so, further study may be geared towards investigating some Toeplitz and Hankel
determinants for the set Eg.’ ,¢ (40).
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