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Abstract: In a recent paper, Ferrante gave these estimates for binomial tails, P(S,(x) > na) < F,(a, x)exp(—nH (o, x)),
in terms of the Kullback-Leibler divergence H (., x) between Bernoulli random variables. Although the upper bound is
asymptotically sharp in n for fixed values of a and x, the term F,(a, x) goes to infinity when a approaches to x. In this
note, we replace Fy(a, x) by a bounded term making use of the Berry-Esseen inequality. As an application, we show that
Bernstein polynomials acting on locally affine functions exhibit an exponential rate of pointwise convergence, in contrast
with the usual polynomial rates.
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1. Introduction

This note deals with the large deviation theory specialized to the binomial distribution. It considers the approximation
of the probability of k or more successes in n independent trials when the fraction of successes belongs to the real interval
[x, 1], x being the probability of success of each trial. Specifically, given a random variable S, (x) following the binomial
distribution, that is,

P, =)= (1)1 =01 1)

we present new bounds on the probabilities of right-tail events

{Sn(x) > na}, aclix, 1].

The estimates will be given in terms of the bivariate function
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H(u,v) = ulog > +(1—w)log 7—, u,ve (0, 1), )
v

which is called the Kullback-Leibler divergence between Bernoulli random variables with success probabilities « and v.
It is well-known (see Massart [1], Arratia and Gordon [2], or Carter and Pollard [3], among others) that

P(Sy(x) > na) < e "H(a.x)

ju f— 7

O<x<a<l. 3)

A very short proof of this inequality is given in Lemma 1 below.
Denote by [-] the ceiling function, and let ¢ be the function defined by

(,0(9) = 6(1 - 9)7 RS [07 1]

Recently, Ferrante [4] proved that, whenever

O<x<a<l, 1<na<n—1, 4)
one has
P(Sp(x) > na) < Fy(a, x)e "), )
where a = [an]/n and
I B | x(1—a)
Fyla,x) = — ———F——, =—7, 6
@) =T o) vam T ali—) ©)

r being called the odds ratio.

For fixed values of x and a satisfying (4), Ferrante [4] showed that estimate (5) is asymptotically sharp, as n — co.
However, for a fixed value of n, the quantity F,(a, x) in (6) goes to infinity, as a — x, since in such a case, the odds ratio
r — 1. This is the main drawback in inequality (5). On the other hand, it follows from the central limit theorem (see also
Lemma 3 below) that P (S, (x) > nx) — 1/2, as n — oo. Since H(x, x) = 0, this means that estimate (3) is not sharp for
x=a.

The purpose of this note is to refine estimates (3) and (5), having in mind the previous comments. To this end, we
assume that

O<x<a<l, 1<na<n-—1, n>2, @)

and consider o as above.
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Observe that if the second condition in (7) is not satisfied, the probability P (S, (x) > na) can be directly computed.

On the other hand, concerning the left-tail events, we have

a€|0,x], (¥

since the random variables S,,(x) and n — S,,(1 — x) have the same distribution.
The main result of this note and a subsequent corollary are stated as follows.

Theorem 1 Under assumption (7), we have
P (Su(x) > na) < Gu(a)e " (%),

where

Gn(a):;4—(\/12?—&—0.469(0624—(1—05)2)) W. ©9)

Corollary 1 Under assumption (7), we have

P (S4(x) > na) < Cy(a, x)e (%),

where
Cy(a, x) = min(F,(a, x), G,(a)).

Obviously, Corollary 1 improves estimate (5). On the other hand, fix a € (0, 1) satisfying (4). For moderate or large
values of n, we see from (9) that G, (a) ~ 1/2. Also, observe that
H(o, x) > H(a, x), (10)

since & > a. Therefore, Corollary 1 provides us with a refinement of estimate (3) for moderate or large values of n.

Denote by x,_, the solution to the following equation with unknown x:
F.(a, x) = Gy(a).

It is readily seen from (6) and (9) that

X, :M R(a)':M
" Ry(@) -1 T a -
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Figure 1 shows the graphs of F},(a, x) and G, (a) for 0 < x < a, in the particular case a = 0.4, n = 50. The improvement
in Corollary 1 with respect to estimate (5) is achieved on the interval [x, 4, a] =[0.3567---, 0.4].

G,(a)

F.(a,0)

X

n.a

a

Figure 1. Graphs of F,(a, x) (solid line) and G, (a) (dashed line) for 0 < x < a in the particular case a = 0.4, n = 50. In the figure, x,, , = 0.3567---,
Fy(a, 0)=0.1151---, G,(a) = 0.6855---

2. Proof of Theorem 1

The following auxiliary result is interesting by itself.
Lemma 1 Under assumption (7), we have

P(Su(x) > na) < P(Sy(a) > nar))e "M@,

Proof. Letk € {0, 1, ..., n(1 — a)}. Following the ideas in the proof of [4, Theorem 1], we have from (1), (2), and
(6)

otk (] _x)n(l—a)—k

P(Sy(x) =na+k) =P(Sy,(a) =no+k) ootk (1 — gp)n(1—a)—k

=P (Sp(t) =na+k)rk (%)mx ( 1_x>n(ltx)

-«
= P(Sy(at) = not+ k) rke (%% < P (S, (at) = not+ k) e (%),

since r < 1. We thus have

The proof is complete. U
By (10), Lemma 1 not only gives us an immediate proof of estimate (3), but also improves it.
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Lemma 2 Fork=1,...,n—1, we have

1
P(Su(k/n) = k) < PO

Proof. Stirling’s approximation (see Robbins [5]) states that

klek 1
— | < —X — =
\/27rkexp<12k+1> < E \/27tkexp(12k>, k=1,2, (11)
On the other hand, it can be checked that
1 1 1

— - 0, k=1,2,...,n—1.
20 12k11 R20-k+1 Sl

Hence, we have from (1) and (11)

P(S,(k/n) = k) = (k) (k)k (k>k - 'gw

21n 1 1 1 1
< - — < .
= Vanky2an k) P <1zn 12k+ 1 12(n—k)+1) = o(k/n)v/2mn

This completes the proof. O

Let Z be a random variable having the standard normal density and let (¥;),-, be a sequence of independent copies
of a random variable Y such that EY = u, 0 < E(Y —)? = 62, and E|[Y — u|* = ¥ < oo, where E denotes mathematical
expectation. The Berry-Esseen bounds establish that

sup
yeR

i+---+Y, —nyu y 1
o4 toe R _ <c-L
P( o >y> P(Z>y)‘_CG3\/ﬁ, (12)

for some positive constant C. According to Esseen [6], C cannot be less than (3 ++/10)/(6v/27) = 0.4097 ... Shevtsova
[7] (see also Korolev and Shevtsova [8]) showed that C < 0.4690.

The application of this result to the case at hand reads as follows.

Lemma 3 Let 0 < x < 1. Then

x4 (1 —x)?

P(x)y/n

sup
yeR

PSR ) bz | <oss

Proof. Let 0 < x < 1. Note that S, (x) =Y; +--- +Y,, where (¥;)r>1 is a sequence of independent copies of a random
variable Y having the Bernoulli law with parameter x, that is,
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Thus, EY = x and

ElY —x|f = (1 —x)* x4+ 251 —x) =x(1 —x) 1+ (1 =)D, k=1,2,...,

thus implying that

Therefore, the result follows from (12). O

2.1 Proof of Theorem 1

In view of Lemma 1, it will be enough to show that

P(Sy(a) > nat) < Gy(a), (13)
where G, (a) is defined in (9). Indeed, we have from Lemmas 2 and 3

1 2 1— 2
PPl Gl )

P(Sn(r) 2 nar) < o(c)v/2mn PG

FP(S(@) = n0) +|P(S,(a) > na) — 5| <

N —
| =

This shows (13) and completes the proof.

3. Applications

Ferrante [4] gave several interesting applications to coding theory of estimate (5). Of course, Corollary 1 can be
applied to all the examples considered in [4].

Here, we give an application to approximation theory by means of Bernstein polynomials. Such polynomials
constitute the paradigmatic example of positive linear operators approximating functions (see, for instance, the monograph
by Bustamante [9]). If f is a real function defined on [0, 1], the nth Bernstein polynomial of f is defined as

Buf(x) = ;)f@) (’;)xj(l—x)”j:Ef<S”(x>>, 0<x<1.

n
J

Many different results on pointwise convergence have been obtained. We mention the following (cf. Paltanea [10]).
If f is continuous, then
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Bt~ )< S0 (1 22 ) . o<z, (14

where @, (f; -) is the second modulus of smoothness of f given by

w(f: 8) = sup{|f(x— &) —2f(x) + f(x+&)| :xte €0, 1], 0<e<8},  8>0.

It turns out that the best order of magnitude of the upper bound in (14) is n~!. However, if f is locally affine, such a
rate of convergence becomes exponential, as it was proved in [11]. Here, as a consequence of Corollary 1, we prove a
result that improves [11, Theorem 1]. With this purpose, let £ be an affine function, denote by || - || the usual supremum
norm in [0, 1], and denote by 1,4 the indicator function of the set A.

Theorem 2 Let 1 /n<c<d<1-1/n. Let f:[0, 1] = R be an arbitrary function such that f(¢) = £(¢), ¢ € (c, d).
For any x € (c, d), we have

Baf () — £ (3)] < I = £ (Cald, x)e I/ 1€ (1 — ¢, 1 =)Aol 0

Proof. Let x € (¢, d). Define the function g(z) = f(¢) — £(¢), 0 <t < 1. Since g(x) = 0 and B,¢(x) = £(x), we have
from (8)

|Buf (x) = f(X)| = |Ba(g + ) (x) = (g + ) (x)| = [Bag(x)]
= |Eg (Su(x)/n) (s, (x) e} + B8 (S4(x)/1) s, () n>a}|
< |If =€)l (P (Sa(x) < nc)+ P (Su(x) = nd))
= lf =Ll (P(Sa(1 =x) = n(1 = ¢)) + P (Sa(x) = nd)).

Therefore, the result follows from Corollary 1. O

4. Conclusions

The main contribution of this note are the following. In first place, the explicit upper bound for binomial tails given in
Corollary 1, namely,

P(S,(x) > na) < Cy(a, x)e*"H(OWC)7

where the term C,(a, x), having the order of n~'/2, is bounded. This improves Ferrante’s bound when @ and x are close.
In second place, we give in Lemma 1 a short simple proof of the inequality
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P(S,(x) > na) < P(S,(ct) > not)e (@)

thus improving classical estimates.
Finally, as an application, we show in Theorem 2 that Bernstein polynomials acting on a function f : [0, 1] — R which
coincides with an affine one £ on (c, d), satisfy the following exponential rate of pointwise convergence

7

1B f(6) = £ < 11f =0l (Cald, x)e (102 1. (1 — ¢, 1 = x)eHII=0m1/10) - xe (e, a),

in contrast with the usual polynomial rates.
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