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Abstract: While gradient-based optimizers that incorporate randomization often demonstrate superior performance on
complex optimizations, the theoretical foundations of this advantage remain underexplored. A central question arises:
What role does randomization play in dimension-free, nonsmooth, nonconvex optimization? To address this gap, we
examine both the theoretical and empirical impact of permutation randomization within gradient-based optimization
frameworks, using it as a representative case to investigate broader implications. From a theoretical perspective,
our analysis reveals that permutation randomization disrupts the shrinkage behavior characteristic of gradient-based
optimizers, allowing for continued progress toward the global optimum with sufficient iterations. Moreover, we prove
that permutation randomization preserves the convergence rate of the underlying optimizer. Empirically, we conduct
extensive numerical experiments comparing permutation-randomized optimizers with three baseline methods. These
experiments span tasks such as training deep neural networks with stacked architectures and optimizing noisy objective
functions. The results not only support our theoretical findings but also demonstrate the practical benefits of permutation
randomization. In summary, this work provides both rigorous theoretical justification and compelling empirical evidence
for the effectiveness of permutation randomization, establishing a foundation for extending such analyses to broader
implications of randomized strategies.

Keywords: permutation randomization, gradient descent, nonsmooth nonconvex optimization, machine learning, Deep
Neural Networks (DNNS)
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1. Introduction

Optimization problems in machine learning are typically addressed using numerical optimizers that rely on either full
gradients, computed over the entire dataset, or stochastic gradients, calculated from individual data points or mini-batches.
Full-gradient methods deliver theoretical guarantees of eventual convergence, while stochastic gradient methods provide
advantages in terms of convergence speed and computational efficiency [1-3]. In parallel, a growing body of research
has explored hybrid optimization strategies that combine full and stochastic gradients with additional techniques such as
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noise injection, dynamic batch sizing, and advanced sampling methods, and an interactive approach for multi-objective
optimization. These approaches have been shown to achieve favorable convergence rates and improved accuracy in
practice [4—11].

With the rapid advancement of optimization theory over the past several decades, significant research efforts have
focused on nonsmooth nonconvex optimization problems. Notable approaches include gradient sampling methods [12—
15], bundle methods [16—18], and subgradient methods [19-21]. In particular, Burke et al. developed several gradient-
based optimizers for nonsmooth nonconvex objective functions by sampling gradients at a set of randomly generated
nearby points [12, 13]. These sampled gradients are then used to construct a local search direction that approximates the &-
steepest descent direction, where € denotes the sampling radius [15]. Further contributions by Daniilidis and Drusvyatskiy
examined the limitations of traditional subgradient methods in nonsmooth nonconvex settings. They demonstrated that
the standard subgradient method may fail to converge to any Clarke stationary point, even when applied to Lipschitz-
continuous functions [20]. Moreover, recent work has introduced a randomized variant of Goldstein’s subgradient method,
establishing a dimension-independent complexity bound for finding a (8, €)-Goldstein stationary point. This work builds
on foundational concepts from Clarke’s generalized gradients [3, 22-25].

Despite significant progress with state-of-the-art optimizers, efficiently approximating the global optimum of
nonsmooth nonconvex objective functions remains a major challenge [3]. Even advanced methods such as Adaptive
Moment Estimation (ADAM) [26] and Stochastic Variance Reduced Gradient (SVRG) [27-29] often struggle with these
complex landscapes, particularly in high-dimensional settings. A notable example arises in the context of Deep Neural
Networks (DNNs), whose objective functions are typically nonsmooth and nonconvex, and only Lipschitz continuous
(see Definition 1) [3]. This is largely due to the depth of DNNs and the use of non-differentiable activation functions,
such as Rectified Linear Units (ReLUs) [3, 30, 31].

Importantly, although it has been demonstrated that deterministic, dimension-free, first-order optimizers cannot
outperform randomized methods in smooth or convex regimes [3, 25, 32-34], the complexity of nonsmooth nonconvex
problems suggests that randomization could play a critical role in improving optimization outcomes. Therefore,
developing a theoretical understanding of why and how randomization enhances the performance of gradient-based
optimizers in these challenging settings is both timely and necessary [3]. In this work, we aim to contribute to
this understanding by analyzing the efficacy of permutation randomization in nonsmooth nonconvex optimization and
validating our theoretical findings through comprehensive numerical experiments.

Our Contributions: This work presents comprehensive theoretical and experimental studies to uncover the advance-
ments of permutation randomization, providing a partial answer to the fundamental question raised in [3]. Our key
contributions are summarized as follows:

1. Limitation of Gradient-Based Optimizers without Randomization (Theorem 1): Considering a gradient-based
optimizer as an operator (see Definition 2) [35, 36], we show that such optimizers usually converge to a fixed point or
a stationary point, e.g., a Clarke or (8, €)-Goldstein stationary point. Crucially, without randomization, the optimizer
cannot guarantee to approximate a closed cube of the global optimum (Definitions 5 and 6).

2. Advancement in Permutation Randomization (Theorem 2): We theoretically establish that incorporating permuta-
tion randomization enables collectively covering the entire domain of the objective function over sufficiently large
iterations. This property makes it feasible to approximate a closed cube (Definition 6) that contains the global optimum.

3. Permutation Randomization Preserves Convergence Rate (Theorem 3): A natural concern is whether permutation
randomization adversely affects the convergence rate of the underlying optimizer. We demonstrate that it does not: the
norm of the permutation operator (Definition 3) is 1, implying that it preserves the convergence rate of the incorporated
optimizer. Moreover, we provide a theoretical upper bound for this convergence rate in Theorem 3.

4. Experimental Validation: Various numerical experiments demonstrate that integrating permutation randomization
into ADAM [26] consistently improves accuracy compared to three peer optimizers. Additionally, in noisy optimization
tasks, ADAM with permutation randomization outperforms all baselines, further validating our theoretical insights.

Full proofs and extended analysis can be found in Appendices A and B.
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2. Preliminaries

This section introduces the fundamental optimization problem investigated in this work, along with the key
definitions and assumptions that underpin the subsequent analyses. We consider the following minimization problem:

min f(x). (1)

xCRP

We assume that the real objective function f : R”? — R is Lipschitz continuous (please refer to Definition 1) over
a closed set I and x = {x;, x2, ---, xp} C I. In addition, we define a closed subset I’ C I, within which f is convex
/smooth, while it is nonsmooth and nonconvex on the remaining 7\/’. Notably, to support the theoretical analyses, we first
introduce a set of mathematical symbols, summarized in Table 1, that will be used throughout this work.

Table 1. The definitions of mathematical symbols

Symbols Definitions
9 The gradient operator
4! The gradient operator in ¢ iterations
X The randomization operator
K74 The randomization operator in ¢ iterations
1 The domain of an objective function
Iy An initial set
T The maximum iteration
B(x, 6) A closed cube with center x and radius § > 0
D Dimensionality of the objective function variable

Furthermore, the following assumptions and definitions serve as essential prerequisites for the theoretical analyses
of permutation randomization in nonsmooth nonconvex optimization problems.

Assumption 1 Forasetofpoints {xj, x3, - -+, xp} C I, representing all dimensions of the objective function variable,
we assume the existence of a closed cube that covers each point. Specifically, for each coordinate x;, there exists a closed
cube B(x;, §;), 1 <i<D, & >0,suchthatx; € B(x|, 6), x2 € B(xz, &), -+, xp € B(xp, 6p). Notably, x; is the center
of closed cube B(x;, ;) and §; denotes the radius.

Notably, Assumption 1 is novel in gradient-based optimization. To explain the effectiveness of randomization using
fundamental concepts and theorems from set theory and functional analysis, we adopt the assumption that a single point
should be contained within a closed cube.

Definition 1 (Lipschitz Continuous Function) For any x, y CR”, || f(x) — f()|| < L|lx—y||, LE R and L < o, we
call f Lipschitz continuity and can rewrite as f € Lip(I).

Definition 2 (Gradient-based Optimization Operator) To conveniently employ Real Analysis and Functional
Analysis for theoretical analyses, we denote a gradient-based optimizer without randomization as an operator: ¢ : R — RP.
% can represent any gradient-based optimizer without randomization, such as Gradient Descent (GD) [37], Nesterov
accelerated gradient descent [38], and ADAM [26]. For instance, to optimize the objective function f using GD, if x € R,
we have 4 - f(x) =x— o - Vf(x), and & denotes the step size of GD [37].

Definition 3 (Permutation Randomization Operator) We define permutation randomization as an operator: % :
RP — RP, D€ N, D> 1. Specifically, when applied to a vector in three dimensions, permutation randomization reorders
all components. For example: Z - {x1, x2, x3} — {x3, x1, x2}.
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Definition 4 (An Initial Set) We initialize a closed interval Ip = {xy o, x2, 0, -+, xp, 0} C I for the gradient-based
optimization operator ¢, and begin optimizing the objective function f. For example, let D =3 and Iy = {10, 20, 60} be
the initial set for the gradient-based optimizer.

Definition 5 (The Iterative Format of Gradient-based Optimization and Permutation Randomization Operator)
Suppose ¢ is the current iteration, we denote the iterative format of the gradient-based optimization and permutation
randomization operator as ¥ and %", respectively. Naturally, we can represent the output of a gradient-based optimizer
in iteration 7 as a closed interval ¢ - f(Iy) — {xl, ty X2, 15ty XD, ¢}. Similarly, the output of randomization applied to a
set of points represents %' - Iy — {£1 ¢, X2+, --- , £p, 1 }. For example, G2 f(ly)=9-9-f(Iy) = {x1,2,%2,2, -+, xp, 2}
and #2292 f(l)) =% - R-9* f(Ip) - {x1,2, X2,2, -+, xp, 2} = {%1,2, £2,2, *++, £p, 2}

Definition 6 (The Closed Cubes of Global Optimum) The closed cubes of the global optimum are represented as a
series of closed cubes as B(X1, gpest, 1), B(x2, gbests 02), -+ s B(XD, ghest, Op) C I.

Definition 7 (A Class of Closed Cubes Cover The Gradient) According to Definition 5 and Assumption 1, any
gradient-based optimizer incorporating permutation randomization &% applied on f(Iy) in iterations ¢ is denoted as
R -G - f(l) ={%1,1, £2,4, -+, %p,+}. Naturally, a set of closed cubes that cover these points can be denoted as
B(%1,1, 61,1), B(%2,+, 62,¢), -+, B(&p, 1, Op, 1)-

3. The limitation of conventional gradient-based optimizers

In this section, we theoretically demonstrate that conventional gradient-based optimizers (i.e., those without
randomization) have limited capability to explore the global optimum once the number of iterations becomes sufficiently
large.

In particular, Lemma 1 establishes a rigorous prerequisite for Theorem 1. In addition, Theorem 1 demonstrates
that any gradient-based optimizer without randomization can approximate a closed cube containing the global optimum
within a maximum of 7 iterations. The result shows that, in nonsmooth nonconvex settings, such optimizers progressively
narrow their search region and ultimately become trapped at the nearest stationary point-for example, a (8, €)-Goldstein
stationary point [22-25], after a sufficiently large number of iterations 7.

Intuitively, this showcases that the gradient-based optimizers tend to “lock in” too quickly in the late stage: they
focus on a small local region of the search space and lose the ability to escape toward the true global solution.

Lemma 1 (Contraction Property of Gradient-based Optimizer without Randomization) According to Definitions 2,
3, 4, and 5, a gradient-based optimizer without randomization ¢ : R — RP within iterations ¢ denoted as & - f(Iy) =
{x1, 00 X2, 0, 5 xpi ks ||| < 11970, Ve € (1, T) holds.

Theorem 1 (Limitation of Gradient-based Optimizer without Randomization) According to Definitions 2, 3, 4, 5,
and 6, suppose current iteration as f, maximum iteration as 7, and initialized interval as Iy, if a gradient-based optimizer
without randomization & can approximate the closed cubes of global optimum B(X; gpes, 6;), 1 <i < D, & > 0, for all
closed cubes of global optimum B(x|, gpes; O1), B(x2, ghest, 62), -+ s B(XD, ghest, Op) € 4" - f(Ip) must hold.

The detailed proof of Lemma 1 and Theorem 1 can be viewed in Appendix A, Supplementary Material.

4. Theoretical analyses on permutation randomization

In this section, we theoretically analyze the advantages of permutation randomization. Unlike the gradient-based
optimizer without randomization, the gradient-based optimizer incorporating permutation randomization guarantees to
approximate the closed cube of global optimum, only considering that the maximum iteration T is sufficiently large.

Figure 1 illustrates the contrasting outcomes of applying a gradient-based optimizer with and without coordinate
randomization. Figure 1a demonstrates that a conventional gradient-based optimizer often becomes trapped in multiple
local optima, primarily due to the vanishing gradient phenomenon near these points. In contrast, Figure 1b depicts
the behavior of a gradient-based optimizer enhanced with coordinate randomization. One of the key advantages of
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permutation randomization is its capability to disrupt the contraction or shrinkage property of conventional gradient-based
optimizers by reordering all coordinates. This reordering provides an opportunity to escape local optima and potentially
cover the entire domain of the objective function, thereby approaching the global optimum. In addition, the following
Lemmas 2 and 3 are fundamental to our theoretical analyses employing real analysis [39] and functional analysis [35].
These Lemmas are representative theorems in set theory [39].

Lemma 2 (Heine-Borel Theorem) [39] Assume I'is a close and bounded set and {g;}X | = G is a closed set. Then
UK, g 2T, and G = R,.

Lemma 3 (Vitali Covering Theorem) [39] Assume {B;}_, are closed sets and VB;NB; =0, i # j, I C R, and
m*(T') < oo, if m*(I'\ UL, Bi) < €, Ve > 0, holds, {B;}_, defines a Vitali Covering of I". And m*(-) denotes a Lebesgue
outer measure.

Importantly, we present Theorem 2 as follows to demonstrate that an optimizer incorporating permutation randomi-
zation guarantees that all output intervals such as Z' - 4" - f(Io) — [%, $;] (please refer to Definition 7) can cover a closed
cube of the global optimum.

%HO—OOFO#M

Illustration of a conventional gradient-based optimizer without randomization
for searching the global optimum of a nonsmooth nonconvex objective function

\ The entire domain of an objective function j

Y

(b) Tllustration of a gradient-based optimizer with randomization for searching the
global optimum of a nonsmooth nonconvex objective function

A closed A closed A closed
The Local The Global ‘ cube of . cube of . cube of
optimum optimum gradient inl1* gradient in gradient in

yid .

iteration 2" iterations 3" iterations

Figure 1. An illustration of a gradient-based optimizer incorporating permutation randomization can cover a closed cube of global optimum when the
maximum iteration T is sufficiently large

Theorem 2 (The Advantage of Gradient-based Optimizer Incorporating Permutation Randomization) According to
Definitions 1, 2, 3, 4, and 6, given a Lipschitz continuous but nonsmooth nonconvex objective function f (please refer to
Definition 1), an optimizer without randomization ¢ (please refer to Definition 2), a randomization operator % (please
refer to Definition 3), an initialized set Iy = {x1, 0, X2, 0, - -, Xp, 0} (please refer to Definition 4), the close cubes of the
global optimum are denoted as B(X1, ghest, O1), B(x2, gbests 62), -+ » B(XD, ghest» Op) (please refer to Definition 6), suppose
the maximum iteration is 7', the following (1), (2), and (3) hold:

(1) According to Definition 7, Z' - 94" - f(Iy) = {%1,+, X2,+, -+, £p, +} C I holds. According to Assumption 1 and D,
T are sufficiently large, there are B(%, ;, O, i) NB(%x, j, O, j) # 0,1 <i,j < T, inferring from Lemma 2:

B(%i,1,0;,¢), 1<i<D, 1<t<T )

HC@

T
VB(X,', gbest s l C U
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(2) According to Definition 7, Z#' - 4" - f(Iy) = {1+, 2,4, -+, £p,+} € I holds. According to Assumption 1, and
D, T are sufficiently large, there are B(%y, ;, &, ;) N\B(%, j, &, j) =0, 1 <i, j < T, inferring from Lemma 3:

C~
Cvo

VB(xi,gbesrv 6!) glg B(XAL’[, 5i,l)UE7 1 SlSDa 1 Stg T

t=1i=1

(€)

ol

= Xo.

(3) Otherwise, if some closed cubes are overlapped, and others are not, it needs to consider (1) and (2) comprehensively.
In brief, the randomized intervals generated by any optimizer can cover the closed cubes of the global optimum.

In Theorem 2, it concludes that an set of closed cubes of the global optimum B(x; gpesi, 6;), 1 <i <D, § >0
(please refer to Definition 6) can be covered in the union of a series closed cubes, such as B(%; ;, 8;,;), 1 <i<D, 1<
t < T, generated via the gradient-based optimizer incorporating randomization, given sufficiently large iterations. For
instance, optimize an objective function f with an initialized interval Iy = {10, 11, 20} and the global best optimum
Lepess = {19, 16, 15}. Suppose we employ a gradient-based optimizer ¢, due to contraction property of gradient-based
optimizer, we have & - f(Ip) = {12, 13, 14}, 9% f(Ip) = {14, 15, 16}, and 43 f(Iy) = {15, 16, 19}. If we assume the
global optimum is {19, 16, 15}, the last randomization can facilitate an accurate approximation to the global optimum,
suchas Z-{15, 16, 19} — {19, 16, 15}. Meanwhile, we can derive the global optimum {19, 16, 15} C {12, 13, 14} U
{14, 15, 16} U {15, 16, 19}.

Furthermore, as D becomes sufficiently large (e.g., D — o), Egs. (2) and (3) incorporate an increasing number of
gradient cubes to effectively cover the entire domain of the objective function.

Moreover, we provide Lemma 4 and Theorem 3 to analyze the potential influence of permutation randomization on
the convergence rate. In detail, supposing the permutation randomization as an operator (please refer to Definition 3, we
can prove that the norm of Z is equal to 1 and discuss the upper bound of the gradient-based optimizer incorporating
randomization.

Lemma 4 (Norm of Permutation Randomization Operator is Equal to 1) Suppose the permutation randomization as
an operator Z : RP — RP, || Z|| = 1 holds, if D < eo.

It is not difficult to prove Lemma 4. According to Definition 3, we can infer:

H'%'{xlu X2y )CD}” = H{xAM xA27 B} -fD}” (4)
According to Definition 5, Lemma 4, and finite-dimensionality space, for any X, Y € I, we have:
179" (rx) — f) | < |2 |- |9 (£00) — )| = |- (Fx) = £ )
LetX be I} =% - f(Ip) and Y be Iy, inferring from Eq. (5), we have:

|2 -4 (f(L) = f(Io))|| < |9 Fllo) =" f(Io))]| - (6)

The upper bound on the convergence rate of gradient-based optimizer [40] incorporating randomization can reach
|9+ flo) = 9" f(1o))

incorporating permutation randomization should be equivalent to the convergence rate of original gradient-based optimizer

’; thus, we revealed the upper bound of the convergence rate of a gradient-based optimizer
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and proved that permutation randomization could maintain the convergence rate of incorporated optimizer and shown in
Theorem 3.

Theorem 3 (Permutation Randomization Preserves the Convergence Rate of the Incorporated Gradient-Based
Optimizer) According to Definition 7, the convergence rate of a gradient-based optimizer incorporating randomization
should be smaller than or equal to the convergence rate of the incorporated gradient-based optimizer ¢ without
randomization.

Suppose that incorporating randomization with a smaller norm (e.g., ||Z|| < 1), according to Eq. (6), might decrease
the convergence rate of the original optimizer. For instance, Burke’s work [15] demonstrates that randomization with a
continuously reduced norm should benefit local searches but influence convergence. Furthermore, the following Theorem
discusses the upper bound on the convergence rate of a gradient-based optimizer incorporating permutation randomization
to approximate a closed cube of the global optimum.

Theorem 4 (Upper Bound on Convergence Rate of Randomized Gradient-based Optimizer Approximates a Closed
Cube of Global Optimum) According to Definitions 5, 6, and Theorem 3, considering the objective function y : R! —
s 4%, Xgbest €1 C R?, V(%) < Y(B(xghest, 6))} =

R!, if maximum convergence rate is less than 2 - |1//(B(xgbest, 9))
1
U UL NE,, {x €I CRP :max[%#' 9" - w(x)| + k} holds.

Our theoretical studies indicate the efficacy of permutation randomization on nonsmooth nonconvex optimization.
The following experimental studies can validate theoretical analyses and further demonstrate the advantages of permutation
randomization.

5. Experimental results

In this section, we empirically investigate the performance of permutation randomization with a gradient-based
optimizer. Specifically, we incorporate the permutation randomization and a representative gradient-based optimizer
ADAM [26] as randomized ADAM (see pseudo-code in Algorithm 1, Appendix C, Supplementary Material) to
validate reconstruction loss, such as ||[InputMatrix — WeightMatrix x FeatureM az‘rix||12E /I nputMatrixH%, via multiple
numerical experiments on unsupervised deep nonlinear learning methods such as Deep Nonlinear Matrix Factorization
(DNMF) [41-44] and Deep Belief Network (DBN) [45], and noisy problems. Meanwhile, ADMM [46], ADAM [26], and
SVRG [27, 29, 28] are included as peer optimizers to validate permutation randomization. In particular, DNMF is
comparable to DNNs, which are widely employed in biomedical signal processing and medical image analysis. For
example, DNMF provides an important methodological framework for detecting functional connectivity derived from
functional Magnetic Resonance Imaging (fMRI) at multiple spatial scales [47—49], thereby enabling the discovery of
complex brain functional organization.

Importantly, permutation randomization is only applied when the difference between the current and previous
gradient reaches the given threshold. The threshold measuring the difference between the lastious and current gradient
is 1.0 x 1072. We also expect to investigate that permutation randomization enables continuous update of the gradient
during the late stage [22, 24, 50].

Furthermore, we introduce the objective functions of DNMF, presented below:

k
i Z; 7
Zigﬁgyxngll Il @
k
s.t. (HXi)~JVk(Yk)+Zk:S. )
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Optimizing the objective function of DNMF is more challenging than most regression problems [43, 44] since more
variables (e.g., three variables) are involved in the optimization. In detail, X; represents the weight/mixing matrix at the i
layer, Y denotes the feature matrix at the k' layer, Z; represents the noise/background components at the k&’ layer, and S

defines the input data matrix. In addition, . #; represents the activation function in k”* layer. Notably, ReLU is determined
(T X0) - Yo+ 2 —
ISII7

In addition, randomized ADAM and three other peer optimizers are validated on public biomedical data on
OpenfMRI [51]. We employed a data augmentation technique [52] to expand the original dataset from 29 subjects to
a total of 100 subjects. In this experimental study, only the maximum iterations are manually determined as two hundred
iterations, and other parameters are tuned as default settings in [46, 53, 54]. Meanwhile, the experimental studies are
validated on the CPU cluster (Intel Xeon Gold 6246R) and NVIDIA CUDA cores (NVIDIA DGX A100 P3687).

2
S
as an activation function [31]. The reconstruction loss is defined as HF [43, 44].

Loss (Log scale)
Loss (Log scale)

Reconstruction loss at 1* layer of subject #1 Reconstruction loss at 1* layer of subject #2
I — C— I
Randomized
ADMM ADAM SVRG
ADAM

Figure 2. The reconstruction loss comparison of randomized ADAM and the other three peer optimizers within two thousand iterations of randomly
selected two subjects at the first layer

0 S S S S S
z o)
) )
9) <)
2 2
=) )
— —
Y G S S
1 1,000 2,000
Reconstruction loss at 2* layer of subject #1 Reconstruction loss at 2™ layer of subject #2
——— L} T I
ADMM ADAM SVRG Randomized

ADAM

Figure 3. The reconstruction loss comparison of randomized ADAM and the other three peer optimizers within two thousand iterations of randomly
selected two subjects at the second layer

Moreover, the Figures (from Figures 2-4 present all experimental results within 2,000 iterations. All figures provide
the reconstruction loss of the subjects’ signal matrices. Overall, randomized ADAM and three other peer optimizers
(ADMM [46], ADAM [26], and SVRG [27]) are applied to optimize the objective function of DNMF (please refer to
Egs. (7) and (8). Notably, with an automatic estimation technique provided in [42, 41], all subjects’ signal matrices can
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be consistently decomposed into two layers. Notably, in Figures 2 and 3, we provide randomly selected four subjects’
reconstruction accuracy curves of the first and second layers.

According to Figures 2-4, ADAM incorporating permutation randomization can achieve the highest reconstruction
accuracy. Overall, SVRG and randomized ADAM perform better than ADMM and ADAM. Notably, the gradient
of randomized ADAM can continuously update even in the late stage, after 1,600 iterations in Figure 2a and b.
Specifically, when the number of iterations is smaller than 1,000, SVRG can achieve a higher accuracy than randomized
ADAM. In contrast, if the number of iterations is larger than 1,000, randomized ADAM achieves the highest reconstruction
accuracy. In addition, to evaluate the performance of ADAM incorporating permutation randomization on all subjects, we
also provide the averaged reconstruction loss in Figure 3 that can further compare the performance of randomized ADAM
with other peer algorithms.

Meanwhile, we aggregate all subjects as group-wise data [51] and employ a 3-layer DBN to further validate the
performance of randomized ADAM and the other two peer optimizers. We also introduce a noisy optimization problem
to investigate the performance of permutation randomization on nonsmooth nonconvex problems [34, 55, 56].

Loss (Log scale)

Averaged reconstruction loss at 1 layer of all subject Averaged reconstruction loss at 2™ layer of all subject
I —— — I
Randomized
ADMM ADAM SVRG
’ ADAM

Figure 4. The averaged reconstruction loss comparison of randomized ADAM and the other three peer optimizers within two thousand iterations across
all subjects at first and second layers, respectively

Consistent with earlier numerical experiments, the randomized gradient-based optimizer is less prone to becoming
trapped in stationary points in both DNNs and noisy DNMF (introducing random noise into the gradient at every 10
iterations), as shown in Figures 6 and 7 in Appendix C of the Supplementary Materials. For additional evaluation, we
applied each method using default parameter settings [26, 53, 56, 57] to a logistic regression task [58] using the publicly
available breast cancer dataset [59], visualized in Figure 8 in Appendix C of the Supplementary Material.

6. Statistical analyses

In this section, we present a quantitative analysis of the previously reported experimental results. Since all gradient-
based optimizers examined in our empirical study are iterative algorithms, the reconstruction loss between adjacent
iterations is not statistically independent (see Figures 2-4). This lack of independence limits the applicability of traditional
statistical tests such as t-tests and confidence intervals for comparing iterative reconstruction performance [60]. To address
this limitation, we adopt Intra-class Correlation Coefficients (ICCs)-a widely used descriptive statistical technique for
assessing consistency in grouped quantitative measurements [61, 62]. Figure 5¢ and d report the ICCs for randomized
ADAM and three peer optimizers. Notably, randomized ADAM and SVRG exhibit the highest levels of consistency. For
example, at the second layer of DNMF, ICCs for randomized ADAM exceed 0.80 at the first layer and surpass 0.90 at the
second layer, indicating strong internal reliability. These results highlight the performance of permutation randomization
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as comparable to SVRG, which uses averaged gradients for updates. In addition to consistency, we evaluated time
consumption across all methods. As shown in Figures 5a and b, the runtime of permutation randomization is higher
than ADAM and ADMM, but substantially lower than SVRG, striking a promising balance between performance and
efficiency. The mean and standard deviation of these results are summarized in Table 2.

(@) (®)
8,000 L A M U S 8,000 __________________________________________________
7’000 - e - - 7’000 g g  AOR
oo |
w 6,000 = mrmimimmm e . 6,000 ---- R I Troyy (SR e ADMM
£ £
8 5’000 ----------------------- 8 5’000 R e e e i ]r ,,,,,,,,,,,,,
53 L
wn 70}
4 000 et .- a. 4‘000 __________________________________________________
I
3 000 v amavmin i 3,000 mesesszmssesed i S (L. I ADAM
+
2’000 _____________ [ 2’000 T @,, T, S -L ,,,,,,,,,,,,, &
Time consumption at 1* layer of all subjects Time consumption at 2™ layer of all subjects
© 1 (d —
R T A e ey s
SVRG
0.8 ——m—gy= 0.95 s s e o R o e e aE R
0.6 -~ i 0.9 mraesaussaiil s s p
I
0.4 —- i 085 =rmemimemenm- P - - - .-
Randomized
02 -- 0 og --B . _. A N ADAM
O EOAEE i 2
1* Layer 0.75
ICC values of reconstruction Loss at 1* ICC values of randomized ADAM and other peer
and 2™ layer of DNMF on all subjects optimizers at 1 layer of noisy DNMF on all subjects

Figure 5. An illustration of time-consumption and consistency comparisons of randomized ADAM and other peer optimizers. The box plots in (a) and
(b) represent the time consumption of four algorithms using all subjects; (c) provides the ICC values to demonstrate an overall consistency

Table 2. Time consumption comparison of all optimizers in seconds

Time consumption at 1% layer of DNMF  Time consumption at 2" layer of DNMF

ADMM 451.58 + 93.86 ADMM 287.42 + 78.15
ADAM 901.65 £ 196.96 ADAM 579.98 + 53.41
SVRG 4,538.50 + 305.49 SVRG 4,441.60 + 547.12

Randomized ADAM 1,562.50 £+ 185.31  Randomized ADAM 1,228.70 £+ 195.09

7. Conclusion

In this work, we conducted both theoretical and empirical analyses of permutation randomization in nonsmooth
nonconvex optimization. Our results showcased that integrating permutation randomization into gradient-based optimizers
broadens the search dynamics, enabling the algorithm to explore diverse closed cubes that contain the global optimum
rather than shrinking prematurely toward suboptimal regions. Importantly, we prove that this strategy preserves the
original optimizer’s convergence rate, ensuring that no efficiency is lost.
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On the experimental side, we validated these insights through extensive numerical studies, including the training
of deep neural networks with stacked architectures and the optimization of noisy objective functions. The consistent
performance gains highlight the practical value of permutation randomization in real-world scenarios.

In summary, these findings deliver both a rigorous theoretical foundation and compelling empirical evidence for the
utility of randomization in gradient-based methods. We envision this work as a starting point for broader investigations
into alternative randomization techniques, their role in overcoming fundamental challenges of nonsmooth and nonconvex
optimization, and their potential to advance applications in machine learning and beyond.
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Appendix A

Lemma 1 (Contraction Property of Gradient-based Optimizer without Randomization) According to Definitions 2,
3,4, 5, and Assumption 1, a gradient-based optimizer without randomization 4 : R — RP within ¢ iterations denoted as
gl f(IO)s vt € [17 T]a gf(lt) = It+13 It+1 g It

Proof. Proof by contradiction. Assume ¢ - f(I;) = I+ 2 I, and initialized closed interval as Iy, we can infer:

Ir2--2L2-- 2. )

Let T — oo, we have It — (—oo, +o0) which implies:

1G" - f ()] — oo. (10)

Based on the concept of a contraction operator, we infer that ¢ is not a contraction and therefore cannot guarantee
convergence. This supports our theoretical result that a gradient-based optimizer must exhibit contraction behavior, by
inducing the shrinkage of input closed sets or intervals, to ensure convergence properties.

Theorem 1 (Limitation of Gradient-based Optimizer without Randomization) According to Definitions 2, 3, 4, 5,
and 6, suppose current iteration as f, maximum iteration as 7', and initialized interval as [ if a gradient-based optimizer
without randomization ¢ can approximate the closed cubes of global optimum B(X; gpest; 6), 6 > 0, 1 <i < D, for any
t €1, T|, B(x;, gbest, 6) €L =%"- f(Ip) must hold.

Proof. Inferring from Lemma 1, we have:

Gt o) - CY - fIo) S CY" - fI). (11)

Let t — oo, consider ¢ can approximate a closed cube of global optimum B(Xgpes, 6), 0 > 0. And inferring from
Cantor Intersection Theorem, we have:

T
Vie [17 D]7 B(x;, ghest ;) C ﬂgt (). (12)
t=1

Therefore, we conclude that for a conventional gradient-based optimizer to successfully approach the global optimum,
the intervals generated in each iteration, denoted as I;, 1 < < T, must include the global optimum.
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Appendix B

Theorem 2 (The Advantage of Gradient-based Optimizer Incorporating Permutation Randomization) According to
Definitions 1, 2, 3, 4, and 6, given a Lipschitz continuous but nonsmooth nonconvex objective function f (please refer to
Definition 1), an optimizer without randomization ¢ (please refer to Definition 2), a randomization operator Z (please
refer to Definition 3), an initialized internal Iy = {x1 o, x2,0, ---, XD, 0} (please refer to Definition 4), the close cubes
of the global optimum are denoted as B(X1, gpest, 01), B(X2, ghest, 62), -+ B(XD, gbest, Op) (please refer to Definition 6,
suppose the maximum iteration is 7, the following (1), (2), and (3) hold:

(1) According to Definition 7, Z' - 94" - f(Iy) = {%1,+, X2,+, -+, £p, +} C I holds. According to Assumption 1 and D,
T are sufficiently large, there are B(%; ;, 0; ;) NB(%i, j, &, j) #0, 1 <t, j<T, 1 <i <D, inferring from Lemma 2:

T D
VB(x;, ghest» 8) CTC | JJB(&:,1.6,1), 1<t <T, 1<i<D. (13)

(2) According to Definition 7, Z' - 4" - f(Ip) = {%1,+, £2,+, ---, £p,+} C I holds. According to Assumption 1, and
D, T are sufficiently large, there are B(%; ;, 6; ;) N\B(%;, j, 6;, j) =0, 1 <t <T, 1 <i <D, inferring from Lemma 3:

=~
Co

VB(xi, gbest, 6;) 1 C B(%i ¢, 6,;)UE, 1<t<T,1<i<D

t=1i=1

(14

E = X,.

(3) Otherwise, if some closed cubes are overlapped, and others are not, it needs to consider (1) and (2) comprehensively.
In brief, the randomized intervals generated by any optimizer can cover the closed cubes of the global optimum.
Proof. According to Definition 2, considering a gradient-based optimizer:

G-I Cl. (15)

According to Definition 3, considering a gradient-based optimizer with permutation randomization, we have:

R-G-IyCI. (16)

According to Definition 5, We can derive the following equation:

G Iy={x1,¢, x2,¢, -+, xp, ¢} C L (17)

In addition, for any € N, we have:

R -G Ty={%1, 1, %2, 4, -+, xp,} C L (18)
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On the one hand, if we consider the overlap through all generated closed cubes via Z' - 4" - I:

Vj, ke[lv T]7 ]#kv B(-)ei,ja 6i,j)g17 B()ei,ku 5i,kg17 lg.lu kSTa 1§1§D
(19)
B(%;, j, 8, ) NB(& k, & 1) # 2.

Suppose T and D are sufficiently large, inferring from Lemma 2, according to Definition 6, if we denote the closed
cubes of global optimum as B(x1, gpest, 01), B(x2, ghests 02), =+, B(Xp, gbest), We have:

I1C B(%; +, 6. 1). (20)

C=
Cvo

t=1i=1

We can also derive:

T D
vie[l, D], |JUB(&, 1, 8 1) 212 B(xi, goest: 6)- 1)

t=1i=1

On the other hand, if we consider no overlap through all generated intervals via Z' - 4" - I

vjv ke [15 T]v J#k7 B(xAi-,jv 51]) gL B(xAi,ka 5i,k) gl

(22)
B(%;, j, 6i, j) NB(Xi , & k) # 2.
According to Lemma 3, suppose T is sufficiently large, we have:
T D
m’ (1\ U UB(ﬁi. t 6, t)) <&

t=1i=1

T D
E=N\{JUBG: 1, &) (23)

It also indicates:
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o

Yiel, D), (LTJ
t=1

B()ei,t, 5i,t)> UE QIQB(X:', ghest s 51’)
1

i

24

o]

= Xo.

Otherwise, it is obvious that {B(X|_ gpest, O1), B(X2, gbests 02); -+, B(XD, ghest, Op)} can be included in a series of
overlapped and non-overlapped closed intervals by comprehensively using Egs. (21) and (24).

Lemma 4 (Norm of Permutation Randomization Operator is Equal to 1) Suppose the permutation randomization as
an operator Z : RP — R, | Z|| = 1 holds, if D < eo.

Proof. Considering % applying on finite-dimensional space:

X1 X1
X2 )?2
Z-| . = - (25)
XD £p
Inferring from Eq. (25), we have:
ilzxi, XAQZXJ',”’,)?D:)C](, i j,kE[l,D]. (26)
Eq. (14), we have:
I{x1, x2, -+, xp}| = [{%1, £2, -+, Ep}l. @27)

According to the concept of operator norm [35], we can derive the following:

||%|| :sup%j.”{xl’ X2yttt -xD}H :Sup||{XAl, -xA27 Tty xAD}H _
|[{x1, x2, -+, xp}| |[{x1, x2, -+, xp}|

(28)

Theorem 3 (Permutation Randomization Preserves the Convergence Rate of the Incorporated Gradient-Based
Optimizer) According to Assumption 1 and Definition 7, the convergence rate of a gradient-based optimizer incorporating
randomization should be smaller than or equal to the convergence rate of the originally incorporated gradient-based
optimizer ¢4 without randomization.

Proof. Inferring from the concept of contraction operator, we have:

19 - (fX) = fX)I < || - (fFX) = X))
(29)
O0<c<1.
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We can rewrite the left side of Eq. (28) as:

G - (f (1) = f ()] (30)

Then, we have:

G - (f (1) = FUD < e - [|(F Ugr) = f(I))]- (€L

Considering the incorporation of optimizer and randomization as Z - ¥ - f(x), we have

N2 - (f (r) = fFUDI < V2NN - (f i) = f (@) (32)

Inferring from Lemma 4, it is obvious that we have:

2|19 - (f Urr) = FUADI = 1 - (F ) = fFUEDI < e ([ Urpr) = F )] (33)

Eq. (33) implies permutation randomization &% can maintain the convergence rate of the original gradient-based
optimizer ¢.

Theorem 4 (Upper Bound on Convergence Rate of Randomized Gradient-based Optimizer Approximates an Closed
Cube of Global Optimum) According to Definitions 5, 6, and Theorem 3, considering the objective function y : R! —
R!, if maximum convergence rate is less than 2 - |f(B(xgbeS,, 5))}, {%, Xgbest €1 C RP, f(x) < Y (B(Xgpest; 0))} =

U, Ul N, {x €I CRP :max[%# - 9" y(x)]+ Ilc} holds.
1
y

Proof. Let E, ;= [x el:maxueZ' 9" - y(x) < Y(B(Xghest> 6)) + Ak

On the one hand, we need to prove {x, Xgpesr € R' : W(x) < W(B(xXgpesr, 8))} € Uimi Uh—i N {x eR!: max,c; %" -

G F(x) < F(B(Xgbesrs 8))+ % }

Suppose Xgpesr € R! and x € {x, Xgbest € R!: f(x) < f(B(Xgbest, 6))}, according to Cauchy Theorem, we have
limy oo Wi (X0) = W(x0) < W(B(Xgpest, 0)) and derive:

1

Vko € N, 3tg > 10, Wi (x0) < W(B(Xgpest, 6)) + ko (34)
Eq. (22) indicates that xo € E; ,(t > o). It also demonstrates xo belongs to the lower limit of {E; 4, }.
According to the Definition of the lower limit, we have:
T T
Vxo €1, x0 € |J () E k- (35)
m=1t=m
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Thus, we proved {x, Xgresr € I C RP 1 f(x) < f(B(xgbess> 8))} € Ui UL N, {x €1 CRP : max,c; %' 9" -

F) < F(B(xgew 8)) + }C}

On the other hand, we need to prove {x, Xgpeq € 1 C RP: f(x)<f (B(Xgpest» 0))} 2 U,{zl U,ﬂ:] ﬂlT:m {x €I CRP:

maxye 1 #' - 9" - f(x) < f(B(xgpests 6)) + Ilc}

1
Suppose xo € Ur_; UL_; N, {x €I CRP i max,cp ' - 9" - f(x) < f(B(Xgpest, 8)) + k}’ obviously, we have

1
X0 € U;zl ﬂtT:m {x eI CRP: max,cpi Z' 9" f(x) < W(B(Xgpest, 0)) + k}'

Importantly, it implies that xo € U},_, N/, Rr, k, Which is the lower limit of {E; 4, }.
Thus, 31, xo € E;, ,, t > to, We can derive:

Vi (x0) < W(B(xgbest, 6)) + (1 = 1o). (36)

Let r and ko are sufficiently large, we have f(xo) < f(B(Xgpest, 0)).

So far, we proved {x, Xgpesr € R! 1 w(x) < W(B(xXgpest, 6))} 2 Ui—i Ubei Ni— {x e R maxye 1 #' - 9" - w(x) <

k
Moreover, according to Theorem 3 and Eq. (24), we have:

V(Bigpen )+ ‘}.

max,e (%' -9 -y (x)} — max, ez (B4 Y0} <2 f(gpens O] (37)

Therefore, we can finally conclude that the upper bound of the convergence rate of a gradient-based optimizer in
each dimensionality incorporating permutation randomization is:

§2'|f(xi,gbesta 5)|7 1§1§D (38)

4
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Appendix C. Additional experiments

Figure 6 presents a comparison between randomized ADAM and two other leading optimizers, ADAM and SVRG,
in optimizing a three-layer DBN. Notably, randomized ADAM achieves the highest reconstruction accuracy among the
methods compared.

Additionally, Figure 7 shows the average reconstruction loss for randomized ADAM and two other peer optimizers
over 2,000 iterations in the optimization of noisy DNMF. Specifically, this model introduces noise into the gradient g; at
every 10 iterations to enhance the complexity of the optimization process.

% — ADAM

o

=}

S)

o -2 —— SVRG

=

g 4

R

% -8 ——— Randomized
2 1 1,000 2,000 ADAM

Averaged reconstruction loss of
all subjects using 3-layer DBN

Figure 6. An illustration of reconstruction loss comparisons of randomized ADAM and other peer optimizers on optimizing a 3-layer DBN
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Figure 7. An illustration of reconstruction loss comparisons of randomized ADAM and other peer optimizers
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Figure 8. An illustration of reconstruction loss comparisons of randomized ADAM and other peer optimizers on solving the logistic regression problem

Finally, we provide the pseudo-code of randomized ADAM below:

Algorithm 1. Randomized ADAM: Stochastic ADAM

Input: o denotes step size; B; and 3, are exponential decay;
6y is initial parameter vector; my is initialized 1st moment vector;
Vo 1s initialized 2nd moment vector;
t is current iteration; € is initialized as a threshold; T is the maximum iteration.
whiler < T
& +— Vif (xt)
M; < BiM;—1 +(1—PBi)g:
Vi< BVici +(1—=Bi)g:

" t
M; W
T t
Vi 1_7% )
M,
Vz+8
if g —gi1ll<e
X — X (%)
Xy — X
End if
t+—t+1
End while.

Xt < Xp—1 — O -
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