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Abstract: In this paper, we give a four point and a multipoint generalizations of the Chatterjea type mappings. Such
mappings are repectively based on the mappings of four or n points of the space instead of two or three. We compare these
mappings with some contractive type mappings in the literature. We prove several novel fixed point theorems supported
by auxiliary lemmas and propositions in metric spaces for these mappings. Moreover, an illustrative example concerning
the four-point Chatterjea type mappings is provided.
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1. Introduction and preliminaries

Among the most well-known generalizations of Banach contraction theorem is Chatterjea’s [1] theorem. Banach
[2], Kannan [3], and Chatterjea’s [1] fixed point theorems are independent, and the latter two define the metric space’s
completeness, as we observe. Chatterjea’s results were highly intriguing, and they led to numerous more research avenues
and generalizations such as [4—12]. Various fixed point theorems have been established for Chatterjea Type Mappings
(CTM). Completeness in Metric Spaces (MS) can be effectively characterized via Chatterjea mappings [13].

In 1969, Nadler [14] introduced multi-valued contraction mappings, and later Ciri¢ [15] proposed generalized
contraction mappings.

Petrov [16] recently studied a novel class of mappings, described as Mappings Contracting Perimeters of Triangles
(MCPT). He derived a new result for this class and provided explicit examples of MCPT that do not satisfy the classical
contraction condition. Also, the author demonstrated that such mappings are continuous. Later, generalized Kannan type
and Generalized Chatterjea Type Mappings (GCTM) were introduced by Petrov and Bisht [17], Pacurar and Popescu [18]
and Bisht and Petrov [19]. Bisht [20], Bisht and Petrov [21, 22], Bey et al. [23], and Petrov [24] also provide relevant
insights into this topic.

In this work, a four-point generalization of the CTM is introduced. Unlike the classical approach, this generalization
is based on mappings involving four distinct points in the space. In the last part of the section on the main result, we
further generalize the concept to present n—point CTM. Furthermore, we prove some new lemmas and propositions and
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fixed point theorems in MS for these two types of mappings. Within this framework, several new fixed point theorems are
established in the context of MS. Also, we give an example related to the four point CTM.

The first part serves as a lead-up to the sequel. The fundamental results of this manuscript require the following
notation, definitions and theorems which we offer below.

Let F(Y) = {r €V : Yr=r}, the set of all fixed point of Y.

Chatterjea [1] formulated a fundamental fixed point theorem indicating that there is a fixed point for discontinuous
mappings.

Theorem 1 [1] Let (V, p) be a Complete Metric Space (CMS) and Y : V — V be a mapping such that for all w, r € V
the inequality

p(Yw, Xr) < & (p(w, Yr)+p(r, Yw)) €]

is satisfied, where ¢ € [0, 3). Then Y has a unique fixed point.
Let |V| represent the cardinality of a set V. Let (V, p) be a MS with |V| > n, and let wy, wy, ..., w, € V, where n > 2.
The sum of distances taken over all distinct pairs of points in the set {wy, wa, ..., w, } is denoted by

S(wi, wa, oo, wy) = Z p(wi,wj).

1<i<j<n

Petrov [16] offered the following definition in 2023, generalizing the Banach contraction mappings.
Definition 1 [16] Let (V, p) be a MS with |V| > 3. The mapping Y : V — V is called a MCPT on V if there exists
¢ €10, 1) such that

p(Yw, Yr)+p(Yw, Yz) + p(Xr, Yz) < C(p(w, r) +p(w, 2) +p (1, 2))

is satisfied for all three pairwise distinct points w, r, z€ V.
Petrov [16] showed that MCPT are continuous.
After that, Petrov and Bisht [17] gave the concept of generalized Kannan type mapping in the manner defined below.
Definition 2 [17] Let (V, p) be a MS with |V| > 3. The mapping Y : V — V is called a generalized Kannan type
mapping on V if there exists { € [0, §) such that

p(XYw, Xr)+p(Yw, Yz) +p(Yr, Xz) < { (p(w, Yw) +p(r, Yr) +p(z, Y2))

is satisfied for all three pairwise distinct points w, r, z € V.

Later, Pacurar [18] proposed the following extension of the Chatterjea mapping

Definition 3 [18] Let (V, p) be a MS with |V| > 3. The mapping Y : V — V is called a GCTM on V if there exists
¢ € [0, 1) such that

p(w, Xr)+p(w, Yz)+p(r, Tw)
p(Yw, Yr)+p(Xw, Yz)+p(Xr, Yz) <&
+p(r, Yz) +p(z, Yw) +p(z, Y1)
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is true for all three pairwise distinct points w, r, z € V.
Definition 4 [24] Let (V, p) be a MS with |V| > n, for n > 2. The mapping Y : V — V is said to be a Mapping
Contracting the Total Pairwise Distances (MCTPD) between n points if there exists { € [0, 1) such that

S(Ywi, Ywa, ..., Ywy) < ES(wi, wa, ..., wy) )
is satisfied for all n pairwise distinct points wy, wa, ..., w, € V.
If n =4 is taken in (2), then
p(XYw, Xr)+p(Yw, Yz) + p(Yr, Yz) pw,r)+p(w, z)+p(r2)
<¢
+p(Xw, Y1)+ p(Xr, Xt) +p(Yz, Y1) +p(w 1) +p(r1)+p(z, 1)

for all four pairwise distinct points w, r, z, t € V. Also, Y is called contracting the sum of diagonol and perimeters of
rectangles on V.

Remark 1 Note that w, r, z, € V must be pairwise distinct. Otherwise, it is obvious that this definition is the same
as the definition of a MCPT contraction mapping.

2. Main results

Within this section, we propose our four-point generalization of the CTM. We call it four-point CTM. To clarify this
new concept and underline its importance, an illustrative example is provided. Moreover, we prove some new fixed point
results in MS by using these new mappings.

Definition 5 Let (V, p) be a MS with |V| > 4. A self-mapping Y : V — V is called four-point CTM if there exists a
constant { € [0, 1) satisfying the inequality

p(w, Xr)+p(w, Yz) +p(w, Y1)

p(XYw, Xr)+p(Yr, Yz) +p(Yz, Yw) +p(r, Yw)+p(r, Yz) +p(r, Yi)
<¢ 3)
+p(Yw, Xt) +p(Xr, Yt) +p(Yz, Y1) +p(z, Yw) +p(z, XYr) +p(z, Xt)

+p(t, Yw)+p(t, Yr)+p(t, Yz)

for all four pairwise distinct points w, r, z, t € V.

Definition 6 [1]Let (V, p)beaMS and Y : V — V be a mapping. A point w € V is said to be periodic point of period
n if Y"(w) = w. The smallest such positive integer n for which this condition holds is referred to as the prime period of the
point w.

The following example exhibits that our four-point CTM is neither a Chatterjea mapping nor a GCTM [18].

Example 1 Let (V, p) be a MS such that V = {w, r, z, 1}, p(w, r) = &, p(w, 2) = p(w, 1) =p(r,t) = p(r, 2) =
p(z,t)=1and Y :V — V be a mapping such that Yw =w, Yr=r, Yz=xand Y7 =y.

Forw, r € V in (1), we have 5 < § (5 + 15) which is not true for § € [0, 1). So, that Y is not Chatterjea mapping.

Next, for three points w, r, z € V, we have
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p(w, Xr)+p(w, Yz) +p(r, Yw)
p(Yw, Xr)+p(Yw, Yz) +p(Yr, Yz) < &
+p(r, Yz) +p(z, Yw) +p(z, X7)

This gives

2p(w, r) <C(3p(w;r)+p(z, w)+p(z,1)).

Plugging in the values, we obtain

so that § > % > % Consequently, Y is not a GCTM.

However, for four points w, r, z, t € V,

p(w, Yr)+p(w, Yz)+p(w, Yt)
p(Yw, Yr)+p(Yr, Yz) +p(Yz, Yw) +p(r, Yw)+p(r, Yz)+p(r, Y1)

+p(Xw, Yt) +p(Yr, Xt)+p(Xz, Yt) +p(z, Yw)+p(z, Yr)+p(z, Y1)

+p(t, Yw)+p(t, Yr)+p(t, Yz)

p(w,r)+p(w, w)+p(w,r)+p(r,w)

pw, r)+p(r,w)+p(w,w)
<¢| +p(nw)+p(rr)+p(z, w)+p(z 1)

+p(w, r)+p(r,r)+p(w,r)
+p(z, r)+pt, w)+p(t, r)+p(t,w)

or

4p(w,r) < C(4p(w, r) +p(z, w) +2p(z, 1) +2p(t, w) +p(t, 1))

and we get
28 28
L2 .
0= +)
Thus, { > % € [0, 1) and we conclude that Y is a four-point CTM.
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On the other hand, the next proposition establishes the relationship between CTM and four-point CTM.
Proposition 1 Let Y : V — V be a CTM with { € [0, 1) . Then Y is a four-point CTM.

Proof. Let (V, p) be a CMS such that |V| > 4 and let the mapping Y : V — V be four-point CTM and let w; € V,
i=1, 2,3, 4 pairwise distinct points. Considering CTM, we get the following six cases:

p(Ywi, Ywa) < & [p(wi, Ywa) +p (w2, Ywy)],
p(Ywa, Yws) < & [p(wa, Yws) +p (w3, Ywa)],

p(Ywi, Yws) < & [p(wi, Yws) +p(ws, Ywi)],

P (Yws, Yws) < {[p (w3, Ywa) +p(ws, Yws)].

When the right and left parts of the aforementioned inequalities are summarized, we get

4 4
e (wi, Ywi) + X p (w2, Ywi)
= oz

S(Ywy, Ywa, Yws, Ywq) <&

4 3

+ ‘21 p (w3, Yw;) + _Zl p (wa, Yw;)

i= i=

i#3

The desired assertion is now obvious. O

Next, to prove that four-point CTM is a Chatterjea contraction under certain restrictions, we need to prove the
following lemma.

Lemma 1 Let (V, p) be a CMS with |V| >4 and Y : V — V be a continuous four-point CTM. If z is an accumulation
point of V, then

(1-28)p(Yz, Xr) < £ (3p(z, Xr)+p(r, Y2)) 4)

forallreV.

Proof. Given any accumulation point z € V, and any r € V. If z = r, then it is obvious that (4) is true. Suppose that
z # r. Since z is an accumulation point of V, there exists a sequence wy — z such that wy # z, wy, # r for all k and all wy,
are pairwise distinct. Thus, by (2), we have
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P(Z, Yr)+p(r, TZ)-FP(I’, YW/H—I)

+p (1, Ywis2) +p (2, Ywier1) +p (2, Twies2)
S(YZ7 Yra ka+la ka+2) < C

+p Wir1, Y1) +p (Wir2, Yr) +p (Wiet1, Y2)

+p (Wit2, Y2) + P Wiy 1, Ywig2) +p (Wi, Ywipr)

Also, we have

p (Yr, Yz)+p (Yr, Ywery) +p (Yr, Ywiio)
S(sz 1, ka+17 TW]H—Z) =
+p (Yz, Ywiey1) +p (Yz, Ywir1) +p (Ywig1, Ywiyo)

Thus, we get

p (Xr, Yz) +p (Yr, Ywii1) +p (X7, Ywieyo)

+p (Yz, Ywer1) +p (Y2, Ywirn) +p (Ywis1, Ywiey2)

p (Zv Y}’) +p(r7 YZ) +p (rv YWkJrl)
+p (1, Ywig2) +p (2, Ywig1) +p (2, Ywep)

+p (Wir1, Xr) +p (Wir2, Yr) +p (Wiet1, Y2)

+p (Wir2, X2) +p (Wi, Ywig2) +p (Wir2, Ywigr)

Since p (wg, z) — 0, due to the continuity of Y, we have Yw; — Yz, p (Yr, Ywi) — p (Y1, Yz), p (wk, Ywy) —
p (z, Yz). Letting k — oo, we have

3p(Yz,Yr) < (B (p(z, Xr)+p(r, Y2))+6p (z, Y2))

p(Xz, Yr) <& ((p(z, Yr)+p(r,Yz))+2p (2, Y7)).

Using triangular inequality, we have p (z, Yz) < p(z, Yr) + p (Yr, Yz). Applying the triangle inequality to the
inequality above, we obtain

(1-28)p (X2, Yr) <E(3p (2, Yr)+p (r, Y2)).
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O

Proposition 2 Let (V, p) be a MS with [V| >4 and Y : V — V be a continuous four-point CTM with { € [0, #). If
every point of V' is accumulation point, then, Y is a Chatterjea contraction

Proof. Interchanging the roles of r and z in (4), we obtain the following inequality

(1=28)p (Yr, Yz) <E(3p (r, Y2) +p (2, X7)). )

Adding (4) and (5) yields
PR < 2o (p (1Y) 4 (2, Y1)
r,1z) < r Yz z, Yr)).
(1-2¢)
O

Since § € [0, 1), we have % € [0, 1) and hence the proof.
Proposition 3 Let (V, p) be a MS with |V| >4 and Y : V — V be a mapping contracting the sum of diagonals and

) Then Y is a four-point CTM.

perimeters of rectangles on V with o € [
Proof. By the supposition, (2) holds for all four pairwise distinct points wy, wa, w3, wg € V, using the triangle

inequalities
p (wis wj) < p (wi, Yw;) +p (Ywi, Yw;) +p (wj, Yw;)

for each pair, we obtain

S(wi, wa, wz, wy) <

I
~

p(Wl‘,TWj)+S(YW1,YW2,TW3,YW4). (6)

IA
™=
™=

T
~ .
el
~. —

Substituting (6) into (2), we get that

4 4
S(Ywy, Ywy, Yws, Ywy) < Z Zp (wi, TW]')"'S(TW],TWQ, ooy Ywy)
i=1j=1
i#]
So, we have
n n
S(Ywr, Ywy, Yws, Ywy) <7 ZZ (wi, Yw;)
|

= Sl
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Since a € [0, %) , we obtain that § = 1%- € [ %) . Thus, Y is an four-point CTM. O
Now, we present our main theorems on the existence of at most three fixed points.
Theorem 2 Let (V, p) be a CMS with |V| >4 and let Y : V — V be a self mapping satisfying:

(1) Y has no periodic points of prime periods 2 and 3.
(i1) Y is a four point CTM.
Then Y has a fixed point in V and the number of fixed points is at most 3.

Proof. Letwg €V, w; =Ywg, wp = Ywy, ..., wy41 = Y'w,. Suppose that w,, is not a fixed point of the mapping Y for
everyn=0, 1, .... Then, in particular, we have w, = Yw,_1 # wu_1, War1 = Y(Xw,_1) # wu_1, and w,yp = Y2 (Yw,) #
wpy foreveryn=1, 2, .... Hence, by condition (i), w,—1, Wy, wy+1 and wy o are mutually distinct foreveryn=1,2, ....
We begin proof by taking w = wy, r = wy, z=wp, and ¢ = w3 in (3), which characterizes the four point Chatterjea type
condition, we get

p(Ywo, Ywy) +p(Ywi, Ywa) + p(Ywa, Ywy)

+p(Ywo, Yws) +p (Ywy, Yws) +p(Ywa, Yws)

p(wo, Ywi) +p(wo, Ywa) +p(wo, Yws) +p(wi, Ywo)
< C +p<W1,YWQ)"FP(WI,YW3)+p(W2,TWQ>+p(W2,YW1)

+p(wa, Ywz) +p (w3, Ywo) +p (w3, Ywi) 4+ p (w3, Ywy)

and

p(wi, w2) +p (w2, w3)+p (w3, wi)

+p (w1, wa) +p (w2, wa) +p (w3, wa)

p(wo, wa2) +p(wo, w3) +p(wo, wa) +p(wi, wi)
<C| +p(wi, ws)+pwi, wa)+p(wa, wi)+p (w2, wa)

+p (w2, wa) +p (w3, wi) +p(ws, wa) +p (w3, wa)

p(wo, w2) +p(wo, w3) +p(wo, wa) +2p(wi, wz) +p(wr, wa)

I
T

+p (w2, wi) +p (w2, wa) +2p (w3, wa)

So, we can write

p(wi, w2) +p (w2, ws) +p(wi, w3)
(1-¢) +p(ws, wa)
+p(w1, W4) -I—P(Wz7 W4)
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< L(p(wo, w2) +p(wo, w3) +p(wo, wa) +p (w1, w3) +p (w3, w2)).

Exploiting the triangle inequality p(wo, wa) < p(wo, wi) +p (w1, wa) + p (w2, ws) coupled with {p (w3, wy) <
p (w3, wa), we get

p(wr, wa) 4 p(wa, w3) +p(wi, w3)
(1-¢8)
+p(wi, wa) +p (w2, wa) +p(w3, wa)

p(wi, w2) +p (w2, w3) +p(wi, w3)
<(1-9) +p (w3, wy)
+p (w1, wa) +p (w2, wa)

p(wo, w2) +p(wo, w3) +p(wo, wi) +p (w1, w2)
<¢
+p (w2, wa) +p (w1, w3) +p(w3, wa)

Now, we have

p(wi, wa) +p (w2, w3) +p(wi, w3) +p(wi, wa)
(1-28) —Ep(wa, wa)
+p (w2, wa) +p (w3, wa)

< C( p(wo, wa) +p(wo, w3) +p(wo, wi) +p (w1, w2) +p (w1, ws) +p (w2, w3) )
and
(1*25)( p(wi, wa) +p (w2, wz) +p(wi, w3) +p(wi, wa) +p (w2, wa) +p(ws3, ws) )

<C(mew0+mewﬁ+mewﬁ+mewﬁ+mewﬁ+prwﬁ)-

LetA, = p(Wn; Wn+1) +P(Wn+1, Wn+2) +p(Wn; Wn+2) +P(Wn, Wn+3) +P(Wn+17 Wn+3) + P(Wn+2, Wn+3)- Then we
get Ao = p(wo, wi) +p(wi, w2) + p(wo, w2) +p(wo, w3) +p (w1, ws3) +p(w2, w3) and Ay = p(wo, wi) +p (w1, w2) +
p(wo, wa) + p(wo, wz) +p (w1, w3) + p (w2, wz). So we have

(1—2§)A1 <CAO =A< Ag.

¢
1-2¢

Since ¢ € [0, %) , we have y= & € [0, 1). Thus, we get

Co iporary Math tics 3074 | Merve Ozkan, et al.



Al < YAp.
By taking w = wy, r =wa, z=ws, and 7 = wy in (3), we get

p(Ywo, Ywy) +p(Ywy, Ywa) + p(Ywa, Ywy)

+p(Ywo, Yws) +p(Ywi, Yws) +p(Twy, Yws)

p(wo, Ywr) +p(wo, Ywa) +p(wo, Yws) +p (w1, Two)
< C +p<W1,TW2)+p(W1,YW3)+p(W2,YWO>+p(W2,YW1)

+p(wa, Ywz) + p (w3, Ywo) +p (w3, Ywi) 4+ p (w3, Ywy)

and using a similar argument, we get
(1*25)( P (w2, w3)+p(ws, wa) + p (w2, wa) +p (w2, ws) + p (w3, ws) + p(wa, ws) )

<& ( POv1, wa)+p (w2, w3)+p (w1, w3)+p(wi, wa) +pwa, wa) +p(ws, wa) ).

Thus, we have Ay < YA;. Inductively,

Ap < YAn_1 < PAna < - <Y 1A < Y'A,.

As in the proof of main theorem in [16], we can conclude that {w,} is a Cauchy sequence. Since (V, p) is complete,
we can conclude that {w, } has a limit, say s € V.

Let us show that s is a fixed point of Y. We will show that there exists a subsequence {wnk } £>0 such that w,,,
Wiy +1, Wne+2 and s are pairwise distinct for every k =0, 1, .... Actually » ¢ {w,}. By taking w = wy,,, r = wy 41,
2= Wn,+2, and r = s in (3) we get

p(TWnkv Ywnk+1) + p(YWnk+17 Ywnk+2) + p(TWnk+23 Ywnk)

+p(Ywy,, Yoo) +p(Ywp 11, Yo2) + p(Ywy, 12, Y2)

p(Wnka Twnk+1) +P(Wnk, Twnk+2) +P(Wnk, Y%) +p(Wnk+] ) Twnk)
S C +P (Wnk+17 Ywnk+2) + p(wnk+17 T%) + p(Wnk+2; Ywnk) + P(Wnk+2a Ywnk+1)

+p(Wnk+2a Y%) +p(%7 YW,,k) +p(%7 YWn;d—l) +p(%’ Ywﬂk+2)
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p(Wnk+l7 Wnk+2) + p(wnk+27 Wnk+3) + p(Wnk+37 Wl’lk+l)

+p(Wnk+1; T%) +p(wﬂk+1’ Y%) +p(Wnk+37 Y%)

p(Wnk; Wnk+2) + p(Wnk; Wnk+3) + P(Wnka T%) + P(Wnk+17 Wnk—H)
< C +p (WnkJrl ) Wﬂk+3) + p(Wnk+] ; Y%) + p(wlik+27 Wiy+1 ) + p(wnk+27 Wnk+2)

+P(Wnk+27 Y%) +p(%7 Wnk+1) +p(%7 Wnk+2) +P(%7 Wnk+3)

By taking the limit as k — o and using the fact that {w,} is a Cauchy sequence with limit >« € V, we obtain

3p(Yse, 32) <38p(Yse, »).

Since § € [0, 1), we get p(Ys¢, ) =0, that s, 5 is a fixed point of Y.
Next, assume that there exist at least four distinct fixed points w, r, z and 7. Afterward, Yw =w, Yr=r, Yz =z, and
Yt =1. Using (3),

pw,r)+p(w,z)+p(w 1) +p(r,w)

pw, r)+p(rz)+p(z,w)
<& +p(na)+p(nt)+plz, w)+p(zr)

+p(w, 1) +p(rt)+p(z 1)

+p(z, 1) +p(t,w)+p(t, r)+p(t, 2)

pw,r)+p(r,z)+p(z, w)
<2¢

+pw, t)+p(r,t)+p(z,t)

which is a contradiction, because of § € [0, %) So, the mapping admits at most three fixed points. O
We now extend the idea of four point CTM to n-point CTM as follows.

Definition 7 Let (V, p) be a MS with |V| > n where n > 3. The mapping Y : V — V is said to be n-point CTM if
there exists § € [O, %) such that the inequality

n n

S(Ywy, Ywa, ..., Ywy,) < A ZZP(Wi’TW/) @)
i=1 j=1
i#j

holds for all pairwise distinct points w; € V,i=1,2, ....n, n > 3.
Remark 2 We know that
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Lp (wi, Ywj) + Lp (w2, Ywj) + Lp (w3, Ywj)
! 72 #3
p (Wl" ij) =

(ngE

I
-
~
S
S~ -

n n—1
N ;1 P (Wn—1, Yw;j)+ ;lp(meWj)
jn-1 "

Theorem 3 Let (V, p) be a CMS with |V| > n, where n > 3 and let the mapping Y : V — V be such that:

(1) Y has no periodic points of prime periods 2, ..., n — 1;

(i1) Y is n-point CTM.

Then, Y has a fixed point in V and the number of fixed points is at most n — 1.

Proof. Let us consider a sequence defined by w; € V, and w,, 1| = Yw, for all n € N. Assume that none of the
elements in this sequence is a fixed point of Y, i.e., Yw,, # w), forevery n =1, 2, .... Since Y has no periodic points of
prime periods 2, ..., n — 1, all n consecutive terms of {w,,} are distinct. Now, we begin proof by taking wi, wa, ..., wy
€ V in (7), which characterizes n-point Chatterjea-type condition, we get

n n n

Z p (le TW,’) + Z p (W2> YW,‘) + Z P (W3a TW,‘)

7 =
S(Ywy, Ywa, ..., Yw,) <&

n n—1
+ot '):1 p (Wn—1, Yw;) + '21 p (W, Yw;)
= =
i#n—1

Using triangle inequality together with {p (w,,, Yw,) < p (w,, Yw,), we have

(1=8)S(Ywy, Ywa, ..., Ywy) < E(S(wi, way ooy wy) + P (Wny Ywy))

(1=28)S(Ywy, Ywa, ..., Yw,) < E(S(wi, wa, .oy wy)).

Let Sy = S(Wm, Wit 1, -+« Wmtn). Then we get S} = S(wi, wa, ..., w,) and S = S(Ywy, Ywa, ..., Yw,) =
S(wa, w3, ..., wyi1). Thus we can write

(1—2§)SQS€S[Z>S2< Si.

¢
1-2¢
Lety= & Since § € [0, 1), we have y € [0, 1) and

Sy < ¥8y.

If we take wp, w3, ..., wyy1 € Vin (7), we get
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C

n+1 n+1
;3 p (w2, Yw;) + rp (w3, Yw;)

i£3
(I*C)S(YMQ, TW3, "';YWIPH) < C

n—1 n
+ ; P (WYH Twl)+ Z p(Wn+1,TWi)
ilyzn =2
Using triangle inequality together wih £p (W1, Ywni1) < p (W1, Ywyi1), we have
(1 - C)S(YWZa TW37 L) TWth]) < C(S(WZa W3, ..oy WVZ+]) +p (thL]a TWnJrl))

(1 72C)S(YW23 Tws, ..o, TWnJrl) < C(S(W27 W3, .oey Wn+1))‘

So, we have

(1—2@)53 < C52$S3 < LS}

1-2¢
Since Y= ﬁ and { € [0, ), wehave y € [0, 1) and
S3 < Y8y < V*S).
By taking wy,, Wit1, « ., Wmin €V in (7), we get that
(1=8)S (W, YWis1, ooy YWiin)
m+n m+n m+n
Y p (Wm7 YW[) + X p (Wm+la YW!') + X p (W37 YW,‘)
i=m+1 i=m i=m
i#m 1 i#m+2
<¢
m+n m4n—1
+---+ ; P(Wm+n717‘rwi)+ Z p(Wm+anWi)
iAmin—1 =
If we continue similar process, we have
(1 - C) S(erm TWerlv (RS Ywm+n) S C(S(Wma Wimt1y -« Wm+n) +p (Wm+na TWm+n))

(1=28)S (Ywny, YWty -y YWign) < E(S Wity Wi 1+« + s W) -
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So, we get
4
N Sm—1-
m < 1_2C m—1
Taking y = &, we have

S < ’)/Sm,1.

By induction, we obtain

Sy < YSm_1 < VPSmen < - < Y28 < y"1s).

As in the proof of the main theorem in [16], we can conclude that {w,,} is a Cauchy sequence. Since (V, p) is

complete, we can conclude that {w,, } has a limit, say > in V.

Let us show that s is a fixed point of Y. We will show that there exists a subsequence {wmk} >0 Such that

Wing, W1 -+ Wig4n—1, and s are pairwise distinct for every k = 0, 1, .... Actually s ¢ {w,}. By taking wy,,,

Wing+15 - - -» Wmg+n—2, and s in (7) we get

S (Twmk D 77 TR Ywmk+n72, %)

n—2 n—2
'):1 p (me Tka+i) + 'ZOP (ka+1, Yka+i)
= 1=

i£1

n

n—2 -3
< § + '20 P (ka+2, YkaJri) +- ZOP (ka+n727 YkaJri)
i=

i=
i#2
n—2 n=2
L p (55 Yomei) + X p (Yo, Y)
i= =
Also we have
S (Twmk’ Ywkarlv R Yka+n—2’ %>

= Z p (Ywmk+i7 Twmk+j) + Z p (Twmk+i7 Y%) .

0<i<j<n-2 0<i<n—-2

Rearranging and by letting k — oo, we get

(l’l*l)p(T%, %) < C(nil)p(r%v %)'
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Since ¢ € [0, %) , we get p(Ys¢, 5) =0, that is, 5 is a fixed point of Y.
Next, assume that there exist at least n distinct fixed points wi, wa, ..., w,. Then Yw; =w;, i=1,2, ..., n,n > 3.
Using (7), we have

n n n

re (wi, Yw;) + re (w2, Yw;) + rp (w3, Yw;)
= iZ2 i3

S(Ywi, Ywa, ..., Yw,) < ¢
n n—1
4t _Zl p (Wn—1, Ywi) + _Zl p (wn, Yw;)
itn—1 =
Since w;, i =1, 2, ..., n with n > 3 are distinct fixed points, we get

S(wi, wo, cooywy) <288 (Wi, wo, ooy wy) .
which is a contradiction, because of § € [0, %) So, the mapping admits at most n — 1 fixed points. O

Proposition 4 Let Y :V — V bea CTM with { € [0, %) . Then, Y is n-point CTM.

Proof. Let (V, p) bea CMS with |V| > n > 3 and the mapping Y : V — V be n-point CTM and letw; € V,i=1,2, ..., n,
pairwise distinct points. Considering Chatterjea mapping, we get the following ('21) cases.

p(Ywi, Ywa) < & (p(wi, Ywa) +p(wa, Ywy)),
p(Ywz, Yws) < L (p (w2, Yws) +p(w3, Ywa)),

p(YWIv TW?’) < C(p(wla TW3) +p(W3, TW])),

P (Ywn1, Ywy) < E(P(Wn1, Ywp) +p(Wn, Ywy—1)).

When the right and left parts of the aforementioned inequalities are summarized, we get

n n n
Y p(wi, Yw))+ X p(wo, Ywi) + ¥ p (w3, Tw;)
= 72 7
S(lea TWZa 7Ywn) < C
n

n—1
+o4 X p W1, Ywi)+ L p (wa, Yw;)
i—1

i=1 i=

So, the desired assertion is obtained. O
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Lemma 2 Let (V, p) be a CMS with V| > n, wheren >3 and let Y : V — V be an n-point CTM (3 <n < |V|,
n € N). If z is an accumulation point of V and Y is continuous, then the inequality

(1-8(n=2))p(Yz, Yr) < C((n—1)p(z, Yr)+p(r, 1z)) ®)

holds forall r € V.

Proof. Given any accumulation point z € V, and any r € V. If z = r, then it is obvious that (8) is provided. Suppose
that z # r, since z is an accumulation point of V, there exists a sequence wy — z such that wy # z, wy # r for all k and all
wy, are pairwise distinct. Thus, by (7), we have

S(Xz, Yr, Ywip1, Ywega, oo YWign—2)

n—2
P Xr)+p(rYo)+ X p (1 Ywiri)

n—2 n—2

< C + ;1 p (Z7 TW/(—H) + ';1 p (Wk+i7 Tr)

n—2 n—2n—2

+ '21 p (Wii, Yz) + ‘21 _le (Wiis Ywiy j)
= =1 j=
i#]

n—2
P& Yr)+p(n Y+ X p(r Ywesi)

n—2 n—2 n—2
+ ,;lp (2, Yweri) + ‘ZIP(WkH, Tr)+ _;1 p (Weris Yz)

i=

n—2 n—2 n—2
L p(wi, Twj)+ X p (w2, Ywj)+ X p (w3, Yw;)
72 73
n—2 n—3
+ot X p(wnfl,YWj)f):lp(wn,ij')

j=1
Jj#n—1

Also, we have
n—2 n—2
S (Y2, Xr, Ywiegt, Ywisa, oy YWign—2) = p (Y1, Y2) + Y p (X, Ywirr) + Y o (Y2, Ywieys) -
: ~

i=1 i
Thus, we get

n—2 n—2
p (X2, Xr)+ Y p (Xr, Ywesi)+ Y p (Y2, Ywirs)

i=1 i=1
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n—2
p(z, Yr)+p(r,Yz)+ ;1 p (r, Yweii)

n—

2 n—2 n—2
+ 'Z] p (Z7 ka+i) =+ ‘gl p (Wk+i7 TI’) + _;1 p (Wk+ia YZ)

=

< C n—2 n-2 n_2
L p (wi Twj)+ £ p (w2, Ywj)+ L p (ws, Twy)
i= = 1=
j#2 J#3
n—=2 n—3
IS ;l P(Wn—l,YWj)‘i'.glp(WmYWj)
jpn-1 -

Since p (Wi, z) — 0as k — oo, due to the continuity of Y, we have Ywy — Yz, p (Yr, Ywy) = p (Y, Yz), p (Wi, Ywy) —
p (z, Yz) . Letting k — oo, we have

(n=1)p(Yz, Yr) <C((n—=1)(p (2, Yr)+p (r, Y2))+ (n=2) (n—1)p (2, Y2)).

Dividing both sides of above inequality by n — 1, we get

p(Yz, Yr) < C((p (z, Yr)+p (r,Y2)) +(n—2)p (2, Y2)).

Using the triangular inequality, we have p (z, Yz) < p (z, Yr) + p (Yr, Yz). Applying this inequality to the inequality
above, we obtain

1= (n=2)¢p (Y2, ) < L ((n—1)p (2, Yr) +p (1. Y2).

O
Proposition 5 Let (V, p) bea MS and Y : V — V be a continuous n-point CTM { € [0, 5-15) with B <n < |V|,
n € N). If every point of V' is accumulation point, then, Y is a Chatterjea contraction.
Proof. By Lemma 1, along with (8) we also obtain the following inequality
1= (1—-2)Cp (Y1, T2) < L (n—1)p (1, Y2) +p (2, T7)) ©)
The addition of the left- and right-hand sides of (8) and (9), followed by division by 2, gives
PR T2) < " (p (1 X2+ p (2. 1)
y 128) S 57— v A y 12 <, .
2(1=(n=2)¢)
Since § € [0, 5.5 ), we have m € [0, 1) . Thus the proof is completed. O
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Proposition 6 Let (V, p) beaMSand Y : V — V be a MCTPD between n points (3 < n < [V|,n € N)with ot € [0, 1).
Then, Y is an n-point CTM.

Proof. By the supposition (7) holds for all pairwise distinct points w1, wy, ..., w, € V. Using the triangle inequalities
for each pair

p (wi, wi) < p (wi, Yw;) +p (Ywi, Ywj) +p (wj, Yw;)

we obtain

i=1j=1 1<i<j<n
i#]
n n
< ZZp(wi,ij)JrS(le,Twz, vy Yy (10)
i=1j=1
i#]

Substituting (10) into (7), we get that

S(Ywi, Ywy, ..., Yw,) < a

-
D=

p (Wia YW/) +S(YW13 TW27 cey YWn)

i=1j=1
i#]
So, we have
(X n n
S(le,sz,...7Yw,,)§m Zp(w,-,ij)
- i=1j=1

~ .

4

satisfies for all n pairwise distinct points. Since o € [07 %) , we obtain that { = & € [0, %) . Thus, Y is an n-point

CTM. O
Corollary 1 Let (V, p) be a MS with [V| >4 and Y : V — V be a continuous four-point CTM with { € [0, £).
Whenever every point of V is an accumulation point and Y is continuous, Y is a Chatterjea contraction.
Corollary 2 Theorem 3 generalizes some consequences of [1, 16, 17, 19].

3. Conclusion

In this study, after investigating GCTM, we propose the n-point generalization of the CTM. Unlike the classical
approach, this generalization is based on mappings involving n distinct points in the space. An example is given where it is
not Chatterjea mapping but the four-point CTM. Moreover, we establish several new fixed point results, supported by
auxiliary lemmas and propositions for such mappings in the context of complete metric spaces. In addition, we compare

Volume 7 Issue 3|2026| 3083 Contemporary Mathematics



n-point CTM with some contractive type mappings in the literature and we can say that our results generalize some
consequences of [1, 16, 17, 19].
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