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Abstract: This paper establishes uniqueness results for solving inverse problems involving multiple non-constant
coefficients in a trio of parabolic equations modeling tridiagonal competitive diffusion. We demonstrate that six coefficients
in the system-namely, the reaction coefficients ry, rp, r3 and the interaction coefficients a1, az;, azz-can be uniquely
determined under the following conditions: 1. The coefficients belong to the C"([a, b]) function space. 2. Pointwise

measurements of the solution components (i1, uy, u3) along with their spatial derivatives a—l and == are available at

X x
a single spatial point xp. Notably, these measurements only need to be observed over an arbitrarily small time interval (0, €).
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1. Introduction

This study investigates the following three-dimensional competitive tridiagonal reaction-diffusion model with positive
feedback [1, 2] fort > 0 and x € (a, b) C R,
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wherea,-j >0, r; >0,D,’>O, i, j=1, 2, 3.
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Model (1) has extensive applications spanning biology, chemistry, and physics. In biology, Fisher derived the equation
u; — kuyy = bu(1 — cu) by integrating the Verhulst logistic model with diffusion mechanisms to describe species migration
[3], later extended as the Fisher-Kolmogorov-Petrovsky-Piskunov population model. In chemistry, reaction-diffusion
systems similar to (1) are fundamental in studying combustion dynamics and chemical pattern formation. For example,
cubic autocatalytic reactions can be modeled by generalized forms of (1), where higher-order polynomial terms capture
nonlinear reaction kinetics [4]. These models are crucial in combustion theory, where diffusion balances exothermic
heat release, enabling analysis of flame propagation and stability [5]. The Belousov-Zhabotinsky reaction, a classic
oscillatory chemical system, can also be approximated by competitive tridiagonal forms of (1), with diffusion regulating
feedback-driven oxidation cycles [6]. Additionally, problem (1) integrates experimental data and neural networks to predict
reservoir permeability changes due to calcium sulfate precipitation during waterflooding, offering a theoretical framework
for optimizing injection processes and scale inhibition [7]. Notably, Turing identified a specialized version of (1) capable
of simulating spontaneous pattern formation-such as stripes and spots-emerging from homogeneous conditions [8].

The investigation of model (1) is driven by both its significant physical applications and inherent mathematical
importance. Recent studies [9, 10] utilize Carleman estimates at fixed time ¢ for spatial domains x € Q C R” to examine
the nonlocal equation (1) and its relationship with scalar parabolic equations, where coefficient determination can be
approached through direct estimation and boundary measurement techniques. Existing literature has thoroughly explored
the inverse problem of recovering spatially homogeneous nonlinear terms f () in scalar reaction-diffusion equations using
boundary measurements (see, e.g., [11-17]). For one-dimensional cases, earlier works [18, 19] established uniqueness in
determining single or multiple spatially varying coefficients. The findings are based on knowing the solution u(¢, xo) and

its spatial derivative —u(t, xo) forallt € (0, €), as well as u(0, x) for x € Q. These achievements build upon foundational
contributions by Roques and Cristofol. In [20], the authors study the following Lotka-Volterra competition-diffusion
system for¢ >0 and x € (a, b) CR
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Assuming Dy, Dy, ry, ai1, and ap are known constants, while ajp, r2(x), and ay;(x) are unknown, they derive
uniqueness results for multiple coefficients under piecewise analyticity conditions using only local or boundary
measurements. Related work by Li and Yao [21] examines a Partial Differential Equation (PDE) system modeling
two competing species with diffusion and mutual repulsive chemotaxis, establishing global well-posedness and species
coexistence in weak competition scenarios. The study further analyzes long-term behavior, employing analytical methods
for weakly nonlinear regimes and numerical approaches for strongly nonlinear cases. Additionally, Esmailpour et al. [22]
developed a numerical framework combining finite difference and B-spline collocation methods, incorporating Tikhonov
regularization and the ABC algorithm to address ill-posedness. Their comparative studies demonstrate the efficacy of
solving inverse problems for such competition-diffusion models.

This study, inspired by [20-22], investigates an inverse problem for determining spatially heterogeneous coefficients
in a three-species Lotka-Volterra parabolic system. We establish a novel theoretical framework that advances ecological
modeling and inverse problem-solving by: (1) extending Lotka-Volterra dynamics to a 3D system with nonlinear feedback,
and (2) enabling unique identification of eight coefficients through single-point measurements-significantly reducing data
requirements and regularity assumptions. The details are as follows:

1. Unlike classical two-species competition models [21, 22], this work develops a rigorous framework for analyzing
three-species competitive interactions with non-standard feedback. The proposed tridiagonal system (1) introduces:

* A generalization of Lotka-Volterra dynamics to three dimensions, capturing more complex ecological interactions.
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* Nonlinear feedback mechanisms modeling mutual repulsion and competitive pressures, yielding richer dynamics
absent in two-species systems.

The methodology advances inverse problem solutions by drastically reducing measurement needs and regularity
assumptions compared to [20, 23, 24].

Key improvements:

* Measurement efficiency: Where [20] required interval measurements to recover two coefficients, our method
recovers eight coefficients from single-point data. We prove that eight spatially varying coefficients (2, a2, a13, a1, azo,

a3, a31, az) can be uniquely determined using only u, uz, u3 and their derivatives %, % measured at a single point
xp over (0, €).

* Regularity relaxation: Our techniques may extend to Lipschitz stability under additional coefficient structure
assumptions, complementing frameworks like [23, 24]. Unlike previous 2D studies requiring piecewise analyticity, we only
assume piecewise C" regularity on [a, b], substantially relaxing smoothness requirements. The single-point measurement
adaptation warrants further investigation.

These results are particularly valuable for ecological monitoring, chemical process control, and biological pattern
formation, where comprehensive measurements are often impractical. The outline of the paper is as follows. In section 2,

we states our assumptions and main theorem. In section 3, we present some technical lemmas and proofs of theorems.

2. Hypotheses and main conclusions

The single-species model is described by the PDE for ¢t > 0 and x € (a, b)) CR

2

% :Dlg—an(x)uz—i—rl(x)u, (3)
where Dy > 0, r; € C% *([a, b]) and aj; € C* %([a, b]) with a;; > 0. Here o € (0, 1), and C% ¢ denotes the space of
Hoélder’s continuous functions with exponent o [25]. We consider the three-species tridiagonal competitive reaction-
diffusion model (1) with positive feedback, which satisfies the following assumptions

(H;) Model coefficients and competition structure. Consider the following system parameters and functions:

* Constants: As in equation (3), the constants D, > 0 and D3 > 0.

* Functions:

1. 3, r3 € C% ¥([a, b)),

2. ax, a3z € Y a([a, b]), with ay, > 0 and as3 > 0,

3. ap, a3, az1, ax, az, ay € C% %([a, b]), where each of these coefficients is strictly positive on [a, b].

Here, the coefficient a;; (for i # j, i, j =1, 2, 3) quantifies the competitive effect of species j on species i.

(H,) Unknown coefficients. This study assumes all coefficients related to Species 2 are unknown quantities: 5 (x),
azi(x), axn(x), axs(x), as well as aj(x), a13(x), az; (x), and azz(x).

2.1 Initial and boundary conditions

Let uy, up, us satisfy the initial conditions

ur (0, x) = u1o, u2(0, x) = uzo, u3(0, x) = uzp.

For ¢ > 0, the boundary conditions are given by
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alt, @)~ B0 1, @) = 0, gt b) + 591, 5) =0 @

where
o, Bi, %, 8 >0, 0 +B? >0and > +97> >0,i=1, 2, 3. (5)

This general form encompasses classical cases for each i =1, 2, 3.

(1) Dirichlet case when 3; = §; = 0.

(i) Neumann case when o; = 7%, = 0.

In establish classical solutions (u;, uz, u3z) of problem (1), we assume the initial data satisfy

w0, U0, u30 € C> *([a, b)).
Further, the following compatibility conditions hold at the boundaries

Otlulo(a) — ﬁ] (ulo)’(a) =0and (ulo)”(a) = 07
Yiro(b) — 61 (u10)'(b) = 0 and (u10)"(b) = 0,
Otzuz()(a) — ﬁz(uzo)/(a) =0and (uzg)”(a) = 07
(6)

quzo(b) — 52(1420)’(1)) =0and (uzo)"(b) = 0,

0631430(a) — ﬁ3(u30)/(a) =0and (u30)”(a) = 07

Yuzo(b) — 63 (u3p) (b) = 0 and (uzg)” (b) = 0.

Under the above assumptions and standard parabolic theory (see [26], Chapter 8), problem (1) admits a unique
classical solution

ut, 2, u3 € C([0, =) x [a, b)),

with guaranteed existence, uniqueness, and regularity.

2.2 Proposed hypotheses about the undetermined coefficients

We assume the coefficients satisfy
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r2, aiz, 413, ax, dz3, asy, Az € %7

where the function class .Z is defined as

Mo={ye C% %([a, b)) : v is piecewise C"([a, b]) for some n > 1}. (7

A function y is piecewise C" (for n > 1) if:
1. v is continuous on [a, b], and
2. There exists a partition a = k; < k» < ... < k;, = b such that

m—1

y(x) = Zl Xk, k1) (X) 9 (%), V x € (a, b),
=

where:

* Each ¢; is C" on [k, kj1],

* X k;, k;,,) denotes the characteristic function of the interval kj, kji1).

Consequently, if y € M, for every x € [a, b) (respectively, x € (a, b)), there exists r = r, > 0 such that y is C" on
[x, x+ 7] (respectively, [x —r, x]). The following inequality holds for x € [a, b] withx # 0 (if 0 € [a, b]) and some constant
c>0

(k)
o) ®©

|x

n—1
MPri<cy
k=0

Note that if a function g is piecewise analytic, then it satisfies inequality (8) piecewise. The key significance of
inequality (8) lies in its ability to relax smoothness requirements: instead of needing C* smoothness, we only require C"
differentiability. However, we emphasize that the vanishing of a function and its first n derivatives in some region does not,
by itself, guarantee the function’s identical vanishing there. To address this, we introduce the control condition (8), whose
mathematical justification is provided in Lemma 3. This condition plays a pivotal role in our proof that the interspecific
competition coefficient vanishes identically in Theorem 1.

2.3 Measurement of the solution

We perform measurements on solutions of problem (1) for four distinct initial conditions. Specifically, consider initial
data

1 1 1 2 2 2 3 .3 3 4 4 4
(w19, un0, u39), (U0, U39, U30), (Uigs Ungs U30), (Uin, Uzg, Uzg)

satisfying

u{0>0€(a,b),i:1,2,3,47j:172’374 ©)
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and

Uig

2
Ut
det

3
Ui

4
Uro

3
U0

4
U

3
Uz

4
Uz

£0. (10)

Under the assumption that xo € (a, b) exists, the solution (], up, u3) to problem (1) and its spatial derivatives are
measurable with respect to the Lebesgue measure. For a fixed € > 0 and four distinct sets of initial conditions (), 1%,, u%;),
where k =1, 2, 3, 4, we assume that the values (u;, up, u3)(f, xo) as well as the spatial derivatives dyu; (¢, xp) and
dus(t, xp) (as in Theorem 1) are measurable for all # € (0, €). As shown in Theorem 1, these measurements uniquely

determine the eight coefficients

r(x), a2, a13, azi, ax, ass, asi, az,

thereby reconstructing the solution (u;, uy, uz) on (0, o) X (a, b).

Main results. Assume that 7, di2, da1, d, da3, dzn € C" *([a, b]) for some n >0 and o € (0, 1). Suppose the

differences

ry —T¥a, aip — 12, a2 — a1, A —dx, a3 — o3 € M

and satisfy inequality (8). Furthermore, assume

a3 — a3, as| —dz1, azp —an € A

and satisfy (8) with n = 1 and a constant C € (0, 1). Let (i1, i, ii3) denote the solution to the following system of PDEs

forr >0and x € (a, b) CR,

o _ (92111
o T Pige
iy _ 8%72
T
dii3 2%

+ iy (r1 — ai1iiy — dpis +d13i)
+ ity (Fo — Ga1 ity — Gty — G3il3) , (11)

3. U ~
—— =D3—=— +iiz(r3 +dsz iy — dziip — azsiis
ot o0x? ( - )’

subject to the same boundary conditions (4) as (u1, up, u3), and with i1 (0, x) = u1(x), i#2(0, x) = uzo(x), i#3(0, x) = u3zp(x).
Theorem 1 Let xo, x; € (a, b) be two distinct points and € > 0. Assume that for each k = 1, 2, 3, 4, the initial
condition (), uk, uk,) satisfies (9) and (10). If for all 7 € (0, €), the following conditions hold

ary Matl tics
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(Mlv us, M3)([, -xi) = (ﬁla ﬁz; ﬁ3)(t7 xi)7 l:07 17

u dii )

37107 xX;) = afxl(t, Xi), i=0,1, (12)
dus _ i3 ' .

g(h xz)—ﬁ(l, Xi), i=0,1,

and the matrices satisfy the non-degeneracy conditions

ui(t, xo) wua(t, xo) ur(t, xo) us(t, xo)
det -det #£0, (13)
Ml(ta .X']) MZ(ta .X]) uz(ta X]) u3(t7 X])
then we have
fa=rnr anda”ij:aij, V(l, j)G]andeE (a, b), (14)

where .7 :={(1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2)}.
d 02
Knowing the second derivatives a—uzl(t, Xo) and a—u;(t, Xo) allows determining the r;(x), a1z, a13, a1, ax, a3,
X X

asy, and a3z, without measuring the component u;, leading to the following key result.
Theorem 2 Let xo € (a, b) be a fixed spatial point and € > 0 a time parameter. Assume that for each k = 1, 2, 3, 4,
the initial condition (u’l‘o, ”]507 uéo) satisfies (9) and (10). If the following conditions are satisfied for all # € (0, &)

(ulv u3)(t7 X()) = (ﬂh ﬂ3)(tv xo)a

8u1 o (9111
x(ﬁ x0) = ﬁ(t’ X0),

du dii
7;(% XO):T):(E X0), (15)

d%u d%ii
W;(h )CO) = W;(l‘a X0)7

and the inequality (13) is satisfied, then the equation (14) holds.
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3. Proof of Theorem 1 and Theorem 2

First we give some lemmas which are useful for the proofs of Theorems 1 and 2.
Lemma 1 (cf. [27]) Let f(x) € C*([0, b]) with n > 1, and suppose o > 0. If f¥)(0) =0 forall k=0, ..., n+ [%} ,
then foreach k=0, .., n—1

2
/Ob (f<k>(x)) ; 4 /Ob (f( )(x)) N

<
yO+2(n—k) x> ((X + 1)2

Lemma 2 (cf. [27]) Let f(x) € C"([0, b]) n > 1. Assume & > 0, f®(0) =0, k=0, ..., n+ [%} _Then

o x|\ ok T (1)

Lemma 3 (cf. [27]) Let f(x) € C"(]0, b]) (n > 1). Assume

®)
1/ |n(’?| dx, x € [0, b] (16)

|x

n—1
fMwi<cy
k=0

1
for some C > 0. Then f®(0)=0,k=0, ..., n+ [(nJr 1)C— 2} implies f =0 on [0, b].

Lemma 4 (cf. [27]) Let f(x) € C*([0, b]) (n > 1). Assume (16) holds for some C > 0. Then f # 0 implies the zero
set {f~1(0)} C [0, b] is finite.
Lemma 5 (cf. [27]) Let f(x) € C"([0, b]) (n > 1). Assume ot > 0, £ (0) =0, k=0, ..., n+ [%} Then

xO+2(n—k xO+2—m

/Obmdxg <ai1)m(m—l)’”l/0b(f(n)(x))dx for k=0, ..,n—1,andm> 1.

Next, we give the proof of Theorem 1 and Theorem 2 as follows.
Proof of Theorem 1 Define the difference variables

Ui=u—m,Vi=ih—u, Wi=u3s—iiz, Ri=rn—nH
and
Aiji=aij—aij, Vi, je{1, 2, 312\(1, 1).

For arbitrary initial condition (u’fo, ”go» u’S‘O) with k =1, 2, 3, 4, the varibles (U, V, W) satisfies for all # > 0 and
x € (a, b)
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oU 0°U oy _ L L
3 :DIW +U (ri —aii (ur + 1) — dipup — d3uz) + anilV+anmW —Apuius —Apuius,

oV 2’V L SO I
o :DZW —|—V(r2 —azz(uz —l—uz) — do ] —a23u3) + axiiU + ayziio W
(17)

—uy (R—Apur —Appuy —Aipuy)

oW _, oW

5 ~Diga tW (r3 —az3(us +i3) — azuy — asuz) + a1 i3U + dxniizV — Asjujuz — Aznupus,

subject to the same boundary condition as (u;, ua, u3). When we evaluate the first equation of (1) at the points (0, xo) and
(0, x1) under the assumptions of Theorem 1 and from the fact that

U(0, x) =V (0, x) =W(0, x) =0, Vx € [a, b],

we have that

Aqo(x0)uy (xo)uz(xo) + A3 (x0)uy (xo)uz(xo) =0,

and
Ara(xn)ur (x1)uz(x1) + Az (1 )ur (x1)us (x1) = 0.
Employing the fact that (u19, uzo, u30) = (uly, uly, ul,) and invoking (13), we deduce

A2(x0) = A13(x0) = 0= d12(x0) = aia(xo), d13(x0) = a13(xo)-

Differentiation of the equation (17) with respect to x yields

Atz (x0) = A13(x0) = 0.

The Lemma 3 tells

Ap=A;3=00n[a, b]. (18)

Similar to (18), we have
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A31(x> EA32<)C) =0= d3 = as, d3 =az on [a, b].

The model specified in (17) can be reformulated as follows fort > 0, x € (a, b)) CR

oU 22U o B o o
a :DIW +U[r1 — a1 (uy + i) — dious — dyzus) + itV +apia W,
v D82V+v[” oo (U + i) — Gy iy — Gi3i3)
o _p o2 Fy — _ _
Fr 252 ) — o (U +1lp) — Gl — Gp3il3
(19)
+ar iU + axitsW — ua[R — Ajpuy — Ay — Arpuy]
ow ’W o B o o
W = D3W —I—W[r3 —a33(u3 —|—u3) —dziuy —a32u2] +as iizU + aspiizV.
We define
Ap = x> x0 1 R(y) = A2 (y) =A2(y) =Ax(y) =0, Vy € (xo, ]
::Tl
and
sup(A4), ifAL # ¢,
X1 .=
xo, ifA; = 9.
When x; = b, we have that for all y € (xo, ]
T, =0. (20)

For the subsequent analysis, we assume, by way of contradiction, that x; < b.

Step 1. We claim that there exist initial conditions (uX,, 1, u%)) and k* € {1, 2, 3, 4} such that for all (z, x) €
[0, 6] x [x1, x2] (where 6 € (0, €) and x; € (x;, b)), the following holds:

3
R(x) # ;AZi(x)”i(t7 x). 21

Since x| < b, it follows from (7) and Lemma 4 that there exists & > 0 such that
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X1+ 0 < b,

and the functions R, Ay, Ay, and Ay are all well-defined on the interval [x;, x; + 8] with at least one of them being
non-zero on this interval. It follows that

3
(¢, x) = R(x) — ;Agi(x)u,-(t, X)

admits the factorization

o

Il
—_

(¢, x) —~ (x—x1)P (R(x) — Y Agi(x)ui(t, x)) , V(t, x) € RT x [x1, x1 + 6],

1

where the functions R, As1, Asy, A»3 do not all vanish at x = x;. Hence there exists a k* € {1, 2, 3, 4} such that

Ani (i)l (x1) #0.

e

Il
-

R(x1) —

1

The solution (u1, 2, u3) of problem (1) with initial data (X, 1, u,) is continuous, which implies that the mapping

3
(t, x) = H(x, t) :=R(x) — ZAzi(x)ui(t, X)
remains continuous over [0, o) X [x;, x| + 8). As a result, we can find

H(x, t)#0, Y(t, x) € [0, 0] x (x1, x2].

This guarantees that (21) holds.

Step 2. We assert that when (u19, uz0, uzg) = (u’l‘;, u’ﬁg, ugg), there exists £ > 0 such that the function U, V and W
satisfy either

U>0,V>0and W>0,V(t, x) € (0, &) x (xo, x2) (22)

or

U<0,V<0and W<O0,V(t x) € (0, &) x (xo, x2)- (23)
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The proof proceed by analysis two distinct cases (I) and (II).
Cases (I): Assume the inequality

3
R()C) - ZA2i(x)ui(t7 )C) < Oa v (tv x) € [07 9} X (xlv x2]'
i=1

Given that

U0, x) =V(0, x) =W(0, x) =0, Vx € (a, b).

We first establish the initial time derivatives

U[(O7 x2) =0and Utt(07 x2) > 0.

From (16) and U (0, x) = 0in (a, b), we have

Ui(0, x) =0, Vx € (a, b).

Ultilizing (24) and (25), we derive

Ui (0, x2) = a1ouky(x2)V; (0, x2) > 0.

24

(25)

From (24), it follows that for some €’ € (0, €), all three functions U (z, x2), V (¢, x2), and W (¢, x») are positive

whenever 7 € (0, €'). By Theorem 1, the boundary condition at x( satisties

Ul(t, x0) =V(t, x0) =W(t, xp) =0, ¥t € (0, 8/).

Consequently, the (U, V, W) satisfies for (7, x) € (0, €') x (xo, x2)

U 9*U L N s
o DIW +U[r1 —an(u +i) — diouy — @rzus) +ani V + aiizW,
v IV U
Frik DIW + V[ — axn(ua + i) — o1ty — d3itz] + @ iU + asiia W,
ow *w 3 L o .
5 = D1y AWl —asiun —asy(us + i) — axun] + a3 dsU + asisV,

subject to initial boundary conditions

Co iporary Math tics
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Ul(t, x0) =0, U(t, x2) >0, 1€ (0, €);
V(t, x0) =0, V(t, x2) >0,1€ (0, €);

W(t, x0) =0, W(t, x2) >0, 1€ (0, €);

U(0, x) =V (0, x) =W(0, x) =0, x € (x0, x2).

From the continuity property of the solutions (i, iy, i3) in ¢, we derive that

i (t, x) >0, ia(t, x) >0, dz(¢, x) >0 forall x € (xg, x2) and 7 > 0 enough small.

‘We assume that

@ (t, x) >0, iip(t, x) >0, d53(t, x) > 0in (0, €') x (x0, x2).

@27

Given that the coefficients aj», d@; > 0, system (1) satisfies monotonicity assumption. Specifically, the following

partial derivatives are stictly positive

J N N
7(6112141‘/) =dapu) > 0,

av

J . L L
ﬁ(azluzU +a23u3W) = adpyiip >0,

=— (an1iU + ao3ii3W) = adaziiz > 0,

aw

7(613217!3‘/) = axpiiz >0,

av

which implies that
1. (U, V, W) > 0 throughout the domain (0, €') x (xg, x2).

(28)

2. There exists aty € (0, €’) for which at least one of the components U, V, or W is identically zero on (0, fo) X (xo, x2).
However, given the boundary conditions at x;, the functions U, V, and W remain positive for all (¢, x) € (0, €’) x

()CO, x2)-
Cases (IT): Suppose there exist 8 > 0 such that

R(x) = Aa1 (x)ur (1, x) — App(x)ua (2, x) — A3 (x)us(t, x) >0
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holds on [0, 8] x (x1, x2]. Based on the initial conditions U (0, x) = V(0, x) = W(0, x) =0 for all x € (a, b), and
considering the symmetry under the transformation (—U, —V, —W), we conclude that for all (¢, x) € (0, €’) X (xo, x2)

(U, V, W) <0.

Step 3. Using Hopf’s Lemma and the condition of Theorem 1, we arrive at a contradiction based on the assumption

made in Step 1. We now consider the case where U, V, and W satisfy (22) (the case where U, V, and W satisfy (23) can be
handled similarly). From (26), we derive the system of inequality

oU °U

? >D1W+U(r1 7(111(141 +IZ1) *Zilzuzfﬁ]g,ug), (x, t) S (0, 8/) X (X(), XQ),

oV %V

BR > DIW +V(72—C~122(u2—|-112) —dy i —523113), (x, t) IS (0, 8’) X (X(), xz), 29
oW *W 3 -

o > DIW +W(r3 —dz1ug —a33(u3—|—u3) —a32u2), (x, t) S (07 8/) X ()C()7 )CQ).

Observe that the inequality (22) satisfies

U(l, XQ) ZV(Z‘7 xo) ZVV(Z‘7 xo) =0.

By Hopf’s Lemma, we have

U aw
g(t, xp) >0 and W(t, x0) >0,

contradicting the assumption in Theorem 1. Therefore, the hypothesis x; < b in Step 1 cannot hold.
Step 4. The Step 3 tells

X1 = b,
which implies that the functions R(y), A21(y), A22(y), and A»3(y) vanish identically on the interval (xq, b]. We now define

A_={x<x0:T1 =0, y € (x, x0]}

and

inf(A_), ifA_ # ¢,
yii=
X0, ifA_ = (])
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This yields the equality (20) holds for a <y < xo. Therefore the equality (20) still holds fora <y <b.

Proof of Theorem 2 Assume that u; satisfies the conditions of Theorem 2. For arbitrary initial date (uX;, 1%,, u4;),
hence

ap(x) =apn(x), asz(x) =aiz(x), x € la, bl,

and similarly,

6731()6) = a31(x), 6732()() = a32(x), X € [a, b].

Reformulating the equation satisfied by u; and #;, we obatin the system for ¢t > 0, x € (a, b) C R,

Jduy 2%u,
5, = D15y tuiln —anu —anu +aus),
(30)
o 0%, _ - - -
T D, 2 +ii1 (1 — anit — aniy +aisis),
which implies that for 7 € (0, €) and x = xo,
aul 82u1
o =P, +ur(r —anuy —apua +azuz),
(1)
duy 2%u,

— =D —— +ui(ry —ajuy —apiir +ajzuz).
o1 e 313)

By the continuity of #; in the variable 7, we have

ui(t, xo) > 0 for sufficiently small 7.

This implies

appuiuy = appuiiy, ui(t, xo)us(t, xo) = u(t, xo)ia(, xo).

Threfore

ua(t, xo) = iia(t, xo) for all ¢ € (0, €') and some €’ € (0, &).

Since all conditions of Theorem 1 are satisfied, the result follows directly from Theorem 1.
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