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Abstract: This paper establishes uniqueness results for solving inverse problems involving multiple non-constant

coefficients in a trio of parabolic equations modeling tridiagonal competitive diffusion. We demonstrate that six coefficients

in the system-namely, the reaction coefficients r1, r2, r3 and the interaction coefficients a11, a22, a33-can be uniquely

determined under the following conditions: 1. The coefficients belong to the Cn([a, b]) function space. 2. Pointwise

measurements of the solution components (u1, u2, u3) along with their spatial derivatives
∂u1

∂x
and

∂u2

∂x
are available at

a single spatial point x0. Notably, these measurements only need to be observed over an arbitrarily small time interval (0, ε).
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1. Introduction

This study investigates the following three-dimensional competitive tridiagonal reaction-diffusion model with positive

feedback [1, 2] for t > 0 and x ∈ (a, b)⊂ R,



∂u1

∂ t
= D1

∂ 2u1

∂x2 +u1(r1 −a11u1 −a12u2 +a13u3),

∂u2

∂ t
= D2

∂ 2u2

∂x2 +u2(r2 −a21u1 −a22u2 −a23u3),

∂u3

∂ t
= D3

∂ 2u3

∂x2 +u3(r3 +a31u1 −a32u2 −a33u3),

(1)

where ai j > 0, ri > 0, Di > 0, i, j = 1, 2, 3.
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Model (1) has extensive applications spanning biology, chemistry, and physics. In biology, Fisher derived the equation

ut − kuxx = bu(1− cu) by integrating the Verhulst logistic model with diffusion mechanisms to describe species migration

[3], later extended as the Fisher-Kolmogorov-Petrovsky-Piskunov population model. In chemistry, reaction-diffusion

systems similar to (1) are fundamental in studying combustion dynamics and chemical pattern formation. For example,

cubic autocatalytic reactions can be modeled by generalized forms of (1), where higher-order polynomial terms capture

nonlinear reaction kinetics [4]. These models are crucial in combustion theory, where diffusion balances exothermic

heat release, enabling analysis of flame propagation and stability [5]. The Belousov-Zhabotinsky reaction, a classic

oscillatory chemical system, can also be approximated by competitive tridiagonal forms of (1), with diffusion regulating

feedback-driven oxidation cycles [6]. Additionally, problem (1) integrates experimental data and neural networks to predict

reservoir permeability changes due to calcium sulfate precipitation during waterflooding, offering a theoretical framework

for optimizing injection processes and scale inhibition [7]. Notably, Turing identified a specialized version of (1) capable

of simulating spontaneous pattern formation-such as stripes and spots-emerging from homogeneous conditions [8].

The investigation of model (1) is driven by both its significant physical applications and inherent mathematical

importance. Recent studies [9, 10] utilize Carleman estimates at fixed time t for spatial domains x ∈ Ω ⊂ Rn to examine

the nonlocal equation (1) and its relationship with scalar parabolic equations, where coefficient determination can be

approached through direct estimation and boundary measurement techniques. Existing literature has thoroughly explored

the inverse problem of recovering spatially homogeneous nonlinear terms f (u) in scalar reaction-diffusion equations using
boundary measurements (see, e.g., [11–17]). For one-dimensional cases, earlier works [18, 19] established uniqueness in

determining single or multiple spatially varying coefficients. The findings are based on knowing the solution u(t, x0) and

its spatial derivative
∂u
∂x

(t, x0) for all t ∈ (0, ε), as well as u(0, x) for x ∈ Ω. These achievements build upon foundational

contributions by Roques and Cristofol. In [20], the authors study the following Lotka-Volterra competition-diffusion

system for t > 0 and x ∈ (a, b)⊂ R


∂u1

∂ t
= D1

∂ 2u1

∂x2 +u1(r1 −a11u1 −a12u2),

∂u2

∂ t
= D2

∂ 2u2

∂x2 +u2(r2 −a21u1 −a22u2).

(2)

Assuming D1, D2, r1, a11, and a22 are known constants, while a12, r2(x), and a21(x) are unknown, they derive

uniqueness results for multiple coefficients under piecewise analyticity conditions using only local or boundary

measurements. Related work by Li and Yao [21] examines a Partial Differential Equation (PDE) system modeling

two competing species with diffusion and mutual repulsive chemotaxis, establishing global well-posedness and species

coexistence in weak competition scenarios. The study further analyzes long-term behavior, employing analytical methods

for weakly nonlinear regimes and numerical approaches for strongly nonlinear cases. Additionally, Esmailpour et al. [22]

developed a numerical framework combining finite difference and B-spline collocation methods, incorporating Tikhonov

regularization and the ABC algorithm to address ill-posedness. Their comparative studies demonstrate the efficacy of

solving inverse problems for such competition-diffusion models.

This study, inspired by [20–22], investigates an inverse problem for determining spatially heterogeneous coefficients

in a three-species Lotka-Volterra parabolic system. We establish a novel theoretical framework that advances ecological

modeling and inverse problem-solving by: (1) extending Lotka-Volterra dynamics to a 3D system with nonlinear feedback,

and (2) enabling unique identification of eight coefficients through single-point measurements-significantly reducing data

requirements and regularity assumptions. The details are as follows:

1. Unlike classical two-species competition models [21, 22], this work develops a rigorous framework for analyzing

three-species competitive interactions with non-standard feedback. The proposed tridiagonal system (1) introduces:

• A generalization of Lotka-Volterra dynamics to three dimensions, capturing more complex ecological interactions.
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• Nonlinear feedback mechanisms modeling mutual repulsion and competitive pressures, yielding richer dynamics

absent in two-species systems.

The methodology advances inverse problem solutions by drastically reducing measurement needs and regularity

assumptions compared to [20, 23, 24].

Key improvements:

• Measurement efficiency: Where [20] required interval measurements to recover two coefficients, our method

recovers eight coefficients from single-point data. We prove that eight spatially varying coefficients (r2, a12, a13, a21, a22,

a23, a31, a32) can be uniquely determined using only u1, u2, u3 and their derivatives
∂u1

∂x
,

∂u3

∂x
measured at a single point

x0 over (0, ε).

• Regularity relaxation: Our techniques may extend to Lipschitz stability under additional coefficient structure

assumptions, complementing frameworks like [23, 24]. Unlike previous 2D studies requiring piecewise analyticity, we only

assume piecewise Cn regularity on [a, b], substantially relaxing smoothness requirements. The single-point measurement

adaptation warrants further investigation.

These results are particularly valuable for ecological monitoring, chemical process control, and biological pattern

formation, where comprehensive measurements are often impractical. The outline of the paper is as follows. In section 2,

we states our assumptions and main theorem. In section 3, we present some technical lemmas and proofs of theorems.

2. Hypotheses and main conclusions

The single-species model is described by the PDE for t > 0 and x ∈ (a, b)⊂ R

∂u
∂ t

= D1
∂ 2u
∂x2 −a11(x)u2 + r1(x)u, (3)

where D1 > 0, r1 ∈ C0, α([a, b]) and a11 ∈ C0, α([a, b]) with a11 > 0. Here α ∈ (0, 1), and C0, α denotes the space of

Hölder’s continuous functions with exponent α [25]. We consider the three-species tridiagonal competitive reaction-

diffusion model (1) with positive feedback, which satisfies the following assumptions

(H1)Model coefficients and competition structure. Consider the following system parameters and functions:

• Constants: As in equation (3), the constants D2 > 0 and D3 > 0.
• Functions:

1. r2, r3 ∈C0, α([a, b]),
2. a22, a33 ∈C0, α([a, b]), with a22 > 0 and a33 > 0,
3. a12, a13, a21, a23, a31, a32 ∈C0, α([a, b]), where each of these coefficients is strictly positive on [a, b].
Here, the coefficient ai j (for i 6= j, i, j = 1, 2, 3) quantifies the competitive effect of species j on species i.
(H2) Unknown coefficients. This study assumes all coefficients related to Species 2 are unknown quantities: r2(x),

a21(x), a22(x), a23(x), as well as a12(x), a13(x), a31(x), and a32(x).

2.1 Initial and boundary conditions

Let u1, u2, u3 satisfy the initial conditions

u1(0, x) = u10, u2(0, x) = u20, u3(0, x) = u30.

For t > 0, the boundary conditions are given by
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αiui(t, a)−βi
∂ui

∂x
(t, a) = 0, γiui(t, b)+δi

∂ui

∂x
(t, b) = 0, (4)

where

αi, βi, γi, δi ≥ 0, α
2
i +β

2
i > 0 and δ

2
i + γ

2
i > 0, i = 1, 2, 3. (5)

This general form encompasses classical cases for each i = 1, 2, 3.
(i) Dirichlet case when βi = δi = 0.
(ii) Neumann case when αi = γi = 0.
In establish classical solutions (u1, u2, u3) of problem (1), we assume the initial data satisfy

u10, u20, u30 ∈C2, α([a, b]).

Further, the following compatibility conditions hold at the boundaries



α1u10(a)−β1(u10)
′(a) = 0 and (u10)

′′(a) = 0,

γ1u10(b)−δ1(u10)
′(b) = 0 and (u10)

′′(b) = 0,

α2u20(a)−β2(u20)
′(a) = 0 and (u20)

′′(a) = 0,

γ2u20(b)−δ2(u20)
′(b) = 0 and (u20)

′′(b) = 0,

α3u30(a)−β3(u30)
′(a) = 0 and (u30)

′′(a) = 0,

γ3u30(b)−δ3(u30)
′(b) = 0 and (u30)

′′(b) = 0.

(6)

Under the above assumptions and standard parabolic theory (see [26], Chapter 8), problem (1) admits a unique

classical solution

u1, u2, u3 ∈C1
2([0, ∞)× [a, b]),

with guaranteed existence, uniqueness, and regularity.

2.2 Proposed hypotheses about the undetermined coefficients

We assume the coefficients satisfy
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r2, a12, a13, a22, a23, a31, a32 ∈ M ,

where the function class M is defined as

M :=
{

ψ ∈C0, α([a, b]) : ψ is piecewise Cn([a, b]) for some n ≥ 1
}
. (7)

A function ψ is piecewise Cn (for n ≥ 1) if:
1. ψ is continuous on [a, b], and
2. There exists a partition a = k1 < k2 < .. . < km = b such that

ψ(x) :=
m−1

∑
j=1

χ[k j , k j+1)(x)ϕ j(x), ∀ x ∈ (a, b),

where:

• Each ϕ j is Cn on [k j, k j+1],

• χ [k j , k j+1) denotes the characteristic function of the interval [k j, k j+1).

Consequently, if ψ ∈ M, for every x ∈ [a, b) (respectively, x ∈ (a, b]), there exists r = rx > 0 such that ψ is Cn on

[x, x+ r] (respectively, [x− r, x]). The following inequality holds for x ∈ [a, b] with x 6= 0 (if 0 ∈ [a, b]) and some constant

C > 0

| f (n)(x)| ≤C
n−1

∑
k=0

| f (k)(x)|
|x|n−k . (8)

Note that if a function g is piecewise analytic, then it satisfies inequality (8) piecewise. The key significance of

inequality (8) lies in its ability to relax smoothness requirements: instead of needing C∞ smoothness, we only require Cn

differentiability. However, we emphasize that the vanishing of a function and its first n derivatives in some region does not,

by itself, guarantee the function’s identical vanishing there. To address this, we introduce the control condition (8), whose

mathematical justification is provided in Lemma 3. This condition plays a pivotal role in our proof that the interspecific

competition coefficient vanishes identically in Theorem 1.

2.3 Measurement of the solution

We perform measurements on solutions of problem (1) for four distinct initial conditions. Specifically, consider initial

data

(u1
10, u1

20, u1
30), (u

2
10, u2

20, u2
30), (u

3
10, u3

20, u3
30), (u

4
10, u4

20, u4
30)

satisfying

u j
i0 > 0 ∈ (a, b), i = 1, 2, 3, 4, j = 1, 2, 3, 4 (9)
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and

det



u1
10 u1

20 u1
30 1

u2
10 u2

20 u2
30 1

u3
10 u3

20 u3
30 1

u4
10 u4

20 u4
30 1


6= 0. (10)

Under the assumption that x0 ∈ (a, b) exists, the solution (u1, u2, u3) to problem (1) and its spatial derivatives are

measurable with respect to the Lebesgue measure. For a fixed ε > 0 and four distinct sets of initial conditions (uk
10, uk

20, uk
30),

where k = 1, 2, 3, 4, we assume that the values (u1, u2, u3)(t, x0) as well as the spatial derivatives ∂xu1(t, x0) and

∂xu3(t, x0) (as in Theorem 1) are measurable for all t ∈ (0, ε). As shown in Theorem 1, these measurements uniquely

determine the eight coefficients

r2(x), a12, a13, a21, a22, a23, a31, a32,

thereby reconstructing the solution (u1, u2, u3) on (0, ∞)× (a, b).
Main results. Assume that r̃2, ã12, ã21, ã22, ã23, ã32 ∈Cn, α([a, b]) for some n ≥ 0 and α ∈ (0, 1). Suppose the

differences

r2 − r̃2, a12 − ã12, a21 − ã21, a22 − ã22, a23 − ã23 ∈ M

and satisfy inequality (8). Furthermore, assume

a13 − ã13, a31 − ã31, a32 − ã32 ∈ M

and satisfy (8) with n = 1 and a constant C ∈ (0, 1). Let (ũ1, ũ2, ũ3) denote the solution to the following system of PDEs

for t > 0 and x ∈ (a, b)⊂ R,



∂ ũ1

∂ t
= D1

∂ 2ũ1

∂x2 + ũ1
(
r1 −a11ũ1 − ã12ũ2 + ã13ũ3

)
,

∂ ũ2

∂ t
= D2

∂ 2ũ2

∂x2 + ũ2
(
r̃2 − ã21ũ1 − ã22ũ2 − ã23ũ3

)
,

∂ ũ3

∂ t
= D3

∂ 2ũ3

∂x2 + ũ3
(
r3 + ã31ũ1 − ã32ũ2 −a33ũ3

)
,

(11)

subject to the same boundary conditions (4) as (u1, u2, u3), and with ũ1(0, x) = u10(x), ũ2(0, x) = u20(x), ũ3(0, x) = u30(x).
Theorem 1 Let x0, x1 ∈ (a, b) be two distinct points and ε > 0. Assume that for each k = 1, 2, 3, 4, the initial

condition (uk
10, uk

20, uk
30) satisfies (9) and (10). If for all t ∈ (0, ε), the following conditions hold
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

(u1, u2, u3)(t, xi) = (ũ1, ũ2, ũ3)(t, xi), i = 0, 1,

∂u1

∂x
(t, xi) =

∂ ũ1

∂x
(t, xi), i = 0, 1,

∂u3

∂x
(t, xi) =

∂ ũ3

∂x
(t, xi), i = 0, 1,

(12)

and the matrices satisfy the non-degeneracy conditions

det

u1(t, x0) u2(t, x0)

u1(t, x1) u2(t, x1)

 ·det

u2(t, x0) u3(t, x0)

u2(t, x1) u3(t, x1)

 6= 0, (13)

then we have

r̃2 = r2 and ãi j = ai j, ∀(i, j) ∈ I and ∀x ∈ (a, b), (14)

where I := {(1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2)}.

Knowing the second derivatives
∂ 2u1

∂x2
2
(t, x0) and

∂ 2u3

∂x2
1
(t, x0) allows determining the r2(x), a12, a13, a21, a22, a23,

a31, and a32 without measuring the component u2, leading to the following key result.

Theorem 2 Let x0 ∈ (a, b) be a fixed spatial point and ε > 0 a time parameter. Assume that for each k = 1, 2, 3, 4,
the initial condition (uk

10, uk
20, uk

30) satisfies (9) and (10). If the following conditions are satisfied for all t ∈ (0, ε)



(u1, u3)(t, x0) = (ũ1, ũ3)(t, x0),

∂u1

∂x
(t, x0) =

∂ ũ1

∂x
(t, x0),

∂u3

∂x
(t, x0) =

∂ ũ3

∂x
(t, x0),

∂ 2u1

∂x2 (t, x0) =
∂ 2ũ1

∂x2 (t, x0),

∂ 2u3

∂x2 (t, x0) =
∂ 2ũ3

∂x2 (t, x0),

(15)

and the inequality (13) is satisfied, then the equation (14) holds.
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3. Proof of Theorem 1 and Theorem 2

First we give some lemmas which are useful for the proofs of Theorems 1 and 2.

Lemma 1 (cf. [27]) Let f (x) ∈Cn([0, b]) with n ≥ 1, and suppose α ≥ 0. If f (k)(0) = 0 for all k = 0, . . . , n+
[

α

2

]
,

then for each k = 0, .., n−1

∫ b

0

(
f (k)(x)

)2

xα+2(n−k)
dx ≤ 4

(α +1)2

∫ b

0

(
f (n)(x)

)2

xα
dx.

Lemma 2 (cf. [27]) Let f (x) ∈Cn([0, b]) n ≥ 1. Assume α ≥ 0, f (k)(0) = 0, k = 0, ..., n+
[

α

2

]
. Then

∫ b

0

1
xα

n−1

∑
k=0


(

f (k)(x)
)

xn−k

2

dx ≤ 4n
(α +1)2

∫ b

0

1
xα

(
f (n)(x)

)2
dx.

Lemma 3 (cf. [27]) Let f (x) ∈Cn([0, b]) (n ≥ 1). Assume

| f (n)(x)| ≤C
n−1

∑
k=0

| f (k)(x)|
|x|n−k dx, x ∈ [0, b] (16)

for some C > 0. Then f (k)(0) = 0, k = 0, ..., n+
[
(n+1) C− 1

2

]
implies f ≡ 0 on [0, b].

Lemma 4 (cf. [27]) Let f (x) ∈Cn([0, b]) (n ≥ 1). Assume (16) holds for some C > 0. Then f 6≡ 0 implies the zero

set { f−1(0)} ⊂ [0, b] is finite.

Lemma 5 (cf. [27]) Let f (x) ∈Cn([0, b]) (n ≥ 1). Assume α ≥ 0, f (k)(0) = 0, k = 0, ..., n+
[

α

m

]
. Then

∫ b

0

(
f (k)(x)

)m

xα+2(n−k)
dx ≤

(
2

α +1

)m

(m−1)m−1
∫ b

0

(
f (n)(x)

)m

xα+2−m dx for k = 0, .., n−1, and m > 1.

Next, we give the proof of Theorem 1 and Theorem 2 as follows.

Proof of Theorem 1 Define the difference variables

U := u1 − ũ1, V := ũ2 −u2, W := u3 − ũ3, R := r2 − r̃2

and

Ai j := ai j − ãi j, ∀ i, j ∈ {1, 2, 3}2\(1, 1).

For arbitrary initial condition (uk
10, uk

20, uk
30) with k = 1, 2, 3, 4, the varibles (U, V, W ) satisfies for all t > 0 and

x ∈ (a, b)
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

∂U
∂ t

= D1
∂ 2U
∂x2 +U (r1 −a11(u1 + ũ1)− ã12u2 − ã13u3)+ ã12ũ1V + ã13ũ1W −A12u1u2 −A13u1u3,

∂V
∂ t

= D2
∂ 2V
∂x2 +V (r̃2 − ã22(u2 + ũ2)− ã21ũ1 − ã23ũ3)+ ã21ũ2U + ã23ũ2W

−u2 (R−A12u1 −A12u1 −A12u1)

∂W
∂ t

= D3
∂ 2W
∂x2 +W (r3 −a33(u3 + ũ3)− ã31u1 − ã32u2)+ ã31ũ3U + ã32ũ3V −A31u1u3 −A32u2u3,

(17)

subject to the same boundary condition as (u1, u2, u3). When we evaluate the first equation of (1) at the points (0, x0) and

(0, x1) under the assumptions of Theorem 1 and from the fact that

U(0, x) =V (0, x) =W (0, x) = 0, ∀ x ∈ [a, b],

we have that

A12(x0)u1(x0)u2(x0)+A13(x0)u1(x0)u3(x0) = 0,

and

A12(x1)u1(x1)u2(x1)+A13(x1)u1(x1)u3(x1) = 0.

Employing the fact that (u10, u20, u30) = (u1
10, u1

20, u1
30) and invoking (13), we deduce

A12(x0) = A13(x0) = 0 ⇒ ã12(x0) = a12(x0), ã13(x0) = a13(x0).

Differentiation of the equation (17) with respect to x yields

A′
12(x0) = A′

13(x0) = 0.

The Lemma 3 tells

A12 ≡ A13 ≡ 0 on [a, b]. (18)

Similar to (18), we have
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A31(x)≡ A32(x)≡ 0 ⇒ ã31 = a31, ã32 = a32 on [a, b].

The model specified in (17) can be reformulated as follows for t > 0, x ∈ (a, b)⊂ R



∂U
∂ t

= D1
∂ 2U
∂x2 +U [r1 −a11(u1 + ũ1)− ã12u2 − ã13u3]+ ã12ũ1V + ã13ũ1W,

∂V
∂ t

= D2
∂ 2V
∂x2 +V [r̃2 − ã22(u2 + ũ2)− ã21ũ1 − ã23ũ3]

+ã21ũ2U + ã23ũ2W −u2[R−A12u1 −A12u1 −A12u1]

∂W
∂ t

= D3
∂ 2W
∂x2 +W [r3 −a33(u3 + ũ3)− ã31u1 − ã32u2]+ ã31ũ3U + ã32ũ3V.

(19)

We define

A+ :=

x ≥ x0 : R(y)≡ A21(y)≡ A22(y)≡ A23(y)︸ ︷︷ ︸
:=T1

≡ 0, ∀y ∈ (x0, x]

 .

and

x1 :=


sup(A+), if A+ 6= φ ,

x0, if A+ = φ .

When x1 = b, we have that for all y ∈ (x0, b]

T1 ≡ 0. (20)

For the subsequent analysis, we assume, by way of contradiction, that x1 < b.
Step 1. We claim that there exist initial conditions (uk∗

10, uk∗
20, uk∗

30) and k∗ ∈ {1, 2, 3, 4} such that for all (t, x) ∈
[0, θ ]× [x1, x2] (where θ ∈ (0, ε) and x2 ∈ (x1, b)), the following holds:

R(x) 6=
3

∑
i=1

A2i(x)ui(t, x). (21)

Since x1 < b, it follows from (7) and Lemma 4 that there exists δ > 0 such that
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x1 +δ < b,

and the functions R, A21, A22, and A23 are all well-defined on the interval [x1, x1 + δ ] with at least one of them being

non-zero on this interval. It follows that

(t, x) 7→ R(x)−
3

∑
i=1

A2i(x)ui(t, x)

admits the factorization

(t, x) 7→ (x− x1)
ρ

(
R̂(x)−

3

∑
i=1

Â2i(x)ui(t, x)

)
, ∀(t, x) ∈ R+× [x1, x1 +δ ],

where the functions R̂, Â21, Â22, Â23 do not all vanish at x = x1. Hence there exists a k∗ ∈ {1, 2, 3, 4} such that

R̂(x1)−
3

∑
i=1

Â2i(xi)uk∗
i0 (x1) 6= 0.

The solution (u1, u2, u3) of problem (1) with initial data (uk∗
10, uk∗

20, uk∗
30) is continuous, which implies that the mapping

(t, x) 7→ H(x, t) := R̂(x)−
3

∑
i=1

Â2i(x)ui(t, x)

remains continuous over [0, ∞)× [x1, x1 +δ ). As a result, we can find

H(x, t) 6= 0, ∀(t, x) ∈ [0, θ ]× (x1, x2].

This guarantees that (21) holds.

Step 2. We assert that when (u10, u20, u30) = (uk∗
10, uk∗

20, uk∗
30), there exists ε ′ > 0 such that the function U , V and W

satisfy either

U > 0, V > 0 and W > 0, ∀(t, x) ∈ (0, ε
′)× (x0, x2) (22)

or

U < 0, V < 0 and W < 0, ∀(t, x) ∈ (0, ε
′)× (x0, x2). (23)
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The proof proceed by analysis two distinct cases (I) and (II).

Cases (I):Assume the inequality

R(x)−
3

∑
i=1

A2i(x)ui(t, x)< 0, ∀ (t, x) ∈ [0, θ ]× (x1, x2].

Given that

U(0, x) =V (0, x) =W (0, x) = 0, ∀x ∈ (a, b). (24)

We first establish the initial time derivatives

Ut(0, x2) = 0 and Utt(0, x2)> 0. (25)

From (16) and U(0, x) = 0 in (a, b), we have

Ut(0, x) = 0, ∀x ∈ (a, b).

Ultilizing (24) and (25), we derive

Utt(0, x2) = a12uk∗
10(x2)Vt(0, x2)> 0.

From (24), it follows that for some ε ′ ∈ (0, ε), all three functions U(t, x2), V (t, x2), and W (t, x2) are positive

whenever t ∈ (0, ε ′). By Theorem 1, the boundary condition at x0 satisties

U(t, x0) =V (t, x0) =W (t, x0) = 0, ∀t ∈ (0, ε
′).

Consequently, the (U, V, W ) satisfies for (t, x) ∈ (0, ε ′)× (x0, x2)



∂U
∂ t

= D1
∂ 2U
∂x2 +U [r1 −a11(u1 + ũ1)− ã12u2 − ã13u3]+ ã12ũ1V + ã13ũ3W,

∂V
∂ t

> D1
∂ 2V
∂x2 +V [r̃2 − ã22(u2 + ũ2)− ã21ũ1 − ã23ũ3]+ ã21ũ2U + ã23ũ2W,

∂W
∂ t

= D1
∂ 2W
∂x2 +W [r3 − ã31u1 −a33(u3 + ũ3)− ã32u2]+ ã31ũ3U + ã32ũ3V,

(26)

subject to initial boundary conditions
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

U(t, x0) = 0, U(t, x2)> 0, t ∈ (0, ε ′);

V (t, x0) = 0, V (t, x2)> 0, t ∈ (0, ε ′);

W (t, x0) = 0, W (t, x2)> 0, t ∈ (0, ε ′);

U(0, x) =V (0, x) =W (0, x) = 0, x ∈ (x0, x2).

(27)

From the continuity property of the solutions (ũ1, ũ2, ũ3) in t, we derive that

ũ1(t, x)> 0, ũ2(t, x)> 0, ũ3(t, x)> 0 for all x ∈ (x0, x2) and t > 0 enough small.

We assume that

ũ1(t, x)> 0, ũ2(t, x)> 0, ũ3(t, x)> 0 in (0, ε
′)× (x0, x2).

Given that the coefficients a12, ã21 > 0, system (1) satisfies monotonicity assumption. Specifically, the following

partial derivatives are stictly positive



∂

∂V
(a12ũ1V ) = a12ũ1 > 0,

∂

∂U
(ã21ũ2U + ã23ũ3W ) = aã21ũ2 > 0,

∂

∂W
(ã21ũ2U + ã23ũ3W ) = aã23ũ3 > 0,

∂

∂V
(a32ũ3V ) = a32ũ3 > 0,

(28)

which implies that

1. (U, V, W )> 0 throughout the domain (0, ε ′)× (x0, x2).

2. There exists a t0 ∈ (0, ε ′) for which at least one of the componentsU ,V , orW is identically zero on (0, t0)×(x0, x2).

However, given the boundary conditions at x2, the functions U , V , and W remain positive for all (t, x) ∈ (0, ε ′)×
(x0, x2).

Cases (II): Suppose there exist θ > 0 such that

R(x)−A21(x)u1(t, x)−A22(x)u2(t, x)−A23(x)u3(t, x)> 0
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holds on [0, θ ]× (x1, x2]. Based on the initial conditions U(0, x) = V (0, x) = W (0, x) = 0 for all x ∈ (a, b), and
considering the symmetry under the transformation (−U, −V, −W ), we conclude that for all (t, x) ∈ (0, ε ′)× (x0, x2)

(U, V, W )< 0.

Step 3. Using Hopf’s Lemma and the condition of Theorem 1, we arrive at a contradiction based on the assumption

made in Step 1. We now consider the case where U , V , and W satisfy (22) (the case where U , V , and W satisfy (23) can be

handled similarly). From (26), we derive the system of inequality



∂U
∂ t

> D1
∂ 2U
∂x2 +U (r1 −a11(u1 + ũ1)− ã12u2 − ã13u3) , (x, t) ∈ (0, ε ′)× (x0, x2),

∂V
∂ t

> D1
∂ 2V
∂x2 +V (r̃2 − ã22(u2 + ũ2)− ã21ũ1 − ã23ũ3) , (x, t) ∈ (0, ε ′)× (x0, x2),

∂W
∂ t

> D1
∂ 2W
∂x2 +W (r3 − ã31u1 −a33(u3 + ũ3)− ã32u2) , (x, t) ∈ (0, ε ′)× (x0, x2).

(29)

Observe that the inequality (22) satisfies

U(t, x0) =V (t, x0) =W (t, x0) = 0.

By Hopf’s Lemma, we have

∂U
∂x

(t, x0)> 0 and
∂W
∂x

(t, x0)> 0,

contradicting the assumption in Theorem 1. Therefore, the hypothesis x1 < b in Step 1 cannot hold.

Step 4. The Step 3 tells

x1 = b,

which implies that the functions R(y), A21(y), A22(y), and A23(y) vanish identically on the interval (x0, b]. We now define

A− := {x ≤ x0 : T1 ≡ 0, y ∈ (x, x0]}

and

y1 :=


inf(A−), if A− 6= φ ,

x0, if A− = φ .
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This yields the equality (20) holds for a ≤ y ≤ x0. Therefore the equality (20) still holds for a ≤ y ≤ b.
Proof of Theorem 2Assume that u1 satisfies the conditions of Theorem 2. For arbitrary initial date (uk

10, uk
20, uk

30),

hence

ã12(x) = a12(x), ã13(x) = a13(x), x ∈ [a, b],

and similarly,

ã31(x) = a31(x), ã32(x) = a32(x), x ∈ [a, b].

Reformulating the equation satisfied by u1 and ũ1, we obatin the system for t > 0, x ∈ (a, b)⊂ R,


∂u1

∂ t
= D1

∂ 2u1

∂x2 +u1(r1 −a11u1 −a12u2 +a13u3),

∂ ũ1

∂ t
= D1

∂ 2ũ1

∂x2 + ũ1(r1 −a11ũ1 −a12ũ2 +a13ũ3),

(30)

which implies that for t ∈ (0, ε) and x = x0,


∂u1

∂ t
= D1

∂ 2u1

∂x2 +u1(r1 −a11u1 −a12u2 +a13u3),

∂u1

∂ t
= D1

∂ 2u1

∂x2 +u1(r1 −a11u1 −a12ũ2 +a13u3).

(31)

By the continuity of u1 in the variable t, we have

u1(t, x0)> 0 for sufficiently small t.

This implies

a12u1u2 = a12u1ũ2, u1(t, x0)u2(t, x0) = u1(t, x0)ũ2(t, x0).

Threfore

u2(t, x0) = ũ2(t, x0) for all t ∈ (0, ε
′) and some ε

′ ∈ (0, ε).

Since all conditions of Theorem 1 are satisfied, the result follows directly from Theorem 1.

Volume 7 Issue 3|2026| 3805 Contemporary Mathematics



Acknowledgement

The authors are highly grateful for the referees valuable suggestions, which improved this work. This research is

supported by the National Natural Science Foundation of China (No: 41730638).

Conflict of interest

The authors declare no competing financial interest.

References

[1] Angeli D, Ferrell JE, Sontag ED. Detection of multi-stability, bifurcation, and hysteresis in a large class of biological

positive-feedback systems. Proceedings of the National Academy of Sciences of the United States of America. 2004;

101(7): 1822–1827.

[2] Cinquin O, Demongeot J. Positive and negative feedback: Striking a balance between necessary antagonists. Journal

of Theoretical Biology. 2002; 216(2): 229–241.

[3] Murray JD. Mathematical Biology I: An Introduction. Vol. 17. 3rd ed. New York: Springer; 2002.

[4] Epstein IR, Pojman JA. An Introduction to Nonlinear Chemical Dynamics. UK: Oxford University Press; 1998.

[5] Williams FA. Combustion Theory. Menlo Park, CA, USA: Benjamin-Cummings Publishing Co., Inc.; 1985.

[6] Grindrod P. Patterns and Waves: The Theory and Applications of Reaction-Diffusion Equations. 2nd ed. UK: Oxford

University Press; 1996.

[7] Khormali A, Ahmadi S, Aleksandrov AN. Analysis of reservoir rock permeability changes due to solid precipitation

during waterflooding using artificial neural network. Journal of Petroleum Exploration and Production Technology.

2025; 15: 17.

[8] Turing AM. The chemical basis of morphogenesis. Philosophical Transactions of the Royal Society of London Series

B: Biological Sciences. 1952; 237(641): 37–72.

[9] BukhgeimAL, Klibanov MV. Единственность в целом одного класса многомерных обратных задач [Uniqueness

in general of one class of multidimensional inverse problems]. Soviet Mathematics Doklady. 1981; 260(2): 269–272.

[10] Klibanov MV. Carleman estimates for global uniqueness, stability and numerical methods for coefficient inverse

problems. Journal of Inverse and Ill-Posed Problems. 2013; 21(4): 477–560.

[11] Belassoued M, Yamamoto M. Inverse source problem for a transmission problem for a parabolic equation. Journal

of Inverse and Ill-Posed Problems. 2006; 14: 47–56.

[12] Cristofol M, Roques L. Biological invasion: Deriving the regions at risk from partial measurements. Mathematical

Biosciences. 2008; 215(2): 158–166.

[13] Cristofol M, Roques L. Stable estimation of two coefficients in a nonlinear Fisher-KPP equation. Inverse Problems.

2013; 29(9): 095007.

[14] Immanuvilov OY, Yamamoto M. Lipschitz stability in inverse parabolic problems by the Carleman estimate. Inverse

Problems. 1998; 14(5): 1229–1245.

[15] Yamamoto M, Zhou J. Simultaneous reconstruction of the initial temperature and heat radiative coefficient. Inverse

Problems. 2001; 17(4): 1181–1202.

[16] Choulli M, Ouhabaz EM, Yamamoto M. Stable determination of a semilinear term in a parabolic equation.

Communications on Pure and Applied Analysis. 2006; 5(3): 447–462.

[17] Yang L, Xu D. An inverse problem for nonlocal reaction-diffusion equations with time-delay. Applicable Analysis.

2024; 103(16): 3067–3085.

[18] Roques L, Cristofol M. On the determination of the nonlinearity from localized measurements in a reaction-diffusion

equation. Nonlinearity. 2010; 23(3): 675–686.

[19] Cristofol M, Garnier J, Hamel F, Roques L. Uniqueness from pointwise observations in a multi-parameter inverse

problem. Communications on Pure and Applied Analysis. 2011; 11(1): 173–188.

[20] Roques L, Cristofol M. The inverse problem of determining several coefficients in a nonlinear Lotka-Volterra system.

Inverse Problems. 2012; 28(7): 075007.

Contemporary Mathematics 3806 | Ping Yan, et al.



[21] Li G, Yao Y. Two-species competition model with chemotaxis: Well-posedness, stability and dynamics. Nonlinearity.

2022; 35(3): 1329–1359.

[22] Esmailpour H, Ardabili PR, Soltanian F. An ABC algorithm based approach to solve a nonlinear inverse reaction

diffusion problem associate with the ecological invasions. Computational Methods for Differential Equations. 2023;

11: 143–160.

[23] Sakthivel K, Arivazhagan K, Balan NB. Inverse problem for a Cahn-Hilliard type system modeling tumor growth.

Applicable Analysis. 2020; 101(3): 858–890.

[24] Kaltenbacher B, Rundell W. The inverse problem of reconstructing reaction-diffusion systems. Inverse Problems.

2020; 36(6): 065011.

[25] Friedman A. Partial Differential Equations of Parabolic Type. Englewood Cliffs: Prentice-Hall; 1964.

[26] Pao CV. Nonlinear Parabolic and Elliptic Equations. New York: Plenum Press; 1992.

[27] Protter MH, Weinberger HF. Maximum Principles in Differential Equations. New York: Springer; 1984.

Volume 7 Issue 3|2026| 3807 Contemporary Mathematics


	Introduction
	Hypotheses and main conclusions
	Initial and boundary conditions
	Proposed hypotheses about the undetermined coefficients
	Measurement of the solution

	Proof of Theorem 1 and Theorem 2

