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Abstract: In this study, Double Valued Neutrosophic Soft Sets (DNSSs) are examined. Basic operations are provided
with examples. Based on this set, Double-Valued Neutrosophic Soft Topological Spaces (DNSTSs) are introduced. Basic
operations are studied, and theorems are presented. For better understanding, examples are provided. Additionally, this
study examines the analysis of Cotangent Similarity Measure (Cot SM) scores between signal samples (S1−S4) and class
templates (T1−T4), focusing on their effectiveness in real-time military target identification. The Cot SM values quantify
the alignment between signals and predefined templates, facilitating target classification by indicating the strength of the
match. Higher Cot SM values (e.g., > 0.85) suggest a high degree of similarity, implying an immediate engagement
decision, while lower values indicate weaker matches, requiring further verification. Various visualization techniques,
including Heatmaps, Principal Component Analysis (PCA), t-Distributed Stochastic Neighbor Embedding (t-SNE), and
3D plots, are used to represent the correlations and patterns within the data. These methods visually showcase the strength
and direction of signal-template relationships, with a specific emphasis on identifying strong matches and distinguishing
weak correlations. PCA and t-SNE are employed to reduce dimensionality, enabling the clear identification of clusters
and outliers. The Elbow Method optimizes clustering, ensuring effective partitioning of the data. The analysis identifies
the strongest matches, such as template T1 with class C4, and provides a comprehensive view of the data’s structure.
This framework improves target classification and decision-making by providing a quantitative, visual, and efficient
method for prioritizing actions inmilitary contexts. The techniques and tools presented also offer broader applications
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in fields such as biomedical diagnostics and disaster management.
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1. Introduction
One of the most important aspects of the information and decision-making processes is the handling of uncertainty,

imprecise, and insufficient information. Many real-world scenarios involving uncertainty are typically not explicable by
the traditional subset theory, which holds that components are either members of a set or not. To address this, Fuzzy Sets
(FSs) [1] were developed, in which partial truth is reflected by assigning a membership degree with a value between 0 and
1. This was a significant advancement, but only in terms of degree of determinacy. More complicated uncertainty than FSs
is modeled by Intuitionistic Fuzzy Sets (IFSs) [2], which are expanded by adding a non-membership degree to represent
indeterminacy. This concept was further generalized by Interval-Valued IFSs (IVIFSs) [3], where membership and
non-membership degrees are now interval numbers rather than points. A extremely powerful parameterized framework
for handling uncertainty that was unencumbered by probability or membership functions was provided by Molodtsov’s
creation of soft set theory [4]. Maji et al. [5] extended this paradigm in great detail later and demonstrated its true value
in decision-making. Since then, several hybrids have been established. Although these developments had occurred,
there still existed the circumstance when neither of the membership and non-membership degrees was sufficient to
correctly characterize all cases of incomplete knowledge, especially indeterminacy/neutrality. This spurred the proposal
of Neutrosophic Sets (NSs) [6]. A subfield of philosophy called neutrosophy formalizes the idea of neutralities and their
relationship to ideational spectrum. To get around this, certain simpler models, such as the Simpler Neutrosophic Set
(SNS), were put forth [7]. The Single-Valued Neutrosophic Set (SVNS) [8], in which the three degrees of membership are
single and specified values of the standard segment [0, 1], remains the most well-known and practical of these. Because of
this, SVNSs are a useful and controllable tool for solving problems in the real world. Many other set theories, such as IFSs,
Picture Fuzzy Sets, Pythagorean Fuzzy Sets (PFSs), q-Rung Orthopair Fuzzy Sets (q-ROFSs), and Spherical Fuzzy Sets
(SFSs), are generalized byVague Sets (VSs) [9]. They have beenwidely used in engineering, medical diagnosis, andMulti-
Attribute Decision-Making (MADM) [10–12]. A significant step toward the creation of the intuitionistic neutrosophic
soft set was the introduction of the neutrosophic soft set by [13, 14]. Since the parameterizations of soft sets is never so
forcefully applied to this expressivity, these hybrid structures are well adapted to the profound expressiveness requirements
of neutrosophic sets.

1.1 Literature review
There has been extensive research on SVNSs, both theoretically and practically. Since then, Ye [15–18] has been

the first to investigate this field utilizing cluster analysis, MADM, aggregation operators, and similarity metrics. Ali et al.
[19] extended this to complex neutrosophic sets, and Liu et al. [20] added new aggregation operators. Saqlain et al. [21]
successfully combined new techniques like SVNSs with pre-existing techniques like Technique for Order of Preference by
Similarity to Ideal Solution (TOPSIS). Additionally, industrial evaluation [22] have been special areas of research focus.
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Additional research have expanded the theoretical frameworks by focusing on aggregation operators [23–25] using
combination models.

Compared to its predecessors, such as IFSs and PyFSs, whose similarity metrics were also thoroughly examined,
the scope and flexibility of SVNSs have consistently been determined to be more general and wider [26–32]. Sarfraz
et al. [33] proposed similarity measurements on the spherical fuzzy sets. This work was expanded by Bui et al. [34],
who developed new similarity metrics for Neutrosophic Sets (NS). In order to solve MADM problems, Thao et al. [35]
presented a theoretical framework of SVNSs and employed similarity metrics. In line with this, Ali et al. [36] offered
fresh examples of SVNS commonalities in a MADM context. A hybrid approach by Ozlu et al. [37] that combined some
SVNSs and type-2 fuzzy sets and applied the TOPSIS is closely related to the earlier study. Bakro and others used SVNSs
in another example of this type of digital image processing [38]. Industrial inspection was the subject of TangYu et al. [39],
who presented a novel intelligent detection technique for forging flaws. Thong et al. [40] have attempted to make further
theoretical advances by creating a Probabilistic Neutrosophic (PN) semi-supervised fuzzy clustering technique to handle
noisy data. The theory of SVNSs was expanded by Mandour et al. [41] and Dey et al. [42] through the examination
of additional graph operations and associated Simple Walks (SW) characteristics. Regarding the energy system, Yan
et al. [12, 43–45] modeled and optimized a rope cell hybrid micro-grid system using a bio-inspired algorithm. The
theory of Schweizer Sklar operations on fuzzy sets was introduced and developed in a series of publications by Sarfraz
[25, 46–50]. Interval-valued SVNSs were first proposed by Chou et al. [51] and used to energy selection issues with
a dissimilarity measure. Finally, similarity metrics of PFS over fundamental operations and MADM techniques using
a convex combination of weighted vector similarity measures of neutrosophic sets were introduced by [52, 53]. Recent
research has established complex tangent trigonometric methods for advanced fuzzy sets [54] and extended complex cubic
intuitionistic fuzzy sets to algebraic structures [55]. Additionally, the analysis of minimal units in fuzzy neutrosophic rings
[56] and the foundational work on topological spaces using symbolic n-plithogenic intervals [57] show the growing frontier
of this field, offering a solid mathematical foundation for addressing problems with inherent ambiguity and multifaceted
information. For future work, neutrosophic soft sets could model the indeterminacy in non-Hermitian topological phase
transitions and the robustness of Majorana modes [58].

1.2 Motivation for research

Medical diagnosis is a challenging field in and of itself, involving uncertainty, vague symptoms, and insufficient
information. A popular paradigm for handling these challenges is SVNS, which model the data using three independent
memberships: truth, indeterminacy, and falsity. The similarity measure, which compares a patient’s symptom profile to a
known disease profile, is the key component of SVNSs used in diagnosis. As seen in Table 1, researchers have developed
unique SVNS similarity metrics in this regard. The methodology of Chai et al. uses a tangent function to magnify the
critical differences, which results in high accuracy; the scale in the measure proposed by Sahin and Karabacak is highly
sensitive to changes in all three neutrosophic components; and the model designed by Ye takes a geometric approach
to comprehensive matching. The neutrosophic framework is transforming medical data preparation in addition to direct
diagnosis.

Table 2 lists its applications in image processing, including hybrid models that combine NS with metaheuristics
to generate automatic picture enhancements, clustering models like Neutrosophic Set-Fuzzy C-Means (NS-FCM) to
segment medical images (e.g., identifying malignancies), and a generic architecture to handle uncertainty. Furthermore,
as shown in Table 3, the field is making strides by combining multi-criteria decision-making techniques like VIKOR with
measures that further extend the neutrosophic concept to deal with even more complex types of data, such as Interval-
Valued Neutrosophic Sets (IVNS) and information with some basis of reliability (Neutrosophic Z-Number Sets (NZNS)).
However, there is a serious flaw in how these sophisticated models are used to interpret and validate the data. Despite the
measures’ ability to produce numerical similarity scores, the field lacks a reliable visual approach to interpret the results.
The pattern and correlations in the data are not adequately displayed using other powerful visualization tools like Heat
Map, Principal Component Analysis (PCA), t-Distributed Stochastic Neighbor Embedding (t-SNE), 3D plots, PAC, and
Elbow techniques. Themethods are required to clearly illustrate the strength and direction of signal-template relationships,
with particular focus on highlighting strong matches and separating weak correlations.
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Table 1. Applications of SVNS similarity measures in medical diagnosis

Model/Approach Key components Primary handling mechanism Best application domain

Improved Cosine Similarity
[18]

Cosine of angle &
magnitude of SVNS

vectors

Measures geometric proximity and
vector size for a comprehensive

similarity score
Medical diagnosis (Matching
patient symptoms to diseases)

Tangent Function-Based
Similarity [59]

Tangent of a normalized
Hamming distance

Amplifies small differences
between SVNS elements for high

precision
Pattern recognition and complex
medical diagnosis problems

Novel Multi-component
Similarity [60]

Integrated differences of
T, I, F and a

truth-membership
function

Highly sensitive to variations in all
three membership domains

Medical diagnosis, taxonomy, and
clustering analysis

Table 2. Neutrosophic sets based image processing techniques

Model/Approach Key components Primary handling mechanism Best application domain

General NS Framework [61] Pixels as T, I, F sets Converting uncertainty into
indeterminacy (I)

A universal framework for all
image processing tasks (e.g.,
segmentation, denoising,

enhancement)
NS-Clustering (e.g., NS-FCM)

[62]
Clustering in NS domain

(T, I, F features)
Using I to weight data points and

manage uncertainty
Medical image segmentation (e.g.,
tumor detection in mammograms)

Metaheuristic-NS
Enhancement [63]

NS domain + optimization
algorithms (e.g., PSO,

GA)

Optimizing parameters to
maximize enhancement of T and

minimize I
Automated, parameter-free image
contrast and detail enhancement

Saliency-NS Segmentation
[64]

Saliency map + NS
domain + K-Means

Using saliency to guide clustering
and reduce search space

Fast segmentation of natural
images with prominent objects

Table 3. Analysis of advanced similarity measures based on neutrosophic sets

Model/Approach Key components Primary handling mechanism Best application domain

Distance & Entropy for
Interval-Valued Neutrosophic

Sets (IVNS) [65]
Distances, similarities,
and entropy for IVNS

Extends measures to handle
interval-based uncertainty, with

proven relationships between them

Data analysis involving highly
imprecise and interval-valued

information

Similarity for NZNS [66] Generalized distance
measure for NZNS

Captures the reliability of
information alongside its uncertain

value in a unified measure
MADM under complex uncertainty

and partial reliability

Tangent Similarity [67] Tangent function applied
to neutrosophic distances

Magnifies small differences
between alternatives, providing

high sensitivity
MADM for ranking and selection

problems

Improved VIKOR Method
[68]

Improved distance
measure and score

function integrated with
the VIKOR method

Normalization of decision matrix
Improved distance measures and
score function integrated with

VIKOR method

1.3 Existing of research gap

Conceptually, the neutrosophic and soft set theory has advanced considerably, despite several research gaps.
However, the majority of DNSS models now in use place more emphasis on algebraic qualities and decision rules than
they do on topological properties like the properties of closure, interiority, or continuity. Particularly for spatial or signal-
associated data, these methods may have made it easier to describe uncertainty boundaries and transitions with more
robustness. Second, the existing neutrosophic soft set framework does not fully encompass even sophisticated visual
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aids like as heat maps, PCA, t-SNE, 3D plots, PAC, and the Elbow approach. This gap motivates the study of double-
valued neutrosophic soft topological structures, double-valued neutrosophic soft set theory, and decision-making issues
like military threat identification with sophisticated machine learning algorithms and cotangent similarity measures. Heat
maps, PCA, t-SNE, 3D plots, PAC, and the Elbow approach are some of these sophisticated machine learning algorithms.

1.4 Novelty of the research
Regardless of the truth and false factors, a comprehensive approach of the indeterminacy element of neutrosophic sets

is described in this work. Illustrative examples are used to discuss simple operations on this collection. This serves as the
foundation for defining the idea of double-valued neutrosophic soft topological spaces and presenting its key operations
and related theorems with the aid of real-world examples. Additionally, the paper analyzes Cotangent Similarity (Cot SM)
scores using class templates (T1 −T4) and signal samples (S1 −S4), focusing on their potential applications in real-time
military target recognition. By indicating the strength of the match, the Cot SM values are utilized to determine the target
by measuring the alignment of signals with their predefined templates. While lower values indicate poorer matches that
need more validation, a high SM value (e.g., above 0.85) indicates high similarity and suggests early interaction. To gain
a deeper understanding of the correlations and patterns in the data, a range of visualization techniques are employed, such
as Heatmaps, PCA, t-SNE, and 3D plots.

These techniques distinguish between strong matches and weak correlations, giving an indication of the direction
and strength of signal-template relationships. To find clusters and outliers, PCA and t-SNE reduce the dimensionality of
the data. The data partitioning method is effective because the Elbow Method maximizes clustering. By distinguishing
between strong and weak correlations, these techniques give an indication of the direction and intensity of signal-template
relationships. PCA and t-SNE are used to diminish the dimensionality of data in order to find outliers and clusters.
Effective data partitioning is achieved by maximizing clustering through the application of the Elbow Method.

2. Preliminaries
The prerequisites that are crucial for the other sections are covered in the first section.
Definition 1 [69] On the universe of discourse X, a neutrosophic set A is defined as follows:

A = {⟨x, TA (x), IA (x), FA(x)⟩ : x ∈ X},

where, T, I, F : X −→]−0, 1+[ and −0 ≤ TA(x)+ IA(x)+FA(x)≤ 3+.
According to philosophy, the values of the neutrosophic set are derived from the actual non-standard or standard

subsets of ]−0, 1+[. However, it is difficult to use a neutrosophic set with values from a real standard or non-standard
subset of ]−0, 1+[ when applying this idea to real scientific and engineering problems.

Definition 2 [4] Let P(X) be the powerset of X, Ĕ be a set of all parameters, and let X be an starting universe. When
F is a mapping with the formula F : Ĕ −→ P(X), the pair (F, Ĕ) referred to as a soft set over X. Stated otherwise, the set
is the set of e-approximate elements of the soft sets, or

(F, Ĕ) = {(è, F(è)) : è ∈ Ĕ, F : Ĕ −→ P(X)},

or parameterized family of subsets of the set X for e-elements of the soft set (F, Ĕ).
Definition 3 [13] Let Ĕ be a set of all parameters, and X be a set of beginning universes. Let P(X) the set of

all possible sets of X that are neutrosophic. Then, a set defined by a set valued function F that represents a mapping
F : Ĕ −→ P(X) is referred to as an approximate function of neutrosophic soft set (F , Ĕ) over X. F is also known as the
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approximate function of the neutrosophic soft set (F , Ĕ). Stated differently, the neutrosophic soft set can be expressed
as a set of order pairs

(F , Ĕ) = {(è, ⟨x, TF (è)(x), IF (è)(x), FF (è)(x)⟩ : x ∈ X) : è ∈ Ĕ}.

We refer to the truth-membership, indeterminacy-membership, and falsity-membership functions of F (è) as
TF (è)(x), TF (è)(x), FF (è)(x) ∈ [0, 1], respectively. Since supremum of each T, I, F is 1. It follows that the inequality
0 ≤ TF (è)(x)+ IF (è)(x)+FF (è)(x)≤ 3 is obvious.

Definition 4 [70] If (F , Ĕ) is Neutrosophic Soft Sets (NSS) over universe set X, then (F , Ĕ)c is a complement of
(F , Ĕ), and is defined as:

(F , Ĕ)c = {(è, ⟨x, FF (è)(x), 1− IF (è)(x), TF (è)(x)⟩ : x ∈ X) : è ∈ Ĕ}.

It should be clear that, ((F , Ĕ)c)c = (F , Ĕ).
Definition 5 [13] If (F , Ĕ) and (G , Ĕ) be NSSs over set X. We state that (F , Ĕ) ⊆ (G , Ĕ) if and only if è ∈ Ĕ

and ∀ x ∈ X, and the following conditions hold.

TF (è)(x)≤ TG (è)(x), IF (è)(x)≤ IG (è)(x), FF (è)(x)≥ FG (è)(x).

Definition 6 [71] Given two NSSs (F1, Ĕ) and (F2, Ĕ) over the universe X, then their union is represented by
(F1, Ĕ)∪ (F2, Ĕ) = (F3, Ĕ), which is defined as follows:

(F3, Ĕ) =

{(
è, ⟨x, TF3(è)(x), IF3(è)(x), FF3(è)(x)⟩

)
: x ∈ X, è ∈ Ĕ

}
,

where

TF3(è)(x) = max
{

TF1(è)(x), TF2(è)(x)
}
,

IF3(è)(x) = max
{

IF1(è)(x), IF2(è)(x)
}
,

FF3(è)(x) = min
{

FF1(è)(x), FF2(è)(x)
}
.

Definition 7 [71] Given two NSSs (F1, Ĕ) and (F2, Ĕ) over the universe X, then their intersection is represented
by (F1, Ĕ)∩ (F2, Ĕ) = (F3, Ĕ), which is defined as follows:

(F3, Ĕ) =

{(
è, ⟨x, TF3(è)(x), IF3(è)(x), FF3(è)(x)⟩

)
: x ∈ X, è ∈ Ĕ

}
,

where
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TF3(è)(x) = min
{

TF1(è)(x), TF2(è)(x)
}
,

IF3(è)(x) = min
{

IF1(è)(x), IF2(è)(x)
}
,

FF3(è)(x) = max
{

FF1(è)(x), FF2(è)(x)
}
.

Definition 8 [71] Given a family of NSSs over set X, {(Fi, Ĕ) : i ∈ I} then:

∪
i∈I

(Fi, Ĕ) =
{(

è, ⟨x, sup
i∈I

TFi(è)
(x), sup

i∈I
IFi(è)

(x), inf
i∈I

FFi(è)
(x)⟩

)
: x ∈ X, è ∈ Ĕ

}
.

∩
i∈I

(Fi, Ĕ) =
{(

è, ⟨x, inf
i∈I

TFi(è)
(x), inf

i∈I
IFi(è)

(x), sup
i∈I

FFi(è)
(x)⟩

)
: x ∈ X, è ∈ Ĕ

}
.

Definition 9 [71] Consider two NSSs over sets X, (F̃1, É ) and (F̃2, É ). Then AND operation on them is expressed
as: (F1, E )∧ (F2, Ĕ) = (F3, Ĕ × Ĕ)

(F3, Ĕ × Ĕ) =
{(

(è1, è2), ⟨x, TF3(è1, è2)(x), IF3(è1, è2)(x), FF3(è1, è2)(x)⟩ : x ∈ X
)

: (è1, è2) ∈ Ĕ × Ĕ
}
,

where

TF3(è1, è2)(x) = min
{

TF1(è1)(x), TF2(è2)(x)
}
,

IF3(è1, è2)(x) = min
{

IF1(è1)(x), IF2(è2)(x)
}
,

FF3(è1, è2)(x) = max
{

FF1(è1)(x), FF2(è2)(x)
}
.

Definition 10 [71] Consider two NSSs over sets X, (F̃1, É ) and (F̃2, É ). Then OR operation on them is expressed
as: (F1, E )∨ (F2, Ĕ) = (F3, Ĕ × Ĕ)

(F3, Ĕ × Ĕ) =
{(

(è1, è2), ⟨x, TF3(è1, è2)(x), IF3(è1, è2)(x), FF3(è1, è2)(x)⟩ : x ∈ X
)

: (è1, è2) ∈ Ĕ × Ĕ
}
,

where
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TF3(è1, è2)(x) = max
{

TF1(è1)(x), TF2(è2)(x)
}
,

IF3(è1, è2)(x) = max
{

IF1(è1)(x), IF2(è2)(x)
}
,

FF3(è1, è2)(x) = min
{

FF1(è1)(x), FF2(è2)(x)
}
.

Definition 11 [71] The following criteria must be met for a NSS (F , Ĕ) on X to be considered null neutrosophic
soft set:

TF (è)(x) = 0, IF (è)(x) = 0, FF (è)(x) = 1, ∀ e ∈ Ĕ, ∀ x ∈ X,

0(X, Ĕ) is the symbol for it.
Definition 12 [71] The following criteria must be met for a NSS (F , Ĕ) onX to be considered absolute neutrosophic

soft set:

TF (è)(x) = 1, IF (è)(x) = 1, FF (è)(x) = 0, ∀ è ∈ Ĕ, ∀x ∈ X,

1(X, Ĕ) is the symbol for it.

3. Operations on Dual Neutrosophic Soft Sets (DNSSs)
This section presents the fundamental theory of DNSSs, defining their structure through truth, contradiction-

based indeterminacy, hesitation-based indeterminacy, and falsity membership functions. Basic operations including
complement, union, intersection, difference, AND, and OR are formally developed (Definitions 13-24), along with key
algebraic properties.

An illustrative example involving military target evaluation under uncertain and conflicting intelligence information
demonstrates the practical application of DNSS. The results of union (Figure 1), intersection (Figure 2), complements
(Figures 3-4), differences (Figures 5-6), and logical OR/AND operations (Figures 7-8) highlight the effectiveness of
DNSS in handling uncertainty in decision-making contexts.

Definition 13 Let Ĕ be a set of all parameters, and X be a set of initial universes. Let P(X) denotes the set of all
DNSSs of X. A DNSS (F , Ĕ) is defined as a set valued function F : Ĕ −→ P(X), where F is called as an approximate
function of DNSS (F , Ĕ). In other words, a DNSS is a parameterized family of some elements of the set P(X) and can
be written as a set of ordered pairs:

(F , Ĕ) = {(è, ⟨x, TF (è)(x), ICF (è)(x), IHF (è)(x), FF (è)(x)⟩ : x ∈ X) : è ∈ Ĕ}.

Where TF (è)(x), ICF (è)(x), IHF (è)(x), FF (è)(x) ∈ [0, 1] refer to the truth-membership, indeterminacy leans toward
contradiction-membership, and falsity leans toward hesitation-membership functions of F (è)respectively. Since sup-
remum of each T, IC, IH , F is 1. It follows that the inequality 0 ≤ TF (è)(x)+ ICF (è)(x)+ IHF (è)(x)+ FF (è)(x) ≤ 3 is
obvious.

Definition 14 [70] Let (F , Ĕ) be DNSS over set X, then (F , Ĕ)c is a complement of (F , Ĕ), and is defined as:
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(F , Ĕ)c = {(è, ⟨x, FF (è)(x), 1− ICF (è)(x), 1− IHF (è)(x), TF (è)(x)⟩ : x ∈ X) : è ∈ Ĕ},

clearly, ((F , Ĕ)c)c = (F , Ĕ).
Definition 15 [13] Let (F , Ĕ) and (G , Ĕ) be two DNSSs over set X. Then (F , Ĕ)⊆ (G , Ĕ) if and only if è ∈ Ĕ

and ∀ x ∈ X, and the following conditions hold.

TF (è)(x)≤ TG (è)(x), ICF (è)(x)≤ ICG (è)(x), IHF (è)(x)≤ IHG (è)(x), FF (è)(x)≥ FG (è)(x).

Definition 16 [13] Let (F , Ĕ) and (G , Ĕ) be two DNSSs over set X. Then (F , Ĕ) = (G , Ĕ) if and only if è ∈ Ĕ
and ∀ x ∈ X, and the following conditions hold. From (F , Ĕ)⊆ (G , Ĕ)

TF (è)(x)≤ TG (è)(x), ICF (è)(x)≤ ICG (è)(x), IHF (è)(x)≤ IHG (è)(x), FF (è)(x)≥ FG (è)(x).

And from (G , Ĕ)⊆ (F , Ĕ)

TG (è)(x)≤ FG (è)(x), ICG (è)(x)≤ ICF (è)(x), IHG (è)(x)≤ IHF (è)(x), FG (è)(x)≥ FF (è)(x).

Definition 17 Let (F1, Ĕ) and (F2, Ĕ) be two DNSSs over the X. Then, their union is represented by (F1, Ĕ)∪
(F2, Ĕ) = (F3, Ĕ). Is defined as:

(F3, Ĕ) =
{(

è, ⟨x, TF3(è)(x), ICF3(è)
(x), IHF3(è)

(x), FF3(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
.

Where

TF3(è)(x) = max{TF1(è)(x), TF2(è)(x)}

ICF3(è)
(x) = max{ICF1(è)

(x), ICF2(è)
(x)}

IHF3(è)
(x) = max{IHF1(è)

(x), IHF2(è)
(x)}

FF3(è)(x) = min{FF1(è)(x), FF2(è)(x)}.

Definition 18 Let (F1, Ĕ) and (F2, Ĕ) be two Double Valued Neutrosophic Soft (DNS) sets over the X universe
set. Then, (F1, Ĕ)∩ (F2, Ĕ) = (F3, Ĕ) represents their intersection. Then definition is:

(F3, Ĕ) =
{(

è, ⟨x, TF3(è)(x), ICF3(è)
(x), IHF3(è)

(x), FF3(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
.
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Where

TF3(è)(x) = min{TF1(è)(x), TF2(è)(x)}

ICF3(è)
(x) = min{ICF1(è)

(x), ICF2(è)
(x)}

IHF3(è)
(x) = min{IHF1(è)

(x), IHF2(è)
(x)}

FF3(è)(x) = max{FF1(è)(x), FF2(è)(x)}.

Definition 19 Consider (F1, Ĕ) and (F2, Ĕ) be DNS sets over the universe set X. So, (F1, Ĕ) difference (F2, Ĕ)
operation on them is represented as (F1, Ĕ)\ (F2, Ĕ) = (F3, Ĕ). It is defined by the intersection of (F1, Ĕ) with the
compliment of (F2, Ĕ).

(F3, Ĕ) = (F1, Ĕ)∩ (F2, Ĕ)c as follows:

(F1, Ĕ) =
{(

è, ⟨x, TF1(è)(x), ICF1(è)
(x), IHF1(è)

(x), FF1(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

(F2, Ĕ) =
{(

è, ⟨x, TF2(è)(x), ICF2(è)
(x), IHF2(è)

(x), FF2(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

(F2, Ĕ)c =
{(

è, ⟨x, TF2(è)(x), 1− ICF2(è)
(x), 1− IHF2(è)

(x), FF2(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
.

Therefore, the resulting DNSS is

(F3, Ĕ) =
{(

è, ⟨x, TF3(è)(x), ICF3(è)
(x), IHF3(è)

(x), FF3(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

where

TF3(è)(x) = min{TF1(è)(x), FF2(è)(x)}

ICF3(è)
(x) = min{ICF1(è)

(x), 1− ICF2(è)
(x)}

IHF3(è)
(x) = min{IHF1(è)

(x), 1− IHF2(è)
(x)}

FF3(è)(x) = max{FF1(è)(x), TF2(è)(x)}.

Definition 20 Let {(Fi, Ĕ) : i ∈ I} be a family of DNS sets over X, then
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∪
i∈I

(Fi, Ĕ) =
{(

è, ⟨x, sup
i∈I

TFi(è)
(x), sup

i∈I
ICFi(è)

(x), sup
i∈I

IHFi(è)
(x), inf

i∈I
FFi(è)

(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
.

∩
i∈I

(Fi, Ĕ) =
{(

è, ⟨x, inf
i∈I

TFi(è)
(x), inf

i∈I
ICFi(è)

(x), inf
i∈I

IHFi(è)
(x), sup

i∈I
FFi(è)

(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
.

Definition 21 Let (F1, Ĕ) and (F2, Ĕ) be two DNS sets over the universe set X. Then, the AND operation on
them is symbolized by (F1, Ĕ)∧ (F2, Ĕ) = (F3, Ĕ × Ĕ) and is described as follows:

(F3, Ĕ × Ĕ) =

{(
(è1, è2), ⟨x, TF3(è1, è2)(x), ICF3(è1, è2)

(x),

IHF3(è1, è2)
(x), FF3(è1, è2)(x)⟩ : x ∈ X

)
: (è1, è2) ∈ Ĕ × Ĕ

}
,

where

TF3(è1, è2)(x) = min
{

TF1(è1, è2)(x), TF2(è1, è2)(x)
}
,

ICF3(è1, è2)
(x) = min

{
ICF1(è1, è2)

(x), ICF2(è1, è2)
(x)

}
,

IHF3(è1, è2)
(x) = min

{
IHF1(è1, è2)

(x), IHF2(è1, è2)
(x)

}
,

FF3(è1, è2)(x) = max
{

FF1(è1, è2)(x), FF2(è1, è2)(x)
}
.

Definition 22 Consider (F1, Ĕ) and (F2, Ĕ) be DNS sets over the universe X. Then, the OR operation on them is
represented by (F1, Ĕ)∨ (F2, Ĕ) = (F3, Ĕ × Ĕ) and is given as:

(F , Ĕ × Ĕ) =

{(
(è1, è2), ⟨x, TF3(è1, è2)(x), ICF3(è1, è2)

(x),

IHF3(è1, è2)
(x), FF3(è1, è2)(x)⟩ : x ∈ X

)
: (è1, è2) ∈ Ĕ × Ĕ

}
,

where
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TF3(è1, è2)(x) = max
{

TF1(è1, è2)(x), TF2(è1, è2)(x)
}
,

ICF3(è1, è2)
(x) = max

{
ICF1(è1, è2)

(x), ICF2(è1 , è2)
(x)

}
,

IHF3(è1, è2)
(x) = max

{
IHF1(è1, è2)

(x), IHF2(è1 , è2)
(x)

}
,

FF3(è1, è2)(x) = min
{

FF1(è1, è2)(x), FF2(è1, è2)(x)
}
.

Definition 23 Set (F , Ĕ) for a DNS across the universe set X is a null DNS set by definition if

TF (è)(x) = 0, ICF (è)(x) = 0, ∀è ∈ Ĕ, ∀x ∈ X,

IHF (è)(x) = 0, FF (è)(x) = 1, ∀è ∈ Ĕ, ∀x ∈ X.

It is indicated by 0(X, Ĕ).
Definition 24 An (F , Ĕ) DNS set is absolute DNS set over the universe set X if

TF (è)(x) = 1, ICF (è)(x) = 1, ∀è ∈ Ĕ, ∀x ∈ X,

IHF (è)(x) = 1, FF (è)(x) = 0, ∀è ∈ Ĕ, ∀x ∈ X.

Evidently,

0c
(X, Ĕ) = 1(X, Ĕ), 1c

(X, Ĕ) = 0(X, Ĕ).

Proposition 1 Let (F1, Ĕ) and (F2, Ĕ) be two DNS sets over the X universe set. Next,
1. [(F1, Ĕ)∪ (F2, Ĕ)]c = (F1, Ĕ)c ∩ (F2, Ĕ)c.
2. [(F1, Ĕ)∩ (F2, Ĕ)]c = (F1, Ĕ)c ∪ (F2, Ĕ)c.
Proof. (i) For all è ∈ Ĕ and x ∈ X,

(F1, Ĕ) =
{(

è, ⟨x, TF1(è)(x), ICF1(è)
(x), IHF1(è)

(x), FF1(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

(F2, Ĕ) =
{(

è, ⟨x, TF2(è)(x), ICF2(è)
(x), IHF2(è)

(x), FF2(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,
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(F1, Ĕ)∪ (F2, Ĕ) = {⟨x, max{TF1(è)(x), TF2(è)(x)}, max{ICF1(è)
(x), ICF2(è)

(x)},

max{IHF1(è)
(x), IHF2(è)

(x)}, min{FF1(è)(x), FF2(è)(x)}⟩},

[(F1, Ĕ)∪ (F2, Ĕ)]c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, 1−max{ICF1(è)
(x), ICF2(è)

(x)},

1−max{IHF1(è)
(x), IHF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}.

Now,

(F1, Ĕ)c = {⟨x, FF1(è)(x), 1− ICF1(è)
(x), 1− IHF1(è)

(x), TF1(è)(x)⟩}

(F2, Ĕ)c = {⟨x, FF2(è)(x), 1− ICF2(è)
(x), 1− IHF2(è)

(x), TF2(è)(x)⟩}.

After that,

(F1, Ĕ)c ∩ (F2, Ĕ)c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, min{1− ICF1(è)
(x), 1− ICF2(è)

(x)},

min{1− IHF1(è)
(x), 1− IHF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}

(F1, Ĕ)c ∩ (F2, Ĕ)c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, 1−max{ICF1(è)
(x), ICF2(è)

(x)},

1−max{IHF1(è)
(x), IHF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}.

Hence, [(F1, Ĕ)∪ (F2, Ĕ)]c = (F1, Ĕ)c ∩ (F2, Ĕ)c.
(ii) In the same way, ∀ è ∈ Ĕ and x ∈ X,

(F1, Ĕ)∩ (F2, Ĕ) = {⟨x, min{TF1(è)(x), TF2(è)(x)}, min{ICF1(è)
(x), ICF2(è)

(x)},

min{IHF1(è)
(x), IHF2(è)

(x)}, max{FF1(è)(x), FF2(è)(x)}⟩},

[(F1, Ĕ)∩ (F2, Ĕ)]c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, 1−min{ICF1(è)
(x), ICF2(è)

(x)},

1−min{IHF1(è)
(x), IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}.
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Now,

(F1, Ĕ)c = {⟨x, FF1(è)(x), ICF1(è)
(x), IHF1(è)

(x), TF1(è)(x)⟩}

(F2, Ĕ)c = {⟨x, FF2(è)(x), ICF2(è)
(x), IHF2(è)

(x), TF2(è)(x)⟩}.

So,

(F1, Ĕ)c ∪ (F2, Ĕ)c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, max{1− ICF1(è)
(x), 1− ICF2(è)

(x)},

max{1− IHF1(è)
(x), 1− IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}

(F1, Ĕ)c ∪ (F2, Ĕ)c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, 1−min{ICF1(è)
(x), ICF2(è)

(x)},

1−min{IHF1(è)
(x), IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}.

Hence, [(F1, Ĕ)∩ (F2, Ĕ)]c = (F1, Ĕ)c ∪ (F2, Ĕ)c.
Proposition 2 Consider (F1, Ĕ) and (F2, Ĕ) be two DNS sets over the universe set X. So,
1. [(F1, Ĕ)∨ (F2, Ĕ)]c = (F1, Ĕ)c ∧ (F2, Ĕ)c.
2. [(F1, Ĕ)∧ (F2, Ĕ)]c = (F1, Ĕ)c ∨ (F2, Ĕ)c.
Proof. (i) ∀ è ∈ Ĕ and x ∈ X,

(F1, Ĕ) =
{(

è, ⟨x, TF1(è)(x), ICF1(è)
(x), IHF1(è)

(x), FF1(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

(F2, Ĕ) =
{(

è, ⟨x, TF2(è)(x), ICF2(è)
(x), IHF2(è)

(x), FF2(è)(x)⟩ : x ∈ X
)

: è ∈ Ĕ
}
,

(F1, Ĕ)∨ (F2, Ĕ) = {⟨x, max{TF1(è)(x), TF2(è)(x)}, max{ICF1(è)
(x), ICF2(è)

(x)},

max{IHF1(è)
(x), IHF2(è)

(x)}, min{FF1(è)(x), FF2(è)(x)}⟩},

[(F1, Ĕ)∨ (F2, Ĕ)]c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, 1−min{IHF1(è)
(x), IHF2(è)

(x)},

1−min{ICF1(è)
(x), ICF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}.

Presently,
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(F1, Ĕ)c = {⟨x, FF1(è)(x), 1− ICF1(è)
(x), 1− IHF1(è)

(x), TF1(è)(x)⟩}

(F2, Ĕ)c = {⟨x, FF2(è)(x), 1− ICF2(è)
(x), 1− IHF2(è)

(x), TF2(è)(x)⟩}.

So,

(F1, Ĕ)c ∧ (F2, Ĕ)c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, min{1− ICF1(è)
(x), 1− ICF2(è)

(x)},

min{1− IHF1(è)
(x), 1− IHF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}

(F1, Ĕ)c ∧ (F2, Ĕ)c = {⟨x, min{FF1(è)(x), FF2(è)(x)}, 1−max{ICF1(è)
(x), ICF2(è)

(x)},

1−max{IHF1(è)
(x), IHF2(è)

(x)}, max{TF1(è)(x), TF2(è)(x)}⟩}.

Hence, [(F1, Ĕ)∨ (F2, Ĕ)]c = (F1, Ĕ)c ∧ (F2, Ĕ)c.
(ii) In a similar way, ∀ è ∈ Ĕ and x ∈ X,

(F1, Ĕ)∧ (F2, Ĕ) = {⟨x, min{TF1(è)(x), TF2(è)(x)}, min{ICF1(è)
(x), ICF2(è)

(x)},

min{IHF1(è)
(x), IHF2(è)

(x)}, max{FF1(è)(x), FF2(è)(x)}⟩},

[(F1, Ĕ)∧ (F2, Ĕ)]c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, 1−min{ICF1(è)
(x), ICF2(è)

(x)},

1−min{IHF1(è)
(x), IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}.

Now,

(F1, Ĕ)c = {⟨x, FF1(è)(x), 1− ICF1(è)
(x), 1− IHF1(è)

(x), TF1(è)(x)⟩}

(F2, Ĕ)c = {⟨x, FF2(è)(x), 1− ICF2(è)
(x), 1− IHF2(è)

(x), TF2(è)(x)⟩}

So,

(F1, Ĕ)c ∨ (F2, Ĕ)c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, max{1− ICF1(è)
(x), 1− ICF2(è)

(x)},

max{1− IHF1(è)
(x), 1− IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}
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(F1, Ĕ)c ∨ (F2, Ĕ)c = {⟨x, max{FF1(è)(x), FF2(è)(x)}, 1−min{ICF1(è)
(x), ICF2(è)

(x)},

1−min{IHF1(è)
(x), IHF2(è)

(x)}, min{TF1(è)(x), TF2(è)(x)}⟩}.

Hence, [(F1, Ĕ)∧ (F2, Ĕ)]c = (F1, Ĕ)c ∨ (F2, Ĕ)c.
Example 1 Assume that X is the universe set, which is X = {x1, x2, x3, x4}, where each xi is potential target such

that x1: Potential Target 1 (e.g., high-ranking enemy commander), x2: Potential target 2 (e.g., armored vehicle unit), x3:
potential target 3 (e.g., enemy communication center) and x3: potential target 4 (e.g., Ammunition depot or supply line).
This setup makes it clear that each element inX corresponds to a specific target of interest in a strategic or military context.
Set of Parameters Ĕ = {è1, è2} represents target evaluation criteria, such as: è1: threat level and è1: strategic importance.
Each evaluation under a parameter is represented using:

TF (è)(x): Truth-membership (confidence target satisfies the parameter).
ICF (è)(x): Contradiction-membership (disagree in the assessment).
IHF (è)(x): Hesitation-membership (hesitation or delay in decision).
FF (è)(x): Falsity-membership (confidence the target does not satisfy the parameter).
All values are in [0, 1], and: 0 ≤ TF (è)(x)+ ICF (è)(x)+ IHF (è)(x)+FF (è)(x)≤ 4.
Let the two DNSSs (F1, Ĕ) and (F2, Ĕ) over X are as follows.

(F1, Ĕ) =



è1 = ⟨x1, 0.3, 0.6, 0.4, 0.8⟩, ⟨x2, 0.4, 0.2, 0.3, 0.5⟩,

⟨x3, 0.6, 0.9, 0.7, 0.3⟩, ⟨x4, 0.3, 0.2, 0.4, 0.6⟩

è2 = ⟨x1, 0.5, 0.4, 0.6, 0.2⟩, ⟨x2, 0.3, 0.5, 0.1, 0.4⟩,

⟨x3, 0.3, 0.2, 0.4, 0.9⟩, ⟨x4, 0.2, 0.8, 0.2, 0.7⟩



(F2, Ĕ) =



è1 = ⟨x1, 0.2, 0.3, 0.6, 0.8⟩, ⟨x2, 0.4, 0.6, 0.9, 0.1⟩,

⟨x3, 0.6, 0.9, 0.2, 0.3⟩, ⟨x4, 0.8, 0.9, 0.3, 0.4⟩

è2 = ⟨x1, 0.6, 0.8, 0.3, 0.2⟩, ⟨x2, 0.5, 0.3, 0.4, 0.7⟩,

⟨x3, 0.2, 0.4, 0.7, 0.9⟩, ⟨x4, 0.2, 0.8, 0.9, 0.5⟩


.

Where (F1, Ĕ) and (F2, Ĕ) are two intelligence reports from two different sources. Each one gives four-part scores
for each target under each parameter. Each report provides separate evaluations for each target under both criteria.
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(F1, Ĕ)∪ (F2, Ĕ) =



è1 = ⟨x1, 0.3, 0.6, 0.6, 0.8⟩, ⟨x2, 0.4, 0.6, 0.9, 0.1⟩,

⟨x3, 0.6, 0.9, 0.7, 0.3⟩, ⟨x4, 0.8, 0.9, 0.4, 0.4⟩

è2 = ⟨x1, 0.6, 0.8, 0.6, 0.2⟩, ⟨x2, 0.5, 0.5, 0.4, 0.4⟩,

⟨x3, 0.3, 0.4, 0.7, 0.9⟩, ⟨x4, 0.2, 0.8, 0.9, 0.5⟩


.

Figure 1. The union-based evaluations of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 1

(F1, Ĕ)∩ (F2, Ĕ) =



è1 = ⟨x1, 0.2, 0.3, 0.4, 0.8⟩, ⟨x2, 0.4, 0.2, 0.3, 0.5⟩,

⟨x3, 0.6, 0.9, 0.2, 0.3⟩, ⟨x4, 0.3, 0.2, 0.3, 0.6⟩

è2 = ⟨x1, 0.5, 0.4, 0.3, 0.2⟩, ⟨x2, 0.3, 0.3, 0.1, 0.7⟩,

⟨x3, 0.2, 0.2, 0.4, 0.9⟩, ⟨x4, 0.2, 0.8, 0.2, 0.7⟩


.
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Figure 2. The intersection-based evaluations of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 2

(F1, Ĕ)c =



è1 = ⟨x1, 0.8, 0.4, 0.6, 0.3⟩, ⟨x2, 0.5, 0.8, 0.7, 0.4⟩,

⟨x3, 0.3, 0.1, 0.3, 0.6⟩, ⟨x4, 0.6, 0.8, 0.6, 0.3⟩

è2 = ⟨x1, 0.2, 0.6, 0.4, 0.5⟩, ⟨x2, 0.4, 0.5, 0.9, 0.3⟩,

⟨x3, 0.9, 0.8, 0.6, 0.3⟩, ⟨x4, 0.7, 0.2, 0.8, 0.2⟩


.

Figure 3. The complement-based evaluation of (F1, Ĕ) across targets x1-x4 are shown in Figure 3
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(F2, Ĕ)c =



è1 = ⟨x1, 0.8, 0.7, 0.4, 0.2⟩, ⟨x2, 0.1, 0.4, 0.1, 0.4⟩,

⟨x3, 0.3, 0.1, 0.8, 0.6⟩, ⟨x4, 0.4, 0.1, 0.7, 0.8⟩

è2 = ⟨x1, 0.2, 0.2, 0.7, 0.6⟩, ⟨x2, 0.7, 0.7, 0.6, 0.5⟩,

⟨x3, 0.9, 0.6, 0.3, 0.2⟩, ⟨x4, 0.5, 0.2, 0.1, 0.2⟩


.

Figure 4. The complement-based evaluation of (F2, Ĕ) across targets x1-x4 are shown in Figure 4

(F1, Ĕ)\ (F2, Ĕ) =



è1 = ⟨x1, 0.3, 0.6, 0.4, 0.8⟩, ⟨x2, 0.1, 0.2, 0.1, 0.5⟩,

⟨x3, 0.3, 0.1, 0.7, 0.6⟩, ⟨x4, 0.3, 0.1, 0.4, 0.8⟩

è2 = ⟨x1, 0.2, 0.2, 0.6, 0.6⟩, ⟨x2, 0.3, 0.5, 0.1, 0.5⟩,

⟨x3, 0.3, 0.2, 0.3, 0.9⟩, ⟨x4, 0.2, 0.2, 0.1, 0.7⟩


.
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Figure 5. The difference-based evaluation of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 5

(F2, Ĕ)\ (F1, Ĕ) =



è1 = ⟨x1, 0.2, 0.3, 0.6, 0.8⟩, ⟨x2, 0.4, 0.6, 0.7, 0.4⟩,

⟨x3, 0.3, 0.1, 0.2, 0.6⟩, ⟨x4, 0.6, 0.8, 0.3, 0.4⟩

è2 = ⟨x1, 0.2, 0.6, 0.3, 0.5⟩, ⟨x2, 0.4, 0.3, 0.4, 0.7⟩,

⟨x3, 0.2, 0.4, 0.6, 0.9⟩, ⟨x4, 0.2, 0.2, 0.8, 0.5⟩


.

Figure 6. The difference-based evaluation of (F2, Ĕ) and (F1, Ĕ) across targets x1-x4 are shown in Figure 6
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(F1, Ĕ)∨ (F2, Ĕ) =



(è1, è1) = ⟨x1, 0.3, 0.6, 0.6, 0.8⟩, ⟨x2, 0.4, 0.6, 0.9, 0.1⟩,

⟨x3, 0.6, 0.9, 0.7, 0.3⟩, ⟨x4, 0.8, 0.9, 0.4, 0.4⟩

(è1, è2) = ⟨x1, 0.6, 0.8, 0.4, 0.2⟩, ⟨x2, 0.5, 0.3, 0.4, 0.5⟩,

⟨x3, 0.6, 0.9, 0.7, 0.3⟩, ⟨x4, 0.3, 0.8, 0.9, 0.5⟩

(è2, è1) = ⟨x1, 0.5, 0.4, 0.6, 0.2⟩, ⟨x2, 0.4, 0.6, 0.9, 0.1⟩,

⟨x3, 0.6, 0.9, 0.4, 0.3⟩, ⟨x4, 0.8, 0.9, 0.3, 0.4⟩

(è2, è2) = ⟨x1, 0.6, 0.8, 0.6, 0.2⟩, ⟨x2, 0.5, 0.5, 0.4, 0.4⟩,

⟨x3, 0.3, 0.4, 0.7, 0.9⟩, ⟨x4, 0.2, 0.8, 0.9, 0.5⟩



.

(F1, Ĕ)∧ (F2, Ĕ) =



(è1, è1) = ⟨x1, 0.2, 0.3, 0.4, 0.8⟩, ⟨x2, 0.4, 0.2, 0.3, 0.5⟩,

⟨x3, 0.6, 0.9, 0.2, 0.3⟩, ⟨x4, 0.3, 0.2, 0.3, 0.6⟩

(è1, è2) = ⟨x1, 0.3, 0.6, 0.3, 0.8⟩, ⟨x2, 0.4, 0.2, 0.3, 0.7⟩,

⟨x3, 0.2, 0.4, 0.7, 0.9⟩, ⟨x4, 0.2, 0.2, 0.4, 0.6⟩

(è2, è1) =⟨x1, 0.2, 0.3, 0.6, 0.8⟩, ⟨x2, 0.3, 0.5, 0.1, 0.4⟩,

⟨x3, 0.3, 0.2, 0.2, 0.9⟩, ⟨x4, 0.2, 0.8, 0.2, 0.7⟩

(è2, è2) = ⟨x1, 0.5, 0.4, 0.3, 0.2⟩, ⟨x2, 0.3, 0.3, 0.1, 0.7⟩,

⟨x3, 0.2, 0.2, 0.4, 0.9⟩, ⟨x4, 0.2, 0.8, 0.2, 0.7⟩



.

This example demonstrates how DNSSs can be used to evaluate and compare military targets under uncertain,
incomplete, or conflicting information from multiple sources.
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Figure 7. The OR-based evaluation of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 7

Figure 8. The AND-based evaluation of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 8

4. Operations on DNSTSs
This section develops the topological framework of DNSSs by introducing the family of DNSSs, DNSS topological

spaces, closed sets, and discrete and indiscrete topologies. A DNSS topology is defined through axioms involving the null
and absolute DNSSs, arbitrary unions, and finite intersections (Definition 25), while DNS closed sets are characterized via
complements (Definition 26). The structural concept of a DNS topological space is illustrated in Figure 9. Fundamental
properties of closed sets and relationships between different DNSS topologies are established through Propositions 3-4.

An illustrative example based on strategic target evaluation demonstrates the construction of two DNSS topologies
and their interactions. The DNSS representations of (F1, E),(F2, E) and (F3, E) are shown in Figures 10-12. The
behavior of union and intersection operations within the defined topologies is analyzed in Figures 13-16, highlighting the
structural properties of DNSS topological spaces under uncertain and multi-source information.
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Definition 25 Let DNSS(X, Ĕ) be the family of all DNSSs over the universe set X and τDNSS ⊂ DNSS(X, Ĕ), then
τDNSS is said to be DNSS T on X, if

1. 0(X, Ĕ) and 1(X, Ĕ) ∈ τDNSS,
2. The union of any number of DNS sets in τ ∈ τ ,
3. The intersection of a finite number of DNS sets in τ ∈ τ .
Then (X, τDNSS, Ĕ) is a DNS Topological Space (DNSTS) over X. Eac Element of τDNSS is a DNS open set.

Figure 9. Flow chart of DNS topological space is given in Figure 9

Definition 26 Assume that (X, τDNSS, Ĕ) be DNST space over X and the DNS set (F , Ĕ) over X are considered.
If the complement of (F , Ĕ) is a DNS open set, then (F , Ĕ) is a DNS closed set.

Remark 1 The union of two DNST over X may or may not be a DNST on X.
Proposition 3 Consider the DNS topological space (X, τ, Ĕ) over the universe set X. Next,
1. 0(X, Ĕ) and 1(X, Ĕ) are DNS closed sets over X,
2. The union of any number of DNS sets is a DNS closed sets over X,
3. The intersection of a finite number of DNS sets is a DNS closed sets over X.
Definition 27 Suppose that the family of all DNS sets over the universe set X is DNSS(X, Ĕ).
1. The DNS indiscrete topology is τ , and the DNS indiscrete topological space over X is (X, τ, Ĕ), if τ =

{0(X, Ĕ), 1(X, Ĕ)}.
2. (X, τ, Ĕ) is a DNS discrete topological space over X, and τ = DNSS(X, Ĕ) is a DNS discrete topology.
Proposition 4 For the same universe set X, suppose (X, τ1, Ĕ) and (X, τ2, Ĕ) be two DNS topological spaces. The

DNS topological space over X is then (X, τ1 ∩ τ2, Ĕ).
Proof. (i). Given that 0(X, Ĕ), 1(X, Ĕ) ∈ τ1 and 0(X, Ĕ), 1(X, Ĕ) ∈ τ2, then 0(X, Ĕ), 1(X, Ĕ) ∈ τ1 ∩ τ2.
(ii). Suppose that {(Fi, Ĕ)|i ∈ I} be a family of DNS sets in τ1 ∩ τ2.
Then (Fi, Ĕ)∈ τ1 and (Fi, Ĕ)∈ τ2 ∀ i∈ I, so∪i∈I(Fi, Ĕ)∈ τ1 and∪i∈I(Fi, Ĕ)∈ τ2. Hence∪i∈I(Fi, Ĕ)∈ τ1∩τ2.
(iii). Let {(Fi, Ĕ)|i = 1, n} be a family of finite number of DNS sets in τ1 ∩ τ2.
So, (Fi, Ĕ) ∈ τ1 and (Fi, Ĕ) ∈ τ2 ∀ i = 1, n, so

∩n
i=I(Fi, Ĕ) ∈ τ1 and

∩n
i=I(Fi, Ĕ) ∈ τ2. Thus

∩n
i=I(Fi, Ĕ) ∈

τ1 ∩ τ2.
Remark 2 A DNS topology over X might not be the union of two DNS topologies over X.
Example 2 Assume that X is the universe set, which is X = {x1, x2, x3, x4}, where each xi is potential target such

that x1: Potential Target 1 (e.g., high-ranking enemy commander), x2: Potential target 2 (e.g., armored vehicle unit), x3:
potential target 3 (e.g., enemy communication center) and x3: potential target 4 (e.g., Ammunition depot or supply line).
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Such a set up indicates that every component of X is related to a definite strategic or military target of interest. Set of
Parameters Ĕ = {è1, è2} represents target evaluation criteria, such as: è1: threat level and è1: strategic importance. Each
evaluation under a parameter is represented using:

TF (è)(x): Truth-membership (confidence target satisfies the parameter)
ICF (è)(x): Contradiction-membership (disagree in the assessment)
IHF (è)(x): Hesitation-membership (hesitation or delay in decision)
FF (è)(x): Falsity-membership (confidence the target does not satisfy the parameter).
All values are in [0, 1], and: 0 ≤ TF (è)(x)+ ICF (è)(x)+ IHF (è)(x)+FF (è)(x)≤ 4.
Let

τDNSS
1 = {0(X, Ĕ), 1(X, Ĕ), (F1, Ĕ), (F2, Ĕ)},

τDNSS
2 = {0(X, Ĕ), 1(X, Ĕ), (F2, Ĕ), (F3, Ĕ)},

be two DNSTs over X, here (F1, Ĕ), (F2, Ĕ), (F3, Ĕ) are defined:

(F1, Ĕ) =



è1 = ⟨x1, 0.6, 0.7, 0.4, 0.2⟩, ⟨x2, 0.7, 0.9, 0.4, 0.3⟩

⟨x3, 0.5, 0.8, 0.7, 0.3⟩, ⟨x4, 0.8, 0.7, 0.5, 0.4⟩

è2 = ⟨x1, 0.9, 0.8, 0.5, 0.4⟩, ⟨x2, 0.7, 0.9, 0.6, 0.4⟩,

⟨x3, 0.9, 0.8, 0.5, 0.4⟩, ⟨x4, 0.7, 0.7, 0.6, 0.3⟩


.

Figure 10. The DNSS evaluation of (F1, Ĕ) across targets x1-x4 are shown in Figure 10
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(F2, Ĕ) =



è1 = ⟨x1, 0.7, 0.8, 0.4, 0.3⟩, ⟨x2, 0.3, 0.6, 0.4, 0.6⟩

⟨x3, 0.6, 0.9, 0.7, 0.2⟩, ⟨x4, 0.5, 0.2, 0.4, 0.7⟩

è2 = ⟨x1, 0.4, 0.5, 0.8, 0.9⟩, ⟨x2, 0.4, 0.9, 0.5, 0.4⟩,

⟨x3, 0.3, 0.4, 0.6, 0.3⟩, ⟨x4, 0.5, 0.6, 0.7, 0.4⟩


.

Figure 11. The DNSS evaluation of (F2, Ĕ) across targets x1-x4 are shown in Figure 11

Figure 12. The DNSS evaluation of (F3, Ĕ) across targets x1-x4 are shown in Figure 12
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(F3, Ĕ) =



è1 = ⟨x1, 0.7, 0.8, 0.6, 0.4⟩, ⟨x2, 0.8, 0.7, 0.9, 0.5⟩

⟨x3, 0.8, 0.6, 0.4, 0.3⟩, ⟨x4, 0.7, 0.9, 0.5, 0.4⟩

è2 = ⟨x1, 0.7, 0.8, 0.6, 0.4⟩, ⟨x2, 0.8, 0.7, 0.9, 0.5⟩,

⟨x3, 0.8, 0.6, 0.4, 0.3⟩, ⟨x4, 0.7, 0.9, 0.5, 0.4⟩


.

Three intelligence reports from two distinct sources are represented by the letters (F1, Ĕ)(F2, Ĕ)and(F3, Ĕ). For
every objective under every criterion, each one provides a four-part score. With distinct evaluations for each target based
on both criteria, each report offers a four-part assessment for each target under each parameter.

(F1, Ĕ)∪ (F2, Ĕ) =



è1 = ⟨x1, 0.6, 0.7, 0.4, 0.2⟩, ⟨x2, 0.7, 0.9, 0.4, 0.3⟩

⟨x3, 0.5, 0.8, 0.7, 0.3⟩, ⟨x4, 0.8, 0.7, 0.5, 0.4⟩

è2 = ⟨x1, 0.9, 0.8, 0.5, 0.4⟩, ⟨x2, 0.7, 0.9, 0.6, 0.4⟩,

⟨x3, 0.9, 0.8, 0.5, 0.4⟩, ⟨x4, 0.7, 0.7, 0.6, 0.3⟩


= (F1, Ĕ) ∈ τ1.

Figure 13. The union-based evaluation of (F1, Ĕ) and (F2, Ĕ) across targets x1-x4 are shown in Figure 13
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(F2, Ĕ)∪ (F3, Ĕ) =



è1 = ⟨x1, 0.7, 0.8, 0.4, 0.3⟩, ⟨x2, 0.3, 0.6, 0.4, 0.6⟩

⟨x3, 0.6, 0.9, 0.7, 0.2⟩, ⟨x4, 0.5, 0.2, 0.4, 0.7⟩

è2 = ⟨x1, 0.4, 0.5, 0.8, 0.9⟩, ⟨x2, 0.4, 0.9, 0.5, 0.4⟩,

⟨x3, 0.3, 0.4, 0.6, 0.3⟩, ⟨x4, 0.5, 0.6, 0.7, 0.4⟩


̸= (F2, Ĕ) /∈ τ1.

Figure 14. The union-based evaluation of (F2, Ĕ) and (F3, Ĕ) across targets k1-k4 are shown in Figure 14

(F1, Ĕ)∩ (F2, Ĕ) =



è1 = ⟨x1, 0.7, 0.8, 0.4, 0.3⟩, ⟨x2, 0.3, 0.6, 0.4, 0.6⟩

⟨x3, 0.6, 0.9, 0.7, 0.2⟩, ⟨x4, 0.5, 0.2, 0.4, 0.7⟩

è2 = ⟨x1, 0.4, 0.5, 0.8, 0.9⟩, ⟨x2, 0.4, 0.9, 0.5, 0.4⟩,

⟨x3, 0.3, 0.4, 0.6, 0.3⟩, ⟨x4, 0.5, 0.6, 0.7, 0.4⟩


= (F2, Ĕ) ∈ τ1.
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Figure 15. The intersection-based evaluation of (F1, Ĕ) and (F2, Ĕ) across targets k1-k4 are shown in Figure 15

(F2, Ĕ)∩ (F3, Ĕ) =



è1 = ⟨x1, 0.7, 0.8, 0.6, 0.4⟩, ⟨x2, 0.8, 0.7, 0.9, 0.5⟩

⟨x3, 0.8, 0.6, 0.4, 0.3⟩, ⟨x4, 0.7, 0.9, 0.5, 0.4⟩

è2 = ⟨x1, 0.7, 0.8, 0.6, 0.4⟩, ⟨x2, 0.8, 0.7, 0.9, 0.5⟩,

⟨x3, 0.8, 0.6, 0.4, 0.3⟩, ⟨x4, 0.7, 0.9, 0.5, 0.4⟩


̸= (F3, Ĕ) /∈ τ2.

Figure 16. The intersection-based evaluation of (F2, Ĕ) and (F3, Ĕ) across targets x1-x4 are shown in Figure 16

Hence, (F2, Ĕ)∪ (F3, Ĕ) /∈ τDNSS
1 ∪ τDNSS

2 , then τDNSS
1 ∪ τDNSS

2 is not a DNS topology on X.
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Uses of DNSS for evaluating military targets with imprecise and unclear intelligence are shown in example 2. While
unions, like in the example of (F2, Ĕ)∪(F3, Ĕ), do not maintain DNST structure, intersections of intelligence reports do.
This highlights a significant limitation: merging reports from many sources results in inconsistencies. Therefore, DNSS
may only be useful for systematic evaluation in military applications, and great effort should be made to combine
intelligence to ensure that decisions are trustworthy.

Definition 28 If (F , Ĕ)⊆ SS(X)A and let (X, τDNSS, Ĕ) be a DNSTS. If (F , Ĕ)⊆ cl(int(F , Ĕ))∪ int(cl(F , Ĕ))
then, (F , Ĕ) is called a DNS b-open soft sets, and Bopen set (X, τ, Ĕ) or simply Bopen set (X) represents the set of all
Double Valued neutrosophic Set (QNS) b closed sets.

Definition 29 Let a DNS topological space (X, τ, Ĕ) overX and a DNS set (F , Ĕ)∈DNSS(X, Ĕ). Next, (F , Ĕ)’s
DNS interior, represented as (F , Ĕ)◦ is defined as the DNS union of all of (F , Ĕ)’s DNS open subsets. (F , Ĕ)◦ is
evident. (F , Ĕ) contains, the largest DNS open set.

Theorem 1 If (X, τ, Ĕ) be a DNS topological space over X and (F , Ĕ) ∈ DNSS(X, Ĕ). (F , Ĕ) is a DNS b-open
set and if and only if (F , Ĕ) = (F , Ĕ)◦.

Proof. Let the DNS b-open set (F , Ĕ). Then (F , Ĕ) equals (F , Ĕ), which is the largest DNS b-open set contained
by (F , Ĕ). It follows that (F , Ĕ) = (F , Ĕ)◦.

Conversely, (F , Ĕ) = (F , Ĕ)◦, then (F , Ĕ) is a DNS b-open set, then (F , Ĕ)◦ is a DNS b-open set.
Theorem 2 Let DNS topological space (X, τ, Ĕ) over X. Then (F1, Ĕ), (F2, Ĕ) ∈ DNSS(X, Ĕ). Next,
1. [(F , Ĕ)◦]◦ = (F , Ĕ)◦,
2. (0(X, Ĕ))

◦ = 0(X, Ĕ) and (1(X, Ĕ))
◦ = 1(X, Ĕ),

3. (F1, Ĕ)⊆ (F2, Ĕ)⇒ (F̃1, Ĕ)◦ ⊆ (F2, Ĕ)◦,
4. [(F1, Ĕ)∩ (F2, Ĕ)]◦ = (F1, Ĕ)◦∩ (F2, Ĕ)◦,
5. (F1, Ĕ)◦∪ (F2, Ĕ)◦ ⊆ [(F1, Ĕ)∪ (F2, Ĕ)]◦.
Proof. 1. If (F1, Ĕ) is DNS b-open, then by definition: (F , Ĕ)◦ = (F , Ĕ). Suppose (F , Ĕ) = (G , Ĕ). Since

(F , Ĕ)◦ is the largest DNS b-open subset and (F , Ĕ) and (G , Ĕ) is equal to this interior, it fallow that:

(G , Ĕ)◦ = (G , Ĕ).

That is DNS b-open by definition, hence by construction of (F , Ĕ)◦ = (G , Ĕ).
So, in particular, we conclude:

[(F1, Ĕ)◦]◦ = (F1, Ĕ)◦.

2. Since 0(X, Ĕ) and 1(X, Ĕ) are always DNS b-open sets, we have:

(0(X, Ĕ))
◦ = 0(X, Ĕ), and (1(X, Ĕ))

◦ = 1(X, Ĕ).

3. As, (F1, Ĕ)◦ ⊆ (F1, Ĕ) ⊆ (F2, Ĕ) and (F2, Ĕ)◦ ⊆ (F2, Ĕ). Since (F2, Ĕ)◦ is the largest DNS b-open set
contained in (F2, Ĕ) and so (F1, Ĕ)◦ ⊆ (F2, Ĕ)◦.

4. Since (F1, Ĕ)∩ (F2, Ĕ)⊆ (F1, Ĕ) and (F1, Ĕ)∩ (F2, Ĕ)⊆ (F2, Ĕ), then [(F1, Ĕ)∩ (F2, Ĕ)]◦ ⊆ (F1, Ĕ)◦

and [(F1, Ĕ)∩ (F2, Ĕ)]◦ ⊆ (F2, Ĕ)◦ and so,

[(F1, Ĕ)∩ (F2, Ĕ)]◦ ⊆ (F1, Ĕ)◦∩ (F2, Ĕ)◦.
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However, given that (F1, Ĕ)◦ ⊆ (F1, Ĕ) and (F2, Ĕ)◦ ⊆ (F2, Ĕ), then:

(F1, Ĕ)◦∩ (F2, Ĕ)◦ ⊆ (F1, Ĕ)∩ (F2, Ĕ).

Besides, [(F1, Ĕ)∩ (F2, Ĕ)]◦ ⊆ (F1, Ĕ)∩ (F2, Ĕ) and is the largest DNS b-open set. Therefore, (F1, Ĕ)◦ ∩
(F2, Ĕ)◦ ⊆ [(F1, Ĕ)∩ (F2, Ĕ)]◦. Thus, [(F1, Ĕ)∩ (F2, Ĕ)]◦ = (F1, Ĕ)◦∩ (F2, Ĕ)◦.

5. Since (F1, Ĕ)⊆ (F1, Ĕ)∪ (F2, Ĕ) and (F2, Ĕ)⊆ (F1, Ĕ)∪ (F2, Ĕ), then:

(F1, Ĕ)◦ ⊆ [(F1, Ĕ)∪ (F2, Ĕ)]◦, and (F2, Ĕ)◦ ⊆ [(F1, Ĕ)∪ (F2, Ĕ)]◦.

Therefore,

(F1, Ĕ)◦∪ (F2, Ĕ)◦ ⊆ [(F1, Ĕ)∪ (F2, Ĕ)]◦.

Definition 30 Consider a DNS topological space (X, τDNSS, Ĕ) over X and a DNS set (F , Ĕ) ∈ DNSS(X, Ĕ).
The DNS intersection of all the DNS closed supersets of (F , Ĕ) is then the DNS closure of (F , Ĕ), denoted by (F , Ĕ).
Clearly, the smallest DNS closed set that contains (F , Ĕ) is (F , Ĕ).

Theorem 3 Let (X, τ, Ĕ) be a DNS topological space over X and (F , Ĕ) ∈ DNSS(X, Ĕ). (F , Ĕ) is a DNS closed
set and if and only if (F , Ĕ) = (F , Ĕ).

Proof. Suppose (F , Ĕ) be a DNS closed set. Then the smallest DNS open set that containing (F , Ĕ) is equal to
(F , Ĕ). Hence, (F , Ĕ) = (F , Ĕ), it is recognized that (F , Ĕ) is a DNS closed set and if (F , Ĕ) = (F , Ĕ), so (F , Ĕ)
is a DNS closed set.

Theorem 4 Let (X, τ, Ĕ) is DNS topological space over X. Then (F1, Ĕ), (F2, Ĕ) ∈ DNSS(X, Ĕ). So,
1. [(F , Ĕ)] = (F , Ĕ),
2. (0(X, Ĕ)) = 0(X, Ĕ) and (1(X, Ĕ)) = 1(X, Ĕ),
3. (F1, Ĕ)⊆ (F2, Ĕ)⇒ (F1, Ĕ)⊆ (F2, Ĕ),
4. [(F1, Ĕ)∪ (F2, Ĕ)] = (F1, Ĕ)∪ (F2, Ĕ),
5. (F1, Ĕ)∩ (F2, Ĕ)⊆ [(F1, Ĕ)∩ (F2, Ĕ)].
Proof. 1. Let (F1, Ĕ) = (F2, Ĕ) Then (F2, Ĕ) a DNS closed set. Hence (F2, Ĕ) and (F2, Ĕ) are equal. Therefore

[(F1, Ĕ)] = (F1, Ĕ).
2. Since 0(X, Ĕ) and 1(X, Ĕ) are always DNS closed sets, we have:

(0(X, Ĕ)) = 0(X, Ĕ), and (1(X, Ĕ)) = 1(X, Ĕ).

3. It is known that (F1, Ĕ)⊆ (F1, Ĕ) and (F2, Ĕ)⊆ (F2, Ĕ), so (F1, Ĕ)⊆ (F2, Ĕ)⊆ (F2, Ĕ). Since (F2, Ĕ)
is the smallest DNS closed set containing (F1, Ĕ), then (F1, Ĕ)⊆ (F2, Ĕ).

4. Since (F1, Ĕ) ⊆ (F1, Ĕ)∪ (F2, Ĕ) and (F2, Ĕ) ⊆ (F1, Ĕ)∪ (F2, Ĕ), then (F1, Ĕ) ⊆ [(F1, Ĕ)∪ (F2, Ĕ)]
and (F2, Ĕ)⊆ [(F1, Ĕ)∪ (F2, Ĕ)] and so,

(F1, Ĕ)∪ (F2, Ĕ)⊆ [(F1, Ĕ)∪ (F2, Ĕ)].
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Conversely, since (F1, Ĕ)⊆ (F1, Ĕ) and (F2, Ĕ)⊆ (F2, Ĕ), then:

(F1, Ĕ)∪ (F2, Ĕ)⊆ (F1, Ĕ)∪ (F2, Ĕ).

Besides, [(F1, Ĕ)∪ (F2, Ĕ)] and is the smallest DNS closed set that containing (F1, Ĕ)∪ (F2, Ĕ). Therefore,
[(F1, Ĕ)∪ (F2, Ĕ)]⊆ (F1, Ĕ)∪ (F2, Ĕ). Thus, [(F1, Ĕ)∪ (F2, Ĕ)] = (F1, Ĕ)∪ (F2, Ĕ).

5. Since

(F1, Ĕ)∩ (F2, Ĕ)⊆ [(F1, Ĕ)∩ (F2, Ĕ)], and [(F1, Ĕ)∩ (F2, Ĕ)].

is the smallest DNS closed set that containing (F1, Ĕ)∩ (F2, Ĕ). Then,

[(F1, Ĕ)∩ (F2, Ĕ)]⊆ (F1, Ĕ)∩ (F2, Ĕ).

Definition 31 Let (X, τDNSS, Ĕ) be a DNSTS overX, and let x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

and y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

be distinct DNSS points.
If there exist DNS b-open sets (F , Ĕ) and (G , Ĕ) such that

x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (F , Ĕ) and x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∩ (G , Ĕ) = 0(X, Ĕ),

or

y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (G , Ĕ) and y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∩ (F , Ĕ) = 0(X, Ĕ),

then (X, τDNSS, Ĕ) is called a DNSS T0-space.
Definition 32 Let (X, τDNSS, Ĕ) be a DNSTS overX, and let x ´̀e

(ŝ1, ŝ2, ŝ3, ŝ4)
and y ´̀e

(ŝ1, ŝ2, ŝ3, ŝ4)
be distinct DNSS points.

If there exist DNS b-open sets (F , Ĕ) and (G , Ĕ) such that

x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (F , Ĕ) and x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∩ (G , Ĕ) = 0(X, Ĕ),

or

y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (G , Ĕ) and y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∩ (F , Ĕ) = 0(X, Ĕ),

then (X, τDNSS, Ĕ) is called a DNSS T1-space.
Definition 33 Let (X, τDNSS, Ĕ) be a DNSTS overX, and let x ´̀e

(ŝ1, ŝ2, ŝ3, ŝ4)
and y ´̀e

(ŝ1, ŝ2, ŝ3, ŝ4)
be distinct DNSS points.

If there exist DNS b-open sets (F , Ĕ) and (G , Ĕ) such that

x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (F , Ĕ), y ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (G , Ĕ).
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And

(F , Ĕ)∩ (G , Ĕ) = 0(X, Ĕ),

then (X, τDNSS, Ĕ) is called a DNSS T2-space.
Definition 34 Let (X, τDNSS, Ĕ) be a DNSTS over X, (F , Ĕ) be a DNSS closed set, and

x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∩ (F , Ĕ) = 0(X, Ĕ)

If there exist DNS b-open sets (G1, Ĕ) and (G2, Ĕ) such that

x ´̀e
(ŝ1, ŝ2, ŝ3, ŝ4)

∈ (G1, Ĕ), (F , Ĕ)⊂ (G2, Ĕ),

and

(G1, Ĕ)∩ (G2, Ĕ) = 0(X, Ĕ).

Then (X, τDNSS, Ĕ) is called a DNS regular space. (X, τDNSS, Ĕ) is said to be a DNS T3 space if it is both DNS
regular and a DNS T1 space.

Definition 35 AQNSTS (X, τDNSS, Ĕ) overX is called a DNS normal space if for every pair of disjoint DNS closed
sets

(F1, Ĕ), (F2, Ĕ),

there exist disjoint DNS open sets (G1, Ĕ) and (G2, Ĕ) such that

(G1, Ĕ)⊂ (G2, Ĕ) and (F2, Ĕ)⊂ (G2, Ĕ).

Then (X, τDNSS, Ĕ) is said to be a DNS T4 space if it is DNS normal.
Proposition 5 Let (Y, τDNSS

Y , Ĕ) be a soft subspace of a DNSTS (X, τDNSS, Ĕ) and (F , Ĕ)∈ SS(X). Then (F , Ĕ)
satisfies:

1. If (F , Ĕ) is DNS b-open set in Y and Y ∈ τDNSS, then (F , Ĕ) ∈ τDNSS.
2. (F , Ĕ) is DNS b-open set in Y iff (F , Ĕ) = Y∩ (G α , Ĕ) for some (G , Ĕ) ∈ τ .
3. (F , Ĕ) is DNS b close set in Y iff (F , Ĕ) = Y∩ (Ĥ, Ĕ) for some (Ĥ, Ĕ) that is τDNSS soft b close set.
Proof. (1) Assume that (F , Ĕ) is DNS b-open set in Y. Then there exists a DNS b-open set (G α , Ĕ) in X such that

(F , Ĕ) = Y∩ (G α , Ĕ).

Now, if Y ∈ τDNSS, then Y∩ (G α , Ĕ) ∈ τDNSS. Hence (F , Ĕ) ∈ τDNSS.
(2) Obvious.
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(3) If (F , Ĕ) is DNS b close set inY, then (F , Ĕ) = Y\(G α , Ĕ) for (G α , Ĕ)∈ τDNSS
Y . Now, (G α , Ĕ) =Y∩(Ĥ, Ĕ)

for QNS b-open set (Ĥ, Ĕ) ∈ τDNSS. For any α ∈ Ĕ,

F (α) = Y(α)\G α(α) = Y(α)\ (Y(α)∩ Ĥ(α)) = Y(α)∩ (X\ Ĥ(α)) = Y(α)∩
(
Ĥ(α)c) ,

= Y∩ (X\ Ĥ(α)) = Y∩ Ĥ(α)c = Y(α)∩
(
Ĥ(α)c) .

Thus (F , Ĕ) = Y∩ (Ĥ, Ĕ) is DNS b-close in X as (Ĥ, Ĕ) ∈ τDNSS.
Conversely, if (F , Ĕ) = Y∩ (G α , Ĕ) for DNS b-close set (G α , Ĕ) in X ⇒ (G α , Ĕ) ∈ τDNSS. Now if (G α , Ĕ) =

(X, Ĕ)\ (Ĥ, Ĕ) where (Ĥ, Ĕ) is soft b-open set in τ then for any α ∈ Ĕ

F (α) = Y(α)∩G α(α) = Y∩G α(α) = Y∩
(
(X(α)\ Ĥ(α)) = Y∩X(α)Ĥ(α)c)

= Y∩ (X(α)\ Ĥ(α))Y\ Ĥ(α) = Y\ (Y∩ Ĥ(α)) = Y(α)\Y(α)∩ Ĥ(α).

Thus (F , Ĕ) = Y\ (Y∩ (Ĥ, Ĕ)). Since (Ĥ, Ĕ) ∈ τDNSS so, Y∩ (Ĥ, Ĕ) ∈ τDNSS.
Y∩ (Ĥ, Ĕ) ∈ τDNSS

Y and hence (F , Ĕ) is DNS b-close set in Y.
Proposition 6 Assume that (X, τDNSS

1 , τDNSS
2 , Ĕ) is Double Valued Neutrosophic Soft Bi-topological Space

(DNSBTS). Then, if (X, τDNSS
1 , Ĕ) and (X, τDNSS

2 , Ĕ) are DNS b T3 then (X, τDNSS
1 , τDNSS

2 , Ĕ) is a pair wise DNS b
T2.

Proof. Suppose (X, τDNSS
1 , Ĕ) is DNS b T3 with respect to (X, τDNSS

2 , Ĕ), then for x, y ∈ X, x ̸= y, (Y, Ĕ) is DNS
b close set in τ2, x /∈ (Y, Ĕ), ∃τDNSS

1 DNS b-open set (F , Ĕ) and τDNSS
2 DNS b-open set (F , Ĕ) such that x ∈ (F , Ĕ),

y∈ (Y, Ĕ)⊆ (G α , Ĕ) and (F , Ĕ)∩(F , Ĕ) = ϕ . Hence τ1 is DNS b T2 with respect to τDNSS
2 . Similarly, if (X, τDNSS

2 , Ĕ)
is DNS b T3 with respect to (X, τDNSS

1 , Ĕ), then for x, y ∈ X, x ̸= y, (x, Ĕ) is DNS b close set in τDNSS
1 and y /∈ (x, Ĕ),

∃τDNSS
2 DNS b-open set (F , Ĕ) and τDNSS

1 DNS b-open set (G α , Ĕ) such that y ∈ (F , Ĕ) and (F , Ĕ)∩ (F , Ĕ) = ϕ .
Hence τDNSS

2 is DNS b T2, which implies (X, τDNSS
1 , τDNSS

2 , Ĕ) is pair wise DNS b T2.
Proposition 7 Let (X, τDNSS

1 , τDNSS
2 , Ĕ) be DNSBTS. If (X, τDNSS

1 , Ĕ) and (X, τDNSS
2 , Ĕ) are DNS b T3, then

(X, τDNSS
1 , τDNSS

2 , Ĕ) is a pair wise QNS b T3.
Proof. Suppose (X, τDNSS

1 , Ĕ) is DNS b T3 with respect to (X, τDNSS
2 , Ĕ); then for x, y ∈ X, x ̸= y, ∃τ1 DNS

b-open set (F , Ĕ) and a τDNSS
2 DNS b-open set (G α , Ĕ) such that x ∈ (F , Ĕ), y /∈ (F , Ĕ) or y ∈ (G α , Ĕ), x /∈ (G α , Ĕ),

and ∃τDNSS
1 DNS b-open set (G α , Ĕ) such that (F , Ĕ)∩ (F , Ĕ) = ϕ . Similarly, (X, τDNSS

2 , Ĕ) is DNS b T3 with
respect to (X, τDNSS

1 , Ĕ), then for x, y ∈ X, x ̸= y, ∃τ1 QNSb-open set (F , Ĕ) and τDNSS
2 DNS b-open set (F , Ĕ) such

that x ∈ (F , Ĕ), y /∈ (F , Ĕ) or y ∈ (G α , Ĕ), x /∈ (G α , Ĕ). Thus for each x ∈ X, τDNSS
2 DNS b close set (F , Ĕ) and

(F , Ĕ)∩ (F , Ĕ) = ϕ . Hence, (X, τDNSS
1 , τDNSS

2 , Ĕ) is pair wise DNS b T3.
Proposition 8 If (X, τDNSS

1 , τDNSS
2 , Ĕ) be DNSBTS; if (X, τDNSS

1 , Ĕ) and (X, τDNSS
2 , Ĕ) are DNSB T4 spaces then

(X, τDNSS
1 , τDNSS

2 , Ĕ) is pair wise DNSB T4.
Proof. Suppose (X, τDNSS

1 , Ĕ) is DNSB T4 with respect to (X, τDNSS
2 , Ĕ). Then for x, y ∈ X, x ̸= y, ∃τDNSS

1 DNS
b-open set (F , Ĕ) and a τDNSS

2 DNS b-open set (F , Ĕ) such that x ∈ (F , Ĕ), y /∈ (G α , Ĕ) and for each τDNSS
1 DNS b

close set (F , Ĕ) and (G α , Ĕ), (F , Ĕ)∩ (F , Ĕ) = ∅. There exist (F3, Ĕ) and (G α
1 , Ĕ) such that (F3, Ĕ) is DNS b

τDNSS
2 open set, (F α

1 , Ĕ)⊆ (F3, Ĕ), (F α
2 , Ĕ)⊆ (G α

1 , Ĕ), (F3, Ĕ)∩ (G α
1 , Ĕ) =∅. Similarly, τDNSS

2 is DNSB T4 with
respect to τDNSS

1 .
Proposition 9 Let (X, τDNSS

1 , τDNSS
2 , Ĕ) be DNSBTS and let Y ⊆ X . If (X, τ1Y, τ2Y, Ĕ) is pair wise DNS T3, then

(Y, τDNSS
1Y , τDNSS

2Y , Ĕ) is pair wise DNS T3.
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Proof. First we prove that (Y, τDNSS
1Y , τDNSS

2Y , Ĕ) is pairwise DNS T1. Let x, y ∈ X , x ̸= y. If (X, τDNSS
1 , τDNSS

2 , Ĕ) is
pairwise, then (X, τDNSS

1 , τDNSS
2 , Ĕ) is pair wise DNS τDNSS

1 . So ∃ τDNSS
1 DNS b-open set (F , Ĕ) and τDNSS

2 DNS b-open
set (G α , Ĕ) such that x ∈ (F , Ĕ) and y /∈ (F , Ĕ), or y ∈ (G α , Ĕ) and x /∈ (G α , Ĕ). Now x ∈Y and x /∈ (G α , Ĕ) implies
x ∈Y ∩ (F , Ĕ) = (YF , Ĕ). Since y /∈Y ∩α for α ∈ E, this implies that y /∈Y ∩F (α) for α ∈ E. Thus y /∈Y ∩ (F , Ĕ) =
(YF , Ĕ). Now y∈Y and y∈ (G α , Ĕ), hence y∈Y∩(G α , Ĕ) = (G α

Y , Ĕ), where (G α , Ĕ)∈ τDNSS
2 . Consider x /∈ (G α , Ĕ).

This means that for α ∈ E, x /∈ Y ∩G α(α), hence x /∈ Y ∩ (G α , Ĕ) = (G α
Y , Ĕ)). Thus (Y, τDNSS

1Y , τDNSS
2Y , Ĕ) is pair wise

DNS T1. Now we prove that if (X, τDNSS
1 , τDNSS

2 , Ĕ) is pair wise DNS T3, then (X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise
DNS regular. Let y ∈ Y and let (G α , Ĕ) be a DNS b close set in Y such that y /∈ (G α , Ĕ) where (G α , Ĕ) ∈ τDNSS

1 .
Then(G α , Ĕ) = (Y, Ĕ)∩ (F , Ĕ) for some DNS b close set in τDNSS

1 . Hence y /∈ (Y, Ĕ)∩ (F , Ĕ), but y ∈ (Y, Ĕ), so
y /∈ (F , Ĕ) since (X, τDNSS

1 , τDNSS
2 , Ĕ) is DNS T3.

Since (X, τDNSS
1 , τDNSS

2 , Ĕ) is DNS b regular, ∃ τDNSS
1 QNS b-open set (F1, Ĕ) and τDNSS

2 DNS b-open set (F2, Ĕ)
such that

y ∈ (F1, Ĕ), (G α , Ĕ)⊆ (F2, Ĕ).

Also,

(F1, Ĕ)∩ (F2, Ĕ) =∅.

Take (G α
1 , Ĕ) = (Y, Ĕ)∩ (F2, Ĕ), then (G α

1 , Ĕ) and (G α
2 , Ĕ) are DNS b-open set in Y such that

y ∈ (G α
1 , Ĕ), (G α , Ĕ)⊆ (Y, Ĕ)∩ (F2, Ĕ) = (G α

2 , Ĕ),

(G α
1 , Ĕ)∩ (G α

2 , Ĕ)⊆ (F1, Ĕ)∩ (F2, Ĕ) =∅.

(G α
1 , Ĕ)∩ (G α

2 , Ĕ) =∅.

Therefore τDNSS
1Y is DNS b regular w.r.t. τDNSS

2Y . Similarly, let y ∈ Y and (G α , Ĕ) be a DNS b close set in Y such
that y /∈ (G α , Ĕ) where (G α , Ĕ) ∈ τDNSS

2 . Then (G α , Ĕ) = (Y, Ĕ)∩ (F , Ĕ) for some DNS b close set in τDNSS
2 . Since

(X, τDNSS
1 , τDNSS

2 , Ĕ) is b regular, ∃ τDNSS
2 DNS b-open set (F1, Ĕ) and τDNSS

1 DNS b-open set (F2, Ĕ) such that

y ∈ (F1, Ĕ), (G α , Ĕ)⊆ (F2, Ĕ).

And

(F1, Ĕ)∩ (F2, Ĕ) =∅.

Take (G α
1 , Ĕ) = (Y, Ĕ)∩ (F1, Ĕ), then (G α

1 , Ĕ) and (G α
2 , Ĕ) are DNS b-open set in Y such that

y ∈ (G α
1 , Ĕ), (G α , Ĕ)⊆ (Y, Ĕ)∩ (F2, Ĕ) = (G α

2 , Ĕ).
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And

(G α
1 , Ĕ)∩ (G α

2 , Ĕ)⊆ (F1, Ĕ)∩ (F2, Ĕ) =∅.

Therefore τDNSS
2Y is DNS b regular w.r.t. τDNSS

1Y .
Hence

(X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise DNS T3.

Proposition 10 Let (X, τDNSS
1 , τDNSS

2 , Ĕ) be a DNSBTS and letY be a DNS b C space ofX. If (X, τDNSS
1 , τDNSS

2 , Ĕ)
is pairwise DNS b T4 space, then (Y, τDNSS

1Y , τDNSS
2Y , Ĕ) is pairwise DNS b T4 space.

Proof. Since (X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise DNS b T4,⇒ (X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise DNS b T1. We prove
that (X, τDNSS

1 , τDNSS
2 , Ĕ) is pairwise DNS b normal. Let (G α

1 , Ĕ), (G α
2 , Ĕ) be DNS b close sets in Y such that

(G α
1 , Ĕ)∩ (G α

2 , Ĕ) =∅.

(G α
1 , Ĕ) = (Y, Ĕ)∩ (F1, Ĕ),

(G α
2 , Ĕ) = (Y, Ĕ)∩ (F2, Ĕ),

where (F1, Ĕ) is a DNS b close set in τDNSS
1 and (F2, Ĕ) is a DNS b close set in τDNSS

2 . Also,

(F1, Ĕ)∩ (F2, Ĕ) =∅.

Since Y is a DNS b close subset of X, then (G α
1 , Ĕ), (G α

2 , Ĕ) are DNS b close sets in X such that

(G α
1 , Ĕ)∩ (G α

2 , Ĕ) =∅.

Since (X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise DNS b normal, ∃ DNS b-open sets (Ĥ1, Ĕ) and (Ĥ2, Ĕ) such that (Ĥ1, Ĕ)
is DNS b-open set in τDNSS

1 , (Ĥ2, Ĕ) is DNS b-open set in τDNSS
2 , and

(G α
1 , Ĕ)⊆ (Ĥ1, Ĕ),

(G α
2 , Ĕ)⊆ (Ĥ2, Ĕ),

(Ĥ1, Ĕ)∩ (Ĥ2, Ĕ) =∅.

Since (G α
1 , Ĕ), (G α

2 , Ĕ)⊆ (Y, Ĕ), then
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(G α
1 , Ĕ)⊆ (Y, Ĕ)∩ (Ĥ1, Ĕ),

(G α
2 , Ĕ)⊆ (Y, Ĕ)∩ (Ĥ2, Ĕ).

And

[(Y, Ĕ)∩ (Ĥ1, Ĕ)]∩ [(Y, Ĕ)∩ (Ĥ2, Ĕ)] =∅.

Since (Y, Ĕ)∩ (Ĥ1, Ĕ) and (Y, Ĕ)∩ (Ĥ2, Ĕ) are DNS b-open sets in Y, therefore τDNSS
1Y is DNS b normal w.r.t.

τDNSS
2Y . Similarly, let (G α

1 , Ĕ), (G α
2 , Ĕ) be DNS b close set subsets in Y such that

(G α
1 , Ĕ)∩ (G α

2 , Ĕ) =∅.

(G α
1 , Ĕ) = (Y, Ĕ)∩ (F1, Ĕ),

(G α
2 , Ĕ) = (Y, Ĕ)∩ (F2, Ĕ),

for some DNS b close sets (F1, Ĕ) in τDNSS
2 and (F2, Ĕ) in τDNSS

1 , and

(F1, Ĕ)∩ (F2, Ĕ) =∅.

Since Y is a DNS b C subset in X, (G α
1 , Ĕ), (G α

2 , Ĕ) are DNS b close sets in X such that

(G α
1 , Ĕ)∩ (G α

2 , Ĕ) =∅.

Since (X, τDNSS
1 , τDNSS

2 , Ĕ) is pairwise DNS b normal, ∃ DNS b-open sets (Ĥ1, Ĕ) and (Ĥ2, Ĕ) such that (Ĥ1, Ĕ)
is DNS b-open set in τDNSS

2 , (Ĥ2, Ĕ) is DNS b-open set in τDNSS
1 , and

(G α
1 , Ĕ)⊆ (Ĥ1, Ĕ),

(G α
2 , Ĕ)⊆ (Ĥ2, Ĕ),

(Ĥ1, Ĕ)∩ (Ĥ2, Ĕ) =∅.

Since

(G α
1 , Ĕ), (G α

2 , Ĕ)⊆ (Y, Ĕ),

Contemporary Mathematics 2560 | Dragan Pamucar, et al.



Then

(G α
1 , Ĕ)⊆ (Y, Ĕ)∩ (Ĥ1, Ĕ),

(G α
2 , Ĕ)⊆ (Y, Ĕ)∩ (Ĥ2, Ĕ).

And

[(Y, Ĕ)∩ (Ĥ1, Ĕ)]∩ [(Y, Ĕ)∩ (Ĥ2, Ĕ)] =∅.

Thus (Y, Ĕ)∩ (Ĥ1, Ĕ) and (Y, Ĕ)∩ (Ĥ2, Ĕ) are DNS b-open sets in Y, so τDNSS
2Y is DNS b normal w.r.t. τDNSS

1Y .
Hence,

(Y, τDNSS
1Y , τDNSS

2Y , Ĕ)

is pairwise DNS b T4.

5. Military target identification with cotangent similarity and advanced machine
learning techniques
Among a multitude of approaches that can be used in dimensionality reduction and feature analysis, some of them

have become typical tools. In this introduction, the author will describe four fundamental approaches, i.e. PCA, t-
SNE, Pearson correlation coefficient, and the Elbow. These were chosen deliberately, as they form a complement
set, which deals with the major stages of data exploration, that is, understanding linear relationships and variance
patterns, and non-linear model visualization and parameterizations. Another analytic measure that is employed in
computing similarity of two vectors is Cosine SimilarityMeasure (CSM). It is commonly applied inmachine learning, image
processing and data analysis. CSM can identify the presence of subtle patterns and relationships in the data that might
not be easily identified using a distance based measure by considering the geometric orientation of data points. As
an example, during a military operation, CSM may be used to categorize the possible targets based on surveillance
information by matching the operational characteristics of a target with those of classified standard profiles. This helps in
measuring the level of a target hypothesis of known threat categories thus enhancing the accuracy of threat comparison
and classification. These activities are also enabled by many machine learning and visualization algorithms.

Signature Techniques: There are numerous tools that are used to analyze relationship between the signal and
template, they include:

Exam of correlation: Heatmaps (normalized, positive, Pearson correlation), 3D surface view of Pearson correlation.
Dimensionality Reduction, Visualization: PCA, t-SNE, 3D PCA clustering visualization and 3D t-SNE clustering

visualization.
Other techniques: parallel coordinates, 3D diagrams and Elbow method.

5.1 The chosen methods: essence and rationale
5.1.1PCA

Essence: PCA is a non-nonlinear, conventional method of dimensional reduction. On the basic level, it converts the
original variables (which can be correlated with each other) into a new set of variables, which are not correlated. The
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principal components are known as these new variables. The elements are arranged in a sequence in which the initial few
ones explain the highest percentages of variations that exist in the original data. It does so by determining the directions
(eigenvectors) of most variance in the data and projecting it down into a lower-dimensional subspace that is determined by
these directions [72]. The reason why it was chosen is as follows: PCA is the most likely method of linear dimensionality
reduction. It is computationally efficient, deterministic and its components can be interpreted as the direction of maximum
variance. It is not capable of running without noise reduction, data compression and as a preprocessing step to other
algorithms.

5.1.2The t-SNE

Essence: t-SNE is a non-linear algorithm, which in contrast to PCA is mainly applied to visualize high-dimensional
data (two or three dimensions). Its operation involves the use of high-dimensional Euclidean distinctions amid data into
conditional similarity. It then optimizes a probability structure of the low-dimensional map, which is similar to the original
one, and minimizes the Kullback-Leibler (KL) divergence between the two distributions through gradient descent. It has
been found to tackle the crowding problem by using the heavy-tailed Student t-distribution in the low-dimensional space,
which is one of its benefits [73]. It has been chosen because t-SNE is proved to be quite effective in revealing underlying
cluster patterns and manifold learning not accessible to linear techniques such as PCA. It was chosen to represent that
category of probabilistic embedding mechanisms non-linear which are essential in their investigation of complex and
real-world data.

5.1.3The pearson correlation coefficient

The Pearson correlation coefficient is used to measure the linear relationship between two variables and is denoted
by the symbol, r. It has a 1 scale (-1) 1 indicates a positive total linear correlation, 0 a non-existent linear correlation,
and -1 a negative total linear correlation [74]. It is a part of the basic elements of statistical analysis which is applied to
establish the strength and direction of a linear relationship. The reason it has been chosen: Pearson method though not
a dimensionality reduction method is necessary to understand multi collinearity as well as feature selection. It is shown
here since one of the primary reasons to consider the application of such methodology as PCA is a feature correlation of
this scale. Data correlation analysis is often employed as a preliminary step to consider the need to proceed to a more
sophisticated dimensionality reduction.

5.1.4The elbow method

Essence: In a cluster analysis, The elbow method is a heuristic that is employed to identify the best cluster number.
It runs an instance of one or more uses of a clustering algorithm (like k-means) with varying values of k (the number of
clusters) and then generates a plot of the amount of variation explained (or some other measure such as within-cluster
sum of squares) versus k. According to [75], the number of clusters is a good candidate at the point in the curve where
the rate of decrease has changed abruptly. Justification of its presence: It contains the Elbow method which is a method
of selection and validation of models. After data visualization by PCA or t-SNE, one would often want to discover
different groups. Elbow is a common parameterizations to further analysis which is simple and easy to use so that it is
easy to pass through the visualization to clustering. In conclusion, the four methods were not selected in isolation but in a
synergistic combination in their part to help in a complete data analysis pipeline. Pearson correlation helps in determining
that reduction is needed; PCA is good and linear, t-SNE is good and non-linear. Elbow method assists in determining the
emerging cluster structure. The combination of them evaluates an essential pool of activities that should be undertaken to
transform raw, high-dimensional data into an insight.

5.2 Cotangent similarity measures
Let Ti = (Tik, RTik, Cik, RFik, Fik), C j = (T jk, RT jk, C jk, RF jk, F jk) are two CTVNSSs. Each set is represented

by three components for each feature k:
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Tik: Truth membership of feature k forTi.
RTik: Relative truth membership of feature k forTi.
Cik: Contradiction of feature k forTi.
RFik: Relative false membership of feature k forTi.
Fik: False membership degree of feature k forTi.
The values typically satisfy: Tik, RTik, Cik, RFik, Fik ∈ [0, 1].
Similarly, for objectC j:
T jk: Truth membership of feature k forC j.
RT jk: Relative truth membership of feature k forC j.
C jk: Contradiction of feature k forC j.
RF jk: Relative false membership of feature k forC j.
F jk: False membership degree of feature k forC j.
The values typically satisfy: T jk, RT jk, C jk, RF jk, F jk ∈ [0, 1].

CotangentTNSS(Ti, C j)

=
1
n

n

∑
k=1

{
cot

[π
4
+

π
12

(|Tik −T jk|+ |RTik −RT jk|+ |Cik −C jk|+ |RFik −RF jk|+ |Fik −F jk|)
]}

.

Let Ti = (Tik, ICik, IHik, Fik), C j = (T jk, IC jk, IH jk, F jk) are two CNSSs. Each set is represented by three components
for each feature k:

Tik: Truth membership of feature k for Ti.
ICik: Contradiction-oriented indeterminacy membership of feature k for Ti.
IHik: Hesitation-oriented indeterminacy membership of feature k for Ti.
Fik: Falsity-membership degree of feature k for Ti.
The values typically satisfy: Tik, ICik, IHik, Fik ∈ [0, 1].
Similarly, for objectC j:
T jk: Truth membership of feature k forC j.
IC jk: Contradiction-oriented indeterminacy membership of feature k forC j.
IH jk: Hesitation-oriented indeterminacy membership of feature k for Ti.
F jk: Falsity-membership degree of feature k forC j.
The values typically satisfy: T jk, IC jk, IH jk, F jk ∈ [0, 1].
The cotangent similarity measures between Ti andC j is defined as:

CotangentDNSS(Ti, C j)

=
1
n

n

∑
k=1

{
cot

[π
4
+

π
12

(|Tik −T jk|+ |ICik − IC jk|+ |IHik − IH jk|+ |Fik −F jk|)
]}

.

5.3 Nature of noise and crosstalk in military surveillance

Military surveillance data can be described as frequently noisy due to random variation and sensor instability and
crosstalk due to interference or signal source overlap. These distortions negatively affect the performance of similarity
traditional measures. This problem is resolved by the DVNSS model which uses four of the components to capture all the
characteristics: Truth (T), conflict-based Indeterminacy (Ic), noise-based Indeterminacy (IH), and Falsity (F).
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Ic and IH are fundamental to distinguish between doubt that is due to noises, weak signals, and missing values and the
doubt that is due to the contradictions between overlapping templates or mixed signal patterns. The capacity of DVNSS of
distinguishing between distortion and conflict does not exist in classical fuzzy, rough, and probabilistic models. Combined
with the Cotangent SimilarityMeasure (Cot-SM), the DVNSS structure proves to be robust to the contaminated or unstable
signatures, overlapping radar or thermal signature, and sensor modal conflict. This means the classification results will be
more stable, there is less confusion between decoys and downstream machine-learning image representations are better
with cleaner and more accurate similarity data. DVNSS is a simple and mathematically consistent method of dealing with
noise and crosstalk and is especially appropriate in real time military target detection systems.

5.4 Analytical and visualization tools for signal template relationships

In order to identify broad correlations, structural alignments, and grouping patterns, signal-template similarity uses
statistical and visualization-based studies. The Cot Similarity Matrix and its related data can be realized using a wide
range of tools, including sophisticated dimensionality reduction techniques and basic Heatmaps. Heatmaps that provide a
real-time image of pairwise similarity are used to visualize the similarity between signals and templates. Heatmaps make
it easier to identify patterns, gradients, and anomalies in rows and columns by using the similarity values as color values.
Strong direct relationships are the focus of positive correlation heat maps; these are indicated by greater values, making
it simpler to spot signals that consistently match templates. In order to prevent unfair and biased comparisons between
various data, normalized correlation Heatmaps preserve scale differences. By doing this, distortions based on magnitude
disparities are reduced. Heatmaps that are especially sensitive to the identification of linear correlations between
signals-which enable the systematic movement or divergence of groupings of signals or templates-are known as Pearson
correlation Heatmaps. The correlation strengths within the matrix can be viewed from a landscape viewpoint using a three-
dimensional surface plot of Pearson correlation. Peaks show strong correlations, while valleys show weak or opposite
links. Unlike flat Heatmaps, this geometric representation of the globe aids in identifying clusters and transition zones.
The PCA extracts the most variance by estimating the high-dimensional similarity space onto lower-dimensional space.
It allows for both 2D and 3D cluster visualization and reveals the dominant similarity trends. Because it considers local
neighborhood structures, t-SNE complements PCA. It is particularly useful for visualizing non-linear correlations that
PCA is unable to represent. The clusters of signals are depicted in greater depth using a 3D t-SNE representation, which
makes it possible to identify finer divisions and overlaps that are not visible in 2D space. Plotting cluster memberships
directly onto PCA axes makes it easier to detect cluster borders and patterns in 3D PCA clustering demonstrations. It is
possible to directly compare average tendencies and identify which signals exhibit stronger and weaker affinities by using
bar graphs, which give an overview of similarity values on a template or signal-by-signal basis. On the other hand, 3D
plots are a condensed yet informative representation of interaction patterns and can show a link between three factors in a
single plot. Multiple similarity dimensions (B1B4) can be compared simultaneously thanks to parallel coordinate plotting.
Each signal is represented by a line, and the curve that the axes follow shows how the similarity values vary with templates.
For identifying steady and varying alignment profiles, this is one technique that performs the best. Signals are separated
based on their clustering patterns using clustering algorithms such as the K-Means. The Elbow approach determines the
ideal amount of clusters to employ in order to ensure that partitioning does not overfit, capturing all common tendencies
but excluding unique specializations. When clustering and PCA or t-SNE visualization are combined, statistical rigor
and interpretive clarity are provided. A multi-perspective study of the signal-template interaction is provided by the
combination of these technologies. They carry surface plots to geometric terrain, Pearson correlation estimates linear
relationships, and Heatmaps highlight the similarity intensities of the global and local locations. While clustering and
the Elbow approach verify the existence of discrete groups, dimensionality reduction techniques (PCA, t-SNE) translate
the data into interpretable low-dimensional spaces. Bar plots, 3D plots, and parallel coordinates offer further levels of
interpretation that enable the analysis of both macro-level patterns and micro-level subtleties. An ordered similarity
pattern is strongly supported by such a cohesive toolbox, which demonstrates that the signal-template system is not a
homogeneous system but rather possesses balanced and specialized alignment preferences.
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5.5 Real-time military target classification with cotangent similarity and advanced surveillance
data integration

Assume that the information we have on potential military targets is a collection of potential targets, specifically,
T = {T1, T2, T3, T4}, which represents a particular object of operational interest. This could be a communication point, a
group of artificial devices, a mobile command apparatus, or even a convoy transporting supplies. A set of surveillance or
reconnaissance data S = {S1, S2, S3, S4} can be attached to each target. Radar signatures, thermal imaging, electronic
emission monitoring, and movement observation are some of the sources used to collect this type of data. These are
crucial intelligence hints for identifying and characterizing every target. The C = {C1, C2, C3, C4} indexes or engages
each target. High-value strategic assets, mobile decoys, communication centers, and logistical groupings that require
immediate attention or removal may be included in these categories. There are four crucial factors for each working
attribute of a target: Variances to the attractive electronic or thermal grate pattern are quantified by Abnormal Signal
Signature (AbS). Relevant Threat Threshold (RelT) is a measure of how closely the target signal aligns with anticipated
threat criteria. Abnormal Fluctuation (AbF) indicates abnormal fluctuations in the target behavior or sign, while Relative
Fluctuation (RelF) measures changes to the working dynamic electronic or thermal signal. Each target is represented
in terms of a feature vector based on these criteria. These features vectors are organised into the T × S Emotional
Affinity Feature Matrix, as shown in Table 4, where each cell corresponds to target-source pair (Ti, S j) described by
(AbSi j, RelTi j, RelFi j, AbFi j). The cotangent similarity measure is then used to compare this vector with the others
of previously identified targets. The angle between two vectors determines the similarity score, which is the cosine
of the angle. The likelihood that the current target will fit a known threat profile increases with the cosine value. By
synchronizing the surveillance data with established threat models, it is possible to classify targets in real-time with high
accuracy. The resulting Emotional Classification Matrix for signal-based affectional mapping (T ×S →C), including the
intermediate similarity vectors, is reported in Table 5.

Table 4. Emotional affinity feature matrix for signal-based interaction analysis (T ×S)

S1 S2 ... Sn

T1 AbS11, RelT11, ReIF11, AbF11 AbS12, ReIT12, ReIF12, AbF12 ... AbS1n, ReIT1n, ReIF1n, AbF1n
T2 AbS21, ReIT21, ReIF21, AbF21 AbS22, ReIT22, ReIF22, AbF22 ... AbS2n, ReIT2n, ReIF2n, AbF2n
... ... ... ... ...
Tm AbSm1, ReITm1, ReIFm1, AbFm1 AbSm2, ReITm2, ReIFm2, AbFm2 ... AbSmn, ReITmn, ReIFmn, AbFmn

Table 5. Emotional classification matrix for signal-based affectional mapping (T ×S →C)

Row-I S1 S2 S3 S4 Row-II C1 C2 C3 C4

T1


0.5
0.7
0.3
0.4




0.6
0.4
0.3
0.8




0.3
0.5
0.8
0.9




0.9
0.2
0.4
0.6

 S1


0.3
0.5
0.7
0.8




0.7
0.6
0.2
0.3




0.5
0.4
0.6
0.9




0.3
0.2
0.4
0.7



T2


0.4
0.7
0.5
0.7




0.2
0.4
0.6
0.9




0.3
0.4
0.5
0.8




0.7
0.4
0.6
0.4

 S2


0.2
0.3
0.7
0.8




0.6
0.7
0.4
0.5




0.3
0.6
0.8
0.4




0.4
0.3
0.6
0.2



T3


0.7
0.6
0.8
0.3




0.2
0.8
0.7
0.5




0.6
0.2
0.7
0.3




0.6
0.2
0.7
0.3

 S3


0.4
0.7
0.5
0.6




0.6
0.3
0.4
0.5




0.7
0.3
0.2
0.4




0.5
0.6
0.3
0.4



T4


0.4
0.6
0.8
0.3




0.3
0.6
0.2
0.9




0.4
0.6
0.8
0.4




0.4
0.6
0.8
0.4

 S4


0.3
0.6
0.4
0.8




0.9
0.3
0.2
0.5




0.4
0.3
0.8
0.6




0.3
0.8
0.9
0.4


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As a result, decision-makers will be able to quickly identify targets, assess their danger level, and rank them in order
of importance for engagement or surveillance. In fluid generation workplaces, the program helps make faster, evidence-
based decisions and enhances the effectiveness of fight field intelligence.

The raw surveillance parameters for each target Ti, as gathered from each data source Si, are displayed in this table.
AbS, RelT, RelF, and AbF are represented by the 4-dimensional feature vectors found in each cell. gives each target-source
combination a thorough feature profile for preliminary analysis and threat modeling.

This table delineates the cotangent similarity values calculated by comparing the feature vectors of targets with
those of established classified operational profiles (e.g., C1: high-value asset, C2: decoy, C3: communication node, C4:
logistical unit). The raw cosine similarity between each Target (T) and its corresponding surveillance data (S) is presented
in Row-I (T × S). Meanwhile, the cotangent similarity between each data source vector and the classified operational
profiles is displayed in Row-II (S×C). This method facilitates the prioritization of actions (e.g., attack, monitor, ignore)
by classifying or clustering targets according to their correlation with well-defined threat or operational categories. The
cotangent values calculated for each pair of targets and classified profiles are then added to average all target-classification
pairings. For clarity, the final Cotangent DNSS simalarity scores between targets (T1 −T4) and operational profiles (C1 −
C4) are consolidated in Table 6. The resulting Cotangent similarity have the following values:

CotangentDNSS(T1, C1) = 0.2877.
CotangentDNSS(T1, C2) = 0.2634.
CotangentDNSS(T1, C3) = 0.2327.
CotangentDNSS(T1, C4) = 0.3557.
CotangentDNSS(T2, C1) = 0.2649.
CotangentDNSS(T2, C2) = 0.2020.
CotangentDNSS(T2, C3) = 0.3776.
CotangentDNSS(T2, C4) = 0.1431.
CotangentDNSS(T3, C1) = 0.2423.
CotangentDNSS(T3, C2) = 0.2260.
CotangentDNSS(T3, C3) = 0.3239.
CotangentDNSS(T3, C4) = 0.2520.
CotangentDNSS(T4, C1) = 0.2318.
CotangentDNSS(T4, C2) = 0.2723.
CotangentDNSS(T4, C3) = 0.2517.
CotangentDNSS(T4, C4) = 0.2130.
By repeating this for all target profiles (T1, T2, T3, T4) against each operational category, the maximum similarity

values for each target classification are obtained. The maximum similarities are as follows: T1 exhibits the highest
similarity of 0.8514 withC4, T2 achieves a maximum similarity of 0.8082 withC3, T2 demonstrates the strongest alignment
withC1 and T4 shows the highest similarity of 0.8134 withC2.

Table 6. Cotangent similarity matrix of signal channels (S1 −S4) and emotional foci (T1 −T4)

Cot SM S1 S2 S3 S4

T1 0.2877 0.2634 0.2327 0.3557

T2 0.2649 0.2020 0.3776 0.1431

T3 0.2423 0.2260 0.3239 0.2520

T4 0.2318 0.2723 0.2517 0.2130

Decisions based on the targets’ similarity-which allows them to be categorized according to the closest operational
profile are made using these computed maximum similarity values. Which target type is most similar to a target-that
is, attacking, monitoring, or ignoring him is determined by these values, which are used to prioritize actions. Examples
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include ignoring a target that closely resembles a decoy profile and pursuing a target whose cosine closeness to a high-
value asset group (likeC4) maywarrant an instant engagement. Because each objective is statistically identified in terms of
a particular threat or operational category, this approach facilitates effective decision-making. The military or operational
force can then deploy resources to meet the target and effectively respond to threats.

6. Computational environment and runtime settings
Python 3.10 was used for all the processes, with the usage of Numpy, Scipy, scikit-learn, and Matplotlib, in order to

perform cotangent similarity analysis, DNSS and visual analytics (Heatmaps, PCA, t-SNE, 3D surface, clustering). The
calculations were performed on a Windows 11 workstation with an Intel Core i7-11700 (8 cores, 2.5-4.9 GHz) processor
and 16 GB RAM memory. Computation of Cotangent similarities per target-template matrix was found to take between
0.18 and 0.42 seconds, PCA visualization took between 0.5 and 1.3 seconds, t-SNE visualization took between 0.4 and
0.7 seconds and correlation surface plots took 0.4 to 0.7 seconds. Thanks to these statements, all the reported results can
be reproduced.

7. Results and discussions
Figure 17 uses the cool-warm colormap, which smoothly moves from deep blue to brilliant red, to generate 2D cot

similarity matrix Heatmaps that illustrate the alignment of signals (A1−A2)with templates (B1−B2). The corresponding
best-match allocations and confidence interpretations for each signal are summarized in Table 7. Very high resemblance is
shown by red shades (≈ 0.84−0.85), and the intensity of the gradient color is directly related to the alignment strength. As
the strongest and most conclusive match in the matrix, only the A1 −B4 combination (0.8514) is specifically emphasized
(encircled). Strong resemblance is indicated by warm reddish tones (≈ 0.82− 0.83), as seen in A3 −B1 (0.8226) and
A4 −B2 (0.8134). These indicate strong and trustworthy signal-template matching, pointing to accurate and predictable
classification results. Moderate resemblance is represented by cooler grayish patches (≈ 0.80 − 0.81), such A2 − B4

(0.8016) and A3 −B4 (0.8125). Although these matches could occur, they are not quite clear-cut and might need further
verification. A1−B1 (0.7638) andA4−B4 (0.7914) are examples of blue hues (≈ 0.76−0.79) that indicate lower similarity
scores and may indicate transitional or borderline classifications with little confidence. In general, Heatmaps offer a multi-
level, easily comprehensible depiction of classification reliability in terms of color intensity, facilitating both quick visual
assessment and more in-depth examination of signal-template patterns.

Figure 17. Signal partition (A), and template partition (B)
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Table 7. Overview of possible case allocations

Signal Most similar template Score Interpretation/Confidence level

A1 B4 0.8514 Very high/Strongest match, ideal
A2 B2 0.8076 Moderate/Reliable, but not maximal
A3 B1 0.8226 High/Strong match, dependable
A4 B2 0.8134 Moderate/Strong, reliable pairing

The cool warm colormap, which uses deep blue (negative/weak correlation) and dazzling red (high correlation),
is used in Figure 18 to show the correlation structure between the variables (B1-B4). The key correlation pairs and
their interpretation/confidence levels are summarized in Table 8. All diagonal items are equal to 1.00, which has been
designated as the brightest red, as one might expect. By definition, these self-correlations (B1 with B1, B2 with B2, etc.)
always result in a perfect score. They serve as sources of reference points in the matrix, even if they don’t provide
anything new about the associations between other variables. They do this by underwriting the top limit of the scale,
which allows the relative values of other correlations to be consistently assessed. They stress that the Heatmaps displays
the typical correlation features and is symmetrical. They note that this maximum potential value (1.00) must be used to
measure any off-diagonal connection. The Heatmaps indicates that B3 and B4 have the strongest positive off-diagonal
connection (0.65). Although it is not a perfect correlation, this reddish cell indicates a strong positive link. Conversely,
deep blue indicates strong negative connections, such as B1-B3 (-0.89) and B2B4 (-0.76), while grayish parts, such as
B2-B3 (-0.00), suggest independence. In this sense, the Heatmaps is self-verifying and easily comprehensible, and the
diagonal correlations (denoting 1) act as a benchmark of absolute confidence that all other correlations-whether positive,
negative, or neutral-can be assessed against.

Figure 18. Positive correlation matrix Heatmaps

By including the diagonal, the table becomes more complete and self-explanatory, showing both the trivial perfect
self-correlations and the meaningful cross-variable dependencies.
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Table 8. Overview of correlation relationships

Variable pair Correlation Interpretation/Confidence level

B1-B1 + 1.00 Perfect self-correlation, reference anchor
B2-B2 + 1.00 Perfect self-correlation, reference anchor
B3-B3 + 1.00 Perfect self-correlation, reference anchor
B4-B4 + 1.00 Perfect self-correlation, reference anchor
B3-B4 + 0.65 Strongest positive, reliable association
B1-B3 -0.89 Very strong negative, inverse dependency
B2-B4 -0.76 Strong negative, dependable inverse
B1-B2 -0.39 Moderate negative, partial opposition
B1-B4 -0.28 Weak negative, limited dependency

Figure 19. Normalized correlation structure among variables (B1-B4)

The normalized correlations of the variables (B1-B4) are displayed in Figure 19’s Viridis color map, which smoothly
transitions from dark purple (0.0) to teal/green and yellow (1.0). The key normalized correlation pairs and their
interpretation/confidence levels are summarized in Table 9. A perfect self-correlation is represented by the diagonal
values (1.00), which are displayed in bright yellow. This value acts as an anchor point for evaluating all other pairwise
correlations. B4 (bright greenish-yellow shade) and B3-B4 (0.81) have the highest cross-variable similarity. Other weakly
strong relationships between B2 and B3 (0.47) and B1 and B4 (0.32), which are represented by a lighter shade of blue green,
imply some sort of shared pattern, though weaker than the B3-B4 pair. Lower or insignificant correlations are displayed in
darker colors. For example, a high level of normalized correlation indicates that these two variables change in a similar,
dependable direction.

B1-B2 (0.26)→ mild similarity.
B2-B4 (0.07)→ very weak resemblance.
B1-B3 (0.00)→ no effective correlation at all.
Because gradient coloring clearly shows strong, moderate, weak, and absent links, it also provides a very clear image

of the inter-variable dependency level.
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Table 9. Overview of normalized correlations

Variable pair Correlation Interpretation/Confidence level

B1-B1 1.00 Perfect self-correlation, reference anchor
B2-B2 1.00 Perfect self-correlation, reference anchor
B3-B3 1.00 Perfect self-correlation, reference anchor
B4-B4 1.00 Perfect self-correlation, reference anchor
B3-B4 0.81 Strong, reliable Similarity
B2-B3 0.47 Moderate association, partial alignment
B1-B4 0.32 Mild correlation, weak dependency
B1-B2 0.26 Low correlation, limited relationship
B2-B4 0.07 Very weak correlation, negligible dependency
B1-B3 0.00 No correlation, independent

Figure 20. Pearson correlation structure among variables (B1-B4)

In contrast to the earlier positive version of the correlation matrix, this normalized version removes negative values
and rescales all associations into [0, 1]. The most powerful pair is B3-B4, which highlights the comparative power of
similarity among variables. A diverging colormap is also used in Figure 20, with dark green denoting a highly positive
correlation (≈ + 1.0), yellow denoting a neutral correlation (≈ 0.0), and dark red denoting a strongly negative correlation
(≈ -1.0). The key Pearson correlation pairs and their interpretation/confidence levels are summarized in Table 10. Both the
magnitude and the direction of the relationships between variables (B1-B4) are taken into consideration in this approach.
The dark green diagonal values of (1.00) are used as anchors and are compared to other values; they indicate that there is
no self-correlation of any variable against itself. B3 and B4 have the strongest positive cross-variable correlation (0.65),
which is highlighted in green and framed in the Heatmaps. This indicates that the two variables change simultaneously
in a strong association, indicating a constant positive relationship. Reddish hues considerably draw attention to a lot
of unfavorable relationships: A very strong inverse link is indicated by B1-B3 (-0.89), meaning that B3 is significantly
associated when B1 is increasing. Additionally, B2-B4 (-0.76) exhibits a substantial negative association, suggesting that
these factors are diametrically opposed. The negative associations between B1 and B2 (-0.39) and B1 and B4 (-0.28) are
less pronounced but still discernible. A single, faintly yellow, near-zero correlation in B2-B3 (= -0.00) shows that these
two variables are statistically independent. An equalized depiction is provided by this diverging presentation, where weak
or nonexistent correlations are represented by yellow, negative associations by red, and positive associations by green.
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Table 10. Overview of correlation relationships

Variable pair Correlation Interpretation/Confidence level

B1-B1 + 1.00 Perfect self-correlation, reference anchor
B2-B2 + 1.00 Perfect self-correlation, reference anchor
B3-B3 + 1.00 Perfect self-correlation, reference anchor
B4-B4 + 1.00 Perfect self-correlation, reference anchor
B3-B4 + 0.65 Strongest positive, reliable association
B1-B3 -0.89 Very strong negative, inverse dependency
B2-B4 -0.76 Strong negative, dependable inverse
B1-B2 -0.39 Moderate negative, partial opposition
B1-B4 -0.28 Weak negative, limited dependency
B2-B3 -0.00 No correlation, independent variables

Figure 21. 3D surface representation of Pearson correlation patterns among B1-B4

Table 11. Overview of key correlation cases

Variable pair Correlation Interpretation or confidence level

B1-B1 + 1.00 Very high/Self-correlation peak
B2-B3 -0.76 Strong negative/Opposite trends
B1-B3 -0.89 Very strong negative/Inverse
B3-B4 0.65 Moderate positive/Consistent association
B2-B4 0.50 Moderate/Supportive but not maximal
B1-B2 0.28 Weak/Limited influence

In contrast to the normalized Heatmaps (Figure 20), this Pearson representation (Figure 21) contains sign information.
The key Pearson correlation cases and their interpretation/confidence levels are summarized in Table 11. In identifying
opposing vs compatible behaviors among variables, it is more instructive to show both the direction and the intensity of
relationships. In order to create a 3D surface plot of the Pearson Correlation Matrix as a cross across variables (B1-B4),
this Figure (Figure 21) uses a cool-warm colormap that progressively alternates between negative (deep blue) and positive
values (bright red). Strong positive correlation, or values on the diagonal (B1-B1, B2-B2, B3-B3, B4-B4) where variables
are significantly self-related, is shown by red peaks (0.95-1.00). These are the surface’s most noticeable peaks, and they
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solidify the matrix’s structure. Warm reddish ridges (0.50-0.65), the B3-B4-association (0.65), and the B2-B4-correlation
(0.50) are examples of energetic yet non-diagonal associations. These report moderate, consistent, linear correlations
among variables. Cooler bluish depressions such asB2-B3 (= -0.76) andB1-B3 (= -0.89) however construct distinct valleys
and thus indicate strong negative correlations. These troughs expose the fact that the variables are on opposite sides which
is a major trend in the data. Intermediate correlations are seen in neutral grayish or light shads (0.20 0.30), e.g. B1-B2

(0.28). These reflect marginal or insignificant relationships, which is to say little predictive or relational power. The 3D
surface picture in general offers topographical display of the intensity of correlations. People and places above the baseline
are strongly positively related, those below the baseline are reversely related, and the flat area is where the connections
are the least strong. The ability to simultaneously display variable magnitudes, directions and positioning gives a multi-
dimensional view of assessing inter-dependencies and aspects of relationships. These show linear correlations between
variables that are moderate and consistent. On the other hand, warmer bluish depressions such as B2-B3 (= -0.76) and
B1-B3 (= -0.89) form distinct valleys and so show substantial negative connections. These troughs show that there is a
substantial trend in the data, with the variables on each side. The neutral grayish or light shads (0.20 0.30), or B1-B2

(0.28), show the intermediate correlations. In other words, they are signs of weak or insignificant relationships, or low
relational or predictive ability. In general, the 3D surface image provides a topographical representation of correlation
intensity. In the flat area, the links are the weakest, while those between persons and locations above the baseline and
those below the line are both substantially positive. A multifaceted viewpoint for assessing interdependencies and the
aspects of relationships is offered by the simultaneous presentation of varying magnitudes, directions, and locations.

Figure 22. PCA projection of Cot SM values into two dimensions (PC1 and PC2)

In order to visually represent and interpret multidimensional values (A1-A4) into two principle components (PC1 and
PC2), Figure 22 is based on the PCA of the Cot SM values. The PCA positions of the signals (A1-A4) in the (PC1, PC2)
space and their corresponding interpretation/confidence levels are summarized in Table 12. The principal components and
the percentage (and cumulative) variance explained are reported in Table 13. Plotting the percentage variation described
by PC1 (x-axis) against PC2 (y-axis), which explains the remaining variance (34.44%), reveals that the former has the
highest percentage variance (64.71%). These two elements work together to provide a multidimensional depiction of the
relationships by explaining almost all of the variability of the similarity structure. The distribution of the signals (A1-A4) in
this lower-dimensional PCA space is displayed in the scatter plot. Similar patterns of underlying resemblance are indicated
by the fact that most of the spots are clustered closely around the center. However, the separation of signal A3 along PC2
indicates that it behaves differently from the other signals. This divergence suggests that A3 needs more investigation
because it has some distinct structural variance that is not well linked with the other signals. The plot’s extreme far right
(highlighted in red) is where PC1’s biggest discrepancy is located. The signal with the best alignment, shown by this
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outlier, can be thought of as a classification differentiator. Conversely, the opposite end of the similarity scale is the
leftmost, which is still lower on the PC1 scale. In general, the PCA plot offers a reduced-dimensionality depiction of the
similarity structure. In order to provide a concise and understandable guide to the examination of Cot SM distributions, it
highlights the maximum deviation (circled), clusters groups of comparable signals, and highlights and distinguishes any
extremes, such as A3. Representative inferred sample scores used to support the PCA-space interpretation are provided
in Table 14.

Table 12. Overview of PCA results

Signal PCA position (PC1, PC2) Interpretation/Confidence level

A1 -0.05, -0.03 Negative PC1/Distinct from main cluster
A2 -0.01, 0.03 Central/Aligned with cluster
A3 -0.03, -0.02 Isolated along PC2/Unique behavior
A4 0.06, -0.03 Strong Positive PC1/Circled as dominant separation

Table 13. Principal components and variance

Principal component % Variance explained Cumulative variance Interpretation

PC1 64.71% 64.71%
The dominant pattern in the dataset. Likely captures the
strongest factor differentiating the signals, such as overall

signal intensity or similarity to the main template.

PC2 34.44% 99.15%
Represents an independent secondary pattern. This may
correspond to differences in signal shape or an alternative

contrasting template influence.

PC3 + ∼ 0.85% 100%
Minimal contribution, largely noise or non-informative
variation. These components can be safely disregarded in

interpretation.

Table 14. Inferred sample scores (partial data)

Sample PC1 score PC2 score Interpretation in PCA space

A3 ≈ -0.04 ≈ -0.02 Positioned very close to the PCA origin (0, 0). This indicates that A3 is an “average” case, not
strongly characterized by either the dominant (PC1) or secondary (PC2) factors.

Using t-SNE to project the multidimensional data on two dimensions, Figure 23 displays the values of Cot SM. The
2D t-SNE coordinates of signals (A1-A4) and their corresponding interpretation/confidence levels are summarized in Table
15. The t-SNE dimension-wise spread used to interpret the projection is reported in Table 16. The t-SNE approach can, to
a significant extent, depict similarity in a lower space by reducing the difference between the high space and lower space
distributions, which is a probability distribution. The two main axes of the plot (the t-SNE dimensions, represented by
the x-axis and y-axis, respectively) correspond to the compressed representation of the similarity structure. The majority
of the signals (A1-A4) in this image are dispersed over the t-SNE space, with a noticeable gap between each one. On the
second dimension (t-SNE Dimension 2), signal A3 appears to be farther apart, indicating that it behaves differently and has
unique characteristics. A split like this suggests thatA3 needsmore research on structural variations or peculiarities that the
other signals do not show. As the most far-right signal in the t-SNE projection, the point that corresponds to A1 is shown
by the red marking. A1 might be a crucial differentiator since it might show that it has the most contrast or divergence
when compared to all other signals. A1 is located at the far right of the graph in Dimension 1, indicating that it has a clear
link with the data, which may have a tendency that is inconsistent with the other signals. All things considered, the
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visualization makes it simple to view the similarity structure in an t-SNE format with decreased dimensionality. In
addition to highlighting the important signal grouping, it also highlights the extremes, such as A1, a signal that merits
more investigation due to its distinct location. A representative inferred signal position supporting the interpretation of
the isolated point is provided in Table 17.

Figure 23. t-SNE projection of Cot SM values into two dimensions

Table 15. Overview of t-SNE results

Signal t-SNE position (Dimension 1, Dimension 2) Interpretation/Confidence level

A1 0.10, -200 Extreme right on Dimension 1/Significant outlier
A2 -0.01, -50 Central/Closely aligned with others
A3 -5.00, 100 Isolated along Dimension 2/Unique behavior
A4 0.02, -20 Slightly positive Dimension 1/Aligns with cluster

Table 16. t-SNE dimensions and spread

t-SNE dimension % Variance explained Cumulative variance Interpretation

Dimension 1 64.71% 64.71% Captures the dominant clustering structure of the data. Likely
reflects a global pattern of similarity across the dataset.

Dimension 2 34.44% 99.15%
Represents secondary variance that explains the remaining
diversity between signals, potentially capturing additional

subtle relationships.

Higher Dimensions ∼ 0.85% 100%
Minimal contribution, suggesting noise or unimportant

variation. These dimensions do not substantially impact the
interpretation.

Table 17. Inferred signal positions

Sample t-SNE Dimension 1 t-SNE Dimension 2 Interpretation in t-SNE space

A3 -5.00 100 Positioned uniquely along Dimension 2. This indicates a different behavior
compared to other signals, not strongly related to the main clustering pattern.
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The structural relationships between the signals and the unique behaviors of specific signals, like A3, which is located
considerably farther out in the bigger cluster, are shown by this attempt to analyze the t-SNE plot. Additionally indicated
is the outlier A1, which suggests that it may be a key differentiator in the data set.

Figure 24 visualizes and interprets multidimensional values (A1-A4) into lower dimensional 3D space by using t-SNE
to the values of Cot SM. The 3D t-SNE coordinates of signals (A1-A4) and their corresponding interpretation/confidence
levels are summarized in Table 18. The dimension-wise contribution (variance distribution) used to interpret the 3D
embedding is reported in Table 19. Based on the plot’s axes, the reductionmethod produced three dimensions that represent
different structural behaviors of the data. The map shows the distribution of the signals (A1-A4) and how they are separated
or clustered in the condensed space. The three dimensions provide a three-dimensional view of the correlations between
the signals. Near the center, which exhibits some similar patterns, are the majority of the points. However, signal A3 is
isolated, meaning that it behaves differently from the other signals. The signal at the far right of the 3D space (A1, circled
in red) signifies an extreme value and a probable outlier with the most distinctive features in comparison to the other
points. This divergence indicates that A3 is not strongly matched with the other points in terms of structural variance. On
the other end of the similarity spectrum, however, is the point on the left, which is lower on the scale. In general, an t-SNE
visualization is one that offers a map of similarity structure with reduced dimensionality. It provides a clear and concise
framework for Cot SM distribution analysis by identifying clusters of related signals, highlighting the highest deviation
(circled), and highlighting any outliers, as A3. A representative inferred sample position supporting the interpretation of
the isolated point is provided in Table 20.

Figure 24. t-SNE projection of Cot SM values into three dimensions

Table 18. Overview of t-SNE results

Signal t-SNE position (Dimension 1, Dimension 2, Dimension 3) Interpretation/Confidence level

A1 -300, 0, 0 Negative Dimension 1/Distinct from main cluster
A2 0, 200, -600 Central/Aligned with cluster
A3 200, 0, 100 Isolated along Dimension 2/Unique behavior
A4 -200, 200, -400 Strong positive Dimension 1/Dominant separation

This helps determine whether or not the data points are arranged logically in the space of reduced t-SNE. The spatial
relationships and variation explained by the plot’s dimensions are summed up in the table.
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Table 19. t-SNE results-dimensionality reduction and distribution

Dimension % Variance explained Cumulative variance Interpretation

Dimension 1 40.34% 40.34% Dominant pattern in the data set. Likely captures the strongest factor
differentiating the signals, such as signal structure or density.

Dimension 2 35.10% 75.44% Represents a secondary independent pattern. This may correspond to
signal shape or an alternate template influence.

Dimensions 3 24.56% 100% Minimal contribution, representing noise or minimal informational
variation in the dataset. Can be disregarded for main analysis.

Table 20. Inferred sample scores (partial data)

Sample t-SNE Dimension 1 t-SNE Dimension 2 t-SNE Dimension 3 Interpretation in t-SNE space

A3 ≈ 200 ≈ 0 ≈ 100 Positioned further from the cluster, indicating a
distinct behavior from the rest of the signals.

Figure 25. PCA projection of Cot SM values into three dimensions

Plotting and analyzing multidimensional values (A1-A4) into a lower-dimensional 3D representation is done in
Figure 25 using the PCA of Cot SM values. The 3D PCA coordinates of signals (A1-A4) and their corresponding
interpretation/confidence levels are summarized in Table 21. The dimension-wise contribution (variance distribution)
used to interpret the 3D PCA embedding is reported in Table 22. The plot’s three-dimensional axes, which represent
the different structural behaviors of the data, were created during the PCA procedure. These three dimensions provide a
three-dimensional representation of the relationships between the signals. The plot shows the distribution of the signals
(A1-A4) as well as how they are clumped or separated in the smaller area. Near the center, the majority of the points
exhibit similar patterns. However, because signal A3 is isolated, it behaves differently from the other signals. A3 may
have a unique structural variance that is not strongly connected with the other points, based on this separation. The signal
at the far-right side of the 3D space (A4, circled in orange) is the most striking contrast in the plot; it reflects the extreme
value and a possible outlier with the most noticeable characteristics among the others. But because A3, the point at the
left end, is in a different location, it is recognized as an outlier that might lead to a particular pattern in the data. All
things considered, the PCA visualization is a map of the similarity structure with reduced dimensionality. It provides a
concise and straightforward interpretation of the Cot SM distribution by identifying clusters of related signals, highlighting
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any outliers, as A3, and highlighting the highest potential departure (circled). A representative inferred sample position
supporting the interpretation of the isolated point is provided in Table 23.

Table 21. Overview of PCA Results

Signal PCA position (Dimension 1, Dimension 2, Dimension 3) Interpretation/Confidence level

A1 0.02, -0.01, 0.05 Central/Aligned with cluster
A2 -0.01, 0.02, -0.03 Central/Aligned with cluster
A3 -0.04, 0.01, -0.06 Isolated along Dimension 2/Unique behavior
A4 0.06, -0.02, 0.03 Strong Positive Dimension 1/Dominant separation

Table 22. PCA results-dimensionality reduction and distribution

PCA dimension % Variance explained Cumulative variance Interpretation

Dimension 1 64.71% 64.71% Dominant pattern in the dataset, likely captures the strongest factor
differentiating the signals, such as signal structure or density.

Dimension 2 34.44% 99.15% Represents a secondary independent pattern, possibly corresponding to
shape or an alternate template influence.

Dimension 3 0.85% 100% Minimal contribution, representing noise or minimal informational
variation in the dataset. Can be disregarded for main analysis.

Table 23. Inferred sample scores (partial data)

Sample PCA Dimension 1 PCA Dimension 2 PCA Dimension 3 Interpretation in PCA space

A3 ≈ 0.04 ≈ 0.01 ≈ -0.06 Positioned further from the cluster, indicating a distinct
behavior from the rest of the signals.

This provides an idea of how the data points are arranged in the smaller PCA space and how significant they may be.
The spatial relationships and variance described by the plot’s dimensions are summed up in the table.

Figure 26. Parallel coordinates plots
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Figure 26 displays the Cot SM shown in parallel coordinates for signalsA1 throughA4. The percentage-change results
across consecutive variables (B1 → B2, B2 → B3, B3 → B4) and the corresponding interpretation/confidence levels for
each signal are summarized in Table 24. In the multivariate scenario, where lines are drawn to represent each observation
in several dimensions, parallel coordinate plots offer an alternate visualization technique. Here, the Cot SM values (of
A1, A2, A3, and A4) are plotted on the y-axis, while the BB variables (B1, B2, B3, and B4) are plotted on the x-axis. The
dataset’s four variables (B1, B2, B3, and B1) represent the dimensions of various measures or features. The values, which
show how each signal behaves on the B variables, range from 0.75 to 0.85. Red, blue, green, and purple lines are used to
depict A1, A2, A3, and A4. The lines show how the four B factors affect the Cot SM values. Crucial Points to Note: A1 (the
red line): B1 (0.82) is the highest point, followed by B2 (0.70) and B3 (0.76), where it falls in a straight line until rising
once more at B4 (0.84). A1 shows a significant drop between B1 and B2, which could imply a change or transition in its
properties at B2. A2 (blue line): In contrast to the other lines, this one is relatively stable. It shows that B1, (0.81) and B2

(0.79) have slightly decreased, followed by a growth at B3 (0.80) and a final little increase at B4 (0.81). A2 falls into a very
narrow range of values. Green line, or A3: All of the B variables in A3 show a fairly steady increase, with values varying
from 0.76 at B1 to 0.81 at B4. This implies that A3’s nature is either continuously increasing or expanding in tandem with
the B variables. A4 (purple line): starts at B1 at 0.79, increases at B2 at 0.80, continues at B3 at 0.80, and ends somewhat
at B4 at 0.81. The signal that varies the least, with the smallest range, is A4.

Table 24. Overview of percentage change results

Signal Percentage change
(B1 to B2)

Percentage change
(B2 to B3)

Percentage change
(B3 to B4) Interpretation/Confidence level

A1 -14.63% 8.57% 10.53% Significant drop at B2, followed by notable rise
in later variables.

A2 -2.47% 1.27% 1.25% Consistent and relatively stable behavior across
all B variables.

A3 2.63% 1.28% 2.53% Consistent increase in values, indicating a stable,
growing trend.

A4 1.27% 0.00% 1.25% Nearly consistent with slight positive changes in
the last dimension.

Figure 27. Elbow method for Cot SM data

The application of the Elbow Method to the Cot Similarity Matrix values (A1-A4 across B1-B4) is shown in Figure
27. The corresponding Within-Cluster Sum of Squares (WCSS) (inertia) values for each number of clusters k and their
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interpretation are summarized in Table 25. The vertical axis displays the WCSS (Inertia), which gauges how compact a
cluster is, while the horizontal axis displays the number of clusters, k. WCSS naturally drops as k increases since more
clusters naturally result in less intra-cluster variance. At k = 1 (WCSS 0.0095) and k = 2 (WCSS 0.0043), the clusters’
compactness significantly improves and there is a dramatic decline.

However, the error only slightly improves at k = 2, and it only slightly drops at k = 3 (WCSS 0.00036) and 4 (WCSS
0.00), mostly as a result of over fitting (each point forms its own cluster). Since 2 is the curve’s inflection point, it is the
ideal number of clusters, or k, in this case. In other words, the two groups into which the four cues (A1-A4) naturally fall
maximize accuracy and complexity.

Table 25. WCSS values for different k

Number of clusters (k) WCSS (Inertia) Interpretation

1 0.00953 All signals grouped together (very loose cluster)
2 0.00428 Significant improvement; natural grouping emerges
3 0.00036 Small gain; over-partitioning starts
4 0.00000 Each point is its own cluster; overfitting

Within this systematic exposition, there is a reference to a Figure 20, a narrative interpretation and a summary Table
20, precisely what you requested.

8. Comparative analysis
The signal-template matching system’s study reveals a number of analytical aspects that are essential to attaining

excellent performance in real-time threat identification.

8.1 Aspect-based analysis
A thoughtful view of how the different visualization techniques represent the relationships and structures in the

data is given by the figures and accompanying tables. A good example of how to use the cool-warm colormap to
differentiate between the intensity of signal-template correlations is shown in Figure 7. The distinct color intensities-red
for strong correlations and deep blue for weak correlations-make it simple to find trustworthy matches. A1-B4 (0.8514),
the largest match, is highlighted in red to demonstrate its high categorization confidence. The confidence in the signal-
template match decreases with decreasing color intensity. In this instance, Heatmaps streamline the quick visual analysis
process by revealing which correlations are most likely to occur and which require further confirmation to improve data
comprehension and decision-making. The cool-warm colormap is used to graphically represent variables (B1-B4) in Figure
18, emphasizing both positive and negative correlations.

In order to make the off-diagonal correlations symmetrical in the matrix, their diagonal values (1.00), or self-
correlations, are employed as reference values. This allows one to ascertain the relative strengths of the off-diagonal
correlations. Red indicates the strongest positive association (B3-B4 at 0.65), whereas deep blue indicates the strongest
negative correlations (B1-B3 (-0.89)). The presence of complimentary and conflicting relationships in the data can be
ascertained with the use of this visual depiction. With the various connections’ strengths and their confidence levels, the
table provides a clearer picture of the correlation relationships. Figure 19 presents a visually distinct representation of the
normalized correlation between variables using the viridis colormap. Reading the correlation strengths is made simple by
the consistent change from dark purple to bright yellow, which creates a perceptually homogeneous scale. While the less
obvious relationships are shown in light color, the substantial link between B3 and B4 (0.81) is visually evident. Stronger
correlations, which make it easier to discern between strongly and weakly linked variables, can be highlighted with this
number. By giving a numerical summary of the relationships’ strengths, the table that goes with this figure helps to make
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the visualizations easier to understand. A less convergent method of showing the correlation structures is used in Figure
20, where the darkest green represents positive correlations and the dark red represents negative correlations. It is simple
to discern between opposing and aligned behaviors among variables, and the design not only emphasizes the strength of
interactions but also their direction.

According to the value, B1 and B3 have a significant negative relationship (-0.89), while B3 and B4have a somewhat
positive relationship (0.65). The diverging colormap shows both agreement and disagreement and provides a visual
representation of the relationship between variables. This is supported by the following table, which offers the correlation
value and the interpretation confidence to improve the visual narrative. Pearson correlation patterns are further visualized
by the 3D surface plot in Figure 21. A topographic representation of the inter-variable relationships is formed by
the surface’s peaks (strong positive relationships) and valleys (strong negative relationships). Because the plot is in
three dimensions, the magnitude and direction of the variables are shown simultaneously, allowing for a more nuanced
assessment of relationships. Intricate relationships between data on more than two dimensions can be seen and visualized
in a more interactive manner. By giving a summary of the most noteworthy correlational examples and a clearer image
of how each signal behaves under the different factors, the table associated with this figure supports the visualization.

8.2 Method-based analysis

Every visualization tool used in this investigation has unique features for exploring and interpreting the data. When
you want to rapidly and intuitively see the relationship between signals and templates or variables, Heatmaps, like the
ones shown in Figures 17 and 18, might be helpful. The color gradients between blue and red make it simple to quickly
detect strong matches and weak relationships. These can be helpful beginning analysis tools because they are best suited
to people who wish to quickly get an overview of a piece of data. The Heatmaps that enable additional interpretation
are displayed with the tables that provide a more thorough numerical explanation of the correlations. An alternative is
dimension reduction, which involves transforming a high-dimensional data set into lower-dimensional spaces so that it
may be visualized using t-SNE (Figures 23 and 24) and PCA (Figures 22 and 25).

PCA provides a vivid view of the global structure, which shows how the signals are distributed throughout the major
components, but it only captures the variance of the data, as seen in Figure 22. Unlike t-SNE, which is better at visualizing
local associations and clusters as shown in Figures 23 and 24, this plot indicates that the separation of A3 along PC2 is a
noteworthy structural variation in comparison to other signals and should thus be investigated further. The technique can
be particularly useful in identifying more minute changes between signals and is quite good at spotting tiny patterns that
other techniques might overlook. The graphs demonstrate how A3 behaves differently from the rest, making it an anomaly
that warrants more investigation. A parallel coordinates plot, shown in Figure 26, offers amore in-depth, multidimensional
view of how signals behave in respect to several dimensions. This graphic is useful because it makes it possible to track
how each signal changes over a wide range of factors, highlighting variations in the Cotangent Similarity values.

The plot is a helpful tool for understanding the intricate relationship between variables since it may show these
variations in a linear fashion across several dimensions. The table next to the plot displays the changes, which are expressed
as percentages to help further comprehend the consistency and variability of each signal’s behavior. Lastly, a quantitative
clustering technique for estimating the number of clusters to have on the data is the Elbow Method (Figure 27). It is
evident by comparing the WCSS values that k = 2 is the optimal choice because it is straightforward and precise. The
methodology offers an analytical method of clustering that complements the visual methods used in the other figures and
is crucial for anyone looking to find natural groupings in the data. Overall, each strategy used in this research aims to
achieve a distinct goal, such as providing concise visual representations (heatmaps) or delving deeper into the nature of
the data (PCA and t-SNE). When combined, these two sets of techniques allow for a thorough examination of the inter-
variable dependences and signal-template interactions, both locally and generally. Because they guarantee that the data
will be interpreted accurately and understandably, the tables that go with each visualization technique also add to the high
caliber of the study.
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8.3 Factor-based analysis of analytical methods across core attributes
These are not techniques; rather, they are factors or criteria used in the assessment and analysis of data analysis

procedures or processes. In certain areas of data analysis, the efficacy of a certain technique can be assessed using all of
the elements. These elements outline the qualities that a data analysis approach needs to have in order to be effective in
different contexts. The degree to which two or more variables in a dataset move in tandem is known as correlation. It is a
gauge of how strongly variables are related to one another. When there is a strong correlation, it means that changes in one
variable are always linked to changes in another. For instance, in clustering or matching, the signals or data points will
be closer if they correlate more strongly. While a low correlation suggests that there is little to no relationship between
the variables, a high correlation suggests that the variables are closely related. Visibility is a measure of how easily
correlations, patterns, or trends can be seen in the data, especially when Heatmaps, graphs, and dimensionality reduction
algorithms (such PCA and t-SNE) are displayed visually. High visibility makes it simple to examine and visualize data
points, relationships, and trends.

Data, correlations, and trends are strong and easy to comprehend when they are readily apparent; when they are
difficult to notice, they are weak, and the relationships or trends may be more complex, which makes the visual display
more complex. The degree towhich the elements (data points or signals) are grouped together or connected in somemanner
based on their characteristics or actions is known as associativity. In tasks involving matching or grouping, associativity
is employed to learn how signals or data points connect to one another and form logical groups or categories.

While weak associativity suggests that the data points are less related or do not clearly form groups, strong
associativity suggests that there are clear patterns of association or grouping between data points or signals. Variations
or fluctuations in the data with respect to time or other variables are referred to as dynamicity. It documents how the
relationships and patterns in the data change or fluctuate. Dynamic techniques track the data’s changes under different
circumstances or over different periods of time. A highly changeable dataset with discernible shifts and changes is said to
be very dynamic. Weak or medium dynamicity suggests that the data is more static or that there is less noticeable change.

The ability of amethod ormethodology to handle the expansion in data size or complexity is known as scalability. It is
a gauge of how well the approach works when the dataset’s size or the number of variables or dimensions increases. High
scalability indicates that the process can accommodate more variables with comparatively little performance deterioration
and has been tested on huge datasets. When a technique lacks scalability, it may be computationally expensive and
ineffective or struggle to handle larger data sets. The degree to which variables are related to one another is known as
correlation.

The term “visibility” describes the ability to see connections and trends. The degree to which elements group together
according to their characteristics is known as associativity. The degree to which the data reflects change or fluctuation
is known as dynamicity. The issue of scalability pertains to the method’s ability to manage increased data or complexity.
These features make it possible to determine the limitations and applicability of different data analysis techniques in light
of the circumstances and the particulars of the data. A factor-based comparison of the analytical techniques with respect to
correlation, visibility, associativity, dynamicity, and scalability is summarized in Table 26. Through the numerical values,
the figures provide a particular insight into the relationships between the figures. In correlation, there are some important
patterns that we can see.

A very high degree of fit is indicated by the similarity of values A1 and B4 (0.8514), meaning that A1and B4 are
highly comparable and that their match has the highest level of confidence. Other pairs, including A3-B1 (0.8226) and A2-
B2 (0.8134), also exhibit significant alignments, albeit not as closely. The weaker similarities along A1- B1 (0.7638) and
A4-B4 (0.7914), on the other hand, would suggest borderline categories that need further investigation. There is a negative
association between A2-B3 (0.89) and B2-B4 (0.76), meaning that when one variable increases, the other decreases.

A very high degree of fit is indicated by the similarity of values A1 and B4 (0.8514), meaning that A1 and B4 are
highly comparable and that their match has the highest level of confidence. Other pairs, including A3-B1 (0.8226) and A4-
B2 (0.8134), also exhibit significant alignments, albeit not as closely. The weaker similarities along A1-B1 (0.7638) and
A4-B4 (0.7914), on the other hand, would suggest borderline categories that need further investigation. There is a negative
association between B1-B3 (0.89) and B2-B4 (0.76), meaning that when one variable increases, the other decreases. There
are distinct categories in the data in terms of associativity. However, Figure 17’s Heatmaps, for example, shows strong
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correlations between signals and templates, especially between A1 and B4, which is shown to be the strongest match.
This is consistent with the clustering behavior seen in Figure 27, where the Elbow Method shows that the signals are
naturally sorted into two clusters, which is the ideal number. Similar signals are clustered together while other signals,
such 3, that behave differently are isolated using dimensionality reduction techniques like PCA and t-SNE. The clustering
and projection techniques can be used to uncover the data’s underlying structure and give a summary of common trends
across the techniques. When the modifications themselves fluctuate, the changes on the several B variables could be seen
as dynamic. For example, there is a notable drop (-14.63) in A1 between B1 and B2, followed by a rise, suggesting that
A1’s relationships with other variables are not constant. In comparison, the behaviors of A2 and A4 are far more stable,
with very little variation in their Cot SM values. Given that A1 and A3 are more dynamic, it’s probable that there are
more intricate relationships between these signals and the B variables. Learning how signals evolve or behave under
different conditions or factors requires this kind of behavior. The approaches’ scalability is another aspect that needs to
be considered. Because dimensionality reduction algorithms like PCA and t-SNE are made to scale to larger datasets, the
analysis can continue to be helpful even as the dataset gets bigger. The Elbow Method provides the optimum clustering
approach for adjusting the size of the clusters based on the amount of the dataset. Similarly, larger correlation matrices
can be supported by Heatmaps, and as the number of variables increases, the color gradient in the Heatmaps will continue
to convey correlations between the variables. Combining all of the aforementioned methods ensures that the analysis may
be expanded to accommodate larger and more complex data sets without sacrificing its precision or clarity.

Table 26. Factor-based comparison of analytical techniques

Factors HeatMaps PCA t-SNE Graph PAC Elbow method

Correlation Strong Strong Medium Medium Strong Strong
Visibility Strong Strong Strong Strong Strong Strong

Associativity Strong Strong Strong Strong Medium Strong
Dynamicity Medium Medium Strong Strong Strong Medium
Scalability Strong Very strong Medium Medium Very strong Very strong

Figure 28. Strength comparison of visualization techniques for data analysis

These analytical figures and methods are employed because they provide a robust framework for examining complex
relationships within the dataset. Figure 28 presents a strength comparison of different visualization techniques used
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for data analysis, highlighting their effectiveness across several analytical factors. Owing to their ability to represent
clear correlations, provide high visibility, maintain strong associativity, support dynamic signal interpretation, and ensure
scalability, these techniques help maintain the reliability and usefulness of the analysis as the dataset continues to grow.

9. Conclusion
The indeterminacy feature of neutrosophic sets is the main emphasis of this paper, which also suggests a framework

for interpreting double-valued neutrosophic soft topological spaces. By presenting fundamental operations and providing
pertinent examples to demonstrate themodels, this work advances knowledge of these sets and their uses. The examination
of Cot SM scores between signal samples and class templates demonstrates the approach’s feasibility, particularly for
real-time detection of military targets. In order to make decisions based on the similarity between the strong and weak
matches, the work shows how to quantify the alignment between signals and predetermined templates using Cot SMvalues.
Important details on the signal-template correspondence that enable successful target classification are provided by the Cot
SM values. While lesser numbers should be investigated further, SM values above 0.85 suggest very good matches that
need to be addressed right away. The relationships are easier to read because to the many visualization techniques: PCA,
t-SNE, 3D plots, and the Elbow Method, which effectively divides the data by optimizing clustering. When combined,
these methods offer a successful paradigm for classifying military targets and could be used in biomedical diagnostics and
disaster relief.

10. Limitations
Despite its virtues, the study contains flaws. Important patterns in complicated data may be missed by linear

approaches like PCA because they are unable to sufficiently represent nonlinear relationships in the data. In a similar
vein, t-SNE provides a useful visual depiction of lower-dimensional data, although it is computationally costly and might
not maintain the data’s general structure. Additionally, only a few signal samples (S1 −S4) and class templates (T1 −T4)

are used in the experiment, whichmay restrict how broadly the findingsmay be applied. To demonstrate their effectiveness
and suitability for a wider range of real-world scenarios, the aforementionedmethodologies and procedures must be further
validated and tested on larger and more varied datasets.

11. Future work
By examining nonlinear dimensionality reduction techniques like Uniform Manifold Approximation and Projection

(UMAP), which might be better at capturing complex relationships in the data, future research could help address
the limitations of the current study. To obtain a better understanding of the method’s scalability, it would also be
advantageous to carry out the investigation using a bigger scale of signal samples and class templates. Additionally,
dynamic modeling approaches can be used to assess the time-varying signal-template relations, which is crucial in the
military. A greater range of applications in military, biomedical, and crisis management contexts could be made possible
by further development of hybrid techniques based on neutrosophic sets andmachine learning models, which could further
improve target classification efficiency and accuracy. Finally, more reliable and efficient real-time analysis tools in
crucial fields can be developed by extending the structure to more intricate decision-making systems. For future work,
neutrosophic soft sets could model the indeterminacy in non-Hermitian topological phase transitions and the robustness
of Majorana modes [58].
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