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Abstract: A cyclic redox reaction, mediated by L-ascorbic acid and involving catechol and 1,2-benzoquinone, forms
the basis of the mathematical model developed for a tyrosinase-based amperometric biosensor. The system is governed
by a ping-pong bi-bi mechanism and modeled using nonlinear reaction-diffusion equations under steady-state conditions.
The Homotopy Perturbation Method (HPM) is applied to derive approximate analytical solutions, which show excellent
agreement with numerical results. The effects of key dimensionless parameters, particularly the Thiele modulus, are
analysed to assess sensor performance. Results highlight the critical balance between reaction kinetics and diffusion
in determining sensitivity and current response. The proposed model provides a valuable analytical tool for optimising
biosensor design in both clinical and environmental applications.
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Nomencleature

Symbols Units

[S] Measured substrate concentration of catechol mM

[L] Medial product concentration of 1,2-benzoquinone mM

[R] Reducing agent concentration of L-ascorbic acid mM

[C] Co-substrate concentration of oxygen mM

Vin Maximal rate mmol/L;
Dy Diffusion coeffiscient for substrate m?/s

Dy Diffusion coefficient for medial product m?/s

Dg Diffusion coefficient for reducing agent m?/s

D¢ Diffusion coefficient for co-substrate m?/s

K>, K3, K4, K, Reaction rate constant mmol/Lg
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K;, K¢ Reaction rate constant mM

1) Distance coordinate um

d Active member thickness

h Convergence control parameter dimensionless
S Normalised measured substrate concentration dimensionless
L Normalised medial product concentration dimensionless
R Normalised reducing agent concentration dimensionless
C Normalised co-substrate concentration dimensionless
X Normalised distance coordinator

o, B, v, A Saturation parameters dimensionless
my, mp, my  Linear enzyme kinetic coefficient dimensionless
Ui, W, Uz Ratio of diffusion coefficients dimensionless
P, P1 Ratio of reaction rate constants dimensionless
¢’ Thiele modulus dimensionless
¥ Normalised current dimensionless

1. Introduction

Amperometric biosensors represent a cornerstone of modern analytical chemistry, finding extensive application in
biomedical diagnostics, environmental monitoring, and biotechnology owing to their high sensitivity, selectivity, and rapid
response times [1-3]. The operational principle of these devices hinges on the measurement of current generated from
the redox reactions of target analytes, typically facilitated by immobilised enzymes.

A prominent strategy for enhancing the performance of these sensors involves the implementation of cyclic reaction
schemes [4, 5]. In such systems, the enzymatic conversion of a substrate to an electroactive product is coupled with
its subsequent regeneration, often via a second enzyme or a chemical mediator. This catalytic cycle enables multiple
turnovers of the analyte per recognition event, leading to significant signal amplification and lower detection limits [6].
Accurately modeling these systems is complex, requiring a detailed description of reaction kinetics, mass transport, and
electrochemical boundary conditions.

Mathematical modeling is indispensable for optimizing biosensor design, as it elucidates the critical interplay
between enzymatic activity and diffusion. While numerical methods are frequently employed to solve the underlying
nonlinear differential equations [7], analytical solutions offer distinct advantages, including enhanced physical insight,
computational efficiency, and avoidance of numerical artefacts [8]. Nevertheless, deriving such solutions for intricate
cyclic reactions remains a challenge due to the inherent nonlinearity of the governing equations.

We develop an analytical model for a tyrosinase biosensor utilizing an L-ascorbic acid-mediated catechol/1,2-
benzoquinone redox cycle. The system is governed by a ping-pong bi-bi mechanism and modeled using nonlinear
reaction-diffusion equations under steady-state conditions. We apply the Homotopy Perturbation Method (HPM) [9] to
derive approximate analytical solutions for the concentration profiles of all reacting species and the resulting current. The
analytical results are validated against numerical simulations, demonstrating excellent agreement. A parametric study is
conducted to assess the influence of key dimensionless parameters, particularly the Thiele modulus, on sensor behaviour.
The proposed model provides a valuable theoretical framework for the rational design and optimisation of enzymatic
biosensors in clinical and environmental applications.

2. Problem modeling and analytical derivation
2.1 Mathematical formulation and reaction scheme

The biosensor employs a pre-treated potato tissue membrane, free of endogenous phenols, immersed in a catechol
(So) and L-ascorbic acid (Rp) solution. Oxygen (Cp) from ambient air serves as the co-substrate. Within the membrane,
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a cyclic reaction occurs (Figure 1): tyrosinase catalyzes the oxidation of catechol (S) to 1,2-benzoquinone (L), which is
then chemically reduced back to catechol by L-ascorbic acid (R), forming dehydroascorbic acid (P;). This catalytic cycle
amplifies the sensor’s current response but results in a net depletion of dissolved oxygen, as oxygen is not regenerated
during reduction.

P,

g — C, 120
Dehydroascorb L o= 2
ic acid S, Catechol

K 7, = Kl[E]
P L-1, 2 Benzoquinone

o

L-ascorbic acid ™ ‘ P-H,0

Figure 1. A schematic illustration of the core cyclic reaction mechanism underlying the biosensor’s operation
The kinetics follow a ping-pong bi-bi mechanism, represented as [10]:
K
S+C=L+P; (A)

I+RS s+p. (B)

Here, K and K; are the rate constants for the enzymatic and chemical steps, respectively. Catechol (S) acts as the
substrate, oxygen (C) as the co-substrate, and L-ascorbic acid (R) as the reducing agent. This two-step enzymatic-chemical
process (A) and (B) forms a self-sustaining cycle that continues until the available oxygen is consumed.

Under steady-state conditions, the ping-pong mechanism is governed by the following system of differential
equations [11]

d*s] Vin K [L][R]
DS d62 - | <K9+[(C~> —_ Zsz (1)
1] [C]
d*[L] Vin K3[L]
DLd52 :1+(KS‘+I<C) Km (2)
N
2
e = ®
d?[C] Vi
Dc = ) 4)

The system’s boundary conditions are
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[S] = So, [L] = Lo, [R]=Ro, [C]=Cy when d =0; Q)

——= =0, —==0, —==0,[C]=0 whené=d. (6)

The diffusion-limited current is given by the following expression where n is the number of electrons transferred
in the electrochemical reaction at the cathode, F is the Faraday constant, A is the electrode area, and D¢ is the diffusion
coefficient of catechol:

I = nFADc¢ (‘g?)(s . (7)
=d

The transition to a non-dimensional formulation serves to reduce the number of free parameters and reveal
the fundamental scaling relationships that govern the system’s dynamics. The model is non-dimensionalised using
characteristic scales inherent to the biosensor’s operation.

2.2 Non dimensional formulation

By defining these non-dimensional parameters

1) L R
ff:S:@::L:U:'R:u;C:£
d KS Km m KC
sKm c s s
Co Ro Lo
= 5 :7;)‘:7,
B K 4 K, K,
Kk _ Kk _K
ml_Vm’mz_Vm’m3_Vm
Dy Dy Dy
=2y = =2 U= = 8
M De M2 Dy H3 Dr (3)

The dimensional governing equations (1)-(4) and their associated boundary conditions (5) and (6) are now cast in
dimensionless form using the parameters defined above

d2

s
2 ?°p1

©

11\ !
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L, 11\ !
— = L—(1+<-+—= 10
2 #2["12 < +S+C> (10)
d’R 5
T2~ Mm@ R an
&ac 11\
Z 1+-+ = 12
dx2 o up < + s + C> ( )
This leads to the following transformed boundary conditions
S=a,L=A,R=y,C= whenx=0 (13)

ds dL dR
=0.70=0,72=0,C=0 whenx=1. (14)

The dimensionless current is

Id d
g4 _ (%) . (15)
nFAD.K, \dx)_,

3. Approximate analytical solutions for the concentration dynamics of four reac-
tants: a homotopy perturbation approach

Generally, obtaining exact solutions for nonlinear differential equations that arise in modeling real-world physical
phenomena remains a challenging task. However, significant progress has been made in recent decades through
the development of highly accurate approximate analytical methods. Among the most prominent techniques are the
Taylor series method [12], the Variational Iteration Method (VIM) [13], and Greens function Iterative approach [14].
Other effective methodologies include the residual method [15], the hyperbolic function method, Padé approximation
[16], Homotopy Analysis method [17], the Adomian decomposition method [18], and Akbari-Ganji’s method [19, 20].
These analytical approaches have proven particularly valuable for solving complex nonlinear problems where exact
solutions are often intractable.

The HPM, introduced by He in 1999 [21, 22] has emerged as one of the most widely adopted techniques for solving
nonlinear systems across various scientific and engineering disciplines. Applying this method to equations (9)-(14) yields
the following approximate analytical solutions for the dimensionless concentration profiles of the reactants (detailed
derivations are provided in Appendix A):

S(x) = o+ ¢*py (Omf;flﬁ +mm) (x—’i) (16)

amn

L(x):,1+(pzm2(aﬁmz+a1m2+ﬁlm2_aﬁ) (xzz >

off+o+p 27
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R(x) = y+ @*mapzy (x* —x) (18)

C(x)z—ﬁx+B+<m> (xzz—x). (19)

Using (15) and (19) we obtain the current as follows

Current ¥ = (dc) =-B. (20)
dx x=1

4. Result and discussion

To assess the accuracy of the proposed analytical approach with a finite number of terms, the system of differential
equations (9)-(12) was also solved using numerical techniques. The nonlinear differential equations were solved
numerically using the built-in pdepe function in Scilab/Matlab, which implements the finite element method. The
results of the proposed analytical method are validated against these numerical solutions in Tables 1-4 and Figures 2-
6, demonstrating strong agreement. The average relative errors between the analytical and numerical results are found
to be 0.17%, 0.09%, 0.12% and 0.48% for the concentrations of substrate, co-substrate, reducing agent, and intermediate

product, respectively.

Table 1. Normalized substrate concentration S(x) versus spatial coordinate x for varying Thiele modulus @2. Fixed parameters: o = 0.09, m; = 2,
p1=0.5

x 0% =0.01 0> =05 =1
Numerical Value (NUM) HPM Error Percentage (ERR) NUM HPM ERR NUM HPM ERR

0 0.09 0.09 0 0.09 0.09 0 0.09 0.09 0
0.2 0.091 0.0909 0.11 0.1192 0.1182 0.84 0.1499 0.15 0.07
0.4 0.0917 0.0915 0.22 0.1418 0.142 0.14 0.1944 0.1942 0.10
0.6 0.0923 0.092 0.33 0.1579 0.158 0.06 0.2255 0.2254 0.04
0.8 0.0926 0.0923 0.32 0.1674 0.1675 0.06 0.2446 0.2445 0.04
1 0.0927 0.0924 0.32 0.1704 0.1705 0.06 0.2518 0.2517 0.04

Average (AVG) ERR % 0.27 AVG ERR % 0.19 AVG ERR % 0.05

Table 2. Normalized Reducing agent concentration L(x) versus spatial coordinate x for varying Thiele modulus @?. Fixed parameters: A = 0.09,
my = 2, M2 = 0.5

2 _ 2 _ 2 _
X ¢~ =0.1 ¢ =0.3 - =0.5

NUM HPM ERR NUM HPM ERR NUM HPM ERR

0 0.5 0.5 0 0.5 0.5 0 0.5 0.5 0
0.2 0.4968 0.4965 0.06 0.4903 0.4903 0 0.4838 0.4842 0.08
0.4 0.4942 0.4938 0.08 0.4827 0.4827 0 0.4712 0.4718 0.13
0.6 0.4925 0.4912 0.26 0.4774 0.4768 0.13 0.4623 0.4628 0.11
0.8 0.4914 0.4905 0.18 0.4742 0.4733 0.19 0.457 0.4572 0.04
1 0.4911 0.4901 0.20 0.4732 0.4721 0.23 0.4554 0.4555 0.02
AVG ERR % 0.13 AVG ERR % 0.09 AVG ERR % 0.06
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Table 3. Normalized Reducing agent concentration R(x) versus spatial coordinate x for varying Thiele modulus ¢2. Fixed parameters: y= 1, m3 = 0.1,

uz =0.6
2 _ 2 _ 2 _
X Q= 0.5 ¢ = 1 0° = 5
NUM HPM ERR NUM HPM ERR NUM HPM ERR
00 1 1 0 1 1 0 1 1 0
0.2 0.9946 0.9946 0 0.9893 0.9891 0.02 0.9515 0.9455 0.63
0.4 0.9903 0.9903 0 0.981 0.9807 0.03 0.9146 0.9133 0.14
0.6 0.9873 0.9873 0 0.9752 0.9747 0.05 0.8888 0.8833 0.62
0.8 0.9855 0.9856 0.01 0.9717 0.9711 0.06 0.8739 0.8725 0.16
1 0.9849 0.985 0.01 0.9706 0.97 0.06 0.8695 0.868 0.17
AVG ERR % 0.02 AVG ERR % 0.04 AVG ERR % 0.29
Table 4. Normalized co-substrate concentration C(x) versus spatial coordinate x for varying Thiele modulus ¢>. Fixed parameters: B = 0.5, p
0.1, u; =0.8
2 _ 2 _ 2 _
x ¢~ =0.1 p-=1 o* =35
NUM HPM ERR NUM HPM ERR NUM HPM ERR
0 0.54 0.54 0 0.54 0.54 0 0.54 0.54 0
0.2 0.431 0.4304 0.14 0.3897 0.3902 0.13 0.3573 0.3555 0.50
0.4 0.3224 0.3215 0.28 0.2623 0.2624 0.04 0.22 0.2209 0.41
0.6 0.214 0.2119 0.98 0.1582 0.1587 0.32 0.1237 0.1227 0.81
0.8 0.1059 0.1049 0.94 0.0735 0.074 0.68 0.0574 0.0577 0.52
1 0.003 0.003 0 0.004 0.004 0 0.01 0.01 0
AVG ERR % 0.39 AVG ERR % 0.68 AVG ERR % 0.37
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Figure 2. Variation of normalized substrate concentration S(x) along the normalized current coordinate x
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Figure 3. Profiles of normalised medial product concentration L(x) versus normalised spatial coordinate x
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Figure 6. Illustrate the behaviour of the normalised current W as influenced by different dimensionless parameters in a porous catalytic system
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Figure 7. Three-dimensional representations of the concentration profiles of substrate, mediator, product, and co-substrate as functions of Thiele
modulus ¢ and dimensionless distance (x), highlighting the influence of diffusion and reaction kinetics within the bio-catalytic system

Figure 7a presents the three-dimensional profile of substrate concentration S(x), demonstrating a symmetric decline
across the domain. The depletion becomes more pronounced with increasing Thiele modulus ¢, which represents the
ratio of the intrinsic reaction rate to the diffusion rate. A higher ¢ indicates stronger internal diffusion resistance, thereby
limiting substrate penetration and utilization within the reactive medium. Figure 7b shows the distribution of medial
product concentration L(x), which progressively decreases with spatial depth and increasing ¢. The emergence of negative
concentrations suggests transformation or consumption of intermediate species under diffusion-limited conditions. In
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Figure 7c, the reducing agent concentration R(x) exhibits a steady decline along the spatial coordinate, with sharper
reductions at higher ¢, reflecting enhanced consumption and reduced replenishment. Figure 7d illustrates the co-substrate
concentration C(x), which generally increases with spatial progression but diminishes as ¢ increases, highlighting the
critical role of internal mass transfer limitations in governing co-substrate availability and overall reaction efficiency.

Figure 2a displays the influence of the dimensionless parameter ¢ on s(x) for a fixed & = 0.09, m; =2 and p; = 0.5.
An increase in @ results in higher substrate concentrations throughout the domain, signifying that increased reaction
parameter values enhance substrate generation or reduce its depletion. Figure 2b illustrates the impact of the dimensionless
parameter o on the normalized substrate concentration S(x) along the catalyst bed for fixed values of ¢> = 1, m; =2 and
p1 = 0.5. As « increases from 0.01 to 0.05, the substrate concentration profile rises, indicating enhanced mass transport
and accumulation of substrate along the bed length due to higher convection effects.

Figure 3a demonstrates the sensitivity of L(x) to the variation in the reaction parameter ¢ under fixed conditions of
A =0.5, my=0.5, up = 1. With increasing @2, a steeper decline in product concentration is observed, which reflects an
intensifying reaction rate that consumes the product more rapidly within the catalytic bed. Figure 3b shows the variation
of normalized medial product concentration L(x) with respect to different values of the generation rate parameter A, while
keeping @> = 1, my =2 and u, = 1 constant. As A increases from 1 to 5, the product concentration decreases more
steeply along x, suggesting a stronger decay or consumption mechanism influenced by the production term.

Figure 4a shows the variation of the normalised reducing agent concentration R(x) with respect to the normalised
current coordinate x for different values of > = 0.5, 1, 3, 5, 7, while keeping y= 1, m3 = 0.1 and 3 = 0.6 constant. As
@? increases, the concentration of the reducing agent R(x) decreases more steeply along the domain. Larger values of ¢?,
the Thiele modulus increases the reaction rate relative to diffusion, resulting in more rapid depletion of the reducing agent.
Figure 4b shows the effect of y on R(x) with fixed ¢? = 1, m3 = 0.1, u3 = 0.6. As ¥ increases, the overall concentration
level rises slightly, while the profiles remain nearly flat. This indicates that ¥ mainly alters the magnitude of R(x) with
minimal impact on its spatial variation.

Figure 5a explores the effect of the Thiele modulus squared ¢? (ranging from 0.1 to 10) on the concentration profile.
A higher @? leads to a stronger decline in C(x), suggesting increased diffusion limitations or higher reaction rates. The
values of § = 0.54, p =0.1 and u; = 0.8 are fixed during this variation. Figure 5b shows the influence of the parameter
B on the co-substrate concentration profile. As f increases from 0.1 to 1, a linear enhancement in C(x) is observed across
the domain, indicating that higher 8 values support greater substrate availability. The parameters ¢> = 0.1, p = 0.1 and
W1 = 0.8 are held constant. These figures illustrate how increasing 8 enhances substrate concentration, while increasing
@7 suppresses it, highlighting the interplay between transport and reaction parameters.

Figure 6a shows the effect of o on normalised current ¥ versus 8, with fixed > =5, u; = 1, p = 0.5. Higher «
values result in increased current and steeper profiles, indicating enhanced electrochemical activity. This reflects the role
of & in boosting current response through improved transport or reaction kinetics. In Figure 6b ¥ varies linearly with p
for different @2, with fixed o = 0.09, u; = 0.1, B = 0.5. Larger ¢ values produce higher currents, indicating stronger
reaction dominance. The linear trend suggests a direct dependence of current on p modulated by reaction kinetics.

The parametric analysis and concentration profiles obtained from this model provide valuable, practical insights for
optimizing the physical and chemical design of enzymatic catechol sensors. The Thiele modulus ¢?, identified as a key
governing parameter, serves as an essential design criterion. A high ¢ indicates reaction-dominated behaviour, resulting
in steep concentration gradients and significant substrate depletion within the enzyme membrane. In practical terms, this
means that for sensors aiming at low detection limits, a thinner enzyme layer or reduced enzyme loading should be used to
lower @2, allowing complete substrate penetration and preventing the reaction from being confined to the surface region.

Conversely, when a higher current output is desired for a given analyte concentration, the model reveals that
increasing parameters such as @ and p enhances the normalized current W. This can be practically achieved by
improving the enzyme immobilization matrix to raise the apparent maximum reaction rate Vj, or by increasing enzyme
loading, thereby adjusting the interplay between kinetic and diffusion control.

Moreover, the nearly uniform profile of the reducing agent R(x) at low ¢? values indicates that the bulk concentration
of L-ascorbate is sufficient to maintain the cyclic reaction without becoming a limiting factor, simplifying the preparation
of the measurement medium. Overall, this mathematical model enables sensor designers to strategically choose membrane
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thickness and enzyme loading in advance to achieve the desired balance of sensitivity, response time, and performance
for specific clinical or environmental applications.

5. Conclusion

In this study, a mathematical model was developed to describe the behaviour of a tyrosinase-based amperometric
biosensor operating via a cyclic redox mechanism between catechol and 1,2-benzoquinone, mediated by L-ascorbic acid.
The coupled nonlinear reaction-diffusion equations, governed by a ping-pong enzymatic mechanism, were transformed
into their dimensionless forms and solved analytically using the HPM. The derived analytical solutions for substrate, co-
substrate, reducing agent, and intermediate product concentrations demonstrated excellent agreement with numerical
simulations, with minimal relative errors across all species.

The impact of key dimensionless parameters-including the Thiele modulus, a critical indicator of the balance
between reaction and diffusion-was systematically investigated. The Thiele modulus ¢ emerged as a pivotal factor
influencing reactant distribution and sensor response, with higher values indicating diffusion-limited behaviour. The
current response, central to biosensor performance, showed a strong dependence on the interplay between mass transport
and kinetic parameters.

The practical significance of this paper lies in its direct application to biosensor design and optimisation. The model
provides precise, quantitative guidance for tuning key engineering parameters, such as enzyme membrane thickness and
enzyme loading, by linking them directly to the Thiele modulus and current response. This allows for the rational design
of sensors tailored for specific performance criteria, for instance, using a thinner membrane to enhance sensitivity for low-
concentration detection, or increasing enzyme loading to amplify signal output. By moving beyond trial-and-error, this
analytical framework enables the efficient development of more effective and reliable biosensors for practical applications
in clinical diagnostics and environmental monitoring.

This article provides a valuable analytical framework for optimizing biosensor configurations involving cyclic
enzymatic reactions. The approach facilitates a deeper understanding of system dynamics, enabling informed design
strategies for enhanced sensitivity and rapid response in biomedical and environmental sensing applications. To build
upon this theoretical foundation, the logical next steps include experimental validation of the model’s predictions against
real-world amperometric data. Furthermore, the model can be extended to incorporate more complex scenarios, such as
multi-enzyme systems for cascaded signal amplification, the effects of enzyme inhibition, and the dynamics of oxygen
limitation in thick-film sensors.
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Appendix A

The homotopy corresponding to the governing equation was systematically constructed for the equations (9)-(12) as

follows

(1_ ) dzic + dzic‘_ 2 1_~_l_~_l -
p dx2 p dx2 o~ Hip s'cC

The following are the analytical solutions for the following equations (21)-(24)

SZSo+pS1+p2S2+...
L=Lo+pLi+p°Lr+...
R=Ry+RL,+R*L+...

C=Cy+pCi+p*Ca+...

Using the same powers of p-terms to arrange the results of substituting (25)-(28) into equations (21)-(24)

i ‘5;0 =0, d‘ji‘;(zl) =0, Sp(0) =«
P° %:0, dji;) —0, Lo(0) =7

P d;;“ 0, B _o R0 =7
P o 1) == 0. G0y =
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(22)

(23)

24

(25)

(26)

@7

(28)

(29)

(30)

€2))

(32)
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d?s
1. 0 2
p dx2 9"p1

11\ ! ds,
1+-+—) —mLR| =0, =L(1)=0, $;(0)=0
(+S+C) mi ] ) x() ) 1()

d2L 1 1 ! dL
1 0 2 1
p i ———Q° U |lmL—|14+—-+— =0, —(1)=0
/’2 2[ 2 ( S C) ‘| ? , ()

&R dR
1 0 2 1
Pl ) R = — (1 R
P dx? 33 @ 00, dx (1)=0, Ri(0)=0
147G ppty ! B LR| =0, Ci(1) =0, (C1(0))
L4t — —m = :
! dx? ¢ P s C 1 ! o

The following outcome can be attained by solving (32)-(33)
So=a,Ly=ARy=7, Co=p

S1=¢’pi (Ozﬁi‘;ﬁrﬁ +m17W> (x— x22)

L — o'm <aﬁm2+almz+l3&mz—aﬁ) <xzx>
L= @m aB+o+p 2

Ry = @’mauzy (x —x)
o= (riats) (57

S(x) = o+ @*py (oc[i;ao?—kﬁ +m17W) (X x;)

afmy+ almy+ BAmy — ocﬁ) (x2 >

_ 2 A
Lx)=A+¢ m2< af 1ot B

2

R(x) = y+ @*mauzy (x* —x)

The solution can be represented by HPM as follows

(33)

(34

(35)

(36)

(37

(3%

(39

(40)
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of+a+p 2
. A Amy — 2
=ty (R ()
R(x) = lim Ro+Ro = 7+ @’ mapzy (¥ —x) (43)
C(x) =1limCy+Cy=—Px+p+ (W> (xz—x) (44)
p—1 B+1o+p 2 ’
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