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Abstract: This work investigates the global well-posedness and long-term dynamics of two-component reaction-diffusion
systems on bounded domains under homogeneous Dirichlet boundary conditions. We introduce a weaker dissipative
condition that enables us to prove the global existence and uniqueness of classical solutions to the associated Cauchy
problem, without imposing any growth constraints on the nonlinear terms. The admissible nonlinearities include, but
are not limited to, polynomial and exponential growth types. Furthermore, we demonstrate that such systems admit both
global and exponential attractors, which exhibit finite-dimensional characteristics in appropriate continuous function spaces.
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1. Introduction

Many processes in contemporary science—such as heat conduction, chemical kinetics, and mathematical biology—can
be described by reaction-diffusion systems of the form:

u; — DAu = F(x,u), xeQ, t>0, €))

where Q C R” is a domain, u = (u,- - ,uy) € R™ is a vector-valued unknown, and D = diag(dj, - - - ,d,) is a diagonal
matrix with nonnegative entries. This sparked in-depth research on the global well-posedness and dynamics of such
systems from the perspective of dissipativity.

In most cases, such a model may have a superlinear or even supercritical nonlinearity. It is well known that superlinear
nonlinearity can cause blow-up phenomenon in the solutions of a system and therefore destroy its global well-posedness.
To preclude this, one generally needs to derive suitable a priori global estimates for the solutions. In the scalar case, this
may be done successfully by making use of suitable Lyapunov functions or the comparison principle; see Kostianko et al.
[1] for details. However, such a strategy is not quite effective in the non-scalar case since for a system like (1), it is in
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general difficult to construct a Lyapunov function; moreover, the comparison principle can fail to be true. Consequently,
establishing global existence for reaction-diffusion systems with superlinear nonlinearities remains a nontrivial task.

An alternative and popular way to establish a priori global estimates for reaction-diffusion systems is to find appropriate
structure conditions which simultaneously guarantee the dissipativity of the systems in suitable functional spaces. For
scalar equation

uy — Au=g(u), xeQ, t>0, )

a widely used dissipative-type structure condition in the literature is as below:

—N—ci|ul? < g(u)u < —co|u|]?+N, ueR, (3)

where g,cy,c2,N > 0 are constants independent of # € R. This condition allows f to have a corresponding polynomial
growth rate to assure the global well-posedness and dissipativity of the equation, regardless of whether the nonlinearity is
subcritical or supercritical. A typical example is a polynomial g(u) = Yo<x<2p+1 ayuf with a negative leading coefficient
azp+1 < 0. Under this hypothesis, it can be shown that for any initial data in L?(Q), the homogeneous Dirichlet (Neumman)
boundary value problem of (2) admits a unique weak solution u € C([0,e0); L*(Q)) with g(u) € L%/(@=1(0,T; L9/~ (Q))
for any T > 0; see, e.g., Robinson [2] and Temam [3, Chap. III].

Another frequently used dissipativity condition for (2) is

g(u)u <N, ueR; “4)

as found in [2, 4]. Using this weaker assumption one usually needs to impose on g some additional restrictions on the
growth rate to ensure global existence.

The dissipative hypotheses (3) and (4) for scalar equations can be extended directly to the vector case to study the
global well-posedness and dynamics of system (1). For example, one can show that the initial-boundary value problem for
(1) has a unique weak solution if F satisfies

—N—ci|u|/? <F(u)-u< —c3/ul?+N, uecR” ®)
accompanied by the following monotone hypothesis:
VUF(u) S Ka (6)

where V,F(u) denotes the Jaccobi matrix of F(u), and V,F(u) < K stands for V,F(u)é - & < K|E|?, VE € R™.
Unfortunately many important examples of vector equations from applications do not fulfill such universal structure
conditions mentioned above. Compared with scalar equations, vector ones pose significantly greater challenges due to
their inherent complexity and multidimensional nature.

Assume the nonlinearity F in (1) have a polynomial growth rate:

|F(x,u)| SC0(1+‘u|q)a ucR™
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In Efendiev and Zelik [5, pp. 674] the authors introduced an anisotropic dissipativity assumption: there exist
sufficiently large exponents p; > 0 (1 < i < m) depending upon g such that

Y gilxw)|u|Piu; < C, xeQ, ueR™

1<i<m

For system (1), the global well-posedness of its initial-boundary value problem has been established under the given
condition, with the associated solution semigroup exhibiting a global attractor in an appropriately defined phase space.

Another type of important weaker dissipation condition widely used for positive solutions in the literature is as
follows:

see [6—8] and [9] etc. for more information and recent development along this line.

For reaction-diffusion systems whose nonlinearities do not satisfy standard dissipative structural conditions or exhibit
arbitrary growth, the invariant-region technique can sometimes be applied to obtain global existence. The underlying idea
is to identify a bounded invariant region in the phase space for the system; see, e.g., Temam [3, Chap. III, Sec. 1.2.3] for
detail. This technique was also used recently by Wang and Yi to get global L™-estimate for the solutions of the classical
Belousov-Zhabotinskii equation in chemical reactions [10].

To the best of our knowledge, there are very few works addressing the global well-posedness and dynamics of
reaction-diffusion systems with fully unrestricted nonlinear growth—even in the scalar case—apart from those relying on the
invariant-region method as mentioned above. In this paper, we study the following two-component reaction-diffusion
system

u —diAu= f(x,u,v),
t>0,xeQ @)
Vi — dZAV = g('x7 u, V)7
subject to homogeneous Dirichlet boundary conditions
u|9£2 =0, V‘HQ =0, (8)

where Q C R” is a bounded domain with sufficiently smooth boundary dQ, and d; > 0 are diffusion coefficients.

Two-component reaction-diffusion systems provide a flexible mathematical framework for modeling interactive
dynamics between two substances involving both diffusion and reaction processes. Their applicability is well-recognized
in biological systems, particularly in describing predator-prey population dynamics (see, e.g., [11-15]). However, existing
theoretical approaches have largely been shaped by the need to address specific nonlinear forms emerging from particular
applications. As a result, the establishment of a framework capable of characterizing the dynamical behavior of general
two-component reaction-diffusion systems is both necessary and valuable.

This work aims to contribute to a unified analytical framework for reaction-diffusion systems by establishing the
existence of global attractors for system (7)-(8) under weaker dissipativity conditions than those typically required in the
literature. Specifically, we develop a theoretical approach within the space of continuous functions that is not constrained
by domain-specific assumptions and removes the traditional growth restrictions on nonlinear terms. This approach
accommodates a broad class of nonlinearities, including but not limited to polynomial and exponential types, and is carried
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out within the classical solution framework. As a result, our formulation expands the class of admissible nonlinear terms in
the analysis of reaction-diffusion systems.
= =12
Define Co(Q) := [Co(Q)]”, where

Co(Q) :={u: ueC(Q), ulyo =0}.

The main results are summarized in the following theorem.
Theorem 1 Suppose f,g € C!(Q x R?) and satisfy the following structure condition:
(FO) There are constants o, 3,m,l > 0 and A;,¢;,N; > 0(i = 1,2) with

a,f>2, aB>ml ©
such that
Fle,u,v)u < —Aq|u|®+cr|v|™ + Ny, (x,u,v) € Q x R?, (10)
and
g(x,uv)v < —Aav[B 4 colul' + Mo, (x,u,v) € Q x R%. (11)

Then for every initial datum ugy € Co(Q), system (7)-(8) admits a unique global classical solution u = (u,v). Moreover,
the solution semigroup S(¢) possesses a finite-dimensional global attractor .7 and an exponential attractor .2 in Co(Q).

A distinctive feature of our approach is that the structure condition (F0) permits the non-dissipative components to
grow at rates exceeding those of the dissipative components, as illustrated in Section 6, Example 6.2. This represents an
advancement beyond existing literature. Furthermore, we observe that the attractor problem for reaction-diffusion systems
remains relatively unexplored within the classical solution framework, even for polynomial-growth nonlinearities. Our
work thus addresses this gap while expanding the theoretical understanding of nonlinear dynamics in continuous function
spaces.

This study addresses several theoretical challenges in the analysis of semilinear parabolic equations. The main difficulty
involves establishing a connection between the energy estimates commonly used for weak solutions and the framework of
mild solutions under the structure condition (F0). This approach requires combining these different methodologies while
maintaining rigorous regularity analysis to obtain global classical solutions and establish attractor existence in continuous
function spaces. The integration of these techniques represents an essential aspect of our analytical framework.

The paper is structured as follows. Section 2 introduces the necessary function spaces and notation. In Section 3, we
establish a global a priori L*-estimate for classical solutions of the Cauchy problem associated with (7)-(8) . Sections
4 and 5 are devoted to proving global existence, uniqueness, and regularity of classical solutions. Section 6 addresses
the existence of finite-dimensional global and exponential attractors for (7)-(8) in Co(Q). Finally, Section 7 offers some
remarks concerning positive solutions and their attractors.
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2. Preliminaries

Let R and Z™ denote the sets of nonnegative real numbers and nonnegative integers, respectively. For convenience,
a vector u € R? with components u; (i = 1,2) will be written as (u;,uz) or simply (i;). The Euclidean norm of u is denoted
by |ul, and the scalar product of u,v € R by u-v.

« Functional spaces. Let Q C R” be a domain, and k € Z*. The Holder space C*+9(Q) (0 < § < 1) consists of real
functions whose k-th derivatives are §-Holder continuous on . Denote for simplicity C(Q) = C°(Q) and

Co(ﬁ) = {u S C(ﬁ) : M|BQ = O}.

The standard Sobolev spaces are denoted by W*4(Q) and W(f 4(Q) for g > 1.
For notational convenience, we define the following spaces:

CR@ =@ €@ =[C@)

and
C(Q) =[c@)P, LY(Q) = [L1(Q)]*.

For brevity, we may drop “(Q)” and “(Q)” from the above notations and simply write, say, W54(Q) as Wk,

The notation || - ||x denotes the norm of a Banach space X, and (-, -) represents the inner product on either L% or L?.

» Classical solutions of (7)-(8) . Given 0 < T < oo, denote C>'(Qr) the set of vector-valued functions u = (u,v) on
Or := Q x (0,T) which are twice and once continuously differentiable in x and 7, respectively.

Definition 1 Let ug = (ug,vo) € Co(Q) and 0 < T < 0. A classical solution of (7)-(8) on Oy :=Q x [0,T) is a
continuous vector-valued function u = (u,v) on Q7 with u(0) = up and u € C>'(Qr) such that u, v fulfill (7) and (8) in
the classical sense.

For convenience in statement, denote

u=u(x,t;up) = (u(x,t;u9), v(x,t;u0))

the classical solution of system (1.7)-(1.8) with initial value ug. The maximal existence interval of u is denoted by [0,7y,).
Following standard practice, we may write u(x,#;ug) =: u(t;uo) and regard the solution u as a mapping from [0, 7y, ) to
Co(Q). When the dependence on the initial value is clear from context, we omit ug and simply write u(z).

* A fundamental inequality. The following simple inequality will be used in establishing the L™ -estimate for system
(7-8) .

Lemma 1 ([16, Appendix B, Lemma B.1]) Let p > 0. Then for any a;,--- ,a,, > 0,

(611+"'+61m)pSmp(alf-i-""i‘aﬁ,).
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3. A priori L”-estimate for classical solutions

The main result of this section is the following uniform bound for classical solutions.
Theorem 2 Assume G = (f, g) satisfies hypothesis (FO). Then there exist positive constants A, p., 6 such that for

every initial datum ug = (ug,vo) € Co(Q), the classical solution u = (u,v) of (7)-(8) satisfies

()= + Iv(©)l1fe < 2672 (Jluollz=+ vollf=) + . 0<1< Ty (12)

Proof. Let 2 < p,q < oo, where for each p fixed, ¢ is to be further determined. Taking the scalar product of
u(r;ug) := (u(t),v(t)) in L?(Q) with w := (p|u|”~2u, q|v|?~?v), we obtain that

d

& (s + b1

+d1p(p—l)/ |u|p72|Vu|2dx+d2q(q—l)/ |v|q72|Vv|2dx (13)
Q Q

= /Q F(u) - wdx.

Denote 0 :=m/o, 6, :=1/B, p:=p+a—2and g:= g+ —2. Applying hypothesis (F0) and Young’s inequality,
we derive the estimates

/f(u)|u|p72udx§/ (—A1|u|a+c1|v|m+Nl)|u\”72dx
Q Ja

Aiyp 0
< = 5 llulls +Mu(Ivl o5+ 1),

/Qg(u)|v|"72vdx S/Q (—A2|v|ﬁ—|—cz\u|[—|—N2) M"*zdx

Ary G 027
< = 5 IVl +Ma(llull 7 + 1),

where

Therefore
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1624

P 1 6
[P wax < = 22+ gy (el + 1)

6
27, + bty (%7, +1)

L91p

We infer from (FO0) that 6,6, =

B < 1. Since 6y, 6, > 0, one finds that 0 < 6;p < &
we take ¢ = g(p) such that

. Now for each fixed p > 2,

1 1
g=0p, where 9:2(61+ )

5 (14)
then
OIp<g<-——.
1p<9q 6,
Using the Young’s inequality once again, we obtain
14616,
0 PA P 4 \T1p0 —2
ate (ul35-+1) < S+ () ™% 10l laM2) =% + g
and
. 2016 1466
0 7Y 4 \ 186 2
ps (VI +1) < TG+ () ™ 121w TI% 4 s
Hence
PA g2
P war <= P2 ulf, — L2+ 6 (15)
where

616,

o= () 19l L) P
M,,=|— M, 12—|—M2—|—<) M) 1=%9% + pM,.
P4 A q q e p p
Note that the condition &, 8 > 2 implies p > p and ¢ > q. Applying Young’s inequality then yields the estimates

lllZy < allZ 4192, (Vs < IVlIZ; + 1.
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Thus by (13) and (15) one concludes that

d
a (””HZ}? + ”VHZq) < _)“p,q (””HZ’ + ”VHZq) +Mp4, (16)

where
1 . ~ 1
Apgi= 4 min{pAi,qA2},  Mpg=M,4+ Z(PAI +4/2)1€Q.
Applying the classical Gronwall’s lemma to (16), it yields

_ My,
(O + V0 Iy < et (ol + vollZe) + 329, 0<1<Tay,
P.q

By virtue of Lemma 1, we deduce that

1
5 (I len +IvOIE") < ()15 +Ivo)liE)

(17
M) v

_trg
<27 ol + ol ) +27 (5
P4

By the choice of g (see (14)) it is easy to verify that

] A 1
pmep poep poe po 4

To estimate the last term in (17), we decompose M, , into five distinct terms: =

146, 6
4 1-6,6, 2
1=(— Q|(gM>) =018,
() F
T2:qM27
20,6,
()™ ol P
=|— pM;) =016
74
T, = pM,,

1
5 = Z(pAl +qA2)\Q|.
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Substituting the explicit expression of M, into 77, we obtain

14616,

4 \ 166 2 4 [3(21@70?126;2) g+B-2 a+B-2 1*921 )
h=(— Q qm <> c B L QN B )
<PA1> o A 2 [N

Utilizing the asymptotic relation lim, . % = 0, we derive the bound

1+6,6
1/p Fo a2 14616y 146, 6,
. Ti 4\ Boy(1-6,6,) AN S22
lim sup (l) < (A Czﬁ > (1-6167) +N2ﬁ h(1-66;) )
p—ee P-4 2

Through analogous computations, we establish the following bounds for the remaining terms

1+6, 6
1/p 172 146,65 146, 6,
lim su E < i 256, ¢ 2B6, +N 2B6,
p—ree P 2
1466
1 i B 146, 6, 146, 6,
limsu T3 & i o1=01%) c1-0162) _,'_Na(l*@l"z)
v =\A ! ! ’
p—ree P:q 1

. T 1/p 4 /a 1/a 1/a
— < | — >
fimsup (Ap,) =\ A (/M)

AN

1/p

T:

limsup (5) <2.
pee \Apg

Combining these estimates through the subadditivity of limsup, we conclude that there exists a positive constant
P« > 0 such that

M 1/p N
limsup <M) < p—

p—e° A’Paq

Finally, taking the limit in equation (17) as p tends to infinity, we immediately obtain the desired estimate (12). [

4. Existence and Regularity of Mild Solutions

To establish the main results stated in Theorem 1, we begin by examining the existence and regularity properties of
mild solutions for system (7)-(8) in appropriate function spaces.

Volume 6 Issue 6/2025| 9 Contemporary Mathematics



4.1 Mild solutions of abstract evolution equations

Let X be a Banach space with norm || - ||, and let A : D(A) C X — X be a closed linear operator, where the domain
D(A) is not necessarily dense in X.

Definition 2 [17] The operator A is said to be sectorial if there exist constants ® € R, 8 € (0,7/2), and M > 0 such
that

(i) The resolvent set satisfies p(A) D Sg o, Where

Sow={A€C:0<|arg(X — )| <7, A # o},

(i1) The resolvent estimate holds:

IR(A,A)[ILx) < forall A € Sg -

M
A - o

Remark 1 This definition of a sectorial operator differs from the standard one found in the literature (see e.g. Henry
[18] etc.) in that it does not require A to be densely defined.
Remark 2 According to Lunardi [17, Chap. 2], if A is a sectorial operator in X, then it generates an analytic semigroup

e 4"~y on X. Moreover, the strong continuity property

le Yx—x|| -0 asr—0", VxeX

holds if and only if A is densely defined, i.e., D(A) = X.
Let U be a domain in a Banach space X and f : U — X a continuous mapping. Consider the Cauchy problem

w+Au=g(u),  u(0) = up. (18)

The concept of a mild solution for this problem, as defined in [17, Def. 7.0.2], does not require continuity of u at
t=0.

Definition 3 A continuous mapping u : (0,7] — X with g(u(s)) € L'(0,T;X) is called a mild solution of (4.1) on
[0, T] if it satisfies

1
ult) = o +/ e Mg (u(s))ds, 0<t<T.
0

The following lemma summarizes fundamental existence and uniqueness results for mild solutions (see, e.g., [17,
Thm. 7.1.2]).

Lemma 2 Assume that g : X — X is locally Lipschitz continuous. Then for every ug € X, there exists 7 > 0 such
that problem (4.1) admits a unique mild solution on [0, 7] satisfying

ueL”(0,T:X).
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4.2 Mild solutions of system (7)-(8)

We now turn our attention to system (7)-(8).
Let C,(Q2) denote the Banach space of all continuous bounded functions on Q, equipped with the supremum norm,
and let Ap := —A be the Dirichlet Laplacian. Define its domain as

D(Ag) = {u: ue [(YW>(Q), Au€ Cp(Q), ulpg = 0} :
g>1

Then Ay is a sectorial operator in C,(Q) in the terminology of Definition 2 ([17, Coro. 3.1.21 (ii)]). Consequently
Ao = diag(d1Ag,d>Ap) is a sectorial operator in Cp,(Q) := [C,(Q)].
Now we view (7)-(8) as an evolution system on Cp,(Q):

u+Apu=F(u), u(0)=nu, (19)

where u = (u,v), and F(u) denotes the Nemistkii operator corresponding to (f(x,u,v),g(x,u,v)). If we assume that
f,g € C'(Q x R?), then one trivially verifies that F is a locally Lipschitz mapping on X := C,(Q). Thus by Lemma 2, we
have

Proposition 1 Assume f,g € C'(Q x R?). Then for any uy € Cy(Q), there exists a 7 > 0 such that (19) possesses a
unique mild solution on [0, T'] with

u e L2(0,T;Cp(Q)).

4.3 Regularity of mild solutions

To obtain some regularity results of mild solutions of (19), we need to view (19) as an evolution system on L4(Q) =
[L7(Q)]>.

4.3.1 The Dirichlet Laplacian as a sectorial operator in L1(Q)

Let 2 < g < oo, and let X, := L9(Q). We infer from [19, Appendix E 51.1] that the Dirichlet Laplacian A, = —A is
a densely defined sectorial operator in X, with domain D(4,) := W>4(Q)N Wol"q(Q). Let X* (o > 0) be the fractional
power spaces generated by A,. Since A, possesses a compact resolvent, the embedding qu‘ — Xf is compact (denoted as
X —— X,f ) whenever o > . It is known that

1
X7 =W, Q). X} =w(Q)nW, Q).

Let A, = diag(diA,,d>A,). Then A, is a densely defined sectorial operator in X, := [X,]* with D(A,) = W>4(Q) N
W(l)"q(Q). It is trivial to see that X$ = [X]? for all & > 0. Denote || - [|s and || - |o (¢ > 0) the norms of X, and X2,
respectively.

The following fundamental embedding result can be found in [20, Pro. 1.3.10].

Lemma 3 Let & >0 and g € [2,00). Then the continuous embedding X§ — C/+9(Q) holds provided that
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20-2>j+38, JELT, 8€(0.1).
q

Remark 3 Since X7 Xg for o > B, we obtain from Lemma 3 that X{ can be compactly embedded in c/t(Q)

provided that 2a —n/q > j+ 8. In particular, the compact embedding X << C/(Q) holds provided that 20t —n/q > i.

Denote e 44!, t > 0 the strongly continuous analytic semigroup generated by A, on X,. Note that Rec(A,) > 0. Pick

a positive number u < Re(A,). Then by Henry [18, Theorem 1.4.3] we know that for any o > 0, there exists Co > 0
such that

e A ul|q < Cot ™% H||ul|La, Vt>0,ueX,; (20)

and if @ € (0, 1],

e —Dufle < @ 'Crot*ulla, V>0, ueXE @0

for some C_, > 0 independent of u.

4.3.2 Regularity of mild solutions

Let u(t) = u(t;up) be the mild solution of (19) on [0,7] given by Proposition 1. Write F(u(z)) =: h(¢). Then
he L~(0,7;C(Q)) C L*(0,T:X,). Since uy € C»(Q) C X, one easily sees that u is also a mild solution of the linear
equation in X:

u' +A,u=h(). (22)

That is, u fulfills
t
u(r) = e Adug + / e MUIF (u(s))ds, 1€ (0,T]. (23)
0

Proposition 2 For every a € (0,1) and y € (0,1 — c), we haveu € C/,

loc

((0, T];XS‘).

Proof. Throughout this proof, C denotes a generic positive constant that may change from line to line.

Since u € L*(0,T;C,(L2)), by the continuity of F(-), one knows F(u) € L=(0,T;C,(L)). Then by the embedding
Cy(Q) — L?(Q), one has

max ||F(u(7))|lre < eo.

7€[0,T]

Using (20), we readily obtain

Co iporary Math tics 12 | Xuewei Ju, et al.




t
[ ()l SI\A;”e’A"’UOI\Lqu/U IAG e I F (u(2))||Lod

<C(t*+1%), Vi € (0,T].

This establishes that u(t) € X7 for all € (0, T].
To complete the proof, we show thatu: (0,7) — Xl‘;‘ is locally y-Hélder continuous, thus completing the proof of the
proposition. Let0 < 7} < T, < T, and let T} < s <t < T;. Then by (23),

() —u(s)||e < H (e*Aq<f*S> - 1) Age*AqsuOHLq
+ /0 '

t

“

drt

(e—Aq<f—S> fz) Ale A0 IR(u())

L4

’A;‘e’Aq“”)F(u(r)) Hm dv =5 +h+1.

Using (20) and (21) we find that

S
I+ 1 <Cle—sfY <IIA2‘6A"‘uolly+ | A;”e*‘q<‘”>F<u<r>>||ydr)

<Clo—sfY (s“”” ol + [ Ag e A=) |F(u(f))u> a1
<Cle—sf7 (17 “ P fugllua + p*H 7 T(1 — = 9)) < Cle ="
provided ¥y < 1 — ¢, and
L SC/St(t — 1) % FUdr < Clr —s|' .
Combined with the above two estimates and noting ¥ < 1 — @, it immediately follows that

[u(t) —u(s)lla < Clt—s|, Vs,t € [Th, To]. 24)

This completes the proof. O
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5. Global Well-posedness of (7)-(8)

We employ the same notations in previous sections. In particular, X, and X(‘f denote the spaces given in Section 4.3
with norms || - ||Ls and || - ||, respectively.
The main result in this section is the following theorem.

Theorem 3 Assume hypothesis (F0). Then for any ug € Co(Q), system (7)-(8) has a unique global classical solution
u(x,z;u9) = (u(x,2;509), v(x,t;u9)) with u(z) := u(-,#;up). Moreover, the solution satisfies

e C([0,2):Co(®)) +Cl, ((0,):C (@)

forany B € (0,1) and y€ (0,(1—B)/2).

Proof. Letug € Cy(Q), and let u(¢) = u(t;ug) be the mild solution of system (19) on some interval [0, 7] given by
Proposition 1. Given 8 € (0,1), by Lemma 3 one can choose an & € (1/2, 1) and g > 2 such that X7 — CB(Q)NCH(Q).
It then follows by Proposition 2 that

wed, (0.7:C*@).  vre©.(1-p)/2). (25)

For clarity, we split the remaining argument into several steps.
Step 1. The continuity of u(z) at r = 0.

Specifically, we show that if uy € Co(Q) then

lu(r) —wollc,@ —0 ast— 0. (26)

To this end, let A, := —A be the Dirichlet Laplacian in Cp(Q) with domain

D(A.) = {u cue (\W(Q), Au € C(Q), Aulyg = ulyg = 0} )
g>1

We infer from [21, Chap. 7.3] that —A. generates a strongly continuous analytic semigroup e <’ on Co(Q).
Consequently there is a strongly continuous analytic semigroup e A< on Cy(Q) := [Co(ﬁ)]2 generated byA, :=
diag(d A¢,drA.). We observe that

[l (r) —woll ¢, @) < lIu(t) — e "ol ) + lle™ w0 — o]l ¢, - @27

Recall that A, is the sectorial operator defined by the Dirichlet Laplacian in L7(€Q). Since A; = A, on D(A) and

. — C(Q) . . . - .
A, generates a semigroup on Co(Q) = D(A,) ( ), it follows that e~A¢' restricts to a semigroup on Co(Q) and satisfies
e Adug = e Ay for all ug € Co(Q). Let 0 < a < 1 and ¢ > 2 satisfy 2a —n/q > 0. Since X% < Co(Q), we have
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Ju(r) — e_ACIUOHC()(ﬁ) = Ju(r) - e‘A‘f’uollcO@
< CHU(I) - eiA‘illl()Ha (28)
t
< (by@3) <C / A% AR (u(2))|adT — 0
0

ast — 07, where || - || denotes the norm on X¢'.
On the other hand, the strong continuity of e =A< on Co(Q) implies that

. At L
Jim, [le™uo = o]l ¢y (@) = 0-

Combining this with (27) and (28), one immediately concludes the validity of (26).
It is a simple consequence of (25) and (26) that

ucC([0,7];Co(Q)). (29)

Step 2. u is a classical solution.
We now consider u(z) as a function of (x,7), namely,

u(x,7) =u(r)(x), (x,t) € 07 :=Qx[0,T).

We show that u € C>!(Q7) and fulfills (7) in the classical sense on Q7 = Q x (0,T), and hence u constitutes a
classical solution of (7)-(8) on Q7.

Let 0 < € < T. By Proposition 2 we have u € C ([g, T];C!+B (Q)). Assuming y < f, and since F € C', it follows
that h(x,?) := F(u(x,)) is y-Hélder continuous on Q x [¢, T]. Hence by [22, Chap. 3, Cor. 2] the initial-boundary value
problem

vi—Av=h(x), (x,7)€Qx(gT], (30)
Vli—e =u(e),  Vleao =0 €1y

has a classical solution v on Q x [, T]. Of course v(¢) := v(-,¢) is a mild solution of the abstract equation (22) on (&, 7]
with initial value u(€). Since u is also a mild solution of (22) on (g, T| with the same initial value, one concludes that
v=uon Qx [¢g, T]. As ¢ is arbitrary, we conclude that u € C*>! (Qr) and fulfills (7) in the classical sense.

Step 3. Extending u to a global solution. Using the standard extension theory for semilinear parabolic equations,
for any ug € C; (), there exists a maximal existence time 0 < .7 := Ty, < oo such that the abstract Cauchy problem (19)
admits a unique mild solution on [0,.7) satisfying
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uel”(0,T;Cp(Q)), VT € (0,.7).
The global L*-estimate given in Theorem 2 ensures that [|ul|¢ g, < e, from which it follows that

F oo,
max [F(u())|Le <

Now choose an arbitrary 0 < 7; < .7. Employing the same reasoning as in Proposition 2 with 7 replaced by T, we
establish the existence of a constant C > 0 such that

Ju()—u(s)|a <Cle—sl",  Vsre[n, ).

This implies that in case 7 < oo, then the limit lim,_, 7 u(t) exists in X¢ (and hence in Co(Q)). By the continuation
principle for mild solutions, this allows us to extend u to a global mild solution of problem (19). Hence we actually have
T = oo, and u constitutes a global classical solution of system (19). O

In the rest part of the section, we will check the continuity of the solutions of system (7)-(8) with respect to initial
data.

To facilitate the discussion, we introduce the solution operator S(¢), ¢ > 0 defined by S(¢)ug := u(¢;up), where
u(z;up) = u(+,7;u9) denotes the classical solution of (7)-(8) .

Theorem 4 Given R > 0, there exist C,M; > 0 such that for all ug,vo € Eco(ﬁ) (R),

1S(t)uo — S(t)¥ollcy (@) < Ct~ %M |luy — volle, @) t>0.
Proof. Let R > 0. Theorem 2 provides a constant Mp > 0 such that
IVuF (S(t)wo) [l c@) < Mr, >0, up € B, g (R). 32)
Given ug, vg € ECO @ (R), let
u(t) =S{t)uy, v(t)=SE)vo, WwW=u—v, Wwy=ug—Vp.
Applying the variation-of-constants formula (23) and utilizing the Lipschitz condition (32), we obtain

(o)l <l Awoll+ [l (Flus) = F(v(s))) s

t
<CoeH[wollLo-+ CoM [ ¢ ) [w(s) s
0
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1
<ty (e lwollua+ [ e wlads), 120
0

where M| = M, (F,Mg,q,Q) > 0. Applying the classical Gronwall lemma to the above inequality, it yields

[w(t)|lLe < Mye ™ (14 Myte™ ") [|wollLe < My (1+Mite™’) |wo||Le, t>0.

Therefore for @ € (0, 1) and ¢ > 2, by (23) one concludes that
A "-A
[W()lla <lle” "’W0||a+/0 le™A4=2) (F(u(s)) = F(v(s))) [|ads

t
< Cat % ¥ [wollus + 2CaMi [ (1 —3) ¢ H0 () ods
0

<(by (33)) < Cr=*(1+1+17e"") [wo|us
<Cr %M ||woll ¢, @) t>0.
We may fix an & € (0, 1) and g > n so that X7 < Co(Q). Then
IWO)ley@ < CIW) o < Cr %MWl 1> 0.

This finishes the proof of what we desired.

6. Global Attractors and Exponential Attractors in Cy(€2)

(33)

First, we recall some general results about the existence of global attractors and exponential attractors for semigroups

on Banach spaces.

6.1 Existence of global attractors and exponential attractors for semigroups on Banach spaces

Let X be a Banach space. A semigroup S on X is a family of continuous mappings S = S(¢) (¢t > 0) on X satisfying that

(i) S(0) = idy, where idy is the identity mapping on X;

(i) S(t+s) = S(t)S(s) for all z,5 > O;

(ii) the mapping ¢ — S(¢)u is continuous from [0,c0) into X for every u € X.
Let S be a semigroup on a Banach space X.

Aset 2 C X is called an absorbing set of S if for any bounded set B C X, there is a T := T'(B) > 0 such that

S(t)BC 2, t>T.

Definition 4 A compact set &7 C X is called a global attractor of S, if
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(i) it is invariant under S, i.e., S(¢)&/ = o/ for allr > 0; and
(if) it attracts every bounded set in X, that is, for any bounded B C X and any neighborhood &'(), there exists a
T :=T(B,0) > 0 such that

S(t)BC O(), t>T.

The following definition of an exponential attractor is adapted from [23], see also [1, 24-26].
Definition 5 A set.# C X is called an exponential attractor for S if

(i) A is compact in X;

(ii) # is positively invariant, i.e., S(t).# C .#,Vt > 0,

(iii) .# has a finite fractal dimension in X, i.e., dimp (.4 ,X) < oo;

(iv) A attracts every bounded in X set exponentially, i.e., for any bounded set B C X,

dist(S(t)B, . #) < Q(||B||x)e™ "

for some ¥ > 0 and monotone function Q independent of B, where ||B|| := sup,z ||x]|.

Regarding the existence of global attractors, we recall the following result.

Proposition 3 [27] Let S = S(¢) (¢t > 0) be a semigroup on a Banach space X. Suppose that S has a compact absorbing
set B. Then S possesses a global attractor .o/ given by

o = JS(@)B.

>01>7T

The following proposition summarizes some fundamental results from [1, Sec. 8] (see also [25]) regarding the
existence of an exponential attractor for S.

Proposition 4 Assume there exist a Banach space Y compactly embedded in X (denoted ¥ << X), atime T > 0,
and a bounded closed set B C X such that the following conditions hold:

(S1) S(T)B C BNY;

(S2) there is a constant K > 0 such that

IS(TYu—S(T)v|ly <K|lu—v|x, u,v € B;
(S3) there exists y € (0, 1] and L > 0 such that
IS()u—S(s)v||x < L(|Ju—v|x+t—s|"), u,v € B, t,s € [T,2T]. (34)

Then S admits an exponential attractor .# C B.

Remark 4 We point out that the Holder-continuity hypothesis (S3) above is only used to guarantee the finite
dimensionality of .# . This means that if we drop it from Proposition 4, then one can still show that there is a compact set
A satisfying all the requirements in Definition 5 except (iii) therein. See, e.g., [25, 1].
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6.2 Global attractor of system (7)-(8) in Cy(Q)

Now let S = S(¢) (+ > 0) denote the semigroup generated by (7)-(8) on Co(Q), namely,

S(t)up = u(-,t;u), t>0, uyg € Cop(Q),

where u(x,7;up) is the global classical solution of (7)-(8) for given initial value ug.
Theorem 5 Assume F satisfies (FO). Then the semigroup S admits a global attractor &7 in the space C(Q). Moreover,
finite fractal dimensionality of .27 is also established.

Proof. Let X = Co(Q). We first verify that the closed ball By (py) is an absorbing set of S in X, where

with p,, 8 > 0 being the constants from in Theorem 2.
Indeed, let R > 0. Then one trivially verifies that

[[uollcy @) + ||V0||go(§) <R+R°, Y (uo,v0) € Bx(R).

Thus by Theorem 2, there exists fy = 7(R) > 0 such that

(@)l o) + VO, @) < P+ 1, t > 19, up = (uo,vo) € Bx(R),
where u(t) := (u(z),v(t)) denotes the solution of (7)-(8) with initial value ug, from which it immediately follows that

@) llcy@) = u®)llcy@) +IVOlley@) < Pos t > 1o, ug € Bx(R). 33)

From (35), we deduce the existence of a constant Mg > 0, independent of R, such that

[F(u(r)llc@) <M, t > 19, up € Bx(R). (36)

Let X,, X be the spaces introduced in Section 4We fix an a € (0,1) and g > n such that X << C(Q). For any
ug € Bx(R), letu(t) = S(t)ug. Then using (23) one finds that

a0l <Ca (=Dl + [ (6= 09 Fu(e) e

G37)

<(by3S)and (36) <pi, 1>+,
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where p; is a positive constant independent of R. This shows that the closed ball Exg (p1 + 1) is a compact absorbing set

of S in the space Co(Q). Applying Proposition 3 we conclude that S possesses a unique global attractor <7 in Co(Q).
The finite-dimensional character of .o/ is a consequence of the existence of an exponential attractor, which will be
established in Theorem 6 below. O

6.3 Existence of exponential attractors of (7)-(8)

We now establish the existence of exponential attractors for system (7)-(8) .
Theorem 6 Assume F satisfies (FO). Then S possesses an exponential attractor .# in the phase space Co(Q).

Proof. Let X := Co(Q), and let Y := X (whose norm is denoted by || - [|¢,). Take a ¢ > nand o € (1/2,1) such that
Y -—X. LetB= Exg (p1+ 1), where p; is the constant given in (37). From the proof of Theorem 5, we know that B is
a compact absorbing set for S in X. Thus one can take a T > 0 such that

S(T)BC BC BNY.

Hence hypothesis (S1) in Proposition 4 holds.
For any ug € X, write u(r) = S(¢)ug. By (36) there exists Mp > 0 such that

IFu)le@ <Ms: 120, u€B. G38)

Since F € C!, we consequently have

IVaF @)l <Ms. 120, up€B. (39)

For u(z) = S(¢)ug and v(¢) = S(¢)vo, using (38) and (39) one trivially verifies that for all ug, vy € B,

IF(u(0) = Fv(0)lx, = [F((e)) = F(v(e)) o
< Cl[F(u() = F(V(0) @) < Ol =v(0) e s 120,

Further by (23) we deduce that
AT L AT
[a(T) =v(T)||o <[le™™ (u07V0)||a+/0 le™ 4"~ [F(u(s)) = F(v(s))]|| ads

:||Af;e*AqT(u0 —vo)|lLe + /O.T ||A2‘e*Aq(T7s) [F(u(s)) — F(v(s))] ||Leds

T
<Cr (I —vollgm + [ (7 =9) %47 u(s) ¥ e, s
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<(by Thm. 4) SC’T”“O*VOHCO(Q), Yug,vo € B.

This assures hypothesis (S2) in Proposition 4.

The verification of Proposition 4 (S3) constitutes the final component required for completing the demonstration.

Fix a y € (0,1 — o). Then using a similar argument as in verifying (24), we establish the existence of a constant
Ly > 0 such that

IS(t)ug — S(s)uo||e < Lyt — |7, Vs,t € [T,2T], ug € B.
Then

[1S()uo — S(s)uollc, @y < ClIS()uo = S(s)uol|e
(40)
<CL|t—s|", Vs,t € [T,2T], up € B.

Through analytical implementation of Theorem 4, there is necessarily derived a strictly positive constant L, :=
CT~%e*1T > () such that for any uy € B and ¢ € [T,2T],

[u(t) =v(O)lley@) < Lallwo = Vollcy@)- (41)

Combining (40) and (41) one immediately concludes that (34) in hypothesis (S3) holds true with L = max{CL;,L;}.
O
6.4 Two examples

Example 6.1. Consider the FitzZHugh-Nagumo-type reaction-diffusion system (which were used to model excitable
systems such as neurons in human physiology [3, 13]):

u, = &2 Au+ f(u) —v, x€EQ, >0, (42)
Ve = Av — v+ Seu, xeQ, t>0. (43)
ulpe =vlsa =0, (44)

where u(x,7) and v(x,t) represent the membrane potential and sodium gating variable, respectively; € > 0 is a
parameter, ¥ > 0 is a constant, 5 > 0 depends on &. Suppose that f € C', and that there exist co, & > 0 such that

flwu < —co(|u|2+"—&—1)7 ucR. (45)
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The satisfaction of condition (FO) by the operator F(u,v) := (f(u) — v, —yv+ S¢u) is readily verifiable. This in turn
guarantees the existence of: (i) A global attractor 27 (ii) An exponential attractor .2 for the solution semigroup S governing
the initial value problem in Co(Q).

A typical choice of f in practice is that f(u) = u(u — a)(1 — u) with the parameter a € (0,1/2), which clearly satisfies
(45).

Note that we do not impose on f any growth restrictions.

Example 6.2. Many important phenomena in physics, chemical reaction and biology can be modeled by two-
component reaction-diffusion systems like (7) with

f(x,u,v) = 7a(x7u7v)u2p+l +Pm(u7v)7
(46)
glx,u,v) = —b(x,u, vV + 0 (u,v),
where
Pu(u,v) = Z aij”ivja Oi(u,v) = Z bij”ivj7
i<2p, i+ j<m j<2q,1+j<I
P.q,i,j € Z", a(x,u,v) and b(x,u,v) are positive functions, and a;; and b;; are constants.
Under the regularity conditions a,b € C' with uniform positivity bounds established in (47), namely
a(x,u,v), b(x,u,v) > 8 >0, Y (u,v) € R?, 47)

the verification of hypothesis (F0) for F = (f, g) becomes mathematically tractable, contingent upon satisfaction of at
least one subsequent requirement:
(HI)

m<2p+1, 1<2¢+1; mi<Q2p+1)2g+1).

(H2)

m>2p+1, [1<(2q+1)/(m—2p);
or,
1>2g+1, m<Q2p+1)/(I—2q).

Indeed, by (47) we have

SO uv)u < —8uX Pt 4y Z |u| L v|, (48)
i<2p,i+j<m
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M = max{|a;j| : i <2p, i+ j<m}. Since i+ 1 <2(p+ 1), by the Young inequality we find that
|u|i+1|V|j < 8|u|2(p+1)+Cij(8>|V|2(p+1)j/(2p+lfi)

for any € > 0. Noticing that i 4 j < m, we have

20p+1)j 20+ D(m—i) _
2p+1—i— 2p+1-—i

for all 7, j, where

2(p+1)m/(2p+1), ifm<2p+1;
my =
2(p+1)(m—2p), ifm>2p+1.

Therefore applying Young’s inequality once again, by (48) and (49) one easily deduces that
1
Fleuv)u < — (5 — oM (m+ l)(m+2)8> 2P L Ce) (v|™ +1).
Now we take € = 6 /(M(m+1)(m+2)). Then (50) amounts to say that

) _
FOuvu < —Euz(”l) +Co(v™ +1), Y (x,u,v) € Q x R?

for some Cy > 0.
Similarly we also have

1) _
glx,u,v)y < —Evz(“l) +C (|v|l1 + l) , Y (x,u,v) € Q x R?,
where

z 2q+1)1/(2q+1), ifl<2g+]1;
1:
2q+1)(1-2q), ifl>2q+]1.

Now assume (H1) or (H2) holds. Then it is trivial to check that

mily <4(p+1)(g+1).

Hence we see that hypothesis (F0) is fulfilled by F. As a result, we have
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Theorem 7 Suppose the nonlinear functions f and g in system (2.1) take the form specified in (46), and assume the
conditions in (47) together with either (H1) or (H2) are satisfied. Under these assumptions, the initial-boundary value
problem is globally well-posed in the classical sense. Moreover, the solution semigroup S acting on Co(Q) admits both a
global attractor .o/ and an exponential attractor ./, each possessing finite fractal dimension.

An illustration example for f and g satisfying (47) and (H2) is that

Fluv) == +w?,  glx,u,v) = —v° +u

Remark 5 We do not know whether the conclusions in Theorem 7 remain true if instead of (H1) and (H2), we only
assume that

ml < (2p+1)(2g+1).

More generally, we have the following open question.

* Open question Do the results in previous sections hold true for system (7)-(8) if we replace the dissipative-type
hypothesis (FO) by a weaker one as below:

(FO)’ There exist ¢, 3 > 2 and Ay, A > 0 such that

f(x,u,v)u < _A1|u|a +P(M,V), g(x,u,v)v < _A2|v|ﬁ + Q(M,V)

for all (x,u,v) € Q x R?, where

Pluv)=Ni Y, [ul®p, Quv)=No Y [ul v,

0<i,j<m 0<i,j<I
NlaNZaaiaujvyivﬁj >0, and
@

a<a(@i<m), B;i<B(<l);

(i)

Og§gm(ai+uj) 023’;(%+ﬁ/) <ap.

7. Positive solutions and attractors

For many mathematical models from applications, only positive solutions are of interest. In this section we make
some remarks on this subject.

For u € R™, we will write u > 0 (u > 0) if all its entries are nonnegative (positive). Denote R = {u € R” : u > 0}.
The following result concerning positive solutions of reaction-diffusion systems is well known and is a consequence of
maximum principle (see e.g. [8]):

Lemma4 LetF = (g1,8, - ,gm) € C'(Q x R™;R™). Assume that for all 1 <i < m,
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gi(x,u) >0, V(x,u) € QxRY, u; =0. (51)

Then for any initial value ug € Co(Q), up > 0, the homogenous Dirichlet boundary value problem of system (1) has
on some interval [0, T') a unique nonnegative classical solution u.

We now return back to the two-component system (7)-(8) . Let F = (f,g) be the nonlinearity therein. Combining
Theorems 3 and 4, we obtain

Theorem 8 Assume that
(F1) F satisfies hypothesis (FO) with R? therein replaced by R? ; and
(F2) forall x € Q and s > 0,

f(x,O,s)207 g(x,s,O)ZO.

Then for any nonnegative function uy € Co(Q), system (7)-(8) has a unique nonnegative global classical solution;
furthermore, Theorem 4 holds true with these nonnegative solutions.

Theorem 8 allows us to define a solution semigroup S+ = S (¢) (r > 0) of (7)-(8) on

P, :={ueCy(Q): u>0}.

Repeating the same argument in Section 6yith Co(Q) therein replaced by P, we obtain

Theorem 9 Assume the hypotheses (F1) and (F2) in Theorem 8. Then S has a unique global attractor <7 in P
with finite fractal dimension.

Example 7.1. Consider Beddington-DeAngelis predator-prey model incorporating prey refuge and self-diffusion
effects [11]:

u,zdﬂu—kru(l—%)—%, x€Q, >0, (52)
eauyv

vt:dzAvfdqum—hvz, xEQ, 1>0. (53)

ulpo =vlae =0, (54)

where Q C R” is a smooth bounded domain representing the habitat. The state variables u(z,x) and v(¢,x) denote the
population densities of prey and predator species, respectively, subject to homogeneous Dirichlet boundary conditions.

The system parameters satisfy the following biologically meaningful constraints:

« Diffusion coefficients: d; > 0 (prey motility), d, > 0 (predator dispersal)

* Prey dynamics: r > 0 (intrinsic growth rate), K > 0 (environmental carrying capacity)

* Predation parameters: a > 0 (maximum predation rate), b > 0 (saturation constant), ¢ > 0 (predator interference
scaling)

* Conversion and mortality: ¢ > 0 (biomass conversion efficiency), d > 0 (predator mortality rate)

» Competition term: & > 0 (intra-specific competition among predators)
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The functional response term ;7% incorporates both prey saturation and predator interference effects, while the
u+cv

term /v? models density-dependent regulation within the predator population. The homogeneous Dirichlet boundary
conditions reflect hostile environmental conditions at the habitat boundaries.

It is easy to see that all the hypotheses in the above theorems are fulfilled by the nonlinearities in the system. Hence
all the conclusions in Theorems 8 and 9 hold true with (52).

Remark 6 This paper focuses on two-component reaction-diffusion systems. For systems with three or more
components, the analysis becomes more complex. In the case of three-component reaction-diffusion systems modeling
autocatalytic chemical reactions, such as the Oregonator system, the nonlinear terms face estimation barriers arising from
coefficient disparities between different equations. To overcome these obstacles, Y.C. You [28] introduced techniques
such as rescaling and grouping estimation. Therefore, research on dissipative structures and long-term dynamics in
multi-component reaction-diffusion systems remains a substantial and challenging area worthy of further investigation.

8. Concluding remarks

This study presents an analytical framework for investigating the long-term behavior of two-component reaction-
diffusion systems formulated in continuous function spaces. The approach developed here successfully decouples the
analysis of system dynamics from the conventional growth limitations typically required in L*-based theories.

The principal outcomes of our investigation include:

1. The introduction of condition (F0), a relaxed dissipativity requirement that expands the scope of admissible
nonlinearities beyond polynomial growth constraints, while maintaining guarantees for global solution existence.

2. The accommodation of asymmetric growth patterns between dissipative and non-dissipative components within
the nonlinear terms, addressing a previously underexplored aspect of reaction-diffusion theory.

3. The demonstration that within the classical solution context, the system supports both finite-dimensional global
attractors and exponential attractors under the proposed framework.

3. The successful adaptation of these theoretical developments to the positive solution regime, with corresponding
attractor existence established in the nonnegative cone P..

Several research trajectories emerge naturally from this work. The generalization of our framework to multi-component
systems or equations incorporating nonlocal operators represents an immediate extension. Furthermore, elucidating the
connections between condition (FO) and specific applied contexts in the physical and biological sciences would strengthen
the practical relevance of these theoretical developments. The construction of effective numerical methods leveraging
these continuous-space results presents another valuable direction for implementation-focused research.

While the current formulation substantially widens the range of tractable nonlinearities, the structural assumptions
embedded in condition (FO) necessarily define its operational boundaries and cannot be directly extended to reaction-
diffusion systems with more than two components. Subsequent investigations might explore further relaxations of these
requirements or alternative analytical paradigms capable of encompassing even more diverse nonlinear phenomena.
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