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Abstract: We extend some of the usual notions of projective geometry over a finite field (arcs and caps) to the case of
zero-dimensional schemes defined over a finite field [F - In particular we prove that for our type of zero-dimensional arcs
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1. Introduction

There is a huge literature on arcs in projective spaces over a finite field, in large part started by Segre B, his
collaborators, his students and their descendants ([1-13]). In this paper, we consider zero-dimensional schemes instead
of finite sets and consider for them the notions of arcs and caps.

Fix a prime field F, i.e. either F = Q or F' = F, for some prime p, and let F be the algebraic closure of F. Take any
field K such that F < K < F. Of course, we are mainly interested in the case F'= F, and K :=TF . but we state in a general
set-up the statements that do not use the finiteness of the field K.

Let S < P"(K) be a finite set. We say that S is in linear general position (in [14, p. 109] and [15, Lemma 1.1] it
is called General Position) or that it is an arc (terminology of [5-11]) if all 4 < § such that #4 < n + 1 are linearly
independent.

Definition 1.1 Let Z — P'(F) be a zero-dimensional scheme defined over K. We say that Z is in linear general
position with respect to K or that it is an arc with respect to K if for each t € {1, ..., » — 1} and each #-dimensional linear
subspace V < P'(F) defined over K we have deg(V' N Z) <t + 1.

Definition 1.2 Let Z — P'(F) be a zero-dimensional scheme defined over K. We say that Z is rnc with respect to K
or just rnc if each connected component W of Z satisfies deg(#) < r +1 and there are o € P'(K) and a rational normal
curve C < P'(F) defined over K such that o € C(K) and W is the effective divisor deg(W)o of C(F). We will say that Z is
< t-rnc if it is rnc and each connected component of Z has degree < ¢. We say that Z is an +-rnc if it is an < 2-rnc.

The acronym “rnc” stands for “rational normal curve”. In Definition 1.2 we assumed deg(#) < r + 1 for each
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connected component ¥ of Z, because we use Definition 1.2 in the definition of arcs and to be Z (and hence W) an arc,
this is a necessary condition. Often we will omit “with respect to K because a connected scheme defined over K is an
rnc with respect to K if and only if it is rnc with respect to some field K’ O K.

Definition 1.3 Let V' — P"(F) be an x-dimensional vector space defined over K. An x-dimensional osculating data
defined over K and spanning V' is a pair (C, 0), where C is a rational normal curve of V' defined over K and 0 € C(K).

Let Z c P'(F) be a zero-dimensional scheme. We say that Z is curvilinear if each connected component of Z is
either a point or it has 1-dimensional Zariski tangent space.

Definition 1.4 Let /' < P"(F) be an x-dimensional vector space defined over K. An x-dimensional osculating
data defined over K spanning V is a degree x connected curvilinear scheme Z such that J is the minimal linear space
containing Z and for each z € {1, ..., x + 1} the only degree z subscheme of Z is defined over K.

Definition 1.5 Fix an integer v € {0, ..., 7}, a v-dimensional linear subspace ¥ < P'(F) defined over K and o e
V(K). The double point (20, V) of 0 in V'is the closed subscheme of V' with (Z , V') as its ideal sheaf. A zero-dimensional
scheme Z — IP'(F) defined over K is called a scheme of double points or a scheme of double points over K if all its
connected components are defined over K and all its connected components are of the form (20, V) for some v, V and o
(the integers v’s may be different for different connected components). A zero-dimensional scheme of P'(F) is said to be
of mixed type if each of its connected components is defined over K and it is either rnc or a double point.

Definitions 1.4 and 1.5 give the same data if K is perfect (see Lemma 2.11).

Remark 1.6 Take v, V, and o as in Definition 1.5 and set Z := (20, V). Z is a zero-dimensional scheme defined over
K, deg(Z) = v + 1 and V is the linear span of V. Note that v + 1 is the minimal degree of a zero-dimensional scheme
spanning V. If v # 0, we may think of Z as the object describing (from the point of view of linear dependence) all partial
derivatives at o with respect to the directions associated to the lines passing through o and contained in V. Since V is
defined over K, there are v lines through o defined over K and whose union spans V. Thus, if a mixed scheme £ is in
linear general position and has a connected component (20, V) with dim V' = r, then £ = (20, V) and hence deg(£) =r +
1 (Remark 2.10).

Remark 1.7 Every connected component W of an rnc zero-dimensional scheme Z is linearly independent.
However, if deg(W) = r + 1, Z is an arc if and only if W = Z. Thus to study arcs only +-rnc zero-dimensional schemes
are interesting.

We prove the following results.

Theorem 1.8 Fix a prime integer p and a p-power q.

(a) 2¢ + 2 is the maximal degree of a +rnc arc of the plane defined over F .

(b) Let Z c P(F q) be a +rnc arc over F . Z is complete if and and only if either Z_; is complete or ¢ is even, deg(Z)
=g+ 1land Z_,isan oval.

Theorem 1.9 Assume g > r + 3. Let z be the maximal degree of an +rcn arc Z of P'(IF > 7= 2. Then:

DHz=r(g+1).

(2) Assume ¢ odd. Then deg(Z) = r(g + 1) if and only if each connected component of Z has degree r and Z_; =
) for some rational normal curve C defined over [F -

In the last section, we collect a few easy remarks concerning caps.

Our main motivation came from the use of zero-dimensional schemes to get results on the so-called X-rank, which
has as a particular case the additive decomposition of a homogeneous polynomial and the tensor rank of a tensor ([21-
32]). In some of these papers, curvilinear schemes are the main actors. Small degree curvilinear schemes contained in
low degree rational normal curves are key tools in [16-20, 25, 31]. The double points (Definition 1.6) are a fundamental
tool for the computation of the dimensions of joins and secant varieties by the Terracini Lemma ([33, Corollary 1.11]).

As far as we know all results here are new, although certainly not deep, their proofs requiring just to combine
classical results on finite geometry and tools used in the quoted papers on X-ranks.

2. Preliminaries

For any zero-dimensional scheme Z, let Z_,; denote its reduction, i.e. Z _, is the maximal finite set contained in Z.
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The integer #Z_, is the number of connected components of Z.

Definition 2.1 An rnc arc Z c P'(F) defined over X is said to be a weakly complete arc or to be a weakly complete
arc with respect to K if there is no b € P'(K)\Z_, such that Z U {b} is an arc. Z is called a complete arc (with respect to K)
if it is not strictly contained in another rnc arc defined over K.

Remark 2.2 Let Z  P'(F) be a zero-dimensional scheme. Z is curvilinear if and only if each of its connected
components is contained in an affine smooth curve. If » > 3 and Z are curvilinear, then it is contained in a smooth curve
C c P'(F) defined over F. Now assume that Z is curvilinear, connected and defined over the perfect field K. Since Z is
curvilinear and connected, for each integer z e {1, ..., deg(Z)} there is a unique degree z subscheme Z_of Z. Since Z is
defined over K and Z_ is unique, Galois gives that Z_ is defined over K.

Remark 2.3 Let C c P'(F), » > 2, be a rational normal curve defined over K. Fix o0 e C(K) and any positive integer x.
The divisor Z_:=xo of C is a zero-dimensional scheme defined over K. Since Z_< C(F), Z_ is in linear general position.
Taking x > 0 and K =F, we see why we assumed some restrictions for the rc schemes.

Remark 2.4 If we consider non-curvilinear schemes, then further pathologies may occur. Fix 0 € P'(K) and let Z
denote the closed subscheme of P'(F) with (1'0)2 as its ideal sheaf. Z is a degree r + 1 zero-dimensional scheme defined
over K and IP'(F) is the minimal linear space (over any field containing K) containing Z. Although Z has very low
degree, it is a weak blocking set over any field containing K, because for any a € P'(F)\{o} the line ({a, o}) (which is
defined over any field containing K and on which « is defined) intersects Z U {a} in a degree 3 scheme. Now we prove
that Z is not a blocking scheme. We prove the existence of a connected zero-dimensional scheme W > Z defined over K
such that deg(/) = 2" and deg(L N W) < 2 for every line L < P'(F). Fix r linearly independent hyperplanes H,, ..., H,
defined over K such that 4, N --- N H = {o}. Let O, be the rank 1 quadric hypersurface with the square of the equation
of H, as its equation. Set W := Q, N --- N Q.. Since each H, is defined over K, each Q, is defined over K and hence W is
defined over K. Since W, = {o}, W is connected. Since ¥ is a complete intersection of quadric hypersurfaces, Bezout’s
theorem gives deg(W) = 2" and deg(L N W) < 2 for every line L < P'(F).

Remark 2.4 shows why we will not consider mixed schemes for arcs or caps. The next lemma shows that if a
mixed scheme is an arc, then there are associated rnc schemes which are arcs with the same degree.

Lemma 2.5 Fix an integer v € {1, ..., r}, a v-dimensional linear subspace ' < IP'(F) defined and o € V(K). Set
W := (20, V). Let C — V be a rational normal curve of V defined over K and such that o € C(K). Let E be the degree v
+ 1 zero-dimensional scheme with {0} as its reduction. Let Z  P’(F) be a zero-dimensional scheme whose connected
components are defined over K and such that ¥ is a connected component of Z. Set Z' := (Z\W) U E. Then:

(i) deg(2) = deg(2);

(i1) Z'is an arc if Z is an arc.

Proof. Since deg(E) = deg(W), then deg(Z) = deg(Z’). Assume that Z is an arc and let M < P'(F) a t-dimensional
linear space defined over K. Set Z" == (Z\W) N M, M'=MNV, W =WNMandE'=ENM.SinceZNM=Z'"NM=2Z"
if o ¢ M, we may assume o € M. Since o € M, the definition of W gives deg(#’') = dim M’ + 1, while the definition of £
as a connected rnc scheme gives deg(E’) < dim V' +1. Since Z is an arc, deg(Z') = deg(Z')+deg(E") < deg(Z") + deg(W)
<dim M+ 1. Thus Z'is an arc.

Consider the following elementary construction.

Proposition 2.6 Fix integers » > s > [#/2] > 0 and an < s-rnc arc 4 < P'(F) over K such that each connected
components of 4 has degree s and A4 is not weakly complete. Fix o € P(FF q)\Ared such that 4 U {0} is an arc. For any a €
A, let A, be the connected component of 4 with a as its reduction. Set V, := (4, U {o}). Then there is an (s + 1) <-rnc
arc B such that B © 4, each connected components of B has degree s + 1 and B, ; =4, ;.

Proof. Since 0 ¢4, and 4 U {o} is in linear general position, for each a € 4, the linear spaces W, :=(4 ) and V,
are defined over K, dim V, = s, and W_ is a hyperplane of W,. By assumption 4, in a connected degree s rnc arc of W,

By Remark 2.7 4, may be extended to a connected degree s + 1 rnc arc over F, spanning V. Set B:==U Ba. To

a€deq
conclude the proof it is sufficient to prove that B is in a linear general position. Fix a proper linear subspace V" defined
over K and assume deg(B N V) > dim V + 2. Since 4 is in linear general position, ¥ N 4 & ¥ N B. Since each connected
rnc scheme of degree s + 1 contains a unique subscheme of degree s, deg(B N V) — deg(B N A) is the number, x, of the
points a,, ..., a, € A, such that Ba, C B N A4 and that Ba,. cVifandonlyif V,c V.
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First assume x = 1. Since 4 U {0} is an arc, deg(B N V) = deg((4 U {o}) N V) <dim V' + 1, a contradiction.

Now assume x > 2. In this case V2 W, W W, U {o}. Since s > [r/2] and 4, W A4, {0} is linearly independent,
V =P'(F), a contradiction.

Remark 2.7 Let Z < P'(F) be a zero-dimensional scheme such that all its connected components are defined over
K. Let W < Z be a connected component of Z. Let 0 € P'(K) be the reduction of W. Assume w := deg(W) < r. There is a
rational normal curve C < P'(F) defined over K such that o € C(K) and W is the effective divisor wo of C(F) if and only
if there is a (w — 1)-dimensional linear subspace ¥ of IP’(F) containing o and a rational normal curve C’ of V defined
over K such that o € C'(K) and W is the effective divisor wo of C'(F).

Lemma 2.8 Let Z < P'(F), r > 2, be a zero-dimensional scheme whose connected components are curvilinear and
defined over K. The following conditions are equivalent:

(1) Z is an arc with respect to K;

(2) deg(V' N Z) < dim V' + 1 for each proper subspace V' < P'(F) defined over F;

(3) there is a field K’ © K such that deg(Z N V) <dim V' + 1 for each proper linear subspace of P'(F) defined over K

(4) deg(Z N V) < dim V for each proper linear subspace ¥ < P'(F) defined over a field containing K.

Proof. Obviously (4) = (2) = (1). Condition (3) does not require that K’ is algebraic over K, but (2) implies a
similar statement for any algebraically closed field containing K instead of F. Thus it is sufficient to prove (4) = (1).
Fix a field K’ © K and assume deg(Z N V) > dim V' + 2 for some proper linear subspace defined over K'. Set s := #(Z,_; N
L) and write Z_, N L N {o,, ..., 0o,} with Z, the connected component of Z with o, as its reduction. Since z, and V are
defined over K, Z} := Zoi N K'is defined over K'. However, since each subscheme of Zo,. is defined over X, Z! is defined
over K. Thus the linear space W :=(Z U --- U Z) is defined over K. Since ZN V=2 N W, Z is not an arc.

Definition 2.9 Assume K perfect. Let V' < P"(F) be an x-dimensional vector space. An x-dimensional osculating
data defined over K spanning ¥ is a degree x + 1 connected curvilinear scheme Z such that 7 is the minimal linear space
containing Z.

Remark 2.10 We recall that if a zero-dimensional scheme Z defined over K is curvilinear and connected, then
for each integer z € {1, ..., deg(Z)} there is a unique degree z zero-dimensional scheme W < Z. If K is perfect the
uniqueness of W implies that W is defined over K by Galois theory. Thus if K is perfect Definitions 1.4 and 2.9 are
equivalent.

Lemma 2.11 Assume K perfect. Let ¥ < P"(F) be an x-dimensional vector space. Fix the field K. There is a
surjection j between the x-osculating data over K of Definition 1.3 and the ones of Definition 1.4 and j(C, o) = j(C’, 0")
implies o' = o.

Proof. Take (C, 0) as in Definition 1.3. The scheme Z which represents the degree x + 1 effective divisor (x + 1)o of
C satisfies all the assumptions of Definition 1.4 with for any z € {1, ..., x,} the effective divisor zo of C the only degree
z subscheme of Z. Now take Z satisfying Definition 1.4 and let Z,, ..., Z , the closed subschemes of Z of degree {1, ...,
x+ 1} of Z. Thus Z, is a point, o, Z, spans a line V; and so on with Z_ spanning the (z — 1)-dimensional linear space VZ1'
We get a complete flag of V' defined over K. This flag gives a system of homogeneous coordinates z, ..., z, of V' with o =
[[:0:---:0], V,spanned by [0 : 1 : 0, --- : 0] and o and so on. This system of coordinates determines a rational normal
curve C with Z= (x + 1)o.

Remark 2.12 If Z is an x-dimensional osculating data for V" in the sense of Definition 1.4, then for eachz € {1, ...,
x + 1} the only degree z subscheme Z_ of Z spans a (z — 1)-dimensional linear subspace of the linear space spanned by Z.

Remark 2.13 Let X < P"(F) be any rational normal curve defined over K. Any degree n + 1 zero-dimensional
subscheme of X(F) is linearly independent, i.e. it spans P"(F). Any degree ¢ < n zero-dimensional subscheme Z < X(F)
spans a (¢ — 1)-dimensional linear subspace defined over any field K, such that Z is defined over K.

3.PX(F,)

In this section, we take F'= ]Fp, K= ]Fq and r = 2.

Proposition 3.1 Let S = Pz(F q) be an arc. If q is even assume #S < g + 1. For each 0 € § fix any tangent line L, <
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2 — o
P (F q) toSandsetv, :=(20,L ) and Z: Vs

Proof. By a theorem of Segre B #S < g +1 if ¢ is odd ([9], [12, p. 869-861]) and hence for all ¢ each 0 € S is
contained in ¢ + 2 — #S > 0 unisecant lines of S. Thus Z is well-defined. Take a degree 3 subscheme ' < Z and assume
that /¥ is contained in a line. Since S'is an arc, #(L N S) < 2. Since each connected component of Z has degree <2, #(S N L)
=2and W= {o} U v, for some 0, 0" € § such that o #0'. Since {0, 0’} < IPZ(Fq), L is defined over F,. Since #SN L) >2,
L is not a unisecant line of S. Thus v,, & L(F), a contradiction.

Proof of Theorem 1.8 Proposition 3.1 shows that z = 2¢ + 2 if ¢ is odd (by the classification of ovals for ¢ odd
proved by Segre B ([9], [12, p. 869-861]) and 2g + 2 <z <2g + 4 if ¢ is even. Assume ¢ even. To exclude the case z € {2¢
+ 3, 2q + 4} and that the maximal degree arc are obtained by the recipe of Proposition 3.1 it is sufficient to use [6, Cor.
13.41] or the case n =2 of [5, Th. 12.2.3]. By [6, Cor. 13.41] or the case n =2 of [5, Th. 12.2.3] a degree ¢ + 2 arc is not
strictly contained in a +rnc arc over .

Proposition 3.2 Take 4 — IP’Z(IF q) which is an arc. Set w ;= #4. If p = 2 assume #4 < g + 1, so that each point of 4
is contained in ¢ + 2 — #4 unisecant lines of 4. For each o € 4 fix a unisecant line L, of A containing o. Let v, be the

v, Then Z is an arc.

degree 2 zero-dimensional subscheme of L O(Fp) with o as its reduction. Set Z = Yo Then deg(Z) = 2w, Z is rnc and

Z is an arc. Moreover, if 4 is a complete arc, there is no arc Z' 2 Z whose connected components have degree < 2.

Proof. Since L, is unisecant to 4, L, N A = {o} for all 0 and all L . Thus deg(Z) = 2w. Remark 2.7 shows that Z is
rnc. Assume the existence Z' 2 Z whose connected components have degree < 2. Thus the reduction of Z’ contains a €
IP’Z(IF q)\A. Since any subscheme of an arc is an arc, 4 U {a} is an arc. Thus 4 is not completed.

4.P(F,),r>2

In this section, we take F=F,, K =F , F =F, and r>3. Setm(2, q) := ¢ + 2 if g is even and m(2, q) := ¢ + 1 if ¢
is odd, i.e. let m(2, ¢) be the maximal cardinality of an arc of IP’Z(IE‘q) ([6, Th. 13.32 and 13.37], [7, p. 284]). Let m'(2, q)
denote the second highest cardinality of a complete arc of IP’Z(]F q) ([5, p- 286], [6, Th. 13.48 and §13.7]).

Remark 4.1 Assume g > r > 2. The MDS conjecture asks if the maximal cardinality m(r, g) of an arc of P'(F q) is
g + 1. Moreover, it is expected that all arcs with cardinality ¢ + 1 are (the F q-points of) rational normal curves. We have
m(4, q)=q+1([7, Th. 27.6.3]), m(r, g¢) = ¢ + 1 if r > p and in particular if ¢ = p ([2], [3, Th. 32]) orif ¢ > 2r— 2 and ¢ # p,
then a = ¢ + 1 ([3, Th. 35]). Moreover, if » < p and r # (¢ + 1)/2 every maximal arc is the set of ¥ q—points of a rational
normal curve ([3, Th. 36]). Moreover, if » =3 and ¢ is odd, every maximal arc is a rational normal curve.

Lemma 4.2 Let 4 < P'(F P be a finite set which is an arc. Assume #4 > m'(2, ¢) and the existence of o € 4 and
a degree (r — 1) connected mc scheme E < P'(F) defined over F p and with £ U 4 an arc and that £ U 4 is a weakly
complete arc. Then #4 = m(2, q).

Proof. Let V be the (» — 2)-dimensional linear space spanned by £ and V' — V' the linear subspace spanned by the
degree (r — 2) subscheme E'of E. Let [, : PFN — IP’Z(F ) denote the linear projection from V. V and V"’ are defined
over I, and hence /,, induces a surjection / : P'(F q)\V’(IE‘ P IP’Z(IF - Since £' U (A\{o}) isan arc, V"N A= {o}. Thus 4’
:=1I(A\{o}) is an arc with cardinality #4 — 1. Since V" and V" are defined over F » LAV \V")is apoint a € ]P’z(IF q). Since E
UAdisanarc, A" :=A"U {a} is an arc and #(4' U {a}) = #A.

Claim 1 4" is a complete arc.

Proof of Claim 1 Assume that 4" is not a complete arc and take a € ]P’Z(IE"q)\A” such that 4" U {a} is an arc. Take
any b € IPr(Fq)\V'(IFq) such that /(b) = a. Since A" U {a} and E U {a} are arcs, £ U A U {b} is an arc, contradicting the
weak completeness of 4 U E.

Since #4 > m'(2, q) and A" is a complete arc (Claim 1), #4 = m(2, g).

Lemma 4.3 Let 4 c P'(F q) be an arc such that #4 > m'(2, q) + 2. Assume the existence of 0 € 4 and a degree (» — 2)
connected mc scheme E < IP'(F) defined over ¢ and such that £ U 4 is an arc. Then #4 = m(2, q).

Proof. Let ' be the linear space spanned by E. As in the proof of Lemma 4.2 it is sufficient to observe that the arc
[(A\{0}) has cardinality > m'(2, q).
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Lemmas 4.2 and 4.3 may be generalized in the following way.

Lemma 4.4 Fix (s, e) € Nz\{(O, 0)} and positive integers 7, ..., ¥, m,, ..., m, such that r, + --- + 7 +m; + .- +
m,=r—1+e Let4dcC IP’r(IFq) be an arc. Assume the existence of s + m distinct points oy, ..., 0, a,, ..., a, of 4, rnc
schemes £, ..., E, F,, ..., F,such that £, ,={o;} foralli, F, ,= {a;} forall i, deg(E) =r,+ 1 for all i, deg(F,) = m; +
lforalliandd W E, U --- UE UF, U --- UF,is aweakly complete arc. If #4 > m'(2, q) + e, then #4 =m(2, q) + e.

Proof. Let V; be the linear span of £,, V! the linear span of the unique deg(£,) — 1 subscheme of £, and W, the
linear span of F,. Let W be the linear space spanned by V] U --- U VI U W, U --- U W,. The linear space W is defined
over F P and dim W=r—3.Let/,: P(F)\W — IP’Z(F ) denote the linear projection from . Since W is defined over F >
,, is defined over F,. Thus, if Z < IP'(F)\W is a zero-dimensional scheme defined over F » then [, (Z) is defined over F .
Call o, 1 <i<e, the image of / (E\F)). As in the proof of Lemmas 4.2 and 4.3 we see that /(4\{o,, ..., 0,}) U {0}, ..., 0]
is an arc with cardinality #4 > m'(2, q). Thus, #4 = m(2, g).

Proof of Theorem 1.9 Since the case » = 2 is true by Theorem 1.8, we may assume » > 2. Let C be a rational
normal curve defined over F g, LetG be the degree r(g + 1) rnc schemes with G, ., = C(F ) and such that for each o0 €
C(F q) the connected component of G with o as its reduction is the degree » subscheme of C with {o} as its reduction.
Since any degree < r + 1 zero-dimensional subscheme of C(F) is linearly independent, G is an arc. Thus, z > r(g + 1).
Take an mc arc Z with deg(Z) = z and set 4 .= Z _; and a := #4. The maximality of z implies that Z is a complete arc.
Hence Z is a weakly complete arc. Since z > r + 1, each connected components of Z has degree < » (Remark 2.12). Thus
z < ra. Hence a > g + 1. The trivial upper bound for arcs in finite projective spaces gives a < ¢ + r ([3, Theorem 13]).
Since >3 and ¢ > r, (g + 1) > g + 2r. Thus, we may apply Lemma 4.4 if we check the weak completeness of the arc.

The weak completeness of Z follows from the maximality of the integer z.

5. Caps

Let Z  P'(F), r > 2, be a zero-dimensional scheme. We say that Z is a cap over K if each connected component of
Z is defined over K and deg(Z N L) < 2 for each line L defined over K. For any connected rnc scheme 4 defined over I,
and any positive integer ¢ set A[f] := A if deg(4) < ¢, while let A[7] be the only degree ¢ subscheme of 4 with degree ¢ if
deg(4) > t. A[{] is defined over [F p (Remark 2.2).

Lemma 5.1 Let Z  P'(F), r > 2, be a zero-dimensional scheme whose connected components are curvilinear and
defined over K. The following conditions are equivalent:

(1) Zis a cap;

(2) deg(L N Z) <2 for all lines L < P'(F) defined over F;

(3) there is a field K’ © K such that deg(Z N L) <2 for each line L defined over K';

(4) deg(Z N V) <2 for each line L defined over a field containing K.

Proof. Obviously (2) = (3), (4) = (2), (4) = (3) and (4) = (1). Thus it is sufficient to prove that (1) = (4). Fix a
field K" © K and assume deg(Z N L) > 3 for some line defined over K". Set s :=#(Z., N L) and write Z_, N L = {o,, ...,
oy} with Z, the connected component of Z with o, as its reduction. Since each connected component of Z is defined over
K, 0, € P’(K) for all i. If s > 2, then L is spanned by o, and 0, and hence it is defined over K. Now assume s = 1. In this
case, we use that the degree 3 subscheme of Zo1 is defined over K.

Lemma 5.2 Let Z < P'(F), be a zero-dimensional scheme whose connected components are defined over K, they
are rnc schemes and no one of them of degree > 2 is contained in a line. Z is a cap if and only if its 2-restriction Z[2] is a
cap.

Proof. If Z is a cap, then Z[2] is a cap, because it is contained in Z and each connected component of Z[2] is defined
over K. Fix a line L < P’(F) and assume deg(Z N L) > 3. Set {o,, ..., o, =Z.4NL.Call Z the connected component
of Z containing oi. Set a, := deg(Z N L). Note that deg(Z,[2] N L) = min{2, a,}. Each Z  is rnc and it is contained in a
line if and only if deg(Z,) < 2. If deg(Z, ) > 3, then deg(Z, N L) =deg(Z,[2] N L. Thus, deg(Z N L) = deg(Z[2] N L).

Remark 5.3 In Lemma 5.2, we allowed connected rnc schemes of arbitrary length as connected components, if
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not collinear. This is the reason why we think the general definition is not very interesting unless we impose that all the
connected components have degree < 2.
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