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Abstract: In this paper, we address the transport of a solute through a porous media that involves both convection and
diffusion, along with a linear chemical reaction (desorption/adsorption) occurring on the pore surfaces, all of which are
influenced by external nonlinear random forces. The mathematical representation of this model is a system of a non-linear
stochastic convection-diffusion equation in the saturated fluid phase and a linear stochastic convection-diffusion equation
on the surface of porosity coupled with a linear reaction term. We use the method of two-scale convergence with drift and
probabilistic compactness results to obtain a homogenized model consisting of a nonlinear stochastic diffusion equation
where the concentration of the fluid on the pore surface contributes to the diffusion coefficient of the homogenized model.
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1. Introduction and problem statement

There are numerous applications for the transport of solute through porous materials, where a mass transfer occurs
between the fluid and the pores, in fields that include chemical engineering and soil science [1, 2]. Solute transport in
porous media involves convection, diffusion, and interactions between solutes in bulk or on the surface of the skeleton.
Convection occurs through the the fluid’s velocity field where the solutes dissolve. The majority of experimental data are
gathered at a much larger macroscopical scale, although our understanding of flow in porous environments is rooted
in fundamental physical laws at the pore level. Since direct simulation of microscopical models usually surpasses
current computer capabilities, up-scaling techniques are essential for practical analysis. Several papers have considered
homogenization and up-scaling methods to study these types of phenomena; see, for example, [3—7]. In [3] and [4] the
authors studied homogenization results for a linear model of fluid flow in a periodic porous medium where convection-
diffusion took place in the fluid phase with a chemical reaction at the surface of the pore. The results of [8] were extended
to include convection-diffusion in both the phase of fluid and pore surface. The tools used in this paper were the two-scale
asymptotic expansion with drift and the two-scale convergence with drift for rigorous justification; see [9] for more details.
In all of the above results, the models were mathematically described using systems of linear Partial Differential Equations
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(PDEs) with oscillatory parameters in moving domains. However, these models do not account for natural randomness
that could affect the transportation of the salute in the porous medium, and for this stochastic PDEs are necessary. For a
general account on homogenization of stochastic PDEs, see, [10—14]. The first work that considers homogenization for a
stochastic chemical reactive model is [15], in which the author obtains homogenization results for a non-linear stochastic
model that describes chemical reactive fluxes in a porous medium. The results in [15] represent the non-linear stochastic
counterpart of those in [16]. In [17], the authors investigate the well-posedness combined with numerical simulation for
a non-linear stochastic model that describes chemical reactive fluxes. For more results on homogenization of stochastic
models, we refer to [18, 19]. In this paper, we assume that a porous medium is filled with a fluid with no compression that
cannot pass through the solid portion of the medium. The velocity of this fluid is considered to be given, constant over
time, and periodic in space. Our goal is to investigate a single solute transportation within this fluid under the assumption
that the solute concentrations are influenced by external nonlinear random fluctuations acting in both the fluid and the
skeleton surface phases.

The results of this paper address a highly relevant and complex problem, combining nonlinearity, stochasticity, and
multiscale phenomena in a realistic physical context (reactive transport in porous media). It successfully extends the
deterministic linear results of [8] and the nonlinear stochastic (but non-convective) results of [15] to a more general and
applicable framework. The additional convective terms necessitate the use of the two-scale convergence method with drift
to accurately represent the multiscale behavior of the system. The two scale convergence with drift as part of developments
of two scale convergence method [20, 21], was first introduced in [22] with more details in [23] as a rigorous justification
for the Two scale asymptotic expansions with drift approach. We also mention the related stochastic two scale convergence
method, see [24, 25].

The current results are limited in situations where the reaction term has a nonlinear dependence on the solute
concentration in both the fluid phase and the pore space, especially when combined with convective transport and
stochastic effects. Under such situations, the analytical complexity of the problem is even higher, and it is unclear how
the theoretical framework provided here would be extended.

Let D be any open bounded subset of R” with smooth boundary dD and denote by Dy and Dy the fluid and solid
phases, respectively, of the domain D where Dy completely lies inside D. By a scaling of € we define the periodic porous
domain as D = €Dy and dD; = dD,. We consider transport of a solute in a fluid within the domain Dy, influenced by
nonlinear random forces, the concentration in both phases will evolve according to different dynamics, and there will be
interactions at the interface (boundary of the perforations) where the reaction term will play a role, we have

Solute concentration in the Fluid Phase. In the fluid phase D?, the solute concentration c;i evolves according to a
nonlinear stochastic convection-diffusion equation:

1
dcf + EV? -Vebdt — div(kfVeh)de = Br(t, ¢, Vi )dt + af (¢h)dWy in DF x (0, T). (1)

Adsorbed solute concentration on the surface. On the surface dD?, the concentration ¢ of the solute evolves
according to a stochastic convection-diffusion-reaction equation:

€

1
de§ + V5 - Vicldt — divy (K Ve )i = % (c; - 1) dt + afdW, on dDF x (0, T). @)

We apply the following Neumann condition to the concentration of solute c?

f?fVc?.n _ 81 (¢ —c2/2) on IDF x (0, T), 3)
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and the homogeneous Dirichlet boundary condition for the solute concentration c‘; on the exterior boundary

cfc =0ondD. “4)

The initial concentrations

5(x,0) =ch(x) in D, cf(x,0)=c)(x) on ID", (%)

s

where

* ¢(x, t) and c{ (x, 1) are the concentrations of solute in the fluid and the skeleton’s surface phases,

* v (x) and v¢ (x) are given vector functions representing the velocity fields of the fluid in the fluid and the skeleton’s
surface phases,

* K (x) and ki (x) are the diffusion coefficient of the fluid concentrations in the fluid and the skeleton’s surface
phases,

* Br(t, ¢, Vc§) is a nonlinear function that represent an external force depends on concentration of the solute ¢§ and
its diffusion chc,

«1n/€? (cj‘gr —ct/ l) is a reaction term coupling the concentrations on the fluid and on the skeleton’s surface phases,
where 1 € (0, 1) is the rate of the adsorption in the fluid and A € (0, 1) is the constant of adsorption equilibrium.

* af(t, x, ) and o (7, x): These functions represent the strength and nature of the random forces in the fluid and
the skeleton’s surface phases.

* W, (¢) and W,(r) are independent standard Wiener processes associated with the fluid and the surface phases of the
skeleton, respectively.

* The reference cell is given by the unit cube ¥ = (0, 1)", the solid part of Y is indicated by S and the fluid part of Y
is denoted by F, where S has a smooth boundary, dS and S C Y.

* Let D be any open bounded subset of R" with smooth boundary dD, D* = Ugczn {€(F +&) C D} and dD® =
sz {€(2S+E)}.

* v(y) is the outer unit normal to F and 6(y) = I, — v(y) ® v(y) is the projection operator on the tangent hyperplane
of F = dS.

* Vi(-) = 6(y)V(+) and divyu = div O (y)u for any vector function u: F — R".

1.1 Assumptions on the data

A.1. Since the fluid is assumed to be incompressible and do not penetrate the solid part of the porous medium, then

V-vi(y)=0inF, V-vi(y)=0indS, andvs(y)-v(y) =0ondS. 6)

A.2. The diffusion coefficients ky(y) and ;(y) are periodic and bounded in L*(F) and L*(dS), respectively and
satisfy the following ellipticity condition

Kr(1)EE = c[€]” in F and (y)E€ > c[&* on 95. )

A3, Byt €5, Ve§) = ¥yt ) - Ve and 17(t, ¢6) = (1, €)1 such that 3 (-, (s, ): 2(D) = L(D¥)
continuous functions in u and measurable for all t € (0, T'). Furthermore, we have

Volume 7 Issue 2|2026| 1507 Contemporary Mathematics



(Vr(t, u) - Vv, 8) 2 pey | < clIVVIli2peyp 191l 2 (pe) s (®)
and
lY;(t, u1) —vi(t, wa)| < cluy —uzl, for j=1,2,---nand uy, up € R. 9)

Al ap(t, ) = (Oc;j (¢, ¢7))1<j<m such that o (-, u(-, x)): L?(D?) — [L*(Df)]™ a continuous function in u and
measurable for all # € [0, 7). Furthermore, we assume

o (2, )l 2 pey < e+ [l 2(pe)), (10)

and

||a;:](t7 u]) _a;:j(tv MZ)HLZ(DS) < CH”“ _MZHLZ(DE))’ fOI'jZ 1) 27 RN and Ui, Uz € R. (11)

A.5. Unlike in the case of the fluid phase, the noise on the surface is assumed to be of additive type i.e. até(z, x) =
_ p yp s \Ls
(&€’ (t, x)) 1< j<m Where af: [0, T] x dD€ — R™ such that its L?norm is bounded i.e.

. m .
J J
ellog” [l 20pe) =€ Y 1o [l 2 (9pe) < C- (12)
=

A.6. The initial concentrations are supposed to be ¢} € L*(R") and ¢{ € H'(R").
Definition 1 By a weak (in the probabilistic sense) solution to system (1)-(5) we mean the set (Q, P, F, cfc, Wi, &, Wa)
such that ¢§ and c{ are random fields on D® x (0, T') and dD? x (0, T)) respectively, if

(@ W = (le Ji<j<m and W = (sz )i<j<m are independent, m—dimensional standard Brownian motions and are
F-adapted, where (7)o, 7] is a filtration on (Q, P, 7).

(b) The maps (@, x, 1) € Qx D x (0, T) — c(w, x, 1) and (@, x, t) € Q x ID* x (0, T) = c{(®, x, ) are
progressively measurable random fields and

% € C([0, T); L*(D°)) N L*(Q: L*(0, T: W 2(D?))),
and
€ e C([0, T]; L*(dD?)) NL2(Q; L*(0, T; W 2(9DF))).

(c) The couple (%, c5) satisfies,
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! 1
/Ds cfc(t)(pgdx+/0 /Ds {SVS-VC?([)S—FK?VC?-V([)S} dxdt

t
+£U ()98 d ot (x) + / / {lvf-Vscﬁ(j)e—&—KfVcﬁ-Vs(])g}ng(x)d’c}
% | Jove o Jape | €

+ﬂ/’/ S (e 98 dcg(x)dr:/ C0¢sdx+£/ Dot
&0 Job ! A A DE f A Jope ?
t e .
,E7vs € dxd 7// € 0 d o (x)dW
A

[ [ ot as(chidot waw(z), (13)

for almost all w € Q, all € [0, T], and all (@€, §¢) € W'2(Df) x W'-2(9DFf), where do(x) is the surface measure on
dDE.

Definition 2 Let (Q, P, .#, c?, Wi, c&, W,) and (Q, P, F, b?, Wi, bE, W,) be two solutions of (1)-(5) by means of
Definition 1, having the same initial data (c?c, %). Thus the system, (1)-(5) has a unique a path-wise solution if

(¢, c§)(x, 1) = (b%, b5)(x, 1) ae. in (D x (0, T)) x (dD° x (0, T)), P—as..

For the proof of Theorems 1 and 2 below, we refer to [17].

Theorem 1 Let assumptions A.1.-A.6. holds for all € > 0 and all T > 0. Then, (Q, P, .Z#, c?, Wi, c&, W) is a weak
probabilistic solution for (1)-(5) by means of Definition 1.

Theorem 2 The system (1)-(5) possesses a pathwise unique solution.

The paper is organized as follows: In Section 2, we derive energy estimates for the solutions of system (1)-(5),
enabling us to gain some crucial two-scale convergence with drift to the system’s solution. However, due to the system’s
nonlinearities, some compactness is required to produce strong convergences; for this, we additionally acquire a finite
difference estimate on the solution of equation (1). In Section 3, we use the estimates derived in Section 2 to prove tightness
of a probability measure generated by the solution of our system (1)-(5). This leads to the application of Prokhorov’s and
Skorokhod’s Theorems, which transform our system into a wider probability space with P — a.s. strong convergence
for the solution of the new system. In Section 4, we state certain definitions and convergence results on the two scale
convergence with drift, which will be used in the last Section 5, where we achieve the key results of the study, that is, the
homogenization result.

2. Energy and finite difference estimates

Theorem 3 Under Assumptions A.1.-A.6., there exists a constant C > 0 that does not depend on € such that the
solutions of system (1)-(5) satisfy the following estimates:
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Esup (172 pe) + EEsUP 172 pe) < € (14)

T T
E/O ch;(;)||§2(Ds)dz+gE/0 176 (0)[32yppe it < C. (15)
2
%/Te”(§§> di<C (16)
VY =
0 L2(9DE)

Proof. Let us first note that from Green formula, see, for example, [26, Theorem 3.33, p.51] and the boundary

condition (3), we have

—(div(xfVe}), €f) 2 (pey =(KFVCG, Vi) (pey — (KFVEGm, €7) 12 ey

=(kFVch, Vi) 2 pe) + %(C? - %‘f, P2 ape) (17)
We now apply Ito’s formula to the functions ¢(r, ¢%) = ||cf,||i2<D8> and (¢, c) = ||cf||i2(aD£) and use (17), we have
%d”c?(t) HEZ(DS) + (kyVch, Vet apeydt + %(C; - %ﬁ, )12 apedt
=Byl V), ) eyt + 5 1 (65) g+ (6 (€)W, )2 (18)
and
SO ey + o (Ve Ve ) apeydt — (e~ S 8D ) e
19

€ £
=37 Ho‘f”izw[)s)df + I(O‘deZv 5 )12(ape)>

where the convection terms vanish by assumption A.1. Adding (18) to (19), integrating from 0 to ¢, taking the sup for all

t € 0, T] followed by the expectation and using assumptions A.2., we have

T
Eup 50)] 2 o) + €E5p e (1) aape) +E [ IVEH 0] ey

EN
! <c§ i) dt

L2(dD#)

T T
+ eE/O 196 (0122 et + e]E/O

1510 | Mogtaba Mohammed

Co iporary Math




T
<C|lIcH 72 ey + 1512 opey +E | [(Br(ch, Veh), €7)papeyld
(D) (ope) T f)

+]E/ ()OI e dt+£/ 0 (1)1,

t
/0 (05 dWa, €§)12(ape)

t
+Esup /O(a;(C?)dWhCJet)LZ(Ds)
t

+ eEsup ] . (20)
t

To estimate the right-hand side of (20), we begin with the third term therein. We use Young’s inequality and condition
(8) for small enough p, we have

T T
IE/O ‘(ﬁf(c;v chf)a C?)LZ(DS)‘dt :E/o |(?’f(c}c?) 'chgfv C?)LZ(DE)|dt
r £ £
<cB |19 g2qoeyp 1 aoe
£ 2 T £ 2
<P SUPEIe 1) ey + o || 1V5(0) | et e
It is easy to see from the linear growth (10) the following

T T
]E/O ||af(c§.)(t)||iz(Ds)dt§C<T+E/O ||c;)(t)||§2(De)dt>. 22)

From Burkhlder-Davis-Gundy, Cauchy-Schowartz and Young inequalities for large enough p, we obtain the
following

1
Esup /0 ((E)AWA (1), (1)) 12 e

1

<c,E UOT CHCAOM C?<’>)22<Ds>dt] 7

1

2
ey | [ 10550 s o 50 ]

1

T 2
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c T
< PESup 5 0) ey + enPE || (e 0)) ey

Similarly, we obtain

!
eEsup /0 (05 dWa, €§)p2(ape)
t

Ec T
< PRS0 Faope) + epPeE || 10 1) 2 opey .

From the inequalities (21)-(24), condition (12) and Assumption A.6., we get

T
]Est:p||c§~(t)||iz<De> +8E51t1p Hcf(t)”%}(ape) 'HE/O |\Vc;~(t)||i2(D£)d

T T
+£E/O Hch(t)Hiz(aDg)dt—&-sE/o

_ ct
S ! (C?_ A{)

T T
E [ cilwedi+E | ||c§Lz(aDS)dz]-

L2(9DF)

<cite

The proof is completed by Gronwall’s inequality.

(23)

24

(25)

O

These estimates allow us to obtain weak limits only for subsequences of the solution sequence to our problem. To
achieve strong convergence, certain compactness conditions are necessary, which are typically obtained by estimating the

time derivative of the solution. However, this is only possible when working with deterministic PDEs. In the case of

stochastic processes, the following theorem offers bounds for the finite difference for c/‘i.

Theorem 4 Under Assumptions A.1-A.6., and for 7 > 0 (in a similar way, we can deal with T < 0) such that7+ 7 €

[0, T], we have a positive ¢ independent of €, where

T—7
E Sllp ”cf‘"(t—i_r)_C;:‘(I)HHfl(De)dl‘SCG.

Proof. From equation (1), we write
-1

1+T 1+T
it +1) —c5(r) :?/t V?'VC?dS‘i‘/t div(xfVc})ds

I+T +T
+/ Br(cf, Vc?)ds—i—/ of (ch)dWi (s),
t ; t

Co iporary Math tics

(26)

@7

1512 | Mogtaba Mohammed



where 0 <t < T — 0. We can write for all y € H} (D) and ”'V”Hg(DS) =1

/H—T 1 ey v ( e S)d
—C V \VeC N
t AR AN

1 1+7T . .
?/t Vf'VCde

H~1(D#) ‘ H-1(DF)

t+7T 1
Ssup/ /8 EC?V-V?VJ—V- (Vich)w | dsdx
vy Jt D

=0

1+1
<sup / / Vi Vydsdx
t D#

1+T
<95l (VW lpey [ 5l2qpeyds

1

1 T 2
<c712 /t ”Cf”LZ(Ds)dS . (28)

Thus, by estimate (14), we have

E su 4_—1I+T€~V£d2 dt <cE 3 e < 2
p v Vcids t<cE sup 7 ||cf||L2(D£)dt dt<co (29)
z€(0, 6] /0 € Ji H-1(D?) ze[0,6] /O 0 H-1(D?)
From the boundary condition (3) and assumption A.2., we have
+1 ce . T e .
div(xVcT)ds <su / / div(x7Vch)wdxds
‘/t (KpVER)s||, ey = ) (K Ver)
T
—sup/ / ch -Vodxds
14T CE(S)
f
+su / doyds
p aDE ( ‘ A« ) ‘V X'
. e
< o0 VW ey [ 1965(5) e ds
|| (s
vl [ e (022 as (0)
t L2(9DE)
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Thus, by estimates (15) and (16), we have

T-6
E sup ‘
0<7<6 /0

17 R 2
div(kEVEE)d }dt
[ IV(Kf Cf) S H*l(DS)

T-6 . T
<ctE su {/ VE($)]1%, e ds}dt
oSy A Vel (9)1172 ey

2

O ¢ (s)
+cteE sup {/ £ (cf(s)— 1 > ds}dt
0<1<6 70 0 L2(9DFf)
<ch. (31)
From assumption A.3. and estimate (15), we get
T-6 t+T 2
E sup { By (cf, Vci)ds dt
0<71<6 /0 w-1.2(De)
T—6 , (T
<cE sup r/ {/ 19¢5(5) 22 ey ds it < co. (32)
o<r<p JO 0

As for the stochastic integral, we use the fact that L2 (D) is compactly embedded in H ! (D), Itd’s isometry, Fubini’s
theorem, and Cauchy-Schwartz’s inequality to obtain

/[ " (5w (s) Hz Jan

T-6
" |
2o o { 1 (%)

0<1<6

2

<E sup
0<7<6

dt

+T e &
/ oS (5)dWi (s)
t 12 (DE)

T-6 2
S]E/ sup
0

0<t<6

dt
L2(%)

T-6 - t+1 2
g/ E sup </ ch(c?)dWl(s)> dx | dt
0 Dt o<t<o \Jt

14T
/z o (ch)dWi(s)

0<r<0Jt

</T79 (E sup [ [t (e ds> dt (33)
=Jo p fACSf LZ(DE) .
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Thus, by assumption A.4. and estimate (14), we have

2

T-6 147 e/ &
E su ‘/ a;(cy)dWi(s dtt
OSTEG 0 { 1 7(ep)dWi(s) H*I(De)}
<cE /M{/T(l I€5(6)2qpe)) eyt < cB (34)
<clti sup T =+ ||cF (T tedt < c0.
0929 0 0 S D)
Combining the estimates in (29)-(34) with (27), we obtain (26). O

3. Tightness of probability distribution and compactness

In this section we aim to establish some type of strong convergence for the solution c? of equation (1). For this, we
define the following extension by zero

€ inD°f,
%= (35)
0 in D\D?,

and define the set
T—s
7= {(pg € L2(Q; L0, T; L*(D))) N LA L*(0, T; Wy 2(D))); IE/ @t +5) = @(t)[ly-1.2(pydt < CS}.
0

It is well known that Z is a compact subset of L?(Q; L*(0, T; L*(D))), see, for example, [10, 12, 27]. Also, IT¢: =
I (c%, Wh) the probability distribution (law) of (c%, Wy) is tight in (K, 2(K)) where K = L*(Q; L2(0, T; L*(D))) x
C(]0, T); R") and #(K) its c—algebra of Borel sets. From this tightness and Prokhorov’s compactness result [28] we
are able to construct a subsequence I, of I, that weakly converges to a probability distribution IT in K. Following this,
by Skorokhod’s representation theorem [28], see also [12] for a detailed implementation, we construct a new probability
space (Q, P, .%) and two sets of random variables (c?‘, W,*) (with probability law I1,,) and (cy, W) (with probability
law IT) such that

(cjik, Wfk) — (cy, W1) in B(K) as g — 0. (36)

To avoid confusion and make notation easier to follow, we write the new processes on the new probability space
(Q, P, %) without hat. In the following theorem, we show that (c'?‘, ¢, Wi, Wa) satisfies the stochastic model (1)-(5).
This allows us to establish that the sequence of solutions possesses improved properties; in particular, it exhibits strong
convergence in a probabilistic sense. Our proof follows the approach outlined in [11, p.352-356].

Theorem 5 Suppose that .%;: = G(C;k(l'), (1), Wk(1), Wa(7))zeo, ) s a filtration on (Q, B,.%), then

. Wf" and W, are independent, m—dimensional standard Wiener processes and are .%;-adapted.

* The couple (csf", ci) satisfies,
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1
E &) £ Ek €] €k vy -k g
/m deio kdx+/m Lkv k-ch 0™ + K ch -Vo k} dxdt

1
& dck ¢ do® (x) +/ — v Vo + KVl - Vo | do (x)dt
A | Jap D% | &

+

g
Cs

+ 1 oS <p£k—¢—8k do (x)dt = / Br(c, V) pdxdt
& Jopt f ) A De o f

&

+ _—
A Jops

0% A da® (x)dW (1) + /D O () dxaW (), 37)
forallz € [0, T] and all (¢%, ¢&) € W1 2(D%) x W' 2(9d D), where do® (x) is the surface measure on 9 D%.

4. Two scale convergence with drift

Here, we introduce the concept and some important results on two-scale convergence with drift in perforated domains
and on their surfaces; see [9, 23, 29, 30] for more details and proofs.

Definition 3 If u is a sequence in L?((0, T) x R") and v* € R" is a constant, we say that ¢ is two-scale converge
with drift v* to v(¢, x, y) in L2((0, T) x R" x Y) (denoted by v¢ — v 2-s with drift) if we have for all ¢(z, x, y) €
2((0, T) x R"; C,.) the following:

per
T v ox T
/ / ub(t, x)o <t,x—t, ) dxdt—)/ / /u(t,x,y)q)(t,x,y)dydxdt. (38)
0o Jrr €€ o JrnlJy

Theorem 6 [9, 23] Assume that v¢ € L?((0, T) x R") is a bounded sequence, i.e., V¥l 22((0, 7y xmny < C for some
C > 0and let v* € R" be a constant. Subsequently, there is a subsequence still indicated by v¢ with a function v(z, x, y) €
L*((0, T) x R"; L2,,(Y)) where

per
vE — v 2-s with drift. 39)

Theorem 7 [9, 23] Let v¢ € L?((0, T); H'(R")) be a uniformly bounded sequence, and let v € R”" be a constant.
Subsequently, there is a subsequence still indicated by v¢ with functions (v(z, x), ¥(z, x, y)) € L*((0, T); H'(R")) x
L*((0, T) xR"; H!..(Y)) where

per

v& — v 2-s with drift, (40)

and

Vi = Vw+ V6 2-s with drift. A1)
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Theorem 8 [9, 23] Assume that v¢ € L?((0, T) x R") which is two scale converge with drift to v in L?((0, T) x
R L2..(Y)) and

per
lim [V 20, 1)y = IVll22((0, 7)) - (42)

Furthermore, if

. . _
gg%“v ||L2((0, T)xRn) = ||VHL2((0, T)xRxY)* (43)

Thus, v¢ — v 2-s with drift strongly (if v is smooth enough), i.e.,

T *
. V¢ ox
llm/ / ve(t,x)—v<t,x—t, )
e—0.J0o n € €

Definition 4 Assume that v¢ € L?((0, T) x dD?) and v* € R" a constant, we say that v¢ is two scale converge with
drift v* to v(t, x, y) in L2((0, T) x R" x 8S) (denoted by v¢ — v 2-s with drift) if for all (¢, x, y) € 2((0, T) x R"; C2,),

per

2
dxdt = 0. (44)

we have

T * T
8/ / VE(t, x) @ (t, x— V—t, x) dxdt — / / / v(t, x, y)@(t, x, y)dydxdt. (45)
0o Jope €€ o JreJas

Theorem 9 [9] Assume that v¢ € L?((0, T) x dDF?)) is a bounded sequence, i.e. €lv¥ll 2 (0, 7)xape) < C for some
C > 0 and let v* be a constant vector in R”. Subsequently, there is a subsequence still indicated by v¢ with a function
v(t, x, y) € L*((0, T) x R" x 9S) where

Ve — v 2-s with drift. (46)

Theorem 10 [9] Let v* € R” be a constant and v¢ € L?((0, T); H'(R")) such that

8\|V8||L2(<o, T)xape) T EHVVSHLZ((O, Tyxape) < C.

Thus, there is a subsequence still indicated by v¢ with functions (v(z, x), ¥(, x,y)) € L*>((0, T); H' (R")) x L*>((0, T) x

R"; Hp.,(9S)) where

vE =y 2-s with drift, 47

and
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Vo€ = 0(y) Vv + Vi, 9 2-s with drift. (48)

5. Homogenization results

Here, we present the main results of the paper that is homogenization of the system (37). For simplicity, we use €
instead of &.

Theorem 11 Let c? and cf be the solution of the stochastic model (1)-(5). Then there exist functions c; €
L*(Q; L*(0, T); H'(D)), ¢ € L*(Q; L*((0, T) X D); Hyper(F)), and & € L*(Q; L*((0, T) x D); Hpe,(S)) such that the
following two-scale convergences with drift v* hold with probability almost surely.

¢ — cp(t, x) 2-s with drift,
c§ — Acy(t, x) 2-s with drift,
Vc? — Vicp(t, x) + V5 (t, x, y) 2-s with drift, (49)

Vg — A0(y)Vier(t, x) + Vi 64(t, x, y) 2-s with drift,

L (c? - %f) — &t x,y) — %(t, x,y) 2-s with drift,

Proof. The proof is done as in [9, Theorem 3.8.2.] O
Theorem 12 The limit ¢y obtained in Theorem 11 satisfies the following homogenized model

Indcp —div(KOV,cp)dt = B(cy, Vep)dt + oy (cr)dWy + oadWs, (50)
with the initial condition
Anc (0, x) = [F[c(x) + 1958 (x), €2
where A, = |[F|+A|9dS|,—1, and

= [ KOGyt oy reparen [ (o) (a4 do,

1
* A /95 50) (lej T V“')') ' (xej + Vsy)d(fya (52)

such that @ = ((Oj)]gjgn, &= (éj)lﬁjﬁn satisfy
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Er(t,x,y) = 0(y) - Vicy(t, x) and é(t, x, y)

n
Blcy, Vey) =v(t, cp)-Vics(t, x Z/ (Vywj+ej)dy,
Jj=1

and

v(y) - Vyo; —divy(k(Vyoj+ej)) = (V¥ —V)e;j in F,

V(y)'VSyéj les‘(Ks(stéj"‘le/)) AV = vs)ej+n(w;

—K(Vya)j+ej)-v = T[(COJ'— %éj) on d§s,

w; and §;j are Y — periodic.

Proof. Let us replace the test functions in the weak formulation (37) by

e _V* . _V* X
(P —(p(t,x gt)+8(p<t7x etag)a
8_ _V* R _V* {
10} —lgo(t,x - t>—|—£¢ (t,x 8t78>’

where @, ¢ and ¢ are smooth with compact support functions and ¢ (7, x)

= 5()’) 'chf(t7 x)7

=@(T,x,y)=

(33)

(34

éj) in 8S,
CR)

(56)
(57

&(T, x,y) = 0. The presence of

the equilibrium constant of adsorption A in the test function in (57) aligns with the last convergence convergence in (49)
It also helps to cancel the reaction term when considering ¢ = ¢ = 0. We consider as a first case that ¢ = 0 in (37) and

integrating by parts, we get

T
/()/l)scfcv*vx(ﬁ(t,x )dxdt—l—/ / \& ch(p<

> dxdt

r veoox e (T ¢ . Vi ox
€ 1 A £ %
+ 0 /Ds KfVc 'Vy(P <t,x—8t, 8) dxdt“rz/o /aDECSV VS¢ (t,x_8t7 8) d(fxdl‘

e (T . v* e (T .
+ = A /aDevf.ch(p t,x—?t doxdt—i—z/o /aDEKstcf.Vygb t,x

*

t7x>dqﬂt
€

Le /‘/;88( ,_f)(¢ ﬁ)dqﬂte/ / By(c5, Vs) pdd
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T T
+ / / £QOLE(cS)dxdWE (1) + = / / edatdo.dWs(r). (58)
o Jpe AJo Jope

We now use the convergences obtained in Theorem 11 and the assumptions A.3.-A.5. to make a passage to the limit
in the above equation. From the first convergence in (49), we get

T Vv ox T
/ / cfcv*Vx(i) (z‘, x——t, ) dxdt —>/ / cr(t,x)-v*Vo(t, x,y)dxdydt
0 DS 8 8 0 l’le

T
:—/ / Vep(t, x) -V (t, x,y)dxdydt. (59)
0 JrRixF

By the third convergence in (49), we get

T v ox
vEVEQ (t, x——t, = | dxdt
/o /Ds cf(p( T s) .

T
—>/0 ./anV(y)'(chf(t’ x) 4+ Vyér(t, x,y)) ¢ (1, x, y) dxydt. (60)

Using the third convergence in (49) and integrating by parts, we get
/T/ ke Vo (1 — 2o, X ) dxdi
o De f f y(P ) € ) €
T
> [0 [ K0 (Vaer(t. 0 +9,65 (1%, ) V 1,3, ) ddyds
X

:_/OT/"xF div (k(y) (Vcr(r, x) + V&5 (t, x, ) @ (¢, x, y) dxdydt. (61)

By the second convergence in (49) and by integrating parts, we have

e Ty o 2 Vi X

z/o /aDs C?V Vs¢ <t7x_ ;t, 8) dO'th

1 /T A "

— cr(t,x) vV (t, x, y)dxdydt
T L AtV o, x,y)dudy

T
:—/ / Ver(t, x) v (¢, x, y) dxdydt. (62)
0 x9S
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From the fourth convergence in (49), we have
) do,dt
(63)

k/ /¢9st ch)<tx

k/ / A A0V cp(t, x) + Vy6i(t, x, ) @ (¢, x, y) dxoydt
"xdS

The fourth convergence in (49) and integration by parts give
t, x) do,dt
(64)

%/T/ KV (r x
/ /” asdw} (K (y) (AVies(t, x) + V6t x ) ¢ (t, x, y)dxoydt

1

The last convergence in (49) leads to
o A
e_S)(p_2
e[ [, (%) (-5 )dor
— s> <A ¢)d doydt. 65
/ /]R"XBS ( ¢ A Oy (63)
From assumption (8) and estimate (15), we have
T
EE/ / By (cf, Ve§) ) - Vi pdx|dt
0 Jpe
o .
<eIE:/ VS 20 | VOl 2 eyt < £ =0 (66)
We use assumption A.4. and Burkholder-Davis-Gundy’ s inequality, we get
1
T T 2 2
sEsup/ / of (c) pdxdWr (1) geE{/ {/ aﬁ(Cff)(i)dx} dt}
t Dt 0 D¢
r £/ E\|2 ?
<ceB { [ B0 B e 1015 oy}
(67)
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Same as in (67), we have

€ T A
—Esup / / epaidoydWs(t)| — 0 when € — 0. (68)
A t 0 JoD#

From (59)-(68), we have
T
—/ / Vep(t, x) -V @ (1, x, y) dxdydt
0 JR'XF
+/ / (Vi (t, x) + VyCr(t, x,y)) @ (¢, x, y) dxydt
"><F
T
—/O /]R Fdiv(K(y) (chf(t,x)—i—Vyc}f(Lx, y)))(i)(t, x,y)dxdydt
)'lX
T ~
—/ / Vep(t, x) v (t, x, y)dxdydt
0 "xdS
A/ / ; (A8Vicr(t, x) + Vy6s(t, x,9)) § (¢, x, y) dxoydt
X S

T
_ %/0 Avxasdivy (Ks(y) (chf(n x)+ V6 (1, x, y))) qS (t, x,y)dxoydt

//Rnxas ( ) <(p ﬁ)dxdcydt 0. (69)

From the linearity of the integral equation (69) one can write ¢¢(f, x, y) = @(y) - Vicp(t, x) and & (1, x, y) = E(y) -
Vicr(t, x), and then realize that (69) is nothing but the variational formulation of (55). We now take ¢ = q3 =01in (37)
and integrate by part, we have

(p *

//DS ?8( >dxdt+ //cfv V(p(t x—t)dxdt
+/T/ k&Vcs -V (t x—v*t) dxdt—l/T/ EvE-V <t x—v*t> dxdt

o Jpe VYR elo Jpe ! LA R

T *
—8// cfa(p< vt)doxdt—i—// civ* V(p( x—Vt>dedt

o Jope ° dt € £
+e// KEVE V(p(t xt)doxdt// v V(p(t xt)ddxdt
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T
0 0 € £
- »o,d—s/ 000, dcrx:// (c5, V€ ) pdxdt
[ o0 s [ S0 2o~ [ [ (e, veous

T T
+8/ / ocf(pdcxdwz(t)—k/ / o (c) pdxdWy (1). (70)
0 Jope 0 Jpe

Before passing to the limit, we combine the terms of order e ! as follows:
1T e v* 1T v*
- v Vot x——t ddt——/ / EVE.Vo (t,x— —t ) dxdt
T v T v
+/ / v Vo (t, x— t) doydt —/ / ctvé Vo (t, x— t) doydt
0 Jope € 0 Jope €

—l/T/ AW —vE).V tx—v—*t dxdt
“elo Jpe ! P\LFT

T 1 ct v*
+£A/O /aDsE <c;—£> (Vv —v¢)- Vo (t,x—gt) doydt, (71)
where z° (x) =z (£

5) is the unique solution of the following auxiliary problem, see [9, p.91-92]

Azj(y) =Vi(y) — v inF,

Vzj-v=A(v;—vj(y)) on dS, (72)

z; is Y — periodic.

From equations (70) and (71), we have

Volume 7 Issue 2|2026| 1523 Contemporary Mathematics



99 (, V" EVE v
/ DE cj ot ( € )dde_/ / Ver-Vo (t,x £t> dxdt
T 8(p v* T v
_ e 99 v P v
8/0 /aDs s ot (t) . t t) dGth+8/() /t?Ds K VCS V(p <ta X € t) dedt
0 0 1 T . v* .
B /Ds Cf(P(O, x)dx_ 8/308 CS(P(O, x>d6x+ 121/0 DE sz -V (axj(P <t7 X — 8t> Cf) dxdt
€ v
+£/l/ /aDse(f i) (V*_VS)-V(p<t,x—£t)dedt

T T T
:/ Br(ch, chc)(pdxdt+/ / aﬁ(cj)q)dxdwf(t)+e/ / af odo dWs(1).
0 JD# 0 JD# 0 JoD#

(73)

Let us pass to the limit (73) using the convergences in Theorems 7 and 11 and the strong convergence (36). From

the first convergence in (49), we have

¢ v 4 ¢
/ / 8( £t> dxdt—)—/o /H/Fcf(t,x)ﬁ(t,x)dydxdt
T :
:|F\/ / 91 (¢ 1) (¢, x) dxd.
Jo Jre Ot

Using the third convergence in (49), we get

// KEVCE.- V(p< x—vet)dxdt

—>/ / y) (Veg(t, x)+ Vyér(t, x,y)) - Vipdxdydt.
R xF

The second convergence in (49) gives the following:

—e// —V—*t dcrdt—>—/T/ Acy(t )a—q)(t )doydxdt
absfat £ ! 0 Jun Jos "N Gy W B EONEE

T
:M&S\/ / ?(;,xyp(z,x)dxd;.
0 R2 t

We use the fourth convergence in (49) to get

(74)

(75)

(76)
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T vF
s/ / KEVCEE Vo (t, x— t) do,dt
0 Jope €

T
- / / 50) (RO Vies (1, 3) + Vo (1, x.)) - Vogdrdod. 77)
0 n"xdS :

It is also easy to see that the initial terms satisfy the following:
—/ cﬁ)f(p(O7 x)dx — 8/ (0, x)do,
D¢ dDE

_IF| / 29(0, x)dx— 95| / D0(0, x)dx. (78)
Rr JR

By (72), we have

n T V*
Z/o /DE V£V <3xj(p (t, x— st) c?) dxdt
j=1

—>Z / /R WVZ, V (9x;pcy) dxdyd. (79)

From the last convergence in (49), we get

T 1 e Cf . . v
81/0 /aDSE (Cf_)b) (V -V )V(P (Lx—gt) ded[
—A / / ; < t,x,y)— %(t X, y)) (v* —v(y)) - Vodxdo,dt. (80)
n>< S

We use A.3. to write the first term on the right side of (73) as:
T £ £ T t) €
&, Vb dxdt:/ / &) - V€ odxdt
/0 Deﬁf( 7 Ver)e o Dsz( 7)) Vo

r T

By estimate (15), condition (9) and convergence (36), we have
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T T
E /0 /D 17(e5) — ¥p(ep)] - Ve pdxdi <CE /0 177(¢5) = vp(er) 2 e | VS e et

T
CIE/ ¢ —crllp2pedt — 0 as € — 0. (82)
0

Thus,

T , T
lim / & Vo) pdxdt = lim / cf) - VeEpdxdt
0 e Br(ch, Ver)o lim /) Ye(cp)-Veso

e—0

T
:/0 /ﬂxF Yr(cr)-[Ver(t, x) + V6 (2, x, y)| @dxdt. (83)

For the stochastic integrals, we write
T Er € € r E( € £ T
E/O /D of () pdxdW (1) :]E/O /D of () pdxd (WS (1) — Wi (1))

T
+E /O /D af(c5) pdxd Wi (). (84)

Given the unbounded variation of W (t) — W (1), special attention is required to ensure the convergence of the first
term on the right-hand side of (84) to fully utilize the P—almost sure uniform convergence (36). For this, we introduce
the notion of regularization for the function Ot;? (t, x, c?) as follows:

€ LT - € 3
a5 =5 [ p (5" ) afr.x e,
where p is a classical mollifier and § > 0. By construction @ is differentiable in time and for all &, § > 0, we have
r £ 2 g € £ 2
E [ 1050) eyt E [ ot 2, ¢50) e . (85)
and
a§(t) = af(t, x, ¢5(t)) in L*(Q; L*((0, T); L*(D®))) as 8 — 0. (86)

Let’s write (84)’s first term on the right side as follows:
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E/ /Dsaf Ypdxd (WE(1) — IE//% )@dxd (WE (1) — Wi (1))

HE/(;T /D [of (1, x, ¢5(1)) — o5 (1) @edxd (W (1) — Wi (1)) (87)

From Burkholder-Davis-Gundy’s inequality and convergence (86), we get the following:
T _
B[ [ 050, x ¢50) - a5 ) pdxd (W (1)~ Wi (1)

<Esup
t

[ a5 ) - ag0loaaov o) - <t>>\

1
2

<¢F {/OT {/D a1, x, (1)) — ag(t)](pdx}zdt}

1

T 2
<c{ [ 10515 ¢50)) - 850 s o 0130 1

—0as 8 — 0. (88)

Since af is differentiable in time, the first term on the right side of (87) is addressed as follows:
T ~
B[ [ as0edawin - i)
0 Jpe

-E /oT. [ ) - (t))%[ag(t)(p}dxdt +E /D (WE(T) = Wi(T)) e (T) @(T, x)dx

<Esup|Wl {/ /
DS

<cEsup|W{(t) —W;(t)] = 0as € — 0. (89)
t

dxdt+/ los(T)o(T, x)dx}

From (88), (89) and (87), we have

T T
lim & /0 | /D () drdWE (1) = imE /O | /D a(c5) pdxd Wi (). (90)

£—0 £—0
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From the convergence theorem for stochastic integrals by Rozovskii [31, Theorem 4, p.63] and the condition (9) on
af(c), we pass to the limit in (90) to obtain the following.

lim]E/ /af (%) pdxdW{ (1 ]E/ / op(cp)pdxdW (1). 1)

e—0

In a similar way, we have

lim Ee / / of pdo.dWs(1) = E / / LAY 92)

e—0

All the above obtained convergences lead to the following weak formulation.
|F\/ / dCf(pdt+/ / V) (Ve (t, x) + V,65(t, x, y)) - Vogdxdyds
R F 4
T T
2)95] / / de;odxdi + / / L 50) (RO0)Vaer(4,) + Vi, 6, ) - Vagdado
0 JR? 0 JR"xdS )

|F|/ cf(p (0, xdxf|8S|/ (0 xderZ/ /n Vzi(y) ax](pc’f)dxdydt

A

”L/ /WS( (t,%,y) = )L' (7, x, y)) (V' = v(y)) - Vodxdo,dt 93)

T 5 T
= (¢, V ddt+/ / o dxdW, (¢
| [ Brier Veppsar+ [ [ a(eripdsaite)

T
+ / / o pdxdWs (1)
0 R}l

We use the expressions in (53) to obtain

dcy dg
(IF|+A|9S)) / / dcf(pdxdt+/ /Rw Y K O )G, gdad

i, j=1

dw; dcy I
+/ /an K, (v )Waijafd xdydt

T LI aCf (9(p
+7L/0 /Rxas Z Z 3 j O%i o Aot
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r o 9§ dey dg
5 —dxdoy,dt
Jr/0 /nxasiyélkz’l’("’(y) dyr 9x;j dx; O

+7L/ /”xﬁs(wj_gj)( vy, — )?Tfa

% gLy,
]R”><Fl J=1k= ]ayk 8yk 8x, 8x,

dxd,dt

— [ P10 +1951E00) (0, ax
T _ . ]
:/0 /]R" Br(cy, Vc.f)(dedt—i—/o /]R" og(cr)pdxdW, (¢

T

This equation is basically the variational formulation of the homogenized model (50). With the effective coefficients
given by (52). The existence of a weak probabilistic model of the homogenized model is standard, and this, combined
with pathwise uniqueness, shows that the convergences took place on the entire sequence rather than on a subsequence.
This completes the proof of the main result. O
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