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Abstract: In this paper, we address the transport of a solute through a porous media that involves both convection and
diffusion, along with a linear chemical reaction (desorption/adsorption) occurring on the pore surfaces, all of which are
influenced by external nonlinear random forces. The mathematical representation of this model is a system of a non-linear
stochastic convection-diffusion equation in the saturated fluid phase and a linear stochastic convection-diffusion equation
on the surface of porosity coupled with a linear reaction term. We use the method of two-scale convergence with drift and
probabilistic compactness results to obtain a homogenized model consisting of a nonlinear stochastic diffusion equation
where the concentration of the fluid on the pore surface contributes to the diffusion coefficient of the homogenized model.
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1. Introduction and problem statement
There are numerous applications for the transport of solute through porous materials, where a mass transfer occurs

between the fluid and the pores, in fields that include chemical engineering and soil science [1, 2]. Solute transport in
porous media involves convection, diffusion, and interactions between solutes in bulk or on the surface of the skeleton.
Convection occurs through the the fluid’s velocity field where the solutes dissolve. The majority of experimental data are
gathered at a much larger macroscopical scale, although our understanding of flow in porous environments is rooted
in fundamental physical laws at the pore level. Since direct simulation of microscopical models usually surpasses
current computer capabilities, up-scaling techniques are essential for practical analysis. Several papers have considered
homogenization and up-scaling methods to study these types of phenomena; see, for example, [3–7]. In [3] and [4] the
authors studied homogenization results for a linear model of fluid flow in a periodic porous medium where convection-
diffusion took place in the fluid phase with a chemical reaction at the surface of the pore. The results of [8] were extended
to include convection-diffusion in both the phase of fluid and pore surface. The tools used in this paper were the two-scale
asymptotic expansion with drift and the two-scale convergence with drift for rigorous justification; see [9] for more details.
In all of the above results, the models were mathematically described using systems of linear Partial Differential Equations
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(PDEs) with oscillatory parameters in moving domains. However, these models do not account for natural randomness
that could affect the transportation of the salute in the porous medium, and for this stochastic PDEs are necessary. For a
general account on homogenization of stochastic PDEs, see, [10–14]. The first work that considers homogenization for a
stochastic chemical reactive model is [15], in which the author obtains homogenization results for a non-linear stochastic
model that describes chemical reactive fluxes in a porous medium. The results in [15] represent the non-linear stochastic
counterpart of those in [16]. In [17], the authors investigate the well-posedness combined with numerical simulation for
a non-linear stochastic model that describes chemical reactive fluxes. For more results on homogenization of stochastic
models, we refer to [18, 19]. In this paper, we assume that a porous medium is filled with a fluid with no compression that
cannot pass through the solid portion of the medium. The velocity of this fluid is considered to be given, constant over
time, and periodic in space. Our goal is to investigate a single solute transportation within this fluid under the assumption
that the solute concentrations are influenced by external nonlinear random fluctuations acting in both the fluid and the
skeleton surface phases.

The results of this paper address a highly relevant and complex problem, combining nonlinearity, stochasticity, and
multiscale phenomena in a realistic physical context (reactive transport in porous media). It successfully extends the
deterministic linear results of [8] and the nonlinear stochastic (but non-convective) results of [15] to a more general and
applicable framework. The additional convective terms necessitate the use of the two-scale convergence method with drift
to accurately represent themultiscale behavior of the system. The two scale convergence with drift as part of developments
of two scale convergence method [20, 21], was first introduced in [22] with more details in [23] as a rigorous justification
for the Two scale asymptotic expansions with drift approach. We alsomention the related stochastic two scale convergence
method, see [24, 25].

The current results are limited in situations where the reaction term has a nonlinear dependence on the solute
concentration in both the fluid phase and the pore space, especially when combined with convective transport and
stochastic effects. Under such situations, the analytical complexity of the problem is even higher, and it is unclear how
the theoretical framework provided here would be extended.

Let D be any open bounded subset of Rn with smooth boundary ∂D and denote by D f and Ds the fluid and solid
phases, respectively, of the domain D where Ds completely lies inside D. By a scaling of ε we define the periodic porous
domain as Dε = εD f and ∂Dε = ∂Ds. We consider transport of a solute in a fluid within the domain Dε , influenced by
nonlinear random forces, the concentration in both phases will evolve according to different dynamics, and there will be
interactions at the interface (boundary of the perforations) where the reaction term will play a role, we have

Solute concentration in the Fluid Phase. In the fluid phase Dε , the solute concentration cε
f evolves according to a

nonlinear stochastic convection-diffusion equation:

dcε
f +

1
ε

vε
f ·∇cε

f dt −div(κε
f ∇cε

f )dt = β f (t, cε
f , ∇cε

f )dt +αε
f (c

ε
f )dW1 in Dε × (0, T ). (1)

Adsorbed solute concentration on the surface. On the surface ∂Dε , the concentration cε
s of the solute evolves

according to a stochastic convection-diffusion-reaction equation:

dcε
s +

1
ε

vε
s ·∇scε

s dt −divs(κε
s ∇cε

s )dt =
η
ε2

(
cε

f −
cε

s

λ

)
dt +αε

s dW2 on ∂Dε × (0, T ). (2)

We apply the following Neumann condition to the concentration of solute cε
f

−
κε

f

ε
∇cε

f ·n=
η
ε2

(
cε

f − cε
s/λ

)
on ∂Dε × (0, T ), (3)
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and the homogeneous Dirichlet boundary condition for the solute concentration cε
f on the exterior boundary

cε
f = 0 on ∂D. (4)

The initial concentrations

cε
f (x, 0) = c0

f (x) in Dε , cε
s (x, 0) = c0

s (x) on ∂Dε , (5)

where
• cε

f (x, t) and cε
s (x, t) are the concentrations of solute in the fluid and the skeleton’s surface phases,

• vε
f (x) and vε

s (x) are given vector functions representing the velocity fields of the fluid in the fluid and the skeleton’s
surface phases,

• κε
f (x) and κε

s (x) are the diffusion coefficient of the fluid concentrations in the fluid and the skeleton’s surface
phases,

• β f (t, cε
f , ∇cε

f ) is a nonlinear function that represent an external force depends on concentration of the solute cε
f and

its diffusion ∇cε
f ,

• η/ε2
(

cε
f − cε

s/λ
)
is a reaction term coupling the concentrations on the fluid and on the skeleton’s surface phases,

where η ∈ (0, 1) is the rate of the adsorption in the fluid and λ ∈ (0, 1) is the constant of adsorption equilibrium.
• αε

f (t, x, cε
f ) and αε

s (t, x): These functions represent the strength and nature of the random forces in the fluid and
the skeleton’s surface phases.

• W1(t) and W2(t) are independent standard Wiener processes associated with the fluid and the surface phases of the
skeleton, respectively.

• The reference cell is given by the unit cube Y = (0, 1)n, the solid part of Y is indicated by S and the fluid part of Y
is denoted by F , where S has a smooth boundary, ∂S and S̄ ⊂ Y .

• Let D be any open bounded subset of Rn with smooth boundary ∂D, Dε =
⋃

ξ∈Zn {ε(F +ξ )⊂ D} and ∂Dε =⋃
ξ∈Zn {ε(∂S+ξ )}.

• ν(y) is the outer unit normal to F and θ(y) = In −ν(y)⊗ν(y) is the projection operator on the tangent hyperplane
of ∂F = ∂S.

• ∇s(·) = θ(y)∇(·) and divsu= divθ(y)u for any vector function u: F → Rn.

1.1 Assumptions on the data
A.1. Since the fluid is assumed to be incompressible and do not penetrate the solid part of the porous medium, then

∇ ·v f (y) = 0 in F, ∇s ·vs(y) = 0 in ∂S, and v f (y) ·ν(y) = 0 on ∂S. (6)

A.2. The diffusion coefficients κ f (y) and κs(y) are periodic and bounded in L∞(F) and L∞(∂S), respectively and
satisfy the following ellipticity condition

κ f (y)ξ ξ ≥ c|ξ |2 in F and κs(y)ξ ξ ≥ c|ξ |2 on ∂S. (7)

A.3. β f (t, cε
f , ∇cε

f ) = γ f (t, cε
f ) ·∇cε

f and γ f (t, cε
f ) = (γ f j(t, cε

f ))1≤ j≤n such that γ j(·, u(·, x)): L2(Dε) → L2(Dε)

continuous functions in u and measurable for all t ∈ (0, T ). Furthermore, we have
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∣∣∣(γ f (t, u) ·∇v, ϕ)L2(Dε )

∣∣∣≤ c‖∇v‖[L2(Dε )]n‖ϕ‖L2(Dε ), (8)

and

|γ j(t, u1)− γ j(t, u2)| ≤ c|u1 −u2|, for j = 1, 2, · · ·n and u1, u2 ∈ R. (9)

A.4. αε
f (t, cε

f ) = (αε j

f (t, cε
f ))1≤ j≤m such that αε

f (·, u(·, x)): L2(Dε) → [L2(Dε)]m a continuous function in u and
measurable for all t ∈ [0, T ]. Furthermore, we assume

‖αε j

f (t, u)‖L2(Dε ) ≤ c(1+‖u‖L2(Dε )), (10)

and

‖αε j

f (t, u1)−αε j

f (t, u2)‖L2(Dε ) ≤ c‖u1 −u2‖L2(Dε )), for j = 1, 2, · · · , n, and u1, u2 ∈ R. (11)

A.5. Unlike in the case of the fluid phase, the noise on the surface is assumed to be of additive type i.e. αε
s (t, x) =

(αε j
s (t, x))1≤ j≤m where αε

s : [0, T ]×∂Dε → Rm such that its L2norm is bounded i.e.

ε‖αε j

s ‖L2(∂Dε ) = ε
m

∑
j=1

‖αε j

s ‖L2(∂Dε ) ≤C. (12)

A.6. The initial concentrations are supposed to be c0
f ∈ L2(Rn) and c0

s ∈ H1(Rn).
Definition 1 By aweak (in the probabilistic sense) solution to system (1)-(5) wemean the set (Ω,P,F, cε

f ,W1, cε
s ,W2)

such that cε
f and cε

s are random fields on Dε × (0, T ) and ∂Dε × (0, T ) respectively, if
(a) W1 = (W j

1 )1≤ j≤m and W2 = (W j
2 )1≤ j≤m are independent, m−dimensional standard Brownian motions and are

Ft -adapted, where (Ft)t∈[0, T ] is a filtration on (Ω, P, F ).
(b) The maps (ω, x, t) ∈ Ω × Dε × (0, T ) 7→ cε

f (ω, x, t) and (ω, x, t) ∈ Ω × ∂Dε × (0, T ) 7→ cε
s (ω, x, t) are

progressively measurable random fields and

cε
f ∈C([0, T ]; L2(Dε))∩L2(Ω; L2(0, T ; W 1, 2(Dε))),

and

cε
s ∈C([0, T ]; L2(∂Dε))∩L2(Ω; L2(0, T ; W 1, 2(∂Dε))).

(c) The couple (cε
f , cε

s ) satisfies,
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∫
Dε

cε
f (t)φ

ε dx+
∫ t

0

∫
Dε

[
1
ε
vε ·∇cε

f φε +κε
f ∇cε

f ·∇φε
]

dxdτ

+
ε
λ

[∫
∂Dε

cε
s (t)ϕ ε dσ ε(x)+

∫ t

0

∫
∂Dε

[
1
ε
vε

s ·∇scε
s ϕ ε +κε

s ∇cε
s ·∇sϕ ε

]
dσ ε(x)dτ

]

+
η
ε

∫ t

0

∫
∂Dε

(
cε

f −
cε

s

λ

)(
φε − ϕ ε

λ

)
dσ ε(x)dτ =

∫
Dε

c0
f φε dx+

ε
λ

∫
∂Dε

c0
s φε dx

+
∫ t

0

∫
Dε

β f (cε
f , ∇cε

f )φ
ε dxdτ +

ε
λ

∫ t

0

∫
∂Dε

ϕ ε αε
s dσ ε(x)dW2(τ)

+
∫ t

0

∫
Dε

φε αε
f (c

ε
f )dσ ε(x)dW1(τ), (13)

for almost all ω ∈ Ω, all t ∈ [0, T ], and all (φε , ϕ ε) ∈W 1, 2(Dε)×W 1, 2(∂Dε), where dσ ε(x) is the surface measure on
∂Dε .

Definition 2 Let (Ω, P, F , cε
f , W1, cε

s , W2) and (Ω, P, F , bε
f , W1, bε

s , W2) be two solutions of (1)-(5) by means of
Definition 1, having the same initial data (c0

f , c0
s ). Thus the system, (1)-(5) has a unique a path-wise solution if

(cε
f , cε

s )(x, t) = (bε
f , bε

s )(x, t) a.e. in (Dε × (0, T ))× (∂Dε × (0, T )), P−a.s..

For the proof of Theorems 1 and 2 below, we refer to [17].
Theorem 1 Let assumptions A.1.-A.6. holds for all ε > 0 and all T > 0. Then, (Ω, P, F , cε

f , W1, cε
s , W2) is a weak

probabilistic solution for (1)-(5) by means of Definition 1.
Theorem 2 The system (1)-(5) possesses a pathwise unique solution.
The paper is organized as follows: In Section 2, we derive energy estimates for the solutions of system (1)-(5),

enabling us to gain some crucial two-scale convergence with drift to the system’s solution. However, due to the system’s
nonlinearities, some compactness is required to produce strong convergences; for this, we additionally acquire a finite
difference estimate on the solution of equation (1). In Section 3, we use the estimates derived in Section 2 to prove tightness
of a probability measure generated by the solution of our system (1)-(5). This leads to the application of Prokhorov’s and
Skorokhod’s Theorems, which transform our system into a wider probability space with P− a.s. strong convergence
for the solution of the new system. In Section 4, we state certain definitions and convergence results on the two scale
convergence with drift, which will be used in the last Section 5, where we achieve the key results of the study, that is, the
homogenization result.

2. Energy and finite difference estimates
Theorem 3 Under Assumptions A.1.-A.6., there exists a constant C > 0 that does not depend on ε such that the

solutions of system (1)-(5) satisfy the following estimates:
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Esup
t
‖cε

f ‖2
L2(Dε )+ εEsup

t
‖cε

s‖2
L2(∂Dε ) ≤C, (14)

E
∫ T

0
‖∇cε

f (t)‖2
L2(Dε )dt + εE

∫ T

0
‖∇cε

s (t)‖2
L2(∂Dε )dt ≤C, (15)

εE
∫ T

0

∥∥∥∥ε−1
(

cε
f −

cε
s

λ

)∥∥∥∥2

L2(∂Dε )
dt ≤C. (16)

Proof. Let us first note that from Green formula, see, for example, [26, Theorem 3.33, p.51] and the boundary
condition (3), we have

−(div(κε
f ∇cε

f ), cε
f )L2(Dε ) =(κε

f ∇cε
f , ∇cε

f )L2(Dε )− (κε
f ∇cε

f ·n, cε
f )L2(∂Dε )

=(κε
f ∇cε

f , ∇cε
f )L2(Dε )+

εη
ε2 (cε

f −
cε

s

λ
, cε

f )L2(∂Dε ) (17)

We now apply Ito’s formula to the functions ϕ(t, cε
f ) = ‖cε

f ‖2
L2(Dε )

and φ(t, cε
s ) = ‖cε

s‖2
L2(∂Dε )

and use (17), we have

1
2

d‖cε
f (t)‖2

L2(Dε )+(κε
f ∇cε

f , ∇cε
f )L2(Dε )dt +

εη
ε2 (cε

f −
cε

s

λ
, cε

f )L2(∂Dε )dt

=(β f (cε
f , ∇cε

f ), cε
f )L2(Dε )dt +

1
2
‖αε

f (c
ε
f )‖2

L2(Dε )dt +(αε
f (c

ε
f )dW1, cε

f )L2(Dε ), (18)

and

ε
2λ

d‖cε
s (t)‖2

L2(∂Dε )+
ε
λ
(κε

s ∇cε
s , ∇cε

s )L2(∂Dε )dt − εη
ε2 (cε

f −
cε

s

λ
, cε

s/λ )L2(∂Dε )dt

=
ε

2λ
‖αε

s ‖2
L2(∂Dε )dt +

ε
λ
(αε

s dW2, cε
s )L2(∂Dε ), (19)

where the convection terms vanish by assumption A.1. Adding (18) to (19), integrating from 0 to t, taking the sup for all
t ∈ [0, T ] followed by the expectation and using assumptions A.2., we have

Esup
t
‖cε

f (t)‖2
L2(Dε )+ εEsup

t
‖cε

s (t)‖2
L2(∂Dε )+E

∫ T

0
‖∇cε

f (t)‖2
L2(Dε )dt

+ εE
∫ T

0
‖∇cε

s (t)‖2
L2(∂Dε )dt + εE

∫ T

0

∥∥∥∥ε−1
(

cε
f −

cε
s

λ

)∥∥∥∥2

L2(∂Dε )
dt
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≤C

[
‖c0

f ‖2
L2(Dε )+‖c0

s‖2
L2(∂Dε )+E

∫ T

0
|(β f (cε

f , ∇cε
f ), cε

f )L2(Dε )|dt

+E
∫ T

0
‖αε

f (c
ε
f )(t)‖2

L2(Dε )dt + ε
∫ T

0
‖αε

s (t)‖2
L2(∂Dε )dt

+Esup
t

∣∣∣∣∫ t

0
(αε

f (c
ε
f )dW1, cε

f )L2(Dε )

∣∣∣∣+ εEsup
t

∣∣∣∣∫ t

0
(αε

s dW2, cε
s )L2(∂Dε )

∣∣∣∣
]
. (20)

To estimate the right-hand side of (20), we begin with the third term therein. We use Young’s inequality and condition
(8) for small enough ρ , we have

E
∫ T

0
|(β f (cε

f , ∇cε
f ), cε

f )L2(Dε )|dt =E
∫ T

0
|(γ f (cε

f ) ·∇cε
f , cε

f )L2(Dε )|dt

≤cE
∫ T

0
‖∇cε

f ‖[L2(Dε )]n‖cε
f ‖L2(Dε )dt

≤ρ sup
t
E‖cε

f (t)‖2
L2(Dε )+ cρE

∫ T

0
‖∇cε

f (t)‖2
[L2(Dε )]ndt. (21)

It is easy to see from the linear growth (10) the following

E
∫ T

0
‖αε

f (c
ε
f )(t)‖2

L2(Dε )dt ≤ c
(

T +E
∫ T

0
‖cε

f )(t)‖2
L2(Dε )dt

)
. (22)

From Burkhlder-Davis-Gundy, Cauchy-Schowartz and Young inequalities for large enough ρ , we obtain the
following

Esup
t

∣∣∣∣∫ t

0
(αε

f (c
ε
f )dW1(t), cε

f (t))L2(Dε )

∣∣∣∣
≤cpE

[∫ T

0

(
αε

f (c
ε
f (t)), cε

f (t)
)2

L2(Dε )
dt
] 1

2

≤cpE
[∫ T

0
‖αε

f (c
ε
f (t))‖2

L2(Dε )‖cε
f (t)‖2

L2(Dε )dt
] 1

2

≤cpEsup
t
‖cε

f (t)‖L2(Dε )

[∫ T

0
‖αε

f (c
ε
f (t))‖2

L2(Dε )dt
] 1

2
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≤
cp

ρ
Esup

t
‖cε

f (t)‖2
L2(Dε )+ cpρE

∫ T

0
‖αε

f (c
ε
f (t))‖2

L2(Dε )dt. (23)

Similarly, we obtain

εEsup
t

∣∣∣∣∫ t

0
(αε

s dW2, cε
s )L2(∂Dε )

∣∣∣∣
≤

εcp

ρ
Esup

t
‖cε

s (t)‖2
L2(∂Dε )+ cpρεE

∫ T

0
‖αε

s (t)‖2
L2(∂Dε )dt. (24)

From the inequalities (21)-(24), condition (12) and Assumption A.6., we get

Esup
t
‖cε

f (t)‖2
L2(Dε )+ εEsup

t
‖cε

s (t)‖2
L2(∂Dε )+E

∫ T

0
‖∇cε

f (t)‖2
L2(Dε )dt

+ εE
∫ T

0
‖∇cε

s (t)‖2
L2(∂Dε )dt + εE

∫ T

0

∥∥∥∥ε−1
(

cε
f −

cε
s

λ

)∥∥∥∥2

L2(∂Dε )
dt

≤c1 + c2

[
E
∫ T

0
‖cε

f ‖L2(Dε )dt +E
∫ T

0
‖cε

s‖L2(∂Dε )dt

]
. (25)

The proof is completed by Gronwall’s inequality.
These estimates allow us to obtain weak limits only for subsequences of the solution sequence to our problem. To

achieve strong convergence, certain compactness conditions are necessary, which are typically obtained by estimating the
time derivative of the solution. However, this is only possible when working with deterministic PDEs. In the case of
stochastic processes, the following theorem offers bounds for the finite difference for cε

f .
Theorem 4 Under Assumptions A.1-A.6., and for τ > 0 (in a similar way, we can deal with τ < 0) such that t +τ ∈

[0, T ], we have a positive c independent of ε , where

E sup
τ∈[0, θ ]

∫ T−τ

0
‖cε

f (t + τ)− cε
f (t)‖H−1(Dε )dt ≤ cθ . (26)

Proof. From equation (1), we write

cε
f (t + τ)− cε

f (t) =
−1
ε

∫ t+τ

t
vε

f ·∇cε
f ds+

∫ t+τ

t
div(κε

f ∇cε
f )ds

+
∫ t+τ

t
β f (cε

f , ∇cε
f )ds+

∫ t+τ

t
αε

f (c
ε
f )dW1(s), (27)
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where 0 ≤ t ≤ T −θ . We can write for all ψ ∈ H1
0 (D

ε) and ‖ψ‖H1
0 (D

ε ) = 1

∥∥∥∥−1
ε

∫ t+τ

t
vε

f ·∇cε
f ds
∥∥∥∥

H−1(Dε )
=

∥∥∥∥∫ t+τ

t

1
ε

cε
f ∇ ·vε

f −∇ · (vε
f cε

f )ds
∥∥∥∥

H−1(Dε )

≤sup
ψ

∫ t+τ

t

∫
Dε

1
ε

cε
f ∇ ·vε

f ψ︸ ︷︷ ︸
=0

−∇ · (vε
f cε

f )ψ

dsdx

≤sup
ψ

∣∣∣∣∣
∫ t+τ

t

∫
Dε

vε
f cε

f ∇ψdsdx

∣∣∣∣∣
≤‖vε

f ‖L∞(Dε )‖∇ψ‖L2(Dε )

∫ t+τ

t
‖cε

f ‖L2(Dε )ds

≤cτ
1
2

{∫ t+τ

t
‖cε

f ‖2
L2(Dε )ds

} 1
2
. (28)

Thus, by estimate (14), we have

E sup
τ∈[0, θ ]

∫ T−τ

0

∥∥∥∥−1
ε

∫ t+τ

t
vε

f ·∇cε
f ds
∥∥∥∥2

H−1(Dε )
dt ≤ cE sup

τ∈[0, θ ]
τ

1
2

∫ T−τ

0

∥∥∥∥∫ T

0
‖cε

f ‖2
L2(Dε )dt

∥∥∥∥
H−1(Dε )

dt ≤ cθ (29)

From the boundary condition (3) and assumption A.2., we have

∥∥∥∫ t+τ

t
div(κε

f ∇cε
f )ds

∥∥∥
H−1(Dε )

≤sup
ψ

∫ t+τ

t

∫
Q f

div(κε
f ∇cε

f )ψdxds

=sup
ψ

∫ t+τ

t

∫
Dε

κε
f ∇cε

f (s) ·∇ϕdxds

+ sup
ψ

η
ε

∫ t+τ

t

∫
∂Dε

(
cε

f (s)−
cε

f (s)

λ

)
ψdσxds

≤‖κε
f ‖L∞(Dε )‖∇ψ‖L2(Dε )

∫ t+τ

t
‖∇cε

f (s)‖L2(Dε )ds

+η‖ψ‖L2(Deε)

∫ t+τ

t

∥∥∥∥ε−1
(

cε
f (s)−

cε
s (s)
λ

)∥∥∥∥
L2(∂Dε )

ds. (30)
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Thus, by estimates (15) and (16), we have

E sup
0≤τ≤θ

∫ T−θ

0

∥∥∥∫ t+τ

t
div(κε

f ∇cε
f )ds

∥∥∥2

H−1(Dε )

}
dt

≤cτE sup
0≤τ≤θ

∫ T−θ

0

{∫ T

0
‖∇cε

f (s)‖2
L2(Dε )ds

}
dt

+ cτεE sup
0≤τ≤θ

∫ T−θ

0

{∫ T

0

∥∥∥∥ε−1
(

cε
f (s)−

cε
s (s)
λ

)∥∥∥∥2

L2(∂Dε )
ds
}

dt

≤ cθ . (31)

From assumption A.3. and estimate (15), we get

E sup
0≤τ≤θ

∫ T−θ

0

{∥∥∥∥∥
∫ t+τ

t
β f (cε

f , ∇cε
f )ds

∥∥∥∥∥
2

W−1, 2(Dε )

}
dt

≤cE sup
0≤τ≤θ

τ
∫ T−θ

0

{∫ T

0
‖∇cε

f (s)‖2
L2(Dε )ds

}
dt ≤ cθ . (32)

As for the stochastic integral, we use the fact that L2(Dε) is compactly embedded inH−1(Dε), Itô’s isometry, Fubini’s
theorem, and Cauchy-Schwartz’s inequality to obtain

E sup
0≤τ≤θ

∫ T−θ

0

{∥∥∥∫ t+τ

t
αε

f (c
ε
f )dW1(s)

∥∥∥2

H−1(Dε )

}
dt

≤E sup
0≤τ≤θ

∥∥∥∥∫ t+τ

t
αε

f (c
ε
f )dW1(s)

∥∥∥∥2

L2(Dε )
dt

≤E
∫ T−θ

0
sup

0≤τ≤θ

∥∥∥∥∫ t+τ

t
αε

f (c
ε
f )dW1(s)

∥∥∥∥2

L2(ε )
dt

≤
∫ T−θ

0

(∫
Dε

E sup
0≤τ≤θ

(∫ t+τ

t
αε

f (c
ε
f )dW1(s)

)2

dx

)
dt

≤
∫ T−θ

0

(
E sup

0≤τ≤θ

∫ t+τ

t
‖αε

f (c
ε
f )‖2

L2(Dε )ds

)
dt. (33)
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Thus, by assumption A.4. and estimate (14), we have

E sup
0≤τ≤θ

∫ T−θ

0

{∥∥∥∫ t+τ

t
αε

f (c
ε
f )dW1(s)

∥∥∥2

H−1(Dε )

}
dtt

≤cE sup
0≤τ≤θ

τ
∫ T−θ

0

{∫ T

0

(
1+‖cε

f (t)‖L2(Dε )

)2
dt
}

dt ≤ cθ . (34)

Combining the estimates in (29)-(34) with (27), we obtain (26).

3. Tightness of probability distribution and compactness
In this section we aim to establish some type of strong convergence for the solution cε

f of equation (1). For this, we
define the following extension by zero

c̃ε
f =


cε

f in Dε ,

0 in D\Dε ,

(35)

and define the set

Z=

{
φε ∈ L2(Ω; L2(0, T ; L2(D)))∩L2(Ω; L2(0, T ; W 1, 2

0 (D))); E
∫ T−s

0
‖φ(t + s)−φ(t)‖W−1, 2(D)dt ≤Cs

}
.

It is well known that Z is a compact subset of L2(Ω; L2(0, T ; L2(D))), see, for example, [10, 12, 27]. Also, Πε : =
Πε(c̃ε

f , W1) the probability distribution (law) of (c̃ε
f , W1) is tight in (K, B(K)) where K = L2(Ω; L2(0, T ; L2(D)))×

C([0, T ]; Rn) and B(K) its σ−algebra of Borel sets. From this tightness and Prokhorov’s compactness result [28] we
are able to construct a subsequence Πεk of Πε that weakly converges to a probability distribution Π in K. Following this,
by Skorokhod’s representation theorem [28], see also [12] for a detailed implementation, we construct a new probability
space (Ω̂, P̂, F̂ ) and two sets of random variables ( ˜cεk

f , W εk
1 ) (with probability law Πεk ) and (c f , Ŵ1) (with probability

law Π) such that

( ˜cεk
f , W εk

1 )→ (c f , Ŵ1) in B(K) as εk → 0. (36)

To avoid confusion and make notation easier to follow, we write the new processes on the new probability space
(Ω̂, P̂, F̂ ) without hat. In the following theorem, we show that (cεk

f , cεk
s , W εk

1 , W2) satisfies the stochastic model (1)-(5).
This allows us to establish that the sequence of solutions possesses improved properties; in particular, it exhibits strong
convergence in a probabilistic sense. Our proof follows the approach outlined in [11, p.352-356].

Theorem 5 Suppose that F̂t : = σ(cεk
f (τ), cεk

s (τ), W εk
1 (τ), W2(τ))τ∈[0, T ] is a filtration on (Ω̂, P̂, F̂ ), then

• W εk
1 and W2 are independent, m−dimensional standard Wiener processes and are Ft -adapted.

• The couple (cεk
f , cεk

s ) satisfies,
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∫
Dεk

dcεk
f φεk dx+

∫
Dεk

[
1
εk
vεk ·∇cεk

f φεk +κεk
f ∇cεk

f ·∇φεk

]
dxdt

+
εk

λ

[∫
∂Dεk

dcεk
s ϕ εk dσ εk(x)+

∫
∂Dεk

[
1
εk
vεk

s ·∇scεk
s ϕ εk +κεk

s ∇cεk
s ·∇sϕ εk

]
dσ εk(x)dt

]

+
η
εk

∫
∂Dεk

(
cεk

f − cεk
s

λ

)(
φεk − ϕ εk

λ

)
dσ εk(x)dt =

∫
Dεk

β f (c
εk
f , ∇cεk

f )φ
εk dxdt

+
εk

λ

∫
∂Dεk

ϕ εk αεk
s dσ εk(x)dW2(t)+

∫
Dεk

φεk αεk
f (cεk

f )dxdW εk
1 (t), (37)

for all t ∈ [0, T ] and all (φεk , ϕ εk) ∈W 1, 2(Dεk)×W 1, 2(∂Dεk), where dσ εk(x) is the surface measure on ∂Dεk .

4. Two scale convergence with drift
Here, we introduce the concept and some important results on two-scale convergence with drift in perforated domains

and on their surfaces; see [9, 23, 29, 30] for more details and proofs.
Definition 3 If uε is a sequence in L2((0, T )×Rn) and v∗ ∈ Rn is a constant, we say that vε is two-scale converge

with drift v∗ to v(t, x, y) in L2((0, T )×Rn ×Y ) (denoted by vε ⇀ v 2-s with drift) if we have for all ϕ(t, x, y) ∈
D((0, T )×Rn; C∞

per) the following:

∫ T

0

∫
Rn

uε(t, x)ϕ
(

t, x− v∗

ε
t,

x
ε

)
dxdt →

∫ T

0

∫
Rn

∫
Y

u(t, x, y)ϕ(t, x, y)dydxdt. (38)

Theorem 6 [9, 23] Assume that vε ∈ L2((0, T )×Rn) is a bounded sequence, i.e., ‖vε‖L2((0, T )×Rn) ≤ C for some
C > 0 and let v∗ ∈Rn be a constant. Subsequently, there is a subsequence still indicated by vε with a function v(t, x, y) ∈
L2((0, T )×Rn; L2

per(Y )) where

vε ⇀ v 2-s with drift. (39)

Theorem 7 [9, 23] Let vε ∈ L2((0, T ); H1(Rn)) be a uniformly bounded sequence, and let v∗ ∈ Rn be a constant.
Subsequently, there is a subsequence still indicated by vε with functions (v(t, x), v̂(t, x, y)) ∈ L2((0, T ); H1(Rn))×
L2((0, T )×Rn; H1

per(Y )) where

vε ⇀ v 2-s with drift, (40)

and

∇vε ⇀ ∇xv+∇yv̂ 2-s with drift. (41)
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Theorem 8 [9, 23] Assume that vε ∈ L2((0, T )×Rn) which is two scale converge with drift to v in L2((0, T )×
Rn; L2

per(Y )) and

lim
ε→0

‖vε‖L2((0, T )×Rn) ≥ ‖v‖L2((0, T )×Rn×Y ). (42)

Furthermore, if

lim
ε→0

‖vε‖L2((0, T )×Rn) = ‖v‖L2((0, T )×Rn×Y ). (43)

Thus, vε → v 2-s with drift strongly (if v is smooth enough), i.e.,

lim
ε→0

∫ T

0

∫
Rn

∣∣∣∣vε(t, x)− v
(

t, x− v∗

ε
t,

x
ε

)∣∣∣∣2 dxdt = 0. (44)

Definition 4 Assume that vε ∈ L2((0, T )×∂Dε) and v∗ ∈ Rn a constant, we say that vε is two scale converge with
drift v∗ to v(t, x, y) in L2((0, T )×Rn ×∂S) (denoted by vε ⇀ v 2-s with drift) if for all φ(t, x, y) ∈ D((0, T )×Rn; C∞

per),
we have

ε
∫ T

0

∫
∂Dε

vε(t, x)φ
(

t, x− v∗

ε
t,

x
ε

)
dxdt →

∫ T

0

∫
Rn

∫
∂S

v(t, x, y)φ(t, x, y)dydxdt. (45)

Theorem 9 [9] Assume that vε ∈ L2((0, T )× ∂Dε)) is a bounded sequence, i.e. ε‖vε‖L2((0, T )×∂Dε ) ≤ C for some
C > 0 and let v∗ be a constant vector in Rn. Subsequently, there is a subsequence still indicated by vε with a function
v(t, x, y) ∈ L2((0, T )×Rn ×∂S) where

vε ⇀ v 2-s with drift. (46)

Theorem 10 [9] Let v∗ ∈ Rn be a constant and vε ∈ L2((0, T ); H1(Rn)) such that

ε‖vε‖L2((0, T )×∂Dε )+ ε‖∇vε‖L2((0, T )×∂Dε ) ≤C.

Thus, there is a subsequence still indicated by vε with functions (v(t, x), v̂(t, x, y))∈ L2((0, T ); H1(Rn))×L2((0, T )×
Rn; H1

per(∂S)) where

vε ⇀ v 2-s with drift, (47)

and
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∇svε ⇀ θ(y)∇xv+∇sy v̂ 2-s with drift. (48)

5. Homogenization results
Here, we present the main results of the paper that is homogenization of the system (37). For simplicity, we use ε

instead of εk.
Theorem 11 Let cε

f and cε
s be the solution of the stochastic model (1)-(5). Then there exist functions c f ∈

L2(Ω; L2(0, T ); H1(D)), ĉ f ∈ L2(Ω; L2((0, T )×D); H1
per(F)), and ĉs ∈ L2(Ω; L2((0, T )×D); H1

per(S)) such that the
following two-scale convergences with drift v∗ hold with probability almost surely.



cε
f ⇀ c f (t, x) 2-s with drift,

cε
s ⇀ λc f (t, x) 2-s with drift,

∇cε
f ⇀ ∇xc f (t, x)+∇yĉ f (t, x, y) 2-s with drift,

∇cε
s ⇀ λθ(y)∇xc f (t, x)+∇sy ĉs(t, x, y) 2-s with drift,

1
ε

(
cε

f −
cε

s
λ

)
⇀ ĉ f (t, x, y)− ĉs

λ (t, x, y) 2-s with drift,

(49)

Proof. The proof is done as in [9, Theorem 3.8.2.]
Theorem 12 The limit c f obtained in Theorem 11 satisfies the following homogenized model

λndc f −div(κ0∇xc f )dt = β̃ (c f , ∇c f )dt +α f (c f )dW1 +αsdW2, (50)

with the initial condition

λnc f (0, x) = |F |c0
f (x)+ |∂S|c0

s (x), (51)

where λ n = |F |+λ |∂S|n−1, and

κ0
i, j =

∫
F

κ(y)(∇yω j + e j) · (∇yω j + e j)dy+η
∫

∂S

(
ω j +

ξ j

λ

)(
ω j +

ξ j

λ

)
dσy

+
1
λ

∫
∂S

κs(y)(λe j +∇sy) · (λe j +∇sy)dσy, (52)

such that ω = (ω j)1≤ j≤n, ξ = (ξ j)1≤ j≤n satisfy
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ĉ f (t, x, y) = ω(y) ·∇xc f (t, x) and ĉs(t, x, y) = ξ (y) ·∇xc f (t, x), (53)

β̃ (c f , ∇c f ) = γ(t, c f ) ·∇xc f (t, x)
n

∑
j=1

∫
F
(∇yω j + e j)dy, (54)

and



v(y) ·∇yω j −divy(κ(∇yω j + e j)) = (v∗−v)e j in F,

v(y) ·∇syξ j −divsy(κs(∇syξ j +λe j)) = λ (v∗−vs)e j +η(ω j − 1
λ ξ j) in ∂S,

−κ(∇yω j + e j) ·ν = η(ω j − 1
λ ξ j) on ∂S,

ω j and ξ j are Y − periodic.

(55)

Proof. Let us replace the test functions in the weak formulation (37) by

φε = φ
(

t, x− v∗

ε
t
)
+ εφ̂

(
t, x− v∗

ε
t,

x
ε

)
, (56)

ϕ ε = λφ
(

t, x− v∗

ε
t
)
+ εϕ̂

(
t, x− v∗

ε
t,

x
ε

)
, (57)

where φ, φ̂ and ϕ̂ are smooth with compact support functions and φ(T, x) = φ̂(T, x, y) = ϕ̂(T, x, y) = 0. The presence of
the equilibrium constant of adsorption λ in the test function in (57) aligns with the last convergence convergence in (49).
It also helps to cancel the reaction term when considering φ̂ = ϕ̂ = 0. We consider as a first case that φ = 0 in (37) and
integrating by parts, we get

∫ T

0

∫
Dε

cε
f v∗∇xφ̂

(
t, x− v∗

ε
t,

x
ε

)
dxdt +

∫ T

0

∫
Dε
vε ·∇cε

f φ̂
(

t, x− v∗

ε
t,

x
ε

)
dxdt

+
∫ T

0

∫
Dε

κε
f ∇cε

f ·∇yφ̂
(

t, x− v∗

ε
t,

x
ε

)
dxdt +

ε
λ

∫ T

0

∫
∂Dε

cε
sv∗∇sϕ̂

(
t, x− v∗

ε
t,

x
ε

)
dσxdt

+
ε
λ

∫ T

0

∫
∂Dε

vε
s ·∇cε

s ϕ̂
(

t, x− v∗

ε
t,

x
ε

)
dσxdt +

ε
λ

∫ T

0

∫
∂Dε

κε
s ∇scε

s ·∇yϕ̂
(

t, x− v∗

ε
t,

x
ε

)
dσxdt

+ ε
∫ T

0

∫
∂Dε

η
ε

(
cε

f −
cε

s

λ

)(
φ̂ − ϕ̂

λ

)
dσxdt = ε

∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φ̂dxdt

Volume 7 Issue 2|2026| 1519 Contemporary Mathematics



+
∫ T

0

∫
Dε

εφ̂αε
f (c

ε
f )dxdW ε

1 (t)+
ε
λ

∫ T

0

∫
∂Dε

εϕ̂αε
s dσxdW2(t). (58)

We now use the convergences obtained in Theorem 11 and the assumptions A.3.-A.5. to make a passage to the limit
in the above equation. From the first convergence in (49), we get

∫ T

0

∫
Dε

cε
f v∗∇xφ̂

(
t, x− v∗

ε
t,

x
ε

)
dxdt →

∫ T

0

∫
Rn×F

c f (t, x) ·v∗∇φ̂ (t, x, y)dxdydt

=−
∫ T

0

∫
Rn×F

∇c f (t, x) ·v∗φ̂ (t, x, y)dxdydt. (59)

By the third convergence in (49), we get

∫ T

0

∫
Dε
vε ·∇cε

f φ̂
(

t, x− v∗

ε
t,

x
ε

)
dxdt

→
∫ T

0

∫
Rn×F

v(y) ·
(
∇xc f (t, x)+∇yĉ f (t, x, y)

)
φ̂ (t, x, y)dxydt. (60)

Using the third convergence in (49) and integrating by parts, we get

∫ T

0

∫
Dε

κε
f ∇cε

f ·∇yφ̂
(

t, x− v∗

ε
t,

x
ε

)
dxdt

→
∫ T

0

∫
Rn×F

κ(y)
(
∇xc f (t, x)+∇yĉ f (t, x, y)

)
∇φ̂ (t, x, y)dxdydt

=−
∫ T

0

∫
Rn×F

div
(
κ(y)

(
∇xc f (t, x)+∇yĉ f (t, x, y)

))
φ̂ (t, x, y)dxdydt. (61)

By the second convergence in (49) and by integrating parts, we have

ε
λ

∫ T

0

∫
∂Dε

cε
sv∗∇sϕ̂

(
t, x− v∗

ε
t,

x
ε

)
dσxdt

1
λ

∫ T

0

∫
Rn×∂S

λc f (t, x) ·v∗∇ϕ̂ (t, x, y)dxdydt

=−
∫ T

0

∫
Rn×∂S

∇c f (t, x) ·v∗ϕ̂ (t, x, y)dxdydt. (62)
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From the fourth convergence in (49), we have

ε
λ

∫ T

0

∫
∂Dε

vε
s ·∇cε

s ϕ̂
(

t, x− v∗

ε
t,

x
ε

)
dσxdt

→ 1
λ

∫ T

0

∫
Rn×∂S

vs(y) ·
(
λθ∇xc f (t, x)+∇yĉs(t, x, y)

)
ϕ̂ (t, x, y)dxσydt. (63)

The fourth convergence in (49) and integration by parts give:

ε
λ

∫ T

0

∫
∂Dε

κε
s ∇scε

s ·∇yϕ̂
(

t, x− v∗

ε
t,

x
ε

)
dσxdt

→− 1
λ

∫ T

0

∫
Rn×∂S

divy
(
κs(y)

(
λ∇xc f (t, x)+∇yĉs(t, x, y)

))
ϕ̂ (t, x, y)dxσydt. (64)

The last convergence in (49) leads to:

ε
∫ T

0

∫
∂Dε

η
ε

(
cε

f −
cε

s

λ

)(
φ̂ − ϕ̂

λ

)
dσxdt

→
∫ T

0

∫
Rn×∂S

η
(

ĉ f −
ĉs

λ

)(
φ̂ − ϕ̂

λ

)
dxdσydt. (65)

From assumption (8) and estimate (15), we have

εE
∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φ̂dxdt ≤εE
∫ T

0

∣∣∣∣∫Dε
γ f (cε

f ) ·∇cε
f φ̂dx

∣∣∣∣dt

≤εE
∫ T

0
‖∇cε

f ‖L2(Dε )‖∇φ̂‖L2(Dε )dt ≤ εc → 0. (66)

We use assumption A.4. and Burkholder-Davis-Gundy’s inequality, we get

εEsup
t

∣∣∣∣∫ T

0

∫
Dε

αε
f (c

ε
f )φ̂dxdW ε

1 (t)
∣∣∣∣≤εE

{∫ T

0

{∫
Dε

αε
f (c

ε
f )φ̂dx

}2

dt

} 1
2

≤cεE
{∫ T

0
‖αε

f (c
ε
f )‖2

[L2(Dε )]n‖φ̂‖2
L2(Dε )dt

} 1
2

εc → 0 when ε → 0. (67)
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Same as in (67), we have

ε
λ
Esup

t

∣∣∣∣∫ T

0

∫
∂Dε

εϕ̂αε
s dσxdW2(t)

∣∣∣∣→ 0 when ε → 0. (68)

From (59)-(68), we have

−
∫ T

0

∫
Rn×F

∇c f (t, x) ·v∗φ̂ (t, x, y)dxdydt

+
∫ T

0

∫
Rn×F

v(y) ·
(
∇xc f (t, x)+∇yĉ f (t, x, y)

)
φ̂ (t, x, y)dxydt

−
∫ T

0

∫
Rn×F

div
(
κ(y)

(
∇xc f (t, x)+∇yĉ f (t, x, y)

))
φ̂ (t, x, y)dxdydt

−
∫ T

0

∫
Rn×∂S

∇c f (t, x) ·v∗ϕ̂ (t, x, y)dxdydt

+
1
λ

∫ T

0

∫
Rn×∂S

vs(y) ·
(
λθ∇xc f (t, x)+∇yĉs(t, x, y)

)
ϕ̂ (t, x, y)dxσydt

− 1
λ

∫ T

0

∫
Rn×∂S

divy
(
κs(y)

(
λ∇xc f (t, x)+∇yĉs(t, x, y)

))
ϕ̂ (t, x, y)dxσydt

+
∫ T

0

∫
Rn×∂S

η
(

ĉ f −
ĉs

λ

)(
φ̂ − ϕ̂

λ

)
dxdσydt = 0. (69)

From the linearity of the integral equation (69) one can write ĉ f (t, x, y) = ω(y) ·∇xc f (t, x) and ĉs(t, x, y) = ξ (y) ·
∇xc f (t, x), and then realize that (69) is nothing but the variational formulation of (55). We now take φ̂ = ϕ̂ = 0 in (37)
and integrate by part, we have

−
∫ T

0

∫
Dε

cε
f
∂φ
∂ t

(
t, x− v∗

ε
t
)

dxdt +
1
ε

∫ T

0

∫
Dε

cε
f v∗ ·∇φ

(
t, x− v∗

ε
t
)

dxdt

+
∫ T

0

∫
Dε

κε
f ∇cε

f ·∇φ
(

t, x− v∗

ε
t
)

dxdt − 1
ε

∫ T

0

∫
Dε

cε
f vε ·∇φ

(
t, x− v∗

ε
t
)

dxdt

− ε
∫ T

0

∫
∂Dε

cε
s

∂φ
∂ t

(
t, x− v∗

ε
t
)

dσxdt +
∫ T

0

∫
∂Dε

cε
sv∗ ·∇φ

(
t, x− v∗

ε
t
)

dσxdt

+ ε
∫ T

0

∫
∂Dε

κε
s ∇cε

s ·∇φ
(

t, x− v∗

ε
t
)

dσxdt −
∫ T

0

∫
∂Dε

cε
svε ·∇φ

(
t, x− v∗

ε
t
)

dσxdt
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−
∫

Dε
c0

f φ(0, x)dx− ε
∫

∂Dε
c0

s φ(0, x)dσx =
∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φdxdt

+ ε
∫ T

0

∫
∂Dε

αε
s φdσxdW2(t)+

∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW ε

1 (t). (70)

Before passing to the limit, we combine the terms of order ε−1 as follows:

1
ε

∫ T

0

∫
Dε

cε
f v∗ ·∇φ

(
t, x− v∗

ε
t
)

dxdt − 1
ε

∫ T

0

∫
Dε

cε
f vε ·∇φ

(
t, x− v∗

ε
t
)

dxdt

+
∫ T

0

∫
∂Dε

cε
sv∗ ·∇φ

(
t, x− v∗

ε
t
)

dσxdt −
∫ T

0

∫
∂Dε

cε
svε ·∇φ

(
t, x− v∗

ε
t
)

dσxdt

=
1
ε

∫ T

0

∫
Dε

cε
f (v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dxdt

+λ
∫ T

0

∫
∂Dε

cε
f (v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dσxdt

+ ελ
∫ T

0

∫
∂Dε

1
ε

(
cε

f −
cε

s

λ

)
(v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dσxdt

=
n

∑
j=1

∫ T

0

∫
Dε

∇zε
j ·∇

(
∂x j φ

(
t, x− v∗

ε
t
)

cε
f

)
dxdt

+ ελ
∫ T

0

∫
∂Dε

1
ε

(
cε

f −
cε

s

λ

)
(v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dσxdt, (71)

where zε(x) = z
( z

ε
)
is the unique solution of the following auxiliary problem, see [9, p.91-92]



∆z j(y) = v f
j (y)−v∗j in F,

∇z j ·ν = λ (v∗j −vs
j(y)) on ∂S,

z j is Y −periodic.

(72)

From equations (70) and (71), we have
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−
∫ T

0

∫
Dε

cε
f
∂φ
∂ t

(
t, x− v∗

ε
t
)

dxdt +
∫ T

0

∫
Dε

κε
f ∇cε

f ·∇φ
(

t, x− v∗

ε
t
)

dxdt

− ε
∫ T

0

∫
∂Dε

cε
s

∂φ
∂ t

(
t, x− v∗

ε
t
)

dσxdt + ε
∫ T

0

∫
∂Dε

κε
s ∇cε

s ·∇φ
(

t, x− v∗

ε
t
)

dσxdt

−
∫

Dε
c0

f φ(0, x)dx− ε
∫

∂Dε
c0

s φ(0, x)dσx +
n

∑
j=1

∫ T

0

∫
Dε

∇zε
j ·∇

(
∂x j φ

(
t, x− v∗

ε
t
)

cε
f

)
dxdt

+ ελ
∫ T

0

∫
∂Dε

1
ε

(
cε

f −
cε

s

λ

)
(v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dσxdt (73)

=
∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φdxdt +
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW ε

1 (t)+ ε
∫ T

0

∫
∂Dε

αε
s φdσxdW2(t).

Let us pass to the limit (73) using the convergences in Theorems 7 and 11 and the strong convergence (36). From
the first convergence in (49), we have

−
∫ T

0

∫
Dε

cε
f
∂φ
∂ t

(
t, x− v∗

ε
t
)

dxdt →−
∫ T

0

∫
Rn

∫
F

c f (t, x)
∂φ
∂ t

(t, x)dydxdt

=|F |
∫ T

0

∫
Rn

∂c f

∂ t
(t, x)φ (t, x)dxdt. (74)

Using the third convergence in (49), we get

∫ T

0

∫
Dε

κε
f ∇cε

f ·∇φ
(

t, x− v∗

ε
t
)

dxdt

→
∫ T

0

∫
Rn×F

κ f (y)
(
∇c f (t, x)+∇yc̃ f (t, x, y)

)
·∇xφdxdydt. (75)

The second convergence in (49) gives the following:

−ε
∫ T

0

∫
∂Dε

cε
s

∂φ
∂ t

(
t, x− v∗

ε
t
)

dσxdt →−
∫ T

0

∫
Rn

∫
∂S

λc f (t, x)
∂φ
∂ t

(t, x)dσydxdt

=λ |∂S|
∫ T

0

∫
Rn

∂c f

∂ t
(t, x)φ (t, x)dxdt. (76)

We use the fourth convergence in (49) to get
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ε
∫ T

0

∫
∂Dε

κε
s ∇cε

s ·∇φ
(

t, x− v∗

ε
t
)

dσxdt

→
∫ T

0

∫
Rn×∂S

κs(y)
(
λθ(y)∇xc f (t, x)+∇sy ĉs(t, x, y)

)
·∇xφdxdσydt. (77)

It is also easy to see that the initial terms satisfy the following:

−
∫

Dε
c0

f φ(0, x)dx− ε
∫

∂Dε
c0

s φ(0, x)dσx

→−|F |
∫
Rn

c0
f φ(0, x)dx−|∂S|

∫
Rn

c0
s φ(0, x)dx. (78)

By (72), we have

n

∑
j=1

∫ T

0

∫
Dε

∇zε
j ·∇

(
∂x j φ

(
t, x− v∗

ε
t
)

cε
f

)
dxdt

→
n

∑
j=1

∫ T

0

∫
Rn×F

∇z j(y) ·∇
(
∂x j φc f

)
dxdydt. (79)

From the last convergence in (49), we get

ελ
∫ T

0

∫
∂Dε

1
ε

(
cε

f −
cε

s

λ

)
(v∗−vε) ·∇φ

(
t, x− v∗

ε
t
)

dσxdt

→λ
∫ T

0

∫
Rn×∂S

(
ĉ f (t, x, y)− ĉs

λ
(t, x, y)

)
(v∗−v(y)) ·∇φdxdσydt. (80)

We use A.3. to write the first term on the right side of (73) as:

∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φdxdt =
∫ T

0

∫
Dε

γ f (cε
f ) ·∇cε

f φdxdt

=
∫ T

0

∫
Dε
[γ f (cε

f )− γ f (c f )] ·∇cε
f φdxdt +

∫ T

0

∫
Dε

γ f (c f ) ·∇cε
f φdxdt. (81)

By estimate (15), condition (9) and convergence (36), we have
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E
∫ T

0

∫
Dε
[γ f (cε

f )− γ f (c f )] ·∇cε
f φdxdt ≤CE

∫ T

0
‖γ f (cε

f )− γ f (c f )‖L2(Dε‖∇cε
f ‖[L2(Dε ]ndt

C1E
∫ T

0
‖cε

f − c f ‖L2(Dε dt → 0 as ε → 0. (82)

Thus,

lim
ε→0

∫ T

0

∫
Dε

β f (cε
f , ∇cε

f )φdxdt = lim
ε→0

∫ T

0

∫
Dε

γ f (c f ) ·∇cε
f φdxdt

=
∫ T

0

∫
Rn×F

γ f (c f ) · [∇c f (t, x)+∇yc̃ f (t, x, y)]φdxdt. (83)

For the stochastic integrals, we write

E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW ε

1 (t) =E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxd(W ε

1 (t)−W̃1(t))

+E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW̃1(t). (84)

Given the unbounded variation of W ε
1 (t)−W̃1(t), special attention is required to ensure the convergence of the first

term on the right-hand side of (84) to fully utilize the P−almost sure uniform convergence (36). For this, we introduce
the notion of regularization for the function αε

f (t, x, cε
f ) as follows:

αε
δ (t) =

1
δ

∫ T

0
ρ
(
− t − τ

δ

)
αε

f (τ, x, cε
f (τ))dτ,

where ρ is a classical mollifier and δ > 0. By construction αε
δ is differentiable in time and for all ε, δ > 0, we have

E
∫ T

0
‖αε

δ (t)‖
2
L2(Dε )dt ≤ E

∫ T

0
‖αε

f (t, x, cε
f (t))‖2

L2(Dε )dt, (85)

and

αε
δ (t)→ αε

f (t, x, cε
f (t)) in L2(Ω; L2((0, T ); L2(Dε))) as δ → 0. (86)

Let’s write (84)’s first term on the right side as follows:
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E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxd(W ε

1 (t)−W̃1(t)) =E
∫ T

0

∫
Dε

αε
δ (t)φdxd(W ε

1 (t)−W̃1(t))

+E
∫ T

0

∫
Dε
[αε

f (t, x, cε
f (t))−αε

δ (t)]φdxd(W ε
1 (t)−W̃1(t)). (87)

From Burkholder-Davis-Gundy’s inequality and convergence (86), we get the following:

E
∫ T

0

∫
Dε
[αε

f (t, x, cε
f (t))−αε

δ (t)]φdxd(W ε
1 (t)−W̃1(t))

≤Esup
t

∣∣∣∣∫ T

0

∫
Dε
[αε

f (t, x, cε
f (t))−αε

δ (t)]φdxd(W ε
1 (t)−W̃1(t))

∣∣∣∣

≤εE

{∫ T

0

{∫
Dε
[αε

f (t, x, cε
f (t))−αε

δ (t)]φdx
}2

dt

} 1
2

≤cE
{∫ T

0
‖αε

f (t, x, cε
f (t))−αε

δ (t)‖
2
[L2(Dε )]n‖φ‖2

L2(Dε )dt
} 1

2

→0 as δ → 0. (88)

Since αε
δ is differentiable in time, the first term on the right side of (87) is addressed as follows:

E
∫ T

0

∫
Dε

αε
δ (t)φdxd(W ε

1 (t)−W̃1(t))

=E
∫ T

0

∫
Dε
(W ε

1 (t)−W̃1(t))
∂
∂ t

[αε
δ (t)φ]dxdt +E

∫
Dε
(W ε

1 (T )−W̃1(T ))αε
δ (T )φ(T, x)dx

≤Esup
t
|W ε

1 (t)−W̃1(t)|
{∫ T

0

∫
Dε

∣∣∣∣ ∂
∂ t

[αε
δ (t)φ]

∣∣∣∣dxdt +
∫

Dε
|αε

δ (T )φ(T, x)|dx
}

≤cEsup
t
|W ε

1 (t)−W̃1(t)| → 0 as ε → 0. (89)

From (88), (89) and (87), we have

lim
ε→0

E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW ε

1 (t) = lim
ε→0

E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW̃1(t). (90)

Volume 7 Issue 2|2026| 1527 Contemporary Mathematics



From the convergence theorem for stochastic integrals by Rozovskii [31, Theorem 4, p.63] and the condition (9) on
αε

f (c
ε
f ), we pass to the limit in (90) to obtain the following.

lim
ε→0

E
∫ T

0

∫
Dε

αε
f (c

ε
f )φdxdW ε

1 (t) = E
∫ T

0

∫
Rn

α f (c f )φdxdW̃1(t). (91)

In a similar way, we have

lim
ε→0

Eε
∫ T

0

∫
∂Dε

αε
s φdσxdW2(t) = E

∫ T

0

∫
Rn

αsφdxdW2(t). (92)

All the above obtained convergences lead to the following weak formulation.

|F |
∫ T

0

∫
Rn

dc f φdt +
∫ T

0

∫
Rn×F

κ f (y)
(
∇c f (t, x)+∇yc̃ f (t, x, y)

)
·∇xφdxdydt

λ |∂S|
∫ T

0

∫
Rn

dc f φdxdt +
∫ T

0

∫
Rn×∂S

κs(y)
(
λθ(y)∇xc f (t, x)+∇sy ĉs(t, x, y)

)
·∇xφdxdσydt

−|F |
∫
Rn

c0
f φ(0, x)dx−|∂S|

∫
Rn

c0
s φ(0, x)dx+

n

∑
j=1

∫ T

0

∫
Rn×F

∇z j(y) ·∇
(
∂x j φc f

)
dxdydt

+λ
∫ T

0

∫
Rn×∂S

(
ĉ f (t, x, y)− ĉs

λ
(t, x, y)

)
(v∗−v(y)) ·∇φdxdσydt (93)

=
∫ T

0

∫
Rn

β̃ f (c f , ∇c f )φdxdt +
∫ T

0

∫
Rn

α f (c f )φdxdW̃1(t)

+
∫ T

0

∫
Rn

αsφdxdW2(t).

We use the expressions in (53) to obtain

(|F |+λ |∂S|)
∫ T

0

∫
Rn

dc f φdxdt +
∫ T

0

∫
Rn×F

n

∑
i, j=1

κ fi, j(y)
∂c f

∂x j

∂φ
∂xi

dxdydt

+
∫ T

0

∫
Rn×F

n

∑
i, j=1

n

∑
k=1

κ fi, j(y)
∂ω j

∂yk

∂c f

∂x j

∂φ
∂xi

dxdydt

+λ
∫ T

0

∫
Rn×∂S

n

∑
i, j=1

n

∑
k=1

κsi, j(y)θ j, k(y)
∂c f

∂x j

∂φ
∂xi

dxdσydt
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+
∫ T

0

∫
Rn×∂S

n

∑
i, j=1

n

∑
k=1

κsi, j(y)
∂sξ j

∂yk

∂c f

∂x j

∂φ
∂xi

dxdσydt

+λ
∫ T

0

∫
Rn×∂S

(
ω j −

ξ j

λ

)
(vsi −v∗i )

∂c f

∂x j

∂φ
∂xi

dxdσydt

+
∫ T

0

∫
Rn×F

n

∑
i, j=1

n

∑
k=1

∂ z j

∂yk

∂ω j

∂yk

∂c f

∂x j

∂φ
∂xi

dxdydt

−
∫
Rn
(|F |c0

f (x)+ |∂S|c0
s (x))φ(0, x)dx

=
∫ T

0

∫
Rn

β̃ f (c f , ∇c f )φdxdt +
∫ T

0

∫
Rn

α f (c f )φdxdW̃1(t

+
∫ T

0

∫
Rn

αsφdxdW2(t). (94)

This equation is basically the variational formulation of the homogenized model (50). With the effective coefficients
given by (52). The existence of a weak probabilistic model of the homogenized model is standard, and this, combined
with pathwise uniqueness, shows that the convergences took place on the entire sequence rather than on a subsequence.
This completes the proof of the main result.
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