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Abstract: In this paper, we investigate the existence, uniqueness, and Hyers-Ulam stability of a nonlinear fractional
Langevin equation involving a generalized fractional derivative that unifies the y-Hilfer and y-Caputo types. The
problem incorporates mixed and nonlocal boundary conditions. Existence results are derived using Krasnoselskii’s fixed-
point theorem, while uniqueness is established through Banach’s contraction principle. Moreover, Ulam-type stability is
analyzed under both Ulam-Hyers and Ulam-Hyers-Rassias criteria. Finally, a numerical example is presented, and the
computed results are summarized in a table, showing the influence of different y-functions on the stability constants and
confirming the consistency between theoretical and numerical findings.
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Abbreviation

NLFDEs Nonlinear Langevin Fractional Differential Equations
UHS Ulam-Hyers Stability
UHRS Ulam-Hyers-Rassias Stability

1. Introduction

Fractional calculus, which is based on fractional derivatives, is a relatively young but rapidly developing field of
study. It has a wider applicability both in time and in space compared to traditional integer-order calculus, allowing a
better description of real-world problems and playing an increasingly important role in modeling complex processes in
science and engineering [1]. Its applications extend to diverse disciplines such as physics [2], epidemiology [3], virology
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[4], ecology [5], and economics [6]. From a theoretical perspective, new classes of fractional derivatives that involve an
auxiliary function have been developed as generalizations of the classical Riemann-Liouville derivative [7-9]. These
fractional derivatives differ from traditional ones because their integration kernels are expressed in terms of another
function, denoted by y; hence, they are called y-fractional derivatives. Recently, Almeida [10, 11] introduced a Caputo-
type regularization for these operators and established several important analytical properties, providing a solid foundation
for y-fractional calculus.

The Langevin equation was first introduced by Paul Langevin, a prominent French physicist, in 1908 [12], as a
nonlinear differential equation providing a precise mathematical description of Brownian motion. Since then, it has been
widely applied to model diverse physical phenomena, including oscillators, financial market dynamics [13], evacuation
processes [14], particle suspensions in fluids [15], self-organization in complex systems [16], photon-induced electron
counting [17], and protein dynamics [18]. Other researchers have extended its applications to polymer rheology and
stochastic simulations. For instance, Lim et al. [19] later generalized the Langevin equation to fractional orders,
introducing two distinct fractional derivatives to describe viscoelastic anomalous diffusion in complex fluids, an approach
that inspired further studies on fractional Langevin models in polymer rheology, viscoelasticity, and stochastic systems
(see [13, 20-23]).

In our previous work [24], we investigated Nonlinear Langevin Fractional Differential Equations (NLFDEs) with
mixed nonlocal boundary conditions, comprising multi-point, fractional integral, and fractional derivative types, using
the Caputo exponential operator. Related studies have also extended the Langevin framework: Almaghamsi et al. [25]
established the existence of solutions for a Langevin-type equation involving the y-Hilfer fractional derivative via a
variational approach based on the mountain pass theorem; Boutiara et al. [26] analyzed Langevin equations with Caputo
function-dependent-kernel fractional derivatives under antiperiodic boundary conditions; and Ali and Abdo [27] provided
a qualitative study of multiterm Langevin systems governed by generalized Caputo fractional operators of different orders.

The stability analysis of differential equations plays a crucial role in understanding how solutions respond to small
perturbations in initial conditions. The concept was first proposed by Ulam in 1940 [28] and later refined by Hyers and
Rassias, leading to what are now known as Ulam-Hyers Stability (UHS) and Ulam-Hyers-Rassias Stability (UHRS); see
[29-32] for related developments.

In the context, Chen et al. [30], studied the existence and Ulam’s type stability of higher-order NLFDE:s:

€Dgy (D> +K&)vi(t) = ¢it, vi(t), °D§ vit)), 1 € [0, 7], i=1,2, ..., k,
Vi(0) =vi(m) =0, XX V(1) =0, i=1,2, ...,k

V;/(TD :V/J'/(Tj)’ 17]: 1727 -~'aka l#]’

where 7 € (0, 1) and 6 € (0, r), A; € R*, D? is the ordinary second-order derivative, ¢; € C([0, 7] x R, R), €D}, and €D§
denote the Caputo fractional derivatives.

Recently, in 2025, Ullah Khan et al. [33], proposed a new variant of the Langevin equation using generalized
Liouville-Caputo derivatives and studied its existence, uniqueness, and stability of the solution to the problem:

<pr P EDIP x)w(t) = 9 (e, v(1), v(xe), CDIPy(e)), 1 € b, d], k€ (0, 1),
v(b) =0, v(8) =0, v(r) =pI3:P¥(§), 0< 8 < <d,

where the Liouville-Caputo-type generalized fractional derivatives of orders r* € (1, 2], y € (0, 1), and § > 0 are denoted
by CD;; B and CDZLP , respectively. The operator If;ﬁ represents the corresponding generalized fractional integral of order

& with B > 0, and ¢: [b, d] x R?® — R is a given continuous function.
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In 2025, Dhaniya et al. [34], investigated the existence, uniqueness, and stability of solutions for the Langevin
equation involving the ¢-Caputo fractional operator with nonlocal boundary conditions:

pPr¥(epP2Y L ieyv(e) = (1, v(1)), 1 €S: = [a, T,

v(a) =0, v(a) =0, D’ Y(T) + u(T) =0,

where CDZ;"’ denotes the y-Caputo fractional derivative of order @ € {f, B2} suchthat 0 < f; < 1,1 < B <2, ¢: S x
R — R is a continuous function, and k, A € R.

In this paper, we study a NLFDE that incorporates both y-Hilfer and y-Caputo fractional derivatives, subject to
nonlocal mixed boundary conditions:

Hpr BV (CprY L iey(e) = ¢ (1, v(e), I Yv(1), DY), 1€ b, T), T >0, (1)

v(b) =0, pI"Yv(n)+EDE YW(T) =0, )

where | <r<2,0<qp<0<y<fB<l1,38,q >0, HDZﬁ;W, CDZW denote the w-Hilfer and w-Caputo fractional
derivative operators of orders r, i € {Yy, 6, ¢}, respectively, IZ{; ¥ is the Riemann-Liouville fractional integral operator
of order j € {5, q1}, w: [b, T] — R is an increasing function satisfy y'(¢) > 0, V¢ € [b, T], ¢ € C([b, T] x R*, R),
p, &, keR,andn € (b, T).

This work formulates the problem (1)-(2) involving a mixed y-Hilfer and y-Caputo derivative under nonlocal mixed
boundary conditions. Existence of solutions is established using Krasnoselskii’s fixed-point theorem, and uniqueness is
proven via Banach’s contraction principle. Stability analysis, including both UHS and UHRS stability, is investigated
for the proposed system. Finally, a numerical example illustrates the theoretical results, with comparisons of different y-
functions demonstrating the influence of fractional operators and boundary parameters on solution behavior, confirming
the accuracy of the analytical findings.

The structure of the paper is as follows: Section 2 presents essential preliminaries, including fundamental definitions,
lemmas, and theorems. In Section 3, the existence and uniqueness of solutions are established using Krasnoselskii’s and
Banach’s fixed point theorems. Moreover, we discuss the stability of solutions in the frameworks of UHS and UHRS.
Section 4 provides an illustrative example to justify the theoretical findings, and the final section summarizes the main
contributions and conclusions.

2. Preliminaries

Here, we provide several definitions, lemmas, and key theorems that will be utilized in the subsequent analysis.

Definition 1 ([8, 25]) For r > 0, the y-Riemann-Liouville fractional integral of order ¢ of an integrable function
v: [b, T] — R with respect to a function y: [b, T] — R, which is continuously differentiable and strictly increasing
with y/(r) # 0 for all ¢ € [b, T), is defined by

B0 = 15 L VOWO=we) vy

where I is the gamma function.
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Definition 2 ([8, 25]) Letn € N, and let v, y € C"(|b, T], R) be two functions with v increasing and y’(r) # 0 for
allt € [b, T]. The left-sided y-Riemann-Liouville fractional derivative of v of order r is defined as follows

. 1 d~\n_,_.
Yy Y n—r, Y
Dy v(t) _(llfl(f) dt) L, (1)

! L_dym [ n—r—
o G ) | W - s

where n=[r]+1.
Definition 3 ([35]) Lety=r+f(n—r), wherer € (n—1,n) andn € N. Consider v € C"([b, T], R) and an increasing

function y € C!([b, T], R) with y/(¢) # 0 for all ¢ € [b, T|. The y-Hilfer fractional derivative of order r and type 8 € [0, 1]
of v, with respect to v, is then defined by:

HpnBiv. o Bo-riy( L dN" (1 Byn—riiy o y-rmyry
Db+ V(t) —[b+ (l[//(l)a) Ib+ v(t) *IbJr Db+ v(t)’

where DZ.;WV(I) = DZ;J/Ib(lfﬁﬂnfr); ().
Definition 4 ([11]) Letn € N, and let y € C"([b, T|, R) be an increasing function with y'(¢) # 0 for all ¢ € [b, T].
Suppose v € C"~!([b, T], R). Then, the w-Caputo fractional derivative of v of order r is defined as follows:

(K]
O ) v,

— V

n—1
HOEDY
k=0

CDr

pe v(6) =DpY

where

n=I[r]+1forr¢N, n=rforreN,

and

Wiy = (%m%)nv(t).

If v e C"[b, T], then

Thus,
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/ V(s q/ 1) Gk llfg $)" ! vi(s)ds, ifr¢N,

CDVW()

vl ifr € N.

Lemma 1 ([11]) Letv, y: [b, T] — R and r > 0, the following properties hold:
i) Ifv € C[b, T}, then CDr+ I[7+ v(t) =v(t).

i) 16w, v € 0 b, T),then 17 YD (1) = v(0) — 1275 0 () — w(b) .
Lemma 2 ([8]) Letr >0 and v, W € C([b, T]). Then,

1524 8l < KX, (D) vler KY(T) = Fos (W) = wi@)”
Foralln—1<r<n,
1°DY Wllle < KV (D) IVlews KV, ((T) = ﬁ(w(ﬂ -y ()",

where ||.||c. ||. ]| are the norms on C([b, T1), C™ ([b, T]) respectively.
Lemma 3 ([8]) Letr, B > 0, we have

T -1 _ 1 r _
Ib+‘f/,(‘lf(s) —y(b)P ! = m(‘l/(f) —y(b) P,
and
r 1 e
Db+wt(W(S)7‘I/(b))ﬁ = F(ﬁ—r) (W([)ilI](b))ﬁ 1)

Moreover, Dbf’/t(l//(s) —y(b)* =0, fork=0,....,n—1.

Theorem 1 ([36]) Let® be a non-empty closed subset of a Banach space ¥’. Then any contraction mapping IT from
D into itself has a unique fixed point in 7.

Theorem 2 ([37]) Let.¥ be a closed, bounded, convex, and nonempty subset of a Banach space #". Let I, I, be
the operators such that

1. ITju+Ihve Lforalu,ve.

2. I1; is compact and continuous.

3. I, is a contraction mapping. Then, there exists w € .% such that w = ITju 4 ITpv.

3. Main results

This section presents the results of the existence, uniqueness, and stability results to the problem (1)-(2).
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Definition 5 A function v € C?([b, T], R) is said to be a solution of the problem (1)-(2) if v satisfies the equation
Hpr PV PV ieyu(e) = 0(¢, v(1), I Yo(2), *DP ¥v(1)) and the conditions v(b) = 0, kI Yv(1) +ECDEZYW(T) =0
on [b, T].

Lemma4 Letl <r<2,0<q<y<fB<1,q1>0,9=r+p(1—r)andleth € C([b, T], R). The unique solution
of the linear problem

Hpp PV (EDIY 4 k)v(r) = ht), 1€ [b, T, v

v(b) =0, pII"Yv(n) +EDI Yv(T) =0, (4)

is given by

. 4 KY (¢ _ _
v(t) =1 Vh(e) — <l Yo(r) + %O [p KTV () + EAL V(T

®)

_ p11:+7+41; ll’h(n) _ 51;4—7—512; Wh(T)} ,

F;}fg) (W) — w(b)> 7.

Proof. Since | < r <2and 0 < y < 1, the derivative 7D} B Y(€DI' ¥ + K)v(r) is well-defined and applies to a twice-
differentiable function, the order sequence 0 < g < < y < B < 1 ensures that the derivatives <D} ¥, CD)*Y, €DV
are well-defined and Gamma functions remain finite, and we use the conditions 6 > 0, g; > 0 to ensure that the operators
If; Y, 11"V are well-defined on the space C([b, T)).

By applying I;; ¥ to both sides of (3) and then using Lemma 1, we have

where & = PK;qums(n) +§K;,’iq2719(T) # 0 and K;,’jﬂ(t) =

(CDF Y+ Kk)v(e) = Ih(t) +er (w(t) = (b))~ +ea(y(e) — w(b)* 2, (©)
or
D} Yv(t) = Lh(t) — xv(t) + 1 (w(t) = w(0) "~ +ea(y(t) — w(b)) "2 ™
Once more, applying IZ'; ¥ to both sides of (7), then using Lemma 1 and Lemma 3, we get

ch(ﬁ)
I'(d+7y)

Czr(ﬁ — 1)

e O AN T
v(t)=1"""h(t)—xI "v(t)+ To+7-1)

(w(t)— (b)) '+ (w(t)—w(b)" " 2+, (8)

where ¢y, ¢z, c3 € R. Using the first condition of (4), we find that ¢; = ¢3 = 0 and from the second condition, we find
that
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[7p11:+7’+q1; ‘l’h(n) . éll:ﬂ’—qzlllh(]w) +pKIZ+‘11§ ll/v(n) +§K‘Ig_q2; WV(T)} ,

(| —

c1 =

where & = pK;f;ql, 5(M)+ JjK;,’iqL s(T)#0.
Finally, replacing these values of ¢y, ¢; and c3 in (8), we obtain the solution (5).
Conversely, assume that v satisfies the equation (5), by applying the two operators 7 D}/ BV and DY, to the equation
L]

(5), we obtain (3), we simultaneously verify that the condition (4) is satisfied.
Let C([b, T], R) be a Banach space of all continuous functions defined on [b, T] endowed with the usual supremum

norm. Define the Banach space

¥ ={v: veC*(b, T], R), “DéveC(jp, T],R), 0< 6 < 1},

equipped with the norm

[vlly = max{|v(t)|: t € [b, T]} +max{|*DIv(r)|: t € [b, T]}.

To study the fixed point problem associated with problem (1)-(2), we define the integral operator I1: ¥ — ¥ as

follows:

. . , ) KY (1
() (1) =1, " Yo (r, v(t), If’ Yu(1), SOy Yo(e)) — kI Yo (r) + @ {P'da%q“ Yv(m)

+ERI YT~ pl T Y o (n, v(n), 12 Yv(n), CDY Y v(n))

_ glgﬂ’*tn; W(])(T7 V(T), If; WV(T), CDZ; WV(T))} ) )
where E = pKY, (M) +EKY . o(T) £0and KY o(0) = =2 (y(e) - w(5)**7"!
v+ai, ¥ Va2, V0 C(y+0) :

3.1 Uniqueness result via Banach fixed point theorem

Accordingly, we assume the following conditions:
(C1) ¢: [b, T] x R? — R is a continuous function.
(C2) There exists a constant L € R such that

|¢(ta u,v, W)_¢(taﬁ7 v, W)| SL(‘M—E|+|V—V|+|W—W|),

forany u, v, w,u, vand w € R, for a.e., 7 € [b, T|.
For simplicity and brevity, we use the following notations:
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(p+8)

p=1+"0g K} s(T), (10)
p=1+ (p|—:§)K;,"6719(T), (11)
and
A =max {LA(Qrﬂ, + Q)+ K(Qy+ D), L(Qy+ Q,H)}
=LA(Q 1y + Qriy) + K(Qy+Qy), (12)
where
v s(T)
, U
QwiKﬂv),yl(T)+ Y|E| ( Kav)l+q1,1(T)+§Kau),—q2,l(T))’ (13)
3 K o o(T)
Qo =Ky _o,(T)+ = (PES gy (T HEKS (1), @€ {y.r ), (14)
and
A=1+K{ (T). (15)

Theorem 3 Assume that the hypotheses (C1), (C2) are satisfied and the condition

A<, (16)

then problem (1)-(2) has a unique solution in the space 7.
Proof. Let IT: ¥ — ¥ be an operator defined by (9). The fixed points of this operator are necessarily the solutions
of problem (1)-(2). Setting M1 = sup, ¢, 719 (, 0, 0)[ and choosing:

R> (Qpyy+ Qr+7)M1
- 1—-A '

Note that B = {v € ¥: ||v|| < R} is bounded, closed, and convex subset of ¥". The proof will be presented in two
steps:
Step 1: [I'Br C Bg. For v € Bg, we have from (C1), (C2) and Lemma 2 that
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[0, v(0), 17 Vv(2), CDY ¥Yu(0))] <[9 (e, v(1), I ¥v(e), Dy Yo(r)) — 9(z, 0,0, 0)| + |9 (1, 0, 0, 0)|
<L(w(0)|+ 115 Yv() | + €D Y v(n)]) + My
<L(IVII+KY (T Ivll + €Dy ¥v) + My
<LA|V|[+LIDYYv] + My, (17

where A is given by (15).
Substituting (17) into (9), we find

K;’ 5(1)

—
&
—

(W) ()] (0, v(e), 1 v(), DY () + () V(o) +

[P (Igﬂ”rﬁh; ‘V)
< [o(n, v(n), 17 ¥v(m), DY Yo ()| + E ) 0(T, w(T), I ¥W(T), CDy ¥W(T))]
UV v(m)| + &t ) ()

0;
<(KY, (D)LY + LK (T)|I] +LIDy Y V]| + M)+ x(K)  (T)) V]

0;
[P(KKYHI,I(T))(LIIVII+LK§f](T)IIVII+LIICDb v+ M)

+E(KY

0;
Yyt MLV LK (T[] + LDy vl + M)

+px(KY, (D)l +Ex(KY . ()]

<

KY (T)
Y, 0
LA(’%NH g (PK:’LWAT)+5K:”+y—qz,l<”)>

KY (T
+K<KKI(T)+ V’ET )(pK'}%rQI»l(T)_FéK;/Vqz,l(T))>]|V||

v K;fﬂ(T) 1 4
L\ KLt (1)+ = (PR gy 1 (D) +EK Y, 1 (T))

0;
1D, ¥y
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LKL, )
Ky (1 + 2| (pKr+7+6Il71(T)+§Kr+)/fq2,I(T)) M,
0;
< (LAQr+y+ KQ‘Y) HV” +LQr+y||CDb lVv” +Qr+yM1. (18)

On the other hand, we have

K‘V
CDEY (W) (1)] <OV (1, v(t), 12V u(e), SDEYo(e)) | + k(IO V) v(r)| + ro.0() pI; Y

E
< |o(n, v(n), 1" ¥v(n), DY Yv(m)|+ ()@ (T, v(T), 17 ¥(T), CDy ¥ (T))]

+pr(ry ) ()| +Ex(] Y)W

0;
<(KY o ((T)LIVI+LKY ()]l + LDy Yol + M) + k(K o (T))|V]
v
+M (K, (D) LIV +LKY | (T)|V]| + LDy Y]l + M
|= PRy v 8,1 v bVl +M)
0;
+&(KY o 1 (LI +LKY (T[]l + LDy V]| +My)

PR, gy (D)W +E(KY 4, 1 (7))
< <LAQr+y+ KQY) IV + Ly €Dy Y] + By 19)
Consequently, by (18) and (19), we have

[(Tv)[l» < <LA(Qr+y+Qr+7—9) + K(QY+QY—9)> [Vl + L@y + By 0) Dy YV ]lo + (Qry + Qg 0) M)

< <LA(Qr+7+Qr+7) + K(Qy+97)> (IVlleo+ 1Dy ¥ ¥l|eo) + (Qrsy+ Qriy) M

SAHV”V + (Qr+y+ Qrer)Ml
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C

<SAR+ (Qryy+ Qi y)M; <R

Thus, IT maps bounded sets into bounded sets in 7.
Step 2: I1: ¥ — ¥ is a contraction. Letu, v € ¥ andr € [b, T|, we have

(TTa) (1) — (TW) (1) = (1, ) (9 2, ), 1,7 Vule), Dy Vu(r) = 92, v(2), 1, Vv(1), CD V(1))

Ky (1)

— (I (ulr) —v(1)) + —p (@YY (9 (n, u(n), 1 Vu(n), DY Vu(n))

~<
Ol

—o(m,v(n), 17°¥v(n), DY ¥v(n))) = EITT Y (O(T, u(T), 1) Yu(T), DY Yu(T))
— O(T, v(T), I77Y9(T), DY ¥(T))) + p(I] ) (u(n) —v(n))
FERI Y)Y (W(T) —v(T)) |

By (C2), we have

| (7T (£) — (TTv) ()] <(2y 7YY L= VIl + Koy (T) = v + DY V=D o)) + k(7Y Ju— v

+ Ky,ﬂ(t)

—
| ~
—

; 0; 0;
[Py T (L= v+ K | (T Ju= v+ D5 ¥ u =D i)
r+Y—q2; 0; 0;
&)Ll =Vl + K (D)l =]l + D] Yu =Dy ¥]))
(Y = v+ Exe(a] )]

Ky o(T)
=]

< {LA(I,Z”‘ SINERNCASINES {LAP (I, TN+ LAG (T ]

PR Y1)+ Ec(r] V)1 }nu—vn

<

|H|

[x

i
+ {L(IZ+7; V’)[l] + w [pL(II:+7+6I|§ W)[l} + ‘g’L(IZJrV*CIz; W)[l]} }'CDZ; vy, _CDZ; WVH
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< (LAQrH—k ;cgzy> [u =+ Ly |DY Yu— DY V|. (20)
Similarly, we have
0; 0,
CDb Y () (r) — CDb V(1) (1)

=IO u(e), 1 Yu(e), SOy Yu(t)) — 9t v(e), IV v(e), DY Vv (1))

v
Y () — () + 80

)
—

—p Y (0 (n, u(n), 1 Y u(n), CDY Y u(n)
— 9. v(m), 5 ¥v(m), DY Vv(m) = £ )@ (T, u(T), Y u(T), DY Y u(T))
= (T, (1), Iy YW(T), DY ¥(T)) + p(I] ) (w(n) — v(m))

&R ) (u(T) ~v(T))]

By (C2), we have
0; 0; A A A 0; 0;
DY () (1) ~ DY Y (Tv) (1) < (Lmrw my> it = VIl + LSy |DF Vi~ DY V. @1
Combining (20) and (21), we obtain

A A A 0; 0;
() — () - < (LA(Qrﬂmrm - x(ﬂymn) =]+ L(Qry+ Qi I°Dy V= DY |

° A 0; 0;
< (LA(QWHM - xmymy)) (= vl + D5 V=D ¥v]r)
<Al =}y (22)

From (16), IT is a contraction. It follows that IT has a unique fixed point in #", and hence, the problem (1)-(2) has a
unique solution on [b, T]. O
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3.2 Existence result via Krasnoselskii’s fixed point theorem

Theorem 4 Assume that conditions (C1) and (C2) are satisfied. Furthermore, suppose that the function ¢ fulfills
the following condition:
(C3) There exists a function 6(¢t) € C([b, T], R, ), such that

|0 (2, u, v, w)| < o (¢) for all (¢, u, v, w) € [b, T] x R>.

If kQy < 1, then the problem (1)-(2) has at least one solution v(¢) on [b, T].
Proof. Setting sup,c(, 710(f) = |||, and choosing

(Qr+y+ﬁr+y—9)”6”

R> =
1=K (Qy+Qyp)

Let Bz = {ve ¥: ||v| < R} and define the operators IT; and IT, on B by

A0

(Tw) () =1, Yo, v(e). 1) ¥ v(e), DY Yv()) = =25== o1y T Yo (m, v(m), 1y Yv(m), D7 ¥v(m)

HELTITRV (T, o(T), 15 VW(T), €D "’v(T))] 7

. KY ot :
(TLow) (1) = — kI ¥v(t) + %() [p k[T Vy(n) + ExIl l”v(T)} :

—

forallt € [b, T] and v € Bj.
We claim that the proof is achieved in the following steps:
Step 1: ITju+1I1,v € Bj. For any u, v € B and using (C3), we have

|(TT) () = (Tav) ()] <1y )9 (1, u(o), 1 Vo), D3 V() |+

K;‘fﬂ(t)

—
)
—

[P W)lo(n, u(n), 1 Yu(n), D ¥u(n))|

+HEWTT YO (T, u(T), 1)V u(T), CDY Vu(T))|

K;’fﬁ(t)

—
)
—

+ k(1) v(e)| +

PR () |+ E (1~ V)v(T)|

K;/l,/ﬂ(t)

—
)
—

<@,""M)llo ]+

) (o T )]0 + £ 7))o
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K;/‘,/ﬂ(t)

—
)
—

+ (V) [1] vl + (o Y)W Iv] + x4 ¥l

1 K;I,/ﬂ(T) v v
<KV (Dol + =2 [PKY gy (Dol +EKY, . (Dol
Ky o(T)

14 ] 14 ] v ]
KK ()R + PR, ((TR+ExK), (D]

—
)
—

p S
<KD+ G DK (D) 2 KY (DKL ()] 0]

—
)
—

§

P (T)+ 2Ky o (DK (DR

v v v
+ K’[K% (1) g K o (DKY,

<0 llo ]| + KR 23)
On the other hand, we have

€Dy Y (u) () = DY Y (ov) ()] <1 * )0, u(e), 13V ue), “D} Vule)|+

pI Y o (n, u(n), 1) Yu(n), DY Vu(n))|
&) (T, (T, )V u(T), DY V(1)) |

K;Yl—e, o (1)

—
)
—

+ ()] + [ ¥ v(m) |+ ey~ ¥) ()

K g 5(0)

—
)
—

<o) + [P T ) ol + £ o

K;‘/_e, NG

—
)
—

+ (] L]l + [P ) lv] + &t 1] ol

<Qylo] + KR, 24)

Combining (23) and (24), we obtain
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(M) — () |7 < (Qriy+Qrpy) o]+ K(Qy + Qy)R, (25)

which implies that || (ITju) — (ITv)|| < R. Thus, ITju+IT,v € Bj.
Step 2: I1 is a contration on *B . In view of Theorem 3, I, is also a contraction mapping.

Step 3: I, is completely continuous on B 3. From the continuity of ¢ (¢, ., ., .), it follows that IT; is continuous, and
using (C3), we have

. . . KY (¢ . . .
()| <)o (2, vie), 17 ¥(e), CDY Yole)) + 7’;( ) [p(lfw" V)o(m, v(n), 1) ¥v(n), DY ¥v(n))

+EUT )T, K1), 1 Yu(T), DY Yu(T))

. KY (T . .
<@ r)|lo| K@ o T o+ T Yo

—
g
—

: KY o (T : .
< (1;”"”)[1]+“’”[p(fﬁ”"“"’)[l]%(lg”‘”"”)MH Io]

—
~
—

<0, 40| (26)

Beside, we have

DY (M) (1)

<ty IO V) 1), CD;‘,’””v(t))HKyW_fE’l’m[p(lﬁ”q“'”)q)(m v(m), 1, Yv(m), €Dy Yv(m)|
& T E (T X(T), 15 YW(T), DY (1))

<)o +K;”|9;(T) o T o+ £ 0T V) ) ol

P T 1] E (1 *”)[u]] o]

SQrJrYchv (27)
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which underscore that IT; uniformly bounded on B .
Step 4: IT; is compact. Let us assume that b <#; <1, <T. Forv € B3, we have from (C3), Lemma 2 and Lemma
3 that

1

(M139) ) = () (0)] < s

btl V) (W) = ws) 1 = () - wis) ]

X |@ (s, v(s), Ilf; Yv(s), CDZ; ‘Vv(s))|ds+(/t:2 v (s)(w(t) — y/(s))rwﬂ

K;Ijﬂ(tz) —K;Ijﬁ(tl)

—
)
—

x |9 (s, v(s), 15; l”\/(5)7 CDg; l’lv(s))|ds +

x [y g, vi), 1) Yv(n), D ()| + 17T v

<9I, (T, 15 ¥W(T), DY (T

2||a||
“I'(r+y+1)

(W) —wlo) T4 L2 K ()R ()

12|
x (K 5(12) =K 4(11))-
Hence

||(H1V)—(H1V)||°o —0astp — 1. (28)

On the other hand, we have

DY (M) 1) — DY ¥ (M) o) < )[;Ws)[(w(tz)—w(s))’”"‘—(w(n)—w(s))’”“]

r+7-9)
x [0 (s, v(s), 1" ¥v(s), DY Vv (s))|ds + / W) W) - wis)y et

K;ﬁe,ﬁ(h) _K;ie,ls(fl)
! ]

x 95, v(s), I ¥v(s), CDY V(s))|ds

X (TR g . vm), 1y Yv(m), €D v (m) |+ 1T V]
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X Q(T, v(T), 1 ¥u(T), Dy (T,

2|jo||
“T(r+y-0+1)

W) w0+ W8 r ek, )]

|E]
X (KY o (1) —K! g 5(01).

Consequently

€D Y (Tv) — €D Y () oo — O as 1 — 1. (29)

Using (28) and (29), we get

||(H1V) — (H]V)ny/ —>0astHh — 1.

It is uniformly bounded with respect to v and converges as t, — 1 to 0. Hence, I is relatively compact in 5. By
the Arzela-Ascoli theorem, IT; is compact. Consequently, all the assumptions of Theorem 4 are satisfied, and the problem
(1)-(2) admits at least one solution in B 3. O

3.3 Type stability

To conclude this subsection, we present the definitions of (UHS) and (UHRS), followed by a discussion of the
corresponding results.

Definition 6 The problem (1)-(2) is called UHS if there exists a positive number Cy such that for each € > 0 and for
each solution v* € ¥ of the following inequality

DYDY 4+ AV (1) = 9, v (0), 1 (1), DYV () < e, 1€ b, T, (30)
there exists a solution v € ¥ of the problem (1)-(2) such that
IV = vlly < Cpe. @31

Remark 1 A function v* is a solution of inequality (30) if there exists a function ¢; € ¥ (which depends on v*) such
that

D]e(r)|<e, b<t<T.

i) 1D PY (DT Y i) (1) = o (1, v* (1), I YV (1), EDE Vv (1)) + (1), b <1 < T.

Definition 7 The problem (1)-(2) is called UHRS with respect to x € C([b, T], RT) if there exists a positive number
C‘¢ such that for each € > 0 and for each solution v* € ¥ of the following inequality
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D5 PV CDEY 41 (1) — 0 (1, v (0), 12 Y0¥ (1), SDE v (1)) < x (1), 1€ [b, T), 32)

there exists a solution v € ¥ of the problem (1)-(2) such that

lv* =iy < Coxlt)e. (33)

Remark 2 A function v* is a solution of inequality (32) if there exists a function @, € ¥ (which depends on v*) such
that

Dea(r)| <ex(r), b<t<T.
i) DR Y (CDIY i) (1) = (1, v (1), IV (1), CDE YV (1) + (1), b <1 < T.
To establish the following lemmas, we consider the problem

TPV EDEY + 10w (1) = (1, v (1), I Y9 (1), “Dy Yo" (1)) + @ilt), £ € [b, T], T >0, (34)
vi(b) =0, pIi" ¥v*(n) + EDP YV (T) =0, (39)

where i € {1, 2}.
Lemma5 Let1 <r<2,0<g <y<PB<1,q1 >0,9=r+f(1—r)andletv* € ¥ be a solution of the inequality
(30). Then v* is a solution of the following integral inequality:

V' ()~ 0(1)] < Qv
and
R * R A
Dy Y (v (1)) =Dy V(@ (1)) < Qrpye,

where

. . . . K (t .
0l0) =1} 700,y (0, 15V 0. D ) - i Yo 0+ S22 oo

[x

FERI YY) = pIy TP Y g (m, vE (), 1YVt (), €D Vv ()
_ fg'lbr-‘r)’—%; V’¢(T7 Vi(T), Ib& Wv*(T), CDZ: Wv*(T))} 7 (36)

and €, 4, Q, 4 are given by (13) and (14).
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Proof. Given v* is the solution of the inequality (30), then according to Remark 1 (ii) and by Lemma 4, the solution
of (34)-(35) such that i = 1, is given by

v

. . . . K t .
0 = Yo, v ), 15 (1), SR 0) + n (0] — et 0) 4 22 [y

+ &I (T) — pI T Y [p(n, v (), 1V (), DYV () + 91 (1)

=&YV (1), 1Y (T), DY YV (T) + a0 G7)

By applying Remark 1 (i), we get

V(1) — ()]

: , . : K o (t . .
=) =LY, v (1), I YV (1), DI YV (1)) + kI Vvr (1) — Ko [p kI YY)+ Exl] V(T

(x]

_p1;+7/+q|;1/f¢(n’ V*(n)v 1/;52 WV*(T]), CDI?;WV*(T])) _gl[:JrV*QZ;‘I/qb(T’ V*(T), 1/;52 WV*(T), CDZQWV*(T))] ’

r+Y; K;fyﬁ(’r) r+7+q1; r+Y—q2;
<o)+ oy T My ()] + (= ) Wl (1)

<|KkY,

Y 1)+ BRY (DR gy (1) 4 K G(DRY, gy (D]l

B

SQr+Y8>

where Q. is given in (11).
Similarly, applying the operator CDZ; ¥ on (36) and (37), we have

°H 0;
|CDb Yo (1) — CDb Yo(r)

. . . 4 _ KY , (1)
— (DI (1) — IOV (e, v (1), 1YV (), CDE YV (1)) + kIO VR (1) — %

prly v ()

+EKI (T — 1Y o, vE (), 1YV (), CDY Y ()

—q2; * Sy x 0y«
LTV (T V(). 1 (D), DY ()|
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r+y—-0;y K’)I/V—S ﬁ(T) r+y+q1; r+Y—q2;
< Wl () + =5 e, T e ()] + £, qz"")[l]lfm(t)l}

— —
)
—

v P v 4 S v v
= [Krw—e, 1)+ 157 Ky-0,0 T g 1 (D) F 75Ky o (DK, I(T)} o1(1)]
Sﬁr—&-ysv

where Qrﬂ, is given in (14). O
Theorem 5 If (C1) and (C2) are satisfied, then the problem (1)-(2) is UHS, namely, assume that v* € ¥ is a solution
of inequality (30) and v € ¥ is a unique solution of the problem (1)-(2) such that

HV*—V||7/§C¢8. (38)

Proof. From assumptions (C1)-(C2), we can conclude by Theorem 3 that the problem (1)-(2) has a unique solution
v € ¥, that satisfies the following integral equation:

K;,’fﬂ(t) [

v(e) =1, V(e v(0), 1) Yv(e), CD () = kIFVv() + L2 pd U Va(n) 4 €l V()

—pIl Yo, v(n), 12 ¥v(n), DT Yu(n)) — ELTT V(T w(T), 17 YW(T), €DY ‘”v(T))} . (39)

Assume that v* is a solution of the inequality (30). Then, for every € > 0, it follows from Remark 1 (ii) that v*
satisfies the following integral equation

V() =1 Y0, v (1), 18V (1), CDY Y () + @1 (1)) — KIE ¥ (1)

(1) : 0
+ AN [PKIZ+q1’WV*(n)—I—§KI;/ qz,WV*(T)

—pI Y (g (n, v (), 1YV (), CDEYVE (1)) + @1 (1)]

=&V (T, v (1), 1) (), CDY YV (T)) + i ()] (40)

Therefore, we have from Lemma 5 and (C2) that
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C

V' () =v(O)] <V () — 0(1) | + @) = v(2)|

Qe+ 1Y, v (1), 1) YV (1), SO YV (1) — 91, (1), 1D Vv(1), CDY V(1))

+ Kl YV () = v(e)] + pxI) Y|V () —v(m)| + &kt Y (T) —v(T)

K;jﬁ(t) [

|Z]
r ; ® 0; ® ; * S; ;
Fpll Y o (n, v (), 1) Y *(T), SDY Y™ (T)) — o(n, v(n), 1" Yv(n), €Dy Yv(n)))
r+Y—q2; * S,V « 0,y « S; 0;
FELTTTEV 6 (T, v (T), I YV (T), €D, YV (T)) — (T, v(T), I ¥w(T), €Dy ¥v(T))|
r+Y; * * 0; * 0; g %
<Qiye+ (LYY (L(||v —VI\+K§’;1(T)IIV —v[|[+ 11D, v =Dy ) + k(I V) v =l

K;f 5()

—_
)
—

+Y+q1; * * 0,y 6;
+ [P(IZ TV LIV = v+ K (D) IV =y +11“Dy ¥v* =Dy )
r+Y—qo; * * 0; * 0;
+E YL vl KY (D) =Vl + Dy v =Dy vD)

+41; —q2;
PRV ]+ Ex(] Y v

Ky 5(T)

—
)
—

Qe+ {LA(IZ”””HIHK(IZ; Y+ (LA T 1]+ LA (172 ¥) 1]

+pR( Y1)+ Ex] V)1 }nu—vn

. K 4(T) . o _ '
_|_{L(II:+%‘/’)[1]+ v, {pL(Ib’”’L‘“"")[l]+§L(I;+Y 42,14/)[1]} }CDE,WM_CDZ,WW

=]
* 0,y « °H
<Q, e+ <LAQ,+V+ K’QY> [V = V|| + LQy1y||“Dy v =Dy ¥y (41)

Also,
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0; 0;
Dy ¥V (1) =Dy Yv(0))|
<Dy ¥ (1) =Dy Y o(1)] + Dy Y o ) — Dy V()|
= b b b b
~ —9: S 0: S: 0:
Qe+ 10 (v (0, 4y YV (1), DYV (0) = 9, v(0), 1 V(). Dy Y v(n)]

K;‘fie, o (1)

Ft] Yt (0) = v(n)| + “E Pl TV () —v(n)| 4+ ExI ™Y [V (T) —w(T))

T 5 * 5; * H * 5; 5
+pI; Yo (m, v (), 1Y (T), CDY Y (1)) = o (n, v(m), 1 Ye(n), Dy Yv(n))
+ &LV (T, 0 (T), 1YV (T), CDY YV (T)) = @(T, v(T), I ¥u(T), Dy ¥w(T))|
<Quiye+ (I LAY =yl +KE (D) =] + Dy v =Dy Yl + w1~ ) [v* = vl

KY g 5(1)
-0, +Y+4q1; 0; 0;
+Y|T[P(IZ TN LIV =K (DI v+ 19Dy v =Dy )
+Y—qo; 0; 0;
HEI T L vl Ky (T =Vl + Dy vt =Dy Y v]))

+q1; * —q2; *
PR =]+ e v v

7
<Qipe+ {LA(IZH; N+ w1+ KY‘T_T(T) [LAp (I, ]+ LAE (1, )1

+or(I ] + Ex (1] '”)[1]} }Ilu dl
Yy K;’I»/ﬁ(T) r+y+q13 ¥ r+Y—q2: ¥ Cnov «  Choy
+q L, )[1]+T[PL(I;, )]+ EL(, )[lﬂ 17Dy "V =Dy "
<Qipe+ (LAQ,+7+ K'.Qy> v = v|| + LG, [CDY ¥v* =D V. (42)

From (41) and (42), we get
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. ~ ~ = " ~ 0;¥_x 0;
IV =Vl <(Qrsy+Qrpy)e+ (LA(QHY—&-QHY) + K(Qy—i-Qy)) [V = V|| + L(Qriy + Qriy) D, ¥v* =Dy ||

~ ~ ~ % 0y« 0;
@iyt Dot (LA<9r+y+szr+y>+x<9y+szy>><||v vl DY ¥ DIV L)

<( @iyt Qe+ A 1y (43)

According to (43), we find

V" =vlly < Cye,

Q iy +Q .
where Cy = % Hence, we conclude that the problem (1)-(2) is UHS.
Now, we make the following assumption for the proof of our next Lemma.

(C4) There exists a nondecreasing function ¢ € C([b, T], R") and there exists Ly, > 0, such that

LY oa(t) SLy@a(t), @ €S={r+y=6,r+y—aq,r+v.r+y+a}, 1€[b,T].

Lemma 6 Let1 <r<2,0<q<y<B<1,q>0,9=r+S(1—r). Assume that hypothesis (C4) holds, and
let v* € ¥ be a solution of inequality (32). Then v* is a solution of the following integral inequality:

V' (1) — ()| < pLyx(1)e, (44)

and

€Dy v (1) DY Y o (1)| < Ly (1)e, (45)

where, p and p are given by (10) and (11) respectively.
Proof. Let v* denote a solution of the inequality (32). Then, using Remark 2(ii) together with Lemma 4, the solution

of problem (34)-(35) for i = 2 can be expressed as follows:

vi(e) =L Yo (e, v (1), I,f; YA (1), CDZ; W) + @ ()] — kI YV (1)

K)o (t ) .
o O rsasvis g2y (1)

—
")
—
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—p1, T g (m, v (), 1)V (), CD YV () + 92 0)]
=& EYI(T, v (T), 1) (T), CDY Y (T)) + o 0] (46)
From Remark 2 (i) and (C4), we obtain
v (1) — @(0)]

- K;,’fﬂ(t)

—
)
—

=) =IO (1,04 (1), IV (2), CDE Y (6)) + kI YV () [p KLYV () + Exl]l V(T

=l TV g (v (), 1Y (), DY YV () = 1T O (T (1), 1Y (T), “Dp V(7)) |

Ky o(T)

=
|N|
o

<I(t, Y )2 (1) + [\P(lfﬂq“ Vo) + 181 ga 1)

K o(T)

—
)
—

<Lylga(r)| + [PLy102(0)|+ELyl02(1)]]

Ky o(T)

—_
)
—

<Lyx(t)e+ |pLyx(1)e+ELy2(1)e|

<(1+ (pié)K;fﬂ(T))wa(t)e

|"’|

<pLyx(t)e, 47
where p is given in (10), and
[ 0;
Dy, v (1) =Dy Y o 1))

. . . . _ KY o (1) .
<ICDYV () = 1Y g e, v (1), 1) YV (1), SO YR () a0 YV () — TR ol TV ()

—q2; Y % r ; * S, ¥ % Sk
FERIYV(T) — pl T Yo, vi (), 1) Y (n), CDY YV ()

—q2; * O ¥« 0y «
=&Y (T V(T 1) (T), DY V()|
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—o; Ky o.5(T) : o
<|(;"" "")(Pz(t)Hy’i[IP(I£+Y+‘I""')<P2(I)\+|§(IZ+Y L210]

—
)
—

KY T
ngq)z(t)lJrYT’ET()[/JLWIW(I)%LwI%(I)I]

KY (T
<Lyx(t)e+ Y_T’;() {le,,x(t)e + §L¢x(r)s}

+
§[1+ (p|E§)K;,V_9Y19(T)}LWx(t)£
<PLyx(1)e, (48)
where p is given in (11). O

Theorem 6 If (C1)-(C2) are satisfied, then the problem (1)-(2) is UHRS, namely, assume that v* € ¥ is a solution
of inequality (32) and v € ¥ is a unique solution of the problem (1)-(2), such that

v =vlly < Cox(r)e. (49)

Proof. Under the assumptions (C1) and (C2), Theorem 3 ensures that the problem (1)-(2) admits a unique solution
v € ¥ satisfying the integral equation (39). Let v* be a solution of the inequality (32) as before. Then, for any € > 0, it
follows from Remark 2(ii) that v* satisfies the integral equation given by

. . . 4 KY (1 .
V() =Y (v (), 1YV (1), CDE YV (1) + ()] — kI YV (1) + Kyo) pxIl Vv (n)

—
~
—

+ERI] V() = pI T Y [p(n, v (), 1Y (), DYV () + 0o (1)]
=TV O(T, v (1), 17 V(T), DY (T)) + ga(0)]] (50)
By Lemma 6, we can derive the following inequality:
V(1) =v(O) <" (1) — o ()| + o) —v(1)]

<pLyx (e +I V(0 (t, v (), 12 Y (1), CDT Vv (1)) — 9 (2, v(1), I7 Y u(2), CDE V(1))
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Ky (1)

=
|~|
g

el V(1) = v(n)| + pxI) Y () —v(m)| + &kl Y V(T) —w(T)]

I Y 6 (v (), 1Y (T), SDE Y0 (T)) — 0 (n, v(n), 1T ¥v(n), DY Yu(n))]
FELTTYo(T, v (T), 17 YV (T), DT Vv (T)) — (T, w(T), I ¥v(T), DY ¥u(T))|

Sy Cpb: cpb: ;
<pLyx(0)e+ (I, " V)L = vl + K5 (DI = vl + Dy v = Dy ¥ vll)) + (1) [v* — v

KY 5(t)
, 0 +Y+413 Cpo: Cny6;
+-L p (L, T (LI =yl + K (T) [V = vl + 1Dy ¥v =Dy o))

—
G
—

+Y—q: % * °H * 0;
YLV = vl +KY L (T) v =]+ D) ¥y =D )
(Y v — vl + Ex(] Y ]

v
<pLyx()e+ {LAUZ” Y+ ()] + K%'g TT)

[LAp (I T[]+ LAG (V) 1)

oK Y1)+ (] Y1 }nu v

—
2
—

K o(T)
s . : r+v7—q2; 0; 0
+{L<I;” )]+ =22 (oL T+ L ) }ncDb Yu—CDy Yy
<pLyx(t)e+ (LAQ,H—F K'.Qy> IV =]+ LQ, [CDY Yy —CDY Yy, (51)
and
0; ’R
€D, ¥V (1) — €Dy V(1))

0; 0; 0; 0;
<Dy v (1) =Dy Yo (1) + Dy Yo () = Dy ¥v(1)]

<PpLyx (e + 1, V10 (e, v (1), 17V (1), CDY YV (1)) — 01, vie), 1) (o), DY V()]
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K 6.0(0)

=
‘H|
g

+ KLY () ()| + pxI) Y () —v(m)| +Exly YV (T) —w(T)]

T N * 5; * H * 5; 5
+ply Y9 (n, v (), 1, Y0 (T), €D Y0 (T)) = 9 (n, v(n), I, Yv(n), €Dy Vv(n))|
r+yY—q2; * Sy x Yk 55 ;
+ &LV O(T, v (), 1, YV(T), Dy Y (T)) = @(T, (T), 1) Yo(T), €Dy Yu(T))]
<PLyx(t)e+ (I, VYL = vl + K (1) v =vl|+ Dy v =Dy ¥oll)) + (1~ Y) v —vl|

KY o 5(0)
-6, 9% +7+41; C o Cno:;
+77[P(IZ VYL = v+ K3 (D) =l + 19Dy v =Dy ¥v])))

|Z]
ty—qo; « * 0, * 0;
HEI T EYNL(Y =l +KY (DI =Vl + 1Dy v =Dy YD)

+q1; * —q2; *
PRV =]+ Ex(r] ) v v

v
A R

—
)
—

<PpLyx(r)e+ {LA(I;”‘ 1+ k(1Y) [1] +

oK Y1)+ (] Y1 }nu—vn

—
3
—

: KY 4(T) 4 - _ _
+{L<I£+%V’>[1}+ Y [pL(];HquI’W)[]]+§L(I£+y %all’)[l]} }lCDZaWV*_CDZaV’VH

<pLyx(t)e+ (LAQ,H—F KQY> V=] + L, 1 |[CDY Yy — DI Yy . (52)
From (51) and (52), we get

y N ~ ~ * A 0y« 0;
V" =vlly <(p+p)Lyx(t)e+ <LA(Qr+Y+Qr+7’)+K(Qy+Qy>> IV =Vl + Lty + Qi) Dy ¥V =Dy Y|

~ A ~ * 0.y 0;
<(p+P)Lyx(1)e+ (LA(ngmw)H(Qymy))(|v vl + DYV DY ¥]l)
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(33)

<(p+P)Lyx(t)e+A[v' =]y

According to (53), we find
IV —vll <Cox(r)e,
0)L
M, and p, p are given in (10) and (11) respectively.
O

where C‘¢ ="1_aA
Therefore, we conclude that problem (1)-(2) is UHRS.

4. Example
Consider the following NLFDE:
Hpys 1090 cptorvo 1 0¥yt v
DO ( DO +E)V(I):¢(Ia V(t),[o V(t)a DO V(t))v t€[07 1]3 (54)
3 9. 4, 4.
W(0) =0, Z1" " v(m) + 5D x(1) =0 (55)
Forr€[0,1],wehaveb=0,T=1,n=1r=3B=7.v=3.0=L3.q1=5.o=1.0=4. k=1.p =13,
&= %, S=r+B(1—-r)= %. Assume that the nonlinear function ¢ is given by:
Fv, ) cp i) sin() (ol el o ")
006, v(0) 157w, DY ) = s (T T e T T )
p LH[17 ") 146D " (1)

It is clear that ¢ is continuous. For any u, v, w, u, v and w € R, we can conclude that

0@, u, v, w) —0(t, w, v, W)| < L(Ju—ul+ |[v—v[+ |w—W|

() (- )+ (B 7))

1
- = = =

1
gm(|u—ﬁ|+|v—v|+|w—w\).
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1
Thus, L= F.() .
In this numerical example, we consider four different choices for the function y, namely:

V() =1, wlt) =41, y(r) = In(r+1) and w(1) = ¢’
For y(t) = t, with a simple calculation, we obtain
A: =0.476001 < 1.

Since all the hypotheses of Theorem 3 are satisfied, the problem (54)-(55) admits a unique solution on the interval

[0, 1].

To verify condition (C3), we have for any real number v, lf‘lv‘ <1

Thus,
7/10; 6/10;

oe POL o 1N o< D0l
- |v(t)‘+1 ’ - 1+|Ig/10;wv(t)| - - 1+‘CD8/10;V’V(I)| -
Hence,
3 3

o(t)eC([b, T),Ry), V(t,u,v,w)e[b, T| xR,

t <———=
|¢( 7”7 v? W)| — eXp(b2)+99

Moreover, we have kQ,: = 0.182182 < 1. Since all hypotheses of Theorem 4 are satisfied, therefore, the problem

(54)-(55) has at least one solution on [0, 1].
Consequently 3 Cg,: = 9.363418 > 0, by a direct corollary of Theorem 5, the problem (54)-(55) is UHS.

Setting @2 (¢) = (y(1) — l//(O))% € C([0, 1], R), we have

; 1

1Y oult) :r(roff;)(w(ﬂ ~y(0)
r( 1
Sr(a(i)p (W(T) — w(0))*(w(r) — w(0))}

SLy@(t), t€[b, T},

56))

Fa sV - VOI ) S={rsrta, rt ry—a).

where Ly = maxges {
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Therefore, (C4) satisfies Ly = 0.365610 > 0. Since 3 C‘¢: =2.050946 > 0, the problem (54)-(55) is UHRS according
to Theorem 6.

Finally, we summarize the comparison for all cases of y as in Table 1 (which computed using MATLAB (version
R2016a(9.0.0.341360))).

Table 1. Numerical values for different parameters

w(r) A KQy Ly Cy (UHS) €4 (UHRS)

t 0.476001  0.182182  0.365610  9.363418 2.050946
2+1 0.453332  0.175014  0.365610  8.276482 1.905704
In(t+1) 0.433469 0.140728  0.196075  11.113318 1.023827
e 0.596785  0.257712  0.917654  12.330105 6.662727

5. Conclusion

This work has contributed to the advancement of fractional calculus by investigating the existence, uniqueness, and
stability of NLFDE involving a hybrid combination of y-Hilfer and y-Caputo fractional derivatives. This formulation
leverages the distinctive features of both operators under mixed nonlocal boundary conditions. Two main theorems were
established to ensure the well-posedness of the problem: the first guarantees the uniqueness of the solution via Banach’s
contraction principle, while the second confirms the existence of at least one solution using Krasnoselskii’s fixed-point
theorem. Moreover, the stability analysis was conducted in the sense of UHS and UHRS, highlighting the robustness of the
obtained solutions against small perturbations. Finally, a numerical illustration was presented to validate the theoretical
findings. The results, summarized in Table 1, compare the numerical constants associated with existence, uniqueness, and
stability for different choices of the function y(r).

The present analysis may be extended by reformulating the problem using new fractional operators with non-
singular kernels, such as the Atangana-Baleanu or Prabhakar-type derivatives. In addition, future investigations could
consider more general boundary conditions or incorporate time-delay effects to broaden the applicability of the proposed
framework.
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