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Abstract: This paper presents a novel discrete fractional-order mathematical model to describe the dynamics of Human
Immunodeficiency Virus (HIV) infection, incorporating the critical role of latent reservoirs in CD4™ T-cells. The model
captures interactions among healthy T-cells, actively infected cells, latently infected cells, and free virus particles. By
employing the Caputo fractional difference operator, the model accounts for memory effects and hereditary properties
inherent in biological systems, which are often overlooked in traditional integer-order models. We establish the existence,
uniqueness, boundedness, and non-negativity of solutions using Banach’s fixed-point theorem and other analytical
techniques. The basic reproduction number (Ry) is derived, and local stability conditions for both disease-free and endemic
equilibria are determined via linearization. A sensitivity analysis identifies viral production and infection rates as the most
influential parameters on Ry. Numerical simulations demonstrate how the fractional order (o) modulates the infection
dynamics, showing that stronger memory effects (lower o) lead to a dampened acute viral burst but a higher chronic
viral set point. The results underscore the utility of discrete fractional-order models in capturing key features of HIV
progression, including latency and history-dependent behavior.

Keywords: Human Immunodeficiency Virus (HIV) model, fractional calculus, latency, stability analysis, bifurcation,
basic reproduction number, sensitivity analysis
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1. Introduction

The Human Immunodeficiency Virus (HIV) remains a formidable global health challenge, primarily due to its
targeted depletion of CD4*1 T-cells-a cornerstone of the adaptive immune system. This progressive degradation leads to
Acquired Immunodeficiency Syndrome (AIDS), severely compromising the host’s ability to fight infections and diseases
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[1,2]. A complete understanding of the intricate dynamics of virus-host interactions is therefore paramount for developing
effective therapeutic and preventive strategies [3].

Mathematical modeling has emerged as an indispensable tool for deciphering the complex pathogenesis of HIV
[4]. By translating biological mechanisms into mathematical formalism, these models provide critical insights into viral
replication, immune cell dynamics, and the efficacy of interventions [5, 6]. The foundational work of Perelson [6]
established a core framework that has been extensively expanded upon [7-9]. However, a significant limitation of most
traditional models based on integer-order calculus is their inherent assumption of a Markovian, or memoryless, system.
This overlooks the profound historical dependencies and long-term memory that characterize biological systems [10], such
as the cumulative damage to the immune system or the slow, latent dynamics of viral reservoirs. For a more comprehensive
review of HIV models, we refer the readers to the following papers [11-13] and the references therein. To better reflect
the multifaceted nature of the epidemic, the scope of HIV modeling has been significantly broadened beyond foundational
deterministic systems. Researchers have developed sophisticated computational and numerical frameworks to explore a
variety of critical real-world complexities. These advanced studies have investigated the dynamics of co-infection with
other viruses like Hepatitis C, the demographic impact of specific population groups on disease transmission, the influence
of time-delay strategies on infection dynamics, and the role of stochastic effects within two-sex population models [ 14—
16].

Fractional calculus, which generalizes differentiation and integration to non-integer orders, provides a powerful
mathematical framework to incorporate these memory and hereditary properties [17]. Fractional-order models have been
shown to offer a more accurate representation of complex biological processes [18—20] and often provide a superior fit
to empirical data compared to their integer-order counterparts [21-23]. This efficacy is evidenced by their successful
application across a spectrum of virological studies, including models of hepatitis [24, 25], multi-strain epidemics [26],
and within immunology [27]. In the specific context of HIV, this memory effect can be linked to several biological
phenomena: the slow, time-dependent maturation and clonal expansion of the immune response; the delayed reactivation
of virus from latent reservoirs, which is influenced by the entire history of cellular activation; and the cumulative, non-
instantaneous damage to the lymph node architecture and T-cell regenerative capacity. The fractional order o thus serves
as an index of the strength of these history-dependent processes.

The landscape of fractional calculus encompasses a diverse range of operators, each possessing unique characteristics
and applications [28-30]. While we employ the Caputo operator for its utility in handling initial value problems common
in biology, we acknowledge other operators like Atangana-Baleanu (AB) or Caputo-Fabrizio (CF), whose non-singular
kernels could model different memory behaviors. A comparative study of these operators for HIV dynamics is a valuable
direction for future work.

Concurrently, there is a growing recognition of the utility of discrete-time models, as clinical data-such as viral load
and T-cell counts-are inherently collected at discrete intervals. The field of discrete fractional calculus [31] has thus gained
traction, bridging the gap between continuous fractional theory and discrete data analysis, with applications in population
dynamics [32], epidemiology [33], and other fields [34—36]. The utility of fractional operators extends beyond dynamic
modeling to advanced numerical methods, such as fractional finite difference schemes and non-polynomial spline methods
[37—40], highlighting their flexibility. This work leverages this flexibility to create a discrete fractional framework for
biological systems.

A critical biological feature that any realistic HIV model must address is the establishment of a latent reservoir, where
infected cells enter a dormant state, providing a sanctuary for the virus and presenting a major barrier to a cure. While
some prior studies have explored fractional-order HIV models [9] or discrete integer-order models [41, 42], the unique
synthesis of a discrete-time framework, fractional-order operators for memory, and an explicit latency pathway remains
a significant and under-explored gap in the literature.

This paper addresses this gap, which makes three key novel contributions:

* We develop a novel discrete fractional-order model for HIV that explicitly incorporates a pathway to cellular latency,
a key driver of viral persistence.
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* We provide a rigorous mathematical analysis of the model, establishing the existence, uniqueness, boundedness,
and non-negativity of solutions. We derive the basic reproduction number (Rg) and conduct a comprehensive stability and
bifurcation analysis.

» We perform a sensitivity analysis to identify key parameters and use numerical simulations to demonstrate how the
fractional order ¢ (the memory index) modulates the transition from acute to chronic infection, offering new biological
insights.

The remainder of this paper is structured as follows: the model is formulated in section 2. Section 3 is dedicated to
analyzing its fundamental properties, including boundedness, non-negativity, and existence and uniqueness of solutions.
Equilibrium analysis and the sensitivity of Ry are presented in section 4. Stability and bifurcation results are discussed
in section 5. Numerical simulations and a comprehensive discussion of the results are provided in section 6. Finally, the
paper concludes with a summary of findings and future directions in section 7.

2. Model formulation

Our decision to develop a discrete fractional-order model is deliberate and motivated by several factors aimed at
enhancing biological realism and clinical applicability. The model was formulated according to the following logical
progression:

* Foundation on a Discrete Framework: We began with a well-established discrete-time model that describes the
core dynamics between uninfected T-cells (U), actively infected T-cells (I), and free virus (V). This discrete foundation
is inherently aligned with the nature of clinical data collection.

* Introduction of a Latency Pathway: A critical aspect of HIV infection is the formation of a latent reservoir, where
infected cells enter a dormant state, allowing the virus to persist for years. To capture this, we introduce the term o1, which
represents the rate at which actively infected cells transition into a non-productive, latently infected state. This key feature
is essential for modeling a primary barrier to a cure.

* Incorporating the Fractional-Order Operator: Biological processes, particularly immune responses, exhibit
memory effects. The current state of the immune system is influenced by its entire history of pathogen encounters. To
capture this hereditary property, we generalize the discrete model by replacing the standard first-order difference with the
Caputo fractional difference operator. The fractional order ¢ € (0, 1] acts as a memory index, modulating the system’s
dependence on its past states and allowing the model to account for the cumulative impact of the infection over time.

The novel discrete model describes long-term relationships. It is formulated using the fractional derivative,
specifically the Caputo difference operator as defined in [31]. This model extends the classical HIV dynamics framework
established by Perelson and colleagues [9, 41, 43]. Here, it is modified to include a transition pathway to latency (o).
The model is given as follows:

Umax
—kV(u—140)U(u—140)+0l(n—1+0),

CATU(u) =t —pU(n—1+0)+cU(n—1+0) <1_U(“_1+">)

M
CA°T() =kV(u—1+0)U(u—14+0)—(B+8)I(u—1+0),

CATV (i) = NBL(+0 — 1)~ PV (H—1+0) ,

where u € [0, b]y,, and €AY is the Caputo difference operator with order 6. The schematic diagram of the HIV/CD4+
T-cell model is presented in Figure 1.
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Schematic diagram of the HIV/CD4™ T-cell model
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Figure 1. Schematic diagram of the HIV/CD4*" T-cell model

The model variables are classified and defined in Table 1, while the parameters used in the model (1) are summarized
in Table 2. The parameter values are derived from existing literature on HIV modeling to represent a biologically plausible
scenario. No parameter estimation or calibration with a specific dataset was performed in this theoretical study.

Table 1. Model variables and their biological interpretations

Variable Description and biological interpretation
U(u) Concentration of uninfected (healthy) CD4™ T-cells, (cells/uL)
I(u) Concentration of actively infected CD4 " T-cells, which produce virus, (cells/uL)
V(u) Concentration of free HIV virus particles, (virions/pL)

Table 2. Model parameters, definitions, and biological justifications. Values are chosen to represent a consensus from the HIV modeling literature
[20, 41, 42] for a typical chronic infection

Parameter Definition Value Biological justification

Represents constant production of new T-cells from the

T Influx of new CD4" T-cells 2.9 cells/day thymus

Corresponds to the standard lifespan of a healthy T-cell

P Natural death rate of uninfected T-cells 0.01/day (approx. 69 days).

S Logistic growth rate of T-cells 0.001/day g/;;?;ls dslﬁ\:él(li%%%z;tjgfs?dem proliferation to replenish
Unax Carrying capacity of T-cell population 1,500 cells g%%ﬁfz (t)}(;ecléﬁrs)/eﬁillj?it of a healthy T-cell count

k Per capita infection rate 8.0x 1073 S;ggﬁiﬁiéoae;l:gi:tfgt?ml«e’ciir;ic.essary condition for

5 Tomiion e o ey ey Moot el i ol ner

B Death rate of actively infected T-cells 0.16/day ;ﬁgﬁg?&g;ﬁ;g& ariel? ) due to viral cytopathic effects

N Viral burst size per infected cell 1,000 virions/cell ?iigzsiir}tescgcl(ei Laerl%zszrnil};)selri?efsggr?ns produced by a

y Clearance rate of free virus 3.4/day Reflects the very short half-life of free virions in the

blood (approx. 5 hours) due to rapid immune clearance.
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2.1 Assumptions and characteristics of the model

The model is built upon the following assumptions and characteristics:

* Logistic Growth of CD4" T-cells: The model incorporates the logistic growth of uninfected CD4™" T-cells,
U

Ups
decreases as the uninfected CD4™ T—?gfl population (U) approaches its carrying capacity (Umax)-

* Infection Dynamics: Infection occurs via a bilinear term kVU, where the infection rate depends on the interaction
between the free virus and uninfected T-cells.

« Viral Production: Each actively infected CD4™" T-cell contributes to viral load through the term NS1.

* Transition to Latency: The term O represents the rate at which actively infected cells transition to a latency state.
This is a key biological process representing the formation of the latent HIV reservoir, which is the primary barrier to a
cure. Our model captures this by removing cells from the actively infected pool.

« Simplification and Justification: The model does not incorporate the proliferation of infected CD4™ T-cells and
assumes that all parameters are positive constants. We assume that the death rate of infected cells is greater than or equal
to the death rate of uninfected CD4™1 T-cells (i.e., § > p). This is biologically justified as actively infected cells face
additional mortality from viral cytopathic effects and immune-mediated clearance [41]. The model is deterministic and
intentionally ignores stochastic factors to focus on the average system behavior.

The Table 3 contrasts model features to highlight our contribution, and should not be seen as a performance
benchmark. We aim to underscore the novelty of our model’s architecture, which uniquely combines a discrete-time
structure, fractional dynamics, and a latency pathway.

represented by the term ¢U <1 — > This term reflects density-dependent proliferation, where the growth rate

Table 3. Comparison of our model with key previous HIV models

Study Model type Framework Key features included Memory effects (o)
Perelson [41] ODE Continuous Core dynamics No
Lichae et al. [9] FDE Continuous Antiretroviral Therapy (ART), Latency No
Jan et al. [43] FDE Continuous HIV-Tumor interaction No
This study FDE Discrete Latency, Memory Yes

Note: ODE = Ordinary Differential Equation, FDE = Functional Differential Equation.

3. Fundamental properties of the model

This section aims to analyze the fundamental properties of the HIV infection model (1) described by discrete
fractional-order.

3.1 Boundedness of the solutions

To ensure the model is biologically plausible, we must prove that solutions remain non-negative and bounded. Non-
negativity is essential as cell and virus populations cannot be negative. Boundedness ensures that populations do not grow
infinitely, reflecting natural constraints within the host. Together, these properties confirm the model is well-posed.

Theorem 1 All solutions of the discrete fractional-order model (1) that originate in Ri are ultimately bounded. Speci-
fically, there exists a bounded set IT C Ri that is a positively invariant and attracting region for the system, where

H:{(U, LV)eRY; U+I< ——+¢&, V< W+ez},
P Y(P—9)

for any small positive constants € and &.
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Proof. The non-negativity of solutions for the discrete fractional-order system is established in Theorem 2. Here,
we prove the boundedness of the solutions U(ut), I(it), and V(ut). Let us define a function for the total T-cell population,
M(pu)=U(u)+I(u). We analyze its rate of change using the model (1), which describes the system’s dynamics:

CATM(u) = A%U(u) + A%I(p).

Substituting the expressions from Equation (1), we have:

CAM(u) = [r—pU-l—gU(l— v )—kVU—&—éH} +[kVU — (B +8)1].

max

By canceling the infection term kVU and the latency-related term S1, the expression simplifies to:

CA M (u) :T—pU—ﬁH+gU(1 - UU ) .

From our model assumptions, we have 8 > p, which is biologically justified as infected cells have a higher death
rate. Let d = min(p, ). Since p > 0 and > 0, we have d > 0. We can now establish an upper bound

CATM(u) < 7— pU—pl+cU— > 172
Umax

<71—p(U+I)+gU
<t—pM+¢M (sinceU<M)
=1—(p—¢)M.

From the parameter values listed in Table 2, we have the natural death rate p = 0.01 and the logistic growth rate
¢ = 0.001, which satisfies p — ¢ > 0. This yields a standard linear differential inequality. This inequality implies that if
M(u) > Lg ,then “A° M (u) < 0. Therefore, the total T-cell population M (1) cannot grow indefinitely and is ultimately

p—

bounded. By the theory of differential inequalities, we can conclude that the limit superior of M () is bounded:
T

limsupM < .
I~l—>oop () < P—¢

T
Let My = ——. This result guarantees that for any small & > 0, there exists a time y; such that for all u > yy,

p
U(pu)+1I(n) < M; + €. Consequently, the populations of uninfected T-cells U() and actively infected T-cells I(ut) are
also individually bounded. Next, we analyze the equation for the free virus population, V(i ), from the continuous model:
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CA°V(u) = NBI— V.

From Step 1, we know that the infected cell population I(u) is bounded. For u large enough (1 > p;), we have
I(u) < M; + €. We can use this to establish an upper bound for V()

CAPV(u) < NB(M;+e1)— V.

NB (M, +€1)

This is another linear differential inequality. If V(u) > , then “A°V (i) < 0. This shows that the free

virus population V() is also ultimately bounded. The limit superior of V(1) can be stated as:
NBM,;

limsup V() < .
H—yeo Y

Thus, any trajectory starting in Ri will eventually enter and remain within the compact set I1. This completes the
proof of boundedness for our proposed model. O

The boundedness of solutions is not merely a mathematical requirement but a critical biological constraint. It ensures
that the populations of CD4™ T-cells and free virus remain within physiologically plausible limits, reflecting the finite
resources and spatial constraints within a host.

3.2 Non-negativity of the solutions

Theorem 2 For non-negative initial values, all solutions of model (1) are guaranteed to remain non-negative for all
time.

Proof. Let U(0) > 0, I(0) > 0, and V(0) > 0 be the initial conditions for system (1). By [31], we can write the
equivalent summation form of the model (1), subject to the initial conditions U(0) > 0, I(0) > 0, and V(0) > 0:

u—o
U<“>:U<O’+r<lo>_12 (H—s—1)°'K (u—1+0, V),
u—o
1) =10+ gy L (0= )7 Ko 140,10, @
u—o
V(“):V(")*r(la)li (H=s— 1" Ks(u—1+0, V),

where
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Ki(u-1+o, U)ZT—PU(.U—1+G)+gU(H+c_1)(1_U(“1+°—))

Umax
—kV(u—14+0)U(u+0—-1)+0l(n—1+0),

3)
Ko(u—1+0,I)=kV(u+o-1)U(u—1+0)—(B+8)I(n—1+0),
Ki(u—1+0, V)=NBI(u—1+0)—yV(u—-1+0) .
Thus, all solutions of model (1) remain non-negative. O

This guarantee of non-negative solutions is essential for the model’s biological validity, as negative concentrations
of cells or viruses are physically impossible.

3.3 Lipschitz property of the kernels K, K, and K,

Theorem 3 LetU, I, V, I[/j, TI\, V be continuous functions in L! [0, 1]. Define positive constants x|, x» and x3 such

that
|U]| = max [U(p)| <xi,
ue g
([T} = max [I(u)| < x2,
ue s
[V = max [V(p)[ < x3.
ne s
Then, the kernels K, K, and Kj satisfy a Lipschitz property with Lipschitz constant k = max}_, { %, } > 0, such
that

2o, = (=P + L th), Lo =B, Le =7

Proof. For K, (1 — 1+, U), let U, U L'[0, 1]. Then, we have

-1+, v) -5 (w140, 8) | < (6 -9+ S k) 0.

Put %, = <(Q -p)+ [Sx

! +kx2) > 0. Thus, we get

max

HKI (u-1+0,0)-K (p-1+0, ITJ)H < %,

-3

This leads to the following:
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HKz(M—H—G, D-K (p-1+0, i)H < H—ﬂ ,
and
HKg(u—Ho, V)-K (p-1+0, @)H < K, V—V”.
Let
k= max { Z,} > 0.
Thus, the kernels K;, i =1, 2, 3 are satisfied Lipschitz conditions with constant k > 0. O

3.4 Existence and uniqueness of the solution

This subsection is devoted to proving the existence of solutions to the discrete fractional-order model (1). To this
end, we employ a recursive sequence approach, leveraging the contraction mapping theorem to demonstrate the sequence’s
convergence to a unique solution. Now, we rewrite the model (1) in a compact operator form as follows:

u-o
X(H)ZXoJrﬁZ(u—s—l)"*lF(u—1+c,X(u_1+6)),
s=0
where
U(u) U(0)
X(w)=1 In) |, Xo=]| L0) [,
V(u) V(0)
and

]Kl (”71+67 U)
Flu—1+4o,X(u—140))=| Ky(u—1+o0,10)
K3(“_1+G7 V)

Define the operator

1

H(X(”)) =Xo+ m

u—c
Y (u—s—1)°"Flu—1+0,X(u-1+0)). (4)
s=0

The recursive sequence of vector functions {X,,(¢t)}, n =0, 1, 2, ... is defined by:
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u—o
Xunr ) = X0+ o5 ¥ (s 1% ' Fluto 1 X~ 1 +0)

The following theorem establishes the existence of a unique solution via a convergent iterative scheme.
Theorem 4 Assume that the components of F(u — 1+ o, X,,(t + o — 1)) are bounded and continuous for all X and
pe[o—1, b+oly, . Then, the model (1) possesses a solution provided that:

kI'(b+0o+1)
I'lc+1)I'(b+1)

<1, (5)

where k is the Lipschitz constant defined in Theorem 3.
Proof. Consider the operator (H) defined by (4). Forall X, Ye C([0, T])and u € [c — 1, b+ G]N(H, we have

IHX) —H(Y)|| < =—— Z (h—s—1)°"

IF(u—1+0o,X(u—140))—Flu—1+0, Y(u—1+4+0))].

By Theorem 3, F(u — 1+ 0, X(u — 1 + 0)) satisfies the Lipschitz condition k = max;_, { %, } > 0. Then, we
obtain that

kXY 5

o—1
ro) L7

H(X) —H(Y)|| <

The summation can be represented in terms of the Gamma function. Then, we get

kI'(b+o+1)
(c+1)IC'(b+1)

HX) ~H(Y)[| < & IX=YI.

Then, according to the Banach fixed-point theorem, the operator H is a contraction. Therefore, the sequence {X, (1)}
converges to a limit, which we denote by X(ut). This implies that:

lim X, () = X(u).

n—oo

And since X,,+1 (1) = H(X,, (1)), applying limits as n — oo on both sides, and by the continuity of H, we have
lim X, (1) = lim H(X, (1)) = H(lim X,,()).

n—oo n—roo n—oo

and
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This implies that the limit X(ut) is a fixed point of H. Therefore, X(u) satisfies:

u—oc
X(u) :X0+F(16) ZO (H—s—1)°"F(u—1+0, X(u—1+0)).

Thus, a recursive sequence of functions X, (1) approaches the solution. This sequence converges to a unique function
X(u), which represents the solution to the given system, according to the contraction mapping theorem. Therefore, a
solution exists for the given system. O

3.5 Hyers-Ulam stability

We now investigate the Hyers-Ulam stability of the model. This type of stability is particularly important for models
intended for clinical or numerical applications. It implies that if an approximate solution is found (for example, from
numerical simulations with finite precision, or from noisy experimental data where measurements of viral load and T-cell
counts have inherent error), there exists a true, exact solution to the model nearby. This provides critical confidence in
the robustness of our model’s predictions, ensuring that small deviations or uncertainties in initial conditions or parameter
estimation do not lead to qualitatively different long-term outcomes.

Theorem 5 The model’s stability is assessed in the Hyers-Ulam sense, as established by [44], provided that:

kI'(b+0o+1)

Flo+ (b1 ~

Proof. Let Y, X € C([0, T]) be a solution of model (1). Then, we have

u—o
(Y (1))~ H(X()] = Yo+r%) > (s )7 (1o Y- 1+0)
u—o
- <X0+F(lc) L (us1)°—1F(u+cl,X(y1+o))>| (6)

N s e R _
<oy & (W= D7 F( =140 (u—1+0))

-F(u—1+o0,X(u—1+0))|. @)

By Theorem 3, F(u — 1+ o, X(u — 1 + 0)) satisfies the Lipschitz condition k = max;_, { %, } > 0. Then, we
obtain that

Co iporary Math tics 8156 | Khaled Aldwoah, ef al.



_ x| L0
Y XN et

The summation can be represented in terms of the Gamma function as follows

kKI'(b+0o+1)
(c+1)T'(b+1)

H(Y) - HX)[| < Y —X]|. ®
Thus, by triangle inequality with the fact that [|[Y —H(Y)|| <Y > 0 and equation (8), we have

1Y =X = [[Y =H(Y) + H(Y) = X]|

< Y = H(Y)| +[[H(Y) - H(X)]|

kKLC(b+o+1)
<Y+ Y —X]}.
I'(c+1)T'(b+1)
Consequently
Y
Y-X| <
I I'< kKLC(b+o+1)
F(c+1)I'(b+1)
_ 1
Put ® = Ch+o+1) > 0and Y > 0, then
|T(c+1)T(b+1)
Y =X|| < Y.
Thus, the model (1) is Hyers-Ulam stable. O

3.6 Equilibrium points and basic reproduction number

Equilibrium points are the steady-state solutions of the system, where the rates of change of all variables are zero.
These points represent the long-term behavior of the infection and are found at the intersection of the system’s nullclines.
To find the equilibrium points, we set CA°U(u) = 0, CA°T(u) = 0, and CA°V(u) = 0 and solve the resulting system of
algebraic equations:

Volume 6 Issue 6]2025| 8157 Contemporary Mathematics



0=r—pU(u—1+G)+gU(u—1+c)<1— T

—kVu—-140)U(u—1+0)+8l(u—1+0),

0=kV(u—-14+0)U(u+o—-1)—(B+8)I(u—1+0),

0=NBI(u—140)—yV(u—-1+4+0) .

From the second equation, we have

kKV(u—-1+0)U(u—1+0)
B+6 ’

I(u—1+o0)=

From the third equation, we have

V('u_l_|_o-)—1\m(u;l—i_6)

Substituting the equation (10) into (11), we get

V(M1+0')—NBkV(“—'—GJ;ﬁl:—US()“_l‘FG).

So

V(u—1+c)<1—}/(gik&) =0.

The equation (13) gives us two possible scenarios:
* The Trivial Equilibrium (Disease-Free Equilibrium): V(u —1+0) =0.

U(p—1+4o0)

©)

(10)

(11)

(12)

(13)

IfV(u — 1+ o) =0, then by the second equation in (9), we have I (¢ — 14 &) = 0. Substituting V(u—1+06) =0

and I (4 — 1+ o) = 0 into the first equation in (9), we have:

O:T—pU(u—1+G)+gU(u—1+c)(1— T

Simplifying yields:

UiUz(uf1+G)f(gfp)U(ufl+o)fr:O.

This is a quadratic equation in U. Solving for U using the quadratic formula, we obtain:

Co iporary Math tics

U(p—1+o0)

8158 | Khaled Aldwoah, ef al.



<g—p>i\/<g—p>2+4(w;) (c)
? (Ui)
4¢7T

—Uma"[@p)i (§- PP+ oo

Uu—1+0)=

2’ g max

Since U must be non-negative, we take the positive root. Therefore, the disease-free equilibrium point is given by:

Umax
Ey=
o~ (%

(6-p)+ <g—p>2+§ﬂ7o,o>.

max

* The Infected Equilibrium (Endemic Equilibrium):
NBk_ ¥(B+3)
(B+9) NBk

If V(u—140) # 0, then equation (13) gives 1 = 7 = 1. This equation defines the basic

. NBk . sy . NBk
reproduction number (Ry). If Ry = ——— > 1, an infected equilibrium may exist. Let’s call Ry = ———. Then
o Y(B+9) Y 7B +9)
Y(B+8)=NBkand y= (—[:6) From the second equation in (9), we have
kV(u—1+0)U(u—1+0)
I(u—14+0)= . 14
(k ) Bio (14)
From the third equation in (9), we have
NBI(u—1+4+o0

V(H—I‘FG)—ﬁ(uyH- (15)

Substituting equation (14) into equation (15), we get:

_ NBkV(u—1+0)U(u—1+0) Nk
Viemtre) ==y B+s ~ 1B+9)

Viu—-140)U(u—1+0).

NBk
(B+9)

U = 1. Now we can write

Substituting y = we get U(t— 14 0) = 1. So, at the endemic equilibrium, U > 0, V> 0, U= 1. Thus

kV(u—1+o0)

]I:
B+0o

Substituting U = 1 into the first equation:
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1
O:T—p+g(1—U )—kV+6]I.
kV(u—1
Substituting [ = (I»;+ 6+ ),We have
1 kV(u—1+0)
=T— 1— - —1
0=r1 p+g< Umax> kV(u+o—-1)+06 515

Solving for V yields:

v 1p+€(1Uiax) ) (B+9) [errg(lUiax)}

(B B
B+é
1
For V > 0, we require T+ ¢ <1 T ) > p, as before. Now, substituting this expression for V into the equation
max

for I, we get:

o (Bro)s-pre(i-
BNEY kB - B

! T + 1 !
Umax P g Umax

I

So the endemic equilibrium is:

r—p+g(1 _Umax> (B+9) [T_PJFQ (1 _quax):|

E.=|1, :
B kB

An important feature of this model is that the basic reproduction number, Ry, does not explicitly depend on the
fractional-order parameter . This implies that while the memory of the system (o) profoundly affects the transient
dynamics, it does not alter the fundamental threshold condition for an epidemic to occur.

4. Sensitivity analysis of the basic reproduction number

To effectively manage and potentially eradicate HIV, it is essential to understand the quantitative relationships
between the model’s parameters and the basic reproduction number (Ryp), a key indicator of the infection’s transmissibility.
A sensitivity analysis serves this purpose by assessing the degree to which changes in individual parameters affect Ry. This
allows us to prioritize interventions that target the parameters with the highest sensitivity indices, maximizing the impact
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on controlling or eliminating the infection. The Sensitivity index (SEN), representing the relative change in Ry due to a
change in parameter &, is expressed as:

R, 2 IRy

SEN®0 = = 90
? " RyoP’

(16)

Now, we calculate the sensitivity index for each parameter & € {N, B, k, ¥, 0} as follows:

Ccenko NORy N Bk
SENY' = Ry an = NBK 3(B18)
B OR Y(BES) Nk&
Ry 0 _
-SENﬁ _FOW_ NBk y(ﬁ+6)2_0.5556.
k OR Y(BI:FS) Nﬁ
Ry 0 _
SSENC = Re 9k~ NBK y(B+6)
R Y(B+6) NBK
Ry _ Y Oko Y _
N =R oy T NBK <Y2(B+5)> -
5 R Y(ﬁ;‘s) NBk
Ry _ © 910 _ _ - _
SEN5 _Ro 35 = NBk ( Y(ﬁ+5)2> = —0.5556.
Y(B+9)

The summary of sensitivity indices is presented in Table 4. In Figure 2, we present the bar chart of the sensitivity
indices of the basic reproduction number (Ry) with respect to the most influential model parameters, based on the values
in Table 4.

Table 4. Sensitivity Indices of Ry with respect to model parameters

Parameter Sensitivity index
N 1
B 0.473
k 1
Y -1
[ -0.527

Sensitivity indices of the basic reproduction number (R,)

1000 1.000
2 1.0
E 0.473
-§ 0.5 -
2
= 00
=
£ .05
z -0.527
wn

-1.0 -1.000
N i B 5

v
Model parameter

Figure 2. Bar chart of the sensitivity indices of the basic reproduction number (Rp) with respect to the most influential model parameters

Based on the values in Table 4 and Figure 2. The analysis reveals that the viral production rate (N), infection rate
(k), and viral clearance rate () have the strongest impact (indices of + 1, + 1, and -1, respectively), identifying them as
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primary targets for intervention strategies. A positive index indicates that increasing the parameter increases Rg, while a
negative index indicates the opposite.

In the Figure 3 and Figure 4, we present the contour 2D plots and contour 3D plots, respectively, for illuminating R
sensitivity to the joint parameter changes of the discrete fractional order of the HIV model.
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Figure 3. Contour 2D plots illustrating the value of the basic reproduction number, Ry, under joint variations of key model parameters
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3D sensitivity analysis of R,
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Figure 4. Contour 3D plots illustrating the value of the basic reproduction number, Ry, under joint variations of key model parameters
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4.1 Strategic insights from visual sensitivity analysis

While the sensitivity indices in Table 4 identify which parameters are most influential, the contour plots in Figures 3
and 4 translate this theoretical knowledge into a practical framework for designing and optimizing intervention strategies.
These visualizations facilitate a transition from abstract parameter sensitivity to concrete clinical decision-making, as
illustrated in the following scenarios:

* Designing Combination Therapies through Quantitative Trade-offs: The contour plots serve as a strategic map
for determining the required efficacy of mono- or combination therapies. Consider a hypothetical patient with a high viral
production rate (N = 1,200) and a moderate viral clearance rate (y = 2.5). Figure 3 places this patient in a high-risk region
(Ro > 1), indicating an uncontrolled infection. To achieve control (Ry < 1, the blue zone), the model visually delineates
several strategic pathways:

- Strategy A (Aggressive Monotherapy): A potent antiretroviral regimen, such as a protease inhibitor, could be
deployed to drastically suppress viral production. The plot indicates that reducing N to below 800, while maintaining y
at 2.5, would suffice. This represents a high-intensity, virus-targeted approach.

- Strategy B (Immunotherapy-Augmented Strategy): An intervention designed to enhance immune clearance
could be employed. To achieve control, ¥ would need to be increased above 4.0 without a reduction in N.

- Strategy C (Optimized Combination Therapy): The plots demonstrate the potential of a synergistic, combined
approach. A moderate reduction of N to 1,000 (achievable with standard-dose antivirals) coupled with a moderate increase
in yto 3.5 (via an immunostimulant adjuvant) would also transition the patient into the controlled zone. This strategy may
offer a superior therapeutic index by balancing efficacy with reduced potential for toxicity.

* Identifying the Most Efficient Intervention Pathways: The gradient of the response surfaces in Figure 4 provides
a direct visual measure of intervention leverage. The pronounced decline in Ry with small reductions in N or k indicates
that therapies targeting viral production and cell infection are highly efficient; a minimal therapeutic effort yields a
substantial reduction in viral replicative potential. Conversely, a shallower gradient for other parameters would indicate
lower efficiency, requiring more significant changes for a comparable effect, thus rendering them less favorable as primary
intervention targets.

In summary, the sensitivity analysis provides a validated roadmap for prioritizing intervention targets. The high
positive sensitivity indices for the viral production rate (V) and infection rate (k) (SEN = 1) unequivocally identify them
as the most potent leverage points for control. This finding provides a mathematical foundation for the mechanisms of
established antiretroviral therapies:

* Protease Inhibitors and Reverse Transcriptase Inhibitors primarily act by reducing N (the number of infectious
virions produced per cell).

* Entry and Fusion Inhibitors directly target k (the rate of successful cell infection).

Furthermore, the high negative sensitivity of the viral clearance rate (y) (SEN = —1) highlights the potential efficacy
of novel strategies aimed at boosting the host’s innate or adaptive immune response to clear free virus particles. The
negative sensitivity of the latency transition rate () intriguingly suggests that therapeutic strategies promoting a latent
state could, in theory, reduce the pool of productively infected cells and help contain viral replication.

4.2 Limitations

It’s crucial to remember that this sensitivity analysis is local, performed at a specific point in the parameter space. The
specific numerical values of the sensitivity indices depend on the parameter values used in the model. A global sensitivity
analysis, which evaluates sensitivity over the entire parameter space using methods like Latin Hypercube Sampling (LHS),
would provide more robust insights and is a direction for future work. Furthermore, this analysis only considers direct
effects on Ry and does not account for potential indirect effects or complex interactions within the full biological system.
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5. Stability analysis
5.1 Stability of the disease-free equilibrium (E)

To determine the local stability of the equilibrium points, we linearize the discrete system around each equilibrium.
This involves finding the Jacobian matrix and analyzing its eigenvalues. The Jacobian matrix, J, is given by:

-2V w5

J= Umax
- KV —(B+0) kU
0 NB —y

Substituting the coordinates of Ej into the Jacobian matrix, we obtain:

2¢U
P e R
J(E): Umax
0 0 —(B+8) kU
0 NB —y
Where
_ Umax | ol 4T
Up = 2 (c—p)+4/(c—p) O

The eigenvalues of this matrix determine the local stability of Ey. The eigenvalues are the solutions of the
characteristic equation

det(J(Eo) — AI) = 0.

Which gives us:

26Uy B
Umax

(—p+g— A) [(~(B+8) —A)(—y—A)— Nk =0

This will result in three eigenvalues,

26Uy
Umax ’

M=-pt+g—

where stability requires A; < 0, which corresponds to the condition p > ¢(1 —2Up/Upax ), and A and A3 will come from
solving

(=(B+8)=A)(=y—A) —NBkUp =0
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which is a quadratic equation. The disease-free equilibrium is stable if A; < 0, A, and A3 are negative or have negative
real parts. Rearrange for A, and A3. We have

A2+ (B+8+71)A+(B+8)y—kUpNB =0.

Using the quadratic equation, we get:

2 — ~(B+8+9 =V (r—(B+8))>+4kUoNp
5 :

NBk
If 7/([36-5) < 1,i.e. Ry < 1,and A; <0, the disease-free equilibrium point (Ep) is locally asymptotically stable.

5.2 Stability of the endemic equilibrium (E.)

Now consider the Endemic Equilibrium

1 1

T—p+g|l— (B+0)|t—p+g(1-

E . 1 Umax Umax
' ’ B ’ kB
The Jacobian is given by
2
-2V w5 kw

J= KV —(B+8) kU

0 Np -y

Substituting the coordinates of E, into the Jacobian matrix, we obtain

—p+g—U2g —kV 5 —k

Umax
J(E) = 3% —(B+6) &
0 NB —y

Where

B+8) |e-pis(1- 5]

V= B

26

max

Let’s define the quantity A = —p+¢ — — kV. Substituting, we have
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) o B+O|e-pre(1-5—)]
= —pto— - -

Umax B

The characteristic equation is then given by det(J(E.) — AI) = 0. Then, we have

A—A o —k
KV —(B+8)—2 k |=0.
NB —y—A

Thus, we have

A3+ GA?+DA+W =0,

where

G=A+B+6+7,
D=AB+38+7y)+k8V,
W = kySV + k(B + 8)vkV = k*BS.

We noted that all coefficients of the characteristic polynomial are positive, i.e., G > 0, D > 0, W > 0. The Routh-
Hurwitz stability condition requires GD — W > 0. Evaluating this at the endemic equilibrium where U = U* = 1, the
condition becomes stable if

26
Unmax

+p—¢>0.

5.3 Biological interpretation of stability results

The stability of the two equilibria provides critical clinical insights into the long-term outcomes of HIV infection:

* Disease-Free Equilibrium (Ep): The stability of Ey when the basic reproduction number Ry < 1 corresponds to a
scenario where the infection is cleared by the host. Clinically, this represents either a failed transmission or an infection
that is successfully suppressed by the immune system before it can become established. Our analysis shows that this state
is locally asymptotically stable under this condition, meaning small viral introductions will be eliminated.

* Endemic Equilibrium (E,): The stability of E, when Ry > 1 represents a chronic, persistent infection. In this state,
the virus is not cleared, and the populations of T-cells and virus stabilize at a steady, non-zero level. This corresponds
directly to the chronic phase of HIV, where the viral load remains relatively constant for years. Our analysis confirms that
this state is stable, providing a mathematical basis for the persistence of the virus in an infected individual.
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5.4 Bifurcation analysis

To delve deeper into the model’s dynamics, particularly at the epidemic threshold, we perform a bifurcation analysis
on the underlying model (1). This analysis helps determine the nature of the bifurcation at Ry = 1 and reveals whether
complex behaviors, such as a backward bifurcation, are possible. A backward bifurcation, where a stable endemic state
can persist even when Ry < 1, has significant implications for disease control, suggesting that merely satisfying the Ry < 1
condition may not be sufficient for eradication.

We employ the center manifold theory as described by Castillo-Chavez and Song [45]. Let us select the infection

NBk
rate, k, as the primary bifurcation parameter. The basic reproduction number is given by Ry = y([?-fj(;)) The critical
value k = k* at which a bifurcation may occur is found by setting Ry = 1:
0
pr= 1B+9) (17)
NBU,

where Uy is the stable disease-free level of uninfected T-cells.

Let the state variables be x; = U, x, = I, x3 = V. The system of equations (1) can be written as “A%x;(u) =
fi(x1, x2, x3). We evaluate the Jacobian matrix, J, at the disease-free equilibrium Ey = (Up, 0, 0) with the critical
parameter value k = k*.

2
—p+g¢ <1 UU°> 5 —k* U,
J(E(), k )* 0 _(B+5) k*Up . (18)
0 NB -y

At k = k*, this Jacobian has a simple zero eigenvalue. We now compute the left and right eigenvectors, v and
w, corresponding to this zero eigenvalue. The right eigenvector w = (wy, wa, w3)T is found by solving J(Ey, k*)w = 0.
This yields:

b O0y+k*UyNp oy — 5(B+9) v, o — — (19)
! 20Uy 2 2Up \ k*Up 3 2T Up 3
—p+G I_IU —p+g I_TU

Setting w3 > 0, we have w, > 0 and w; < 0, which is biologically expected as an increase in infected cells corresponds
to a decrease in healthy cells. The left eigenvector v = (vi, va, v3) is found by solving vJ(Ey, k*) = 0. This gives
vi =0, and:

2y, (20)

We choose v3 > 0, which implies v, > 0. The direction of the bifurcation is determined by the signs of two
coefficients, a and b. According to the theory in [45], a backward bifurcation occurs if @ > 0 and b > 0. The coefficient
a is computed from the second-order derivatives of the system functions f;:
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3 82 ;
a= 2;, lviijl8xj§xl (Eo, k), (1)
i, j, 1=

The relevant non-zero second derivatives of our system, evaluated at Ey, are:

Ph_ %
002 Upax
azfl __k*
UV ~— 7
asz _k*
oUdvV "

Since v; = 0, the only terms contributing to a come from f5.

2

a=vy (2W1W3 <9U82V) = 2vowiwsk". (22)

Given that vy > 0, w3 > 0, k* > 0, the sign of @ depends on the sign of w;. As we established w; < 0, we have:

a<0. (23)
The coefficient b is given by:
3 aZf
b:iz_’lviwjm(Eo, k"). (24)
J=
The required second derivatives are:
P h _0
dUok g, 7
f, B
AUk g,
I’f
aVok ~ Dlg, o

Therefore, the sum for b simplifies to:
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82
b= 1% <W3 (Wi?k) = V2W3U0. (25)

Since v, > 0, w3z > 0, and Uy > 0, we definitively have b > 0. Since a < 0 and b > 0, the condition for a backward
bifurcation (a > 0) is not met. Therefore, our analysis reveals that the model exhibits a standard forward bifurcation at
Ro = 1. This implies that, for the dynamics governed by the model, the disease-free equilibrium is locally asymptotically
stable whenever Ry < 1, and an unstable endemic equilibrium emerges for Ry > 1. This finding reinforces the role of Ry
as the definitive critical threshold for controlling HIV infection within this modeling framework.

6. Numerical solution and discussion

Having established the theoretical existence of a solution, we now turn to numerical methods to approximate and
visualize the model’s behavior for specific parameter values. To simulate the dynamics of the discrete fractional-order
model (1), we employ a numerical scheme derived directly from the equivalent fractional-sum equation (2). This method
is a standard approach for solving Caputo-type fractional difference equations [31, 46] and can be seen as a discrete analog
of the fractional Adams method for continuous systems. While a formal convergence analysis is beyond the scope of this
theoretical study, the scheme’s structure ensures that it reduces to the exact solution for the integer-order case (¢ = 1) and
is consistent with the broader class of fractional finite difference and spline methods used for solving complex dynamical
systems [37, 40] For u € [0, b] No the model (1) is represented as follows:

Un)=TU Z n—s—1)° 1 r—pU(n+oc—1)
s=1—
+gU(n+cl)<1uWH}:;_1)>
—kV(n+o—1)U(n+6—1)+8l(n+o—1)], (26)
I(n) =1( i (n—s—1)°"!
< [kV(n+o—1)Um+o—1)—(B+8I(nto—1), 27)
and
V(n) =V i n—s—1)°  NBI(n+6—1)— PV (nto—1)]. (28)

B ['(n—ys)
- T'(nt+l1-s5-0)
designed for o € (0, 1], n =1, 2, ... as follows

Since (n—s—1)°"! and for s + o — 1 = j, then the numerical equations (26)-(28) can be
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and

7. Simulations and discussion

In this part, we plot the graphs of U Figure 5, I Figure 6, and V Figure 7 with high fractional order o = 0.6, 0.7, 0.8,
0.9, 1.

Uninfected CD4”™ T-cells (U) dynamics

—o=1
—0=09
800 =08
c=0.7
600 c=0.6

400

200

Concentration (cells/uL)

0 25 50 75 100 125 150 175 200
Time (days)

Figure 5. Simulation of uninfected CD4" T-cell dynamics, U, for different fractional orders (o). Biologically, a lower o (stronger memory) results in

a less severe initial decline but a worse long-term recovery, suggesting that the ‘memory’ of initial infection impairs the immune system’s regenerative
capacity

Infected CD4" T-cells (I) dynamics
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Figure 6. Simulation of actively infected CD4™ T-cell dynamics, I, for different fractional orders (o)
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Free HIV Virus (V) dynamics
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Figure 7. Simulation of free virus dynamics, V, for different fractional orders (o)

7.1 Discussion of temporal dynamics and the influence of fractional order

The time series analyses presented in Figures 5-7 reveal dynamics that are highly consistent with the clinical
progression of HIV, while also highlighting the profound and nuanced influence of the fractional order ¢, which serves
as an index of the system’s memory.

* Uninfected CD4" T-cell Dynamics Figure 5: Figure 5 shows the concentration of healthy CD4™" T-cells (U). All
simulations exhibit an initial rapid decline, mirroring the T-cell depletion characteristic of the acute phase of HIV. The
fractional order o reveals a critical trade-off:

- Initial Decline: The rate of depletion is strongly dependent on ¢. The integer-order case (0 = 1, representing a
memoryless system) shows the most rapid and severe initial drop. As ¢ decreases (i.e., as system memory strengthens),
the initial decline becomes progressively slower and less steep, indicating a dampened response to the initial infection
shock.

- Long-Term Outcome: Counterintuitively, a stronger memory leads to a worse long-term outcome. The final
endemic equilibrium level of healthy T-cells is lowest for the strongest memory case (¢ = 0.6) and highest for the
memoryless case (0 = 1). This suggests that while a stronger memory buffer the initial infection shock, it also leads to a
persistent “memory” of cumulative damage, resulting in a more severe chronic state of immunodeficiency and impaired
regenerative capacity.

* Infected Cells and Free Virus Dynamics Figures 6 and 7: Figures 6 and 7 show the dynamics of actively infected
T-cells (I) and free virus particles (V). Their behavior is qualitatively similar and provides a clear picture of the infection’s
progression:

- Acute Phase Burst: Both populations exhibit a sharp initial spike, peaking within the first 25 days. This burst
corresponds to the high viral load (viremia) observed during acute HIV infection. The magnitude of this peak is modulated
by memory: the 0 = 1 case (weakest memory) produces the highest and sharpest peak. Lower values of o (stronger
memory) effectively dampen this initial burst, resulting in a lower and broader peak.

- Chronic Phase Stabilization: Following the peak, the system settles into a stable endemic equilibrium,
representing the chronic phase of HIV where the viral load stabilizes at a “set point”. Crucially, this chronic set point is
highest for the strongest memory case (o = 0.6) and lowest for the weakest memory case (6 = 1).

* Synthesis: The Competing Effects of Memory and Temporal Scaling

Taken together, these results provide a crucial insight: the fractional order ¢ introduces a fundamental trade-off
between the acute and chronic phases of HIV infection. A stronger memory (lower ©) is beneficial during the acute
phase, as it mitigates the initial T-cell loss and viral burst. However, this benefit comes at the cost of a worse chronic
outcome, characterized by a lower long-term healthy T-cell count and a higher viral set point.

This nuanced behavior, where the system’s historical states continuously influence its future trajectory, cannot be
captured by traditional integer-order models. The fractional-order framework inherently incorporates temporal scaling,
effectively modeling the long-tailed, non-Markovian dynamics prevalent in biological systems. These include the
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extended lifespans and slow turnover of T-cell subsets, the delayed reactivation from latent reservoirs, and the cumulative
nature of immune dysregulation. The competing effects of memory-providing an initial buffer at the expense of long-term
pathology-offer a mathematical basis for the clinical observation that a severe initial infection can predict faster disease
progression, suggesting that the immune system retains a damaging ‘memory’ of the initial immunologic insult.

7.2 Comparative analysis with existing HIV models

To contextualize our contribution, Table 3 contrasts key features of our model with established works in the literature.
Unlike the continuous ODE models of Perelson [41], which lack memory effects, or the continuous fractional models of
[9, 43], which are not framed for discrete data, our model uniquely synthesizes a discrete-time framework, fractional-order
dynamics for memory, and an explicit latency pathway. This synthesis allows us to capture history-dependent behavior
(via 0) in a framework directly aligned with clinical monitoring schedules, a capability absent in prior models.

8. Conclusion

In this paper, we introduced and analyzed a novel discrete fractional-order model of HIV dynamics that incorporates
a pathway to cell latency. Our work demonstrates the value of this combined approach, where the fractional order captures
the inherent memory of the biological system and the discrete framework aligns with the nature of clinical data collection.
Our mathematical analysis rigorously established the model’s well-posedness and the stability conditions for both disease-
free and endemic states. The derivation of the basic reproduction number (Rg) and the subsequent sensitivity analysis
provided critical insights for therapeutic intervention, identifying viral production and infection rates as the most potent
targets for controlling the spread of HIV. Numerical simulations successfully reproduced key clinical features of HIV
pathogenesis, including the initial viral burst characteristic of the acute phase and the subsequent stabilization to a chronic
infection state. We demonstrated that the fractional order ¢ is a crucial parameter that modulates the speed of these
dynamics. Together, these contributions establish a biologically meaningful and mathematically rigorous framework for
exploring HIV latency and memory using discrete fractional dynamics, bridging theoretical analysis with clinical modeling
relevance.

8.1 Limitations and future directions

While this study establishes a novel and rigorous framework, some limitations present opportunities for future
research. First, the model is deterministic; incorporating stochasticity would better capture the random fluctuations
inherent in biological systems, such as viral mutation and immune recognition. Second, and most critically, the parameters
are drawn from the literature to represent a typical infection. A primary direction for future work is to calibrate and validate
the model against longitudinal patient data. This would involve using optimization techniques to estimate parameters like
the fractional order o, the latency rate 8, and the infection rate k from individual patient viral load and CD4*1 T-cells
trajectories. Such calibration is essential to transform the model from a theoretical tool into a personalized predictive
framework. Finally, extending the model to include adaptive immune responses (Cytotoxic T Lymphocytes (CTLs)),
antibodies, or Antiretroviral Therapy (ART) dynamics would significantly enhance its clinical applicability.
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