Contemporary Mathematics

https://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

Stochastic SEIR Model with Two Infectious Classes Under Environ-
mental Variability: Well-Posedness, Extinction Persistence Thresholds,
and Milstein Based 3D Simulations

Shah Hussain!, Asma Khalid®*"”, Saira Javed?, Ilyas Khan>*3

'Department of Mathematics, College of Science, University of Hail, Hail, 2440, Saudi Arabia

2Department of Mathematics and Statistics, King Faisal University, P.O. Box 400, Al-Ahsa, 31982, Saudi Arabia

3Department of Mathematical Sciences, Saveetha School of Engineering, SIMATS, Chennai, Tamil Nadu, India

4Applied Science Research Center, Applied Science Private University, Amman, Jordan

3 Department of Mathematics, College of Science Al-Zulfi, Majmaah University, Al-Majmaah, 11952, Saudi Arabia
E-mail: aarshed@kfu.edu.sa

Received: 9 October 2025; Revised: 22 October 2025; Accepted: 28 October 2025

Abstract: We study a stochastic Susceptible-Exposed-Infectious-Recovered (SEIR) model with two infectious classes
that capture behavioral heterogeneity: a primary (lower-compliance) class [, and a secondary (higher-compliance) class
I, reached at rate ©. Transmission follows saturated incidence, and environmental variability is modeled by multiplicative
mortality noise: a shared Brownian perturbation acting on S, E, R (intensities 7s, g, Nr) and an independent perturbation
acting on I, (intensity 7ny). We establish global existence, uniqueness, and positivity of solutions, and derive a noise-
adjusted reproduction quantity
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which provides a sufficient threshold: if Ry < 1 the infection becomes extinct almost surely, whereas if Ry > 1 the infection
persists in the time-average sense. Milstein-based simulations using the same stochastic dynamics corroborate the analysis:
subcritical regimes yield rapid fade-out, while supercritical regimes sustain transmission with substantial variability in
peak size, timing, and time to extinction. Overall, randomness and compliance-driven heterogeneity materially reshape
outbreak risk and should be accounted for when assessing control strategies near the threshold.
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1. Introduction

Mathematical epidemic models are essential for quantifying outbreak risk and testing control strategies prior
to deployment. While deterministic compartmental systems capture average trends, they cannot represent random
fluctuations arising from variable contacts, behavioral heterogeneity, and environmental forcing. Stochastic epidemic
models close this gap by providing distributions for key outcomes—peak size, time to extinction, and persistence
probabilities—thereby supporting risk-aware decisions [1, 2]. Recent work shows that near-threshold regimes are
particularly sensitive to randomness: even small noise can accelerate fade-out or, conversely, generate transient
resurgences [3, 4].

Motivated by these developments, we formulate a stochastic SEIR-type system with two infectious classes: a
primary class 7, (lower compliance) and a secondary class I, that individuals enter via an intervention/transition flow
at rate . Transmission is modeled with saturated (Holling-type) incidence to reflect contact limitation under crowding
and behavioral responses [5, 6]. Environmental uncertainty is introduced multiplicatively through mortality in selected
compartments and through the 7, dynamics—an empirically grounded choice that preserves positivity and modulates
effective growth [7]. To avoid symbol collisions with the transition rate o, we denote diffusion intensities by 1. throughout
(e.g., Ms, NE, Mg, Nv). Within this framework, we derive and analyze a noise-adjusted reproduction number R; that
extends the deterministic Ry by accounting for the diffusive infectious class. Under the stated assumptions, we prove a
sharp threshold: R, < 1 implies almost-sure extinction, whereas R, > 1 yields persistence in the time-average sense with
nonzero lower bounds on infected prevalence [8, 9].

Methodologically, we establish global existence, uniqueness, and positivity via Lyapunov and stopping-time
arguments adapted to multiplicative noise. For numerics, we adopt a Milstein discretization, which offers higher
strong order and, with suitable variants, positivity preservation for Stochastic Differential Equations (SDEs) relevant
to epidemiology [10, 11]. We validate the theory against simulations in subcritical and supercritical regimes, reporting
deterministic—stochastic comparisons, extinction probabilities, time-to-extinction histograms, and noise—tresponse
surfaces. Beyond COVID-19—era applications, our results contribute to a broader literature on stochastic thresholds,
media/crowding-modified incidence, and data-informed SEIR estimation [12].

1.1 Contributions

(i) A stochastic SEIR model with two infectious classes and saturated incidence, driven by biologically interpretable
multiplicative noises; (ii) rigorous well-posedness and a noise-corrected threshold R; yielding extinction/persistence
criteria; (iii) Milstein-based simulation evidence quantifying how noise reshapes outbreak variability around the
deterministic baseline.

Novelty compared with classical SEIR models. Traditional SEIR frameworks usually contain a single infectious
class and often neglect environmental variability. In contrast, our model incorporates two infectious stages (1, 1,) with
distinct transmission capacities and includes multiplicative environmental noise. This dual-infectious structure allows us
to capture differences between primary and secondary infections (for instance, reinfection or variant-driven transmission),
while the stochastic perturbations represent unpredictable environmental effects such as climate or behavioral fluctuations.
Consequently, our results on extinction and persistence extend classical deterministic thresholds to a stochastic two-stage
epidemic environment.

1.2 Paper structure

Section 2 formulates the model and assumptions. Section 3 proves well-posedness. Sections 4-5 establish extinction
(Rs < 1) and persistence (R > 1). Section 6 presents numerical experiments, and Section 7 concludes with implications.
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2. Model and assumptions

We consider five compartments X (t) = (S(t), E(t), L(t), I,(t), R(t)) " € R, describing susceptible, exposed, primary
infectious (I,,), secondary infectious (/,), and recovered populations. The transmission process in many real epidemics does
not grow linearly with the number of infectives, because contacts among individuals become saturated when the infectious
population is large or when behavioral and awareness effects reduce contact rates. To represent this realistic limitation,
we use a saturated incidence function, which assumes that the effective transmission rate increases with infectives but
eventually levels off due to crowding, precautionary behavior, or limited contact capacity. Biologically, parameters ¢,
and ¢, measure the inhibition effect in the primary and secondary infectious classes, respectively, indicating how quickly
transmission saturates as I, or I, increases. This form generalizes the classical bilinear incidence and has been widely
used in epidemiological modeling [13]. Saturated incidence limits effective contacts at higher prevalence:

A - B0 0L 0
L+ ouL(t) 1+ 920, (1)

Environmental noise perturbs mortality in selected compartments via independent standard Brownian motions
(W1, Wa) on a filtered probability space (Q, F, {F;}i>0, IP) satisfying the usual conditions.

Rationale for noise placement. We introduce multiplicative noise in S, E, R, and I, because these compartments are
most sensitive to environmental and behavioral variability. Susceptible and exposed individuals fluctuate with climatic
or seasonal effects on transmission; recovery may be affected by health-care conditions and immunity decay; and the
secondary infectious class 7, reflects reinfection or variant-driven cases that often respond irregularly to environmental
change. In contrast, [, evolves mainly through direct disease progression, for which external stochasticity is less
biologically justified. The dynamics are

dS=[A—(u+2)S]dt —nsSdwy, )
dE = [AS— (e + pu+d)E]dt — g EdWy, (3)
dl, = [€E — (Yu+ W + oy +0)1,] dt, )
dl, = [ol,— (2 + %+ )L,] dt — ny I, dW, ©)
dR = [Yulu + %1y — UR] dt — N RAW). (6)

All parameters are nonnegative constants; 7s, Mg, Nr, Ny > 0 denote diffusion intensities (introduced to model
environmental variability while preserving positivity via multiplicative noise). The transition rate ¢ moves individuals
from I, to I, and is not used for noise.

2.1 Parameters and initial data

Parameter meanings and baseline values are reported in Table 1. We take nonnegative initial conditions

(S0, Eo, L, 0, .0, Ro) = (50, 20, 10, 7, 3) € R.. (7
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Letmy:=¢e4+pu+d,m:=v%+m+a+0,ms:=+%+ o, and S*: = A/u (disease-free susceptible level).

Table 1. Variables and parameter values (rates in day ™! unless stated)

Symbol Meaning Value
Recruitment rate (individuals/day) 0.781
B Transmission from /,, 0.05
[ Saturation in 7, incidence 0.312
Saturation in 7, incidence 0.120
u Natural death 0.002
Progression E — I, 0.006
d Disease-related death in E 0.11
I Natural death in 7, 0.0132
173 Natural death in 7, 0.0012
g Disease-induced mortality in 7, 0.12
o Disease-induced mortality in 7, 0.21
Yu Recovery from I, 0.134
Y% Recovery from 1, 0.123
(o] Transition [, — I, 0.3
Relative transmissibility of 7, 0.0021
So, Eo, Iu,0, Iy, 0, Ro Initial states (individuals) 50, 20, 10,7, 3

2.2 Deterministic baseline

Setting (Ns, Ne, Nk, NMv) = (0, 0,0, 0) in (2)-(6) yields the deterministic system used for baselines and the computation
of Ry [13].

2.3 Well-posedness targets

In Section 3 we show: (i) existence and uniqueness of a global strong solution; (ii) positivity X (7) € Ri a.s.; (iii)
boundedness in probability of the total population N(¢) =S+ E + I, + 1, +R.

3. Well-posedness: existence, uniqueness, and positivity

In this section, we establish global well-posedness for the stochastic system (2)-(6): existence and uniqueness of a
strong solution for all # > 0, non-explosion, and positivity of all components.

3.1 Compact form and generator
Let X(¢) = (S(t), E(t), L(t), I(t), R(t)) " € R%.. With W(¢) = (W, (t), W(t)) " a 2D standard Brownian motion on
a filtered probability space (Q, F, {F; }s>0, P) satisfying the usual conditions, write

dX(1)=f(X(1))dt +G(X (1)) dW (1), ®)
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where f : Ri — IR is the drift given by the right-hand sides of (2)-(6), and the diffusion matrix G : Ri —R>2 s

—1NsS 0
—NeE 0
Gx)=| 0 0 : €]
0 _nV]v
—TrR 0 x=(S,E, I, I, R)
For V € C*(R%; R), the Itd generator is [15]
LV(x)=VV(x)- f(x)+ %tr (G(x)"V?V(x) G(x)). (10)

3.2 Local existence and uniqueness

Lemma 3.1 (Local well-posedness) The drift f and diffusion G are locally Lipschitz on Ri with polynomial growth.
Hence for each initial condition X (0) = xo € R, there exists a unique strong solution to (8) on [0, 7.) up to a (possibly
random) explosion time 7,.

Proof. Each component of f is polynomial or bilinear in (S, E, I, I,, R) with the saturated incidence A = 81,/(1+
¢11,) + 01,/(1 4 ¢1,), which is C* on Ri, locally Lipschitz, and satisfies A < BI,, + 61I,. The diffusion matrix (9) is
linear in the state components. Thus, f, G are locally Lipschitz with polynomial growth, implying local strong existence
and pathwise uniqueness up to 7, by standard SDE theory [14—-16]. O

3.3 A Lyapunov function and non-explosion

Let N(t) : =S(t) + E(t) + L,(¢) + I,(t) + R(¢). Summing (2)-(6) and taking expectations gives

%EN(t) < A—uEN(), (1)
hence, by Gronwall’s inequality,
EN(r) < max{N(O)7 2} forall ¢+ >0. (12)
Define the C? Lyapunov function
V(x)= Y (z-mmz-1), x€R3, (13)

Ze{S,E I, I,,R}

which is nonnegative, radially unbounded on R’ and satisfies V (x) — o if any coordinate approaches 0 or oo.
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Lemma 3.2 (Non-explosion) Let xg € Rﬁr and let X (¢) be the local solution of (8). Then the explosion time is almost
surely infinite, i.e., T, = o a.s.

Proof. Fix ko large so that xo € [1/ko, ko). For clarity, let X;(¢), i =1, ..., 5, denote the i-th component of the
process X (t) = (S(t), E(t), I,(¢), I,(t), R(t)) 7. Then, for k > ko, we define the stopping time

T = inf{t €10, 7,) : minX;(¢) < — or maxX;(¢) > k},
1 1

=

and set Too = limy_ye0 T4 < T,.. Applying It6’s formula to V on [0, 7¢] and using (10) together with the model structure yields
LV(X(t)) < Cy+CiN(t) for some constants Cp, C; > 0 depending only on parameters. Taking expectations, integrating,
and invoking (12) gives

EV(X(t A1) <V(xo)+Ct forall + >0

for a finite constant C. If P(7.. < T') > € for some T > 0, then V (X (7)) — o0 on {7.. < T} (since at least one component
exits every compact subset of R?), contradicting the uniform bound on EV (X (t A 7;)). Hence T, = o0 a.s., and thus 7, = oo
a.s. 0

3.4 Positivity of solutions

Lemma 3.3 (Positivity) If X (0) € R, then X (t) € R, for all # > 0 almost surely.
Proof. Consider S on the event {S > 0}. From (2) and It6’s formula [15],

A 1
dInS = (S—(u—&—l)—znf) dt —ngdW,. (14)

For any bounded interval [0, 7], the drift of InS is locally integrable and the martingale part is well defined; hence,
InS cannot hit —eo in finite time a.s., so S(¢) > 0 on [0, 7] a.s. Letting k — oo and using Lemma 3.2 yields S(¢) > 0 for
all# > 0 a.s. The same argument applies to £ and R (with 1g and ng respectively). For I, equation (4) is linear without
diffusion and contains a nonnegative inflow term €E, which ensures 7, () > 0 a.s. by the comparison principle. Given the
positivity of I, we next consider £,. From (5), on the event {I, > 0},

ol 1
dInl, = ( Iu —(y2+7/v—|—a2)— 27'[‘%) dt —ny dw,,
v

which, together with 7, (¢) > 0 a.s., guarantees /,,(¢) > 0 a.s. by the same stopping-time argument as for S, E, R. Therefore,
all components remain strictly positive almost surely for all # > 0. O
3.5 Global well-posedness

Theorem 3.4 (Global existence, uniqueness, and positivity) For any initial condition X (0) € Ri, the system (2)-(6)
admits a unique global strong solution X (¢) for # > 0. Moreover X (¢) € R>. for all # > 0 almost surely [17].
Proof. Combine Lemmas 3.1, 3.2, and 3.3. O
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4. Extinction of disease

Definitions In the stochastic-epidemic context, the disease is said to experience extinction if the infectious classes
decay to zero almost surely, that is, lim 7, (t) = lim 1,(t) = 0 a.s. (see, e.g., [18]). The notation “S converges to S$* in the
t—ro0 f—yo0

Cesaro mean” means that the time average of S(¢) tends to the constant S*:

t

1
lim— [ S(s)ds=S".

t—eo [ J0

Similarly, a Cesdro bound such as limsup,_,,, ; JoS(s)ds < A/u indicates that the time-averaged value of S(¢)
remains bounded by the disease-free level. These definitions are consistent with those used in stochastic epidemic stability
theory [19].

In this section, we give conditions ensuring almost-sure extinction of the infectious classes. Throughout, let m3 : =
Yo+ M +0y+0 and my : = Uy + % + 0, and recall S* : = A/u. Denote by Ry the deterministic basic reproduction
number of the system with (ns, Ng, Ng, Mv) = (0, 0, 0, 0).

4.1 A noise-penalized threshold (sufficient)

Because diffusion acts only on /[, via —ny I, dW,, 1t0’s correction enters the log-dynamics through a negative drift
term. A convenient, sufficient threshold is

le
RS::RQ—ﬁ, (15)

which reduces Ry by the diffusion penalty associated with the , class (We emphasize that (15) is a sufficient condition;
the exact stochastic threshold equals the top Lyapunov exponent of the linearized infection subsystem and may be larger).

Biological interpretation of the stochastic threshold R;. The parameter R, represents a noise-adjusted reproduction
number, which generalizes the deterministic basic reproduction number Ry by incorporating the influence of stochastic
fluctuations on transmission and recovery. When R; < 1, random environmental or behavioral perturbations amplify
recovery and loss processes relative to new infections, causing the infection to die out almost surely. Conversely, Ry > 1
indicates that the mean transmission rate, even under noise, exceeds the combined recovery and removal effects, leading
to long-term persistence in expectation. From a biological and public-health perspective, R, thus quantifies the effective
epidemic potential under uncertainty. Practical strategies for keeping Ry < 1 include reducing contact rate through
vaccination or distancing, enhancing recovery by medical treatment, and minimizing environmental variability (e.g.,
improving hygiene, reducing crowding, or stabilizing seasonal factors). Hence, controlling R; below unity provides a
probabilistic threshold for sustainable epidemic suppression in fluctuating environments.

Theorem 4.1 (Extinction when Ry < 1) Let X (¢) = (S, E, I, I, R) be the unique global positive solution of (2)-(6)
with X(0) € Ri, and assume R; < 1 with Ry from (15). Then, almost surely,

1
limsup;ln(lu(t)—klv(t)) <my(R;—1) <0, (16)
t—ro0
lim 1,(1) = lim (1) = 0. (17)

Co iporary Math tics 8134 | Asma Khalid, et al.



1 1
limE(¢) =0, limsup; S(s)ds <
0

[—ro0 {—y00

A
—. (18)
U

Hence, the disease dies out with probability one.

Proof. Work on the set where I, + I, > 0 and apply It6’s formula to ¥ : = In(Z, +1,,). Using (4)-(5) and that only I,
diffuses, we obtain for r < 7,:

I,
dt — aw,. 19
i% L (19)

dy =

eE  malytml, 1 o0 I\’
L+1, L+1, 2 VAL A+

Since (1,/(I, —&—IV))2 < 1 and m3 > 0, we have the upper bound

eE 1 Lo\
dy < R
= [IMHV T (1u+lv>

where the last inequality drops the negative Ito term to get an upper bound. Integrating, dividing by ¢, and using the strong
law for continuous martingales yields

I, eE
ar—ny i ama <

I,
—my | dt — aw,,
L+1, L+1, 4) v :

I, +1,

: 1 L()+L() . 1 f( gE(s) >
limsup — In————= <limsup — ——— —my | ds a.s. 20
o L0+ 1,(0) = P o \L ) 1) ™ (20)

Next, linearize the force of infection near the disease-free state: when (I, I,,) are small, S(¢) < §*+ 6 forany 6 >0
eventually (by nonnegativity and (12)), and the inflow into (E, I,;, I,,) is bounded by a deterministic linear infection operator
with rate Ry computed at $*. Standard next-generation arguments then give

<m4Ro+o(l as t — oo,
I+, SmaRotol)

where o(1) — 0 almost surely on the extinction regime (because S — S* in Cesaro mean and AS vanishes with (1, ,,)).
Substituting into (20) and reinstating the negative 1t6 contribution using (Iv /L, +1) ) 251 along sequences where I, < I,
and otherwise > 0, we obtain the sufficient bound

I 1
timsup—In (£, (1) + 1, (1)) < my (RO - 1) — 30 =ma(R— 1),

t—eo

with R defined by (15). If Ry < 1, the right-hand side is negative and (16) follows. Then 1,(¢) + 1,(t) — 0 a.s.; positivity
implies (17). For E, its drift is (AS — myE) with AS — 0 as (I, I,) — 0, and the diffusion is multiplicative —ngE dWy;
a stochastic Gronwall argument gives E(¢) — 0 a.s. Finally, from dN = (A — uN —dE — oy I, — opl,)dt — (nsS+ NgE +
NrR) dW — Ny I, dW, and nonnegativity,
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%EN(t) <A—uEN(),

1
so limsup,_,, n fé ES(s)ds < A/u. By Fatou and positivity we obtain the almost-sure Cesaro bound in (18). O

Remark 4.2 (Role of noise) The diffusion in I, contributes the negative It6 drift —%n‘f (/L +Iv))2 in the log-sum
dynamics (19). The sufficient threshold (15) captures this penalty explicitly: even if Ry > 1, a large enough 1y can push
R; below one and guarantee extinction.

Remark 4.3 Large deviations. Beyond the almost-sure criteria derived above, one may also quantify rare-event
fluctuations through large-deviations estimates. In principle, the probability that trajectories deviate from the mean-field
pathway over a finite horizon can be approximated by P(X¢ = ¢) ~ exp[—I(¢)/€], where I(¢) is the rate functional
associated with the diffusion coefficients ng, Ng, Ng, Nv. For the present system, the most probable deviation path
corresponds to a temporary surge in the diffusive class I, that counteracts the negative It6 drift. Although a full large-
deviations analysis is beyond the paper’s scope, the rate function can be derived via the Freidlin-Wentzell framework for
multi-dimensional SDEs [20].

5. Persistence of disease

The disease is said to be persistent in the time-average sense if there exists 11 > 0 such that liminf; . " JoLu(s) +

I,(s))ds > n a.s., implying that infection maintains a positive average level despite randomness [17].
We now give conditions under which infection persists in the time-average sense. Recall m3 : =y, + iy + oy + o,
my @ = U + % + G, and the noise-penalized threshold

2
Ny
b)

RS:RO_ 2m4

@

where Ry is the deterministic basic reproduction number (computed at S* = A/u with (ng, e, Nr, Mv) = (0, 0, 0, 0)).
As discussed earlier, (21) provides a sufficient criterion (the exact stochastic threshold equals the top Lyapunov exponent
of the linearized infection subsystem).

Theorem 5.1 (Persistence when Ry > 1) Let X(¢) = (S, E, I,,, I, R) be the global positive solution of (2)-(6) with
X(0) € R3.. If Ry > 1, then there exists a constant 17 > 0 such that almost surely

1 t
N S
ll;gg}ft A L(s)ds>n, (22)
1 1
oo S
htnlglft A L(s)ds >, (23)
1 !
limsup; (S(8)+E(s)+R(s))ds < oo. (24)
t—>o0 0

Thus the infectious classes are persistent in the time-average sense.
Proof. SetY : =In(l, +1,) on the set {I, + 1, > 0}. From (4)-(5) and It6’s formula (only I, diffuses), for r < 1, we
get
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eE  mal,+mgl, 1, ( I, )2 I,
dy = — - = dr — aw;. 25
L+ L+ 2"\L+1 L nwatae (25)
Using (I,/(I, +1,))> < 1 and m3 > 0, we obtain the lower bound
eE 1 2 v
dy > —mg— = dt — aw;,. 26
<Iu+lv 4 va) nvlu—Hv > (26)

Integrate (26) from O to ¢ and divide by #:

Y()—Y(0) _ 1 /t €E(s) 1, 1 /t I
L > — Y my—— - .
2 h L) ™2 ATy Y T W

By the strong law for continuous martingales, the last term converges to 0 a.s. Since Y (¢) < InN(¢) and N is
bounded in expectation uniformly in time (and tight by Lemma 3.2), we may select an a.s. subsequence along which
limsup,_,..(Y () —Y(0))/t < 0. Taking liminf gives [21, 22]

t
liminf - €E(s)

1
———ds > —na. 27
t=eo ¢ Jo L,(s)+1,(s) s7m4—|—217v 27)

Near the disease-free state, the infection inflow is controlled by the deterministic linearization at S*, yielding the
next-generation bound

eE
< R 1 t— o0
L =M o+to(l)  ( ),

1.
whenever A Jo (L +1,)ds — 0. Combining this with (27) forces

L, . n‘%
Ry > — e, Ry—=—">1,
my 0_m4+2’f]v7 1.e 0 2 =

which contradicts R; > 1 being violated. Therefore, under R; > 1, the process cannot spend asymptotically, all its time
near the disease-free region; equivalently,

t

1
liminf— [ (L,(s)+1,(s))ds >0 as.

t—eo f Jo

Positivity and the [, = I, coupling through € and o then yield separate positive lower bounds for the time-averages
of I, and I,, establishing (22)-(23). Finally, (24) follows from the population balance and nonnegativity:

Volume 6 Issue 6]2025| 8137 Contemporary Mathematics



%EN(I) <A—uEN(s),

together with 7, I, being time-average bounded below and N nonexplosive. O

Remark 5.2 (Interpretation) Condition R > 1 guarantees that the average drift in the log-infection (25) stays positive
near the disease-free region despite stochastic fluctuations, forcing a positive occupation time away from zero. Thus,
persistence holds in the time-average sense even though finite-time extinction may still occur with nonzero probability
due to randomness.

6. Numerical simulations

We illustrate the extinction/persistence theory with stochastic simulations. The SDE system (2)-(6) is discretized
by a Milstein scheme [23], which offers higher strong order than the Maruyama scheme for multiplicative noise. The
Milstein updates in (2)-(6) were implemented with a step size Ar = 0.025 using independent Gaussian increments. To
preserve positivity, all state variables were truncated after each step to max (X, 0), and coefficients were clipped when the
deterministic part risked becoming negative. This corresponds to a simple positivity-preserving variant of the Milstein
method commonly used for epidemiological SDEs. Numerical tests confirmed that this modification retains the strong-
order accuracy while preventing negative populations.

6.1 Discretization scheme

Let Ar > 0 be the time step, and define AW;  ~ N (0, Ar), AW, ; ~ N (0, Ar) independent across k and between each
other. For convenience write

Evk:= (AW ) — A, &g = (AW )* — A,
and the saturated incidence at step k:

_ ﬁIu,k elv,k
T+l 14+¢2l i

A

With (Sk, Ex, Iy k, I, k, Rx) approximating (S, E, I, I,, R) at time #; = kA, the Milstein updates (commutative case)
are

1
Skt = Sk+ [A— (1 + ) S| At — NS AWy g+ inssz &1k, (28)
1
Epp1 = Ex+ [MaSi— (6+ 4+ d)Ep| At — npER AW, i+ EnéEk S (29)
Lkt = L+ [EEc— (Yu+ 11 + o1 + O i | A, (30)
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1
Lyt =L+ [0k — (Mo + % + 02) L | AF — Ny 1, c AW &+ Emglv,kéz,k, (31
1
Rir1 = Ri+ [V, k + Yol k — LRk | At — MR AWy i+ Enzng ik (32)

Notes (i) These are genuine Milstein corrections (the 3 nZ X & terms); (ii) No artificial noise is added to I; (iii) All
incidence terms use the saturated form A.

6.2 Simulation setup

Parameters are taken from Table 1. We integrate over T = 50 days with Ar = 0.025 and initial condition (So, Eo, .., 0,
I, 0, Ro) = (50, 20, 10, 7, 3). To study environmental fluctuations, we sweep

(Ms, Mg, Mk, Mv) = (0, 0,0,0), (0.02,0.02, 0.02,0.02), (0.025,0.025,0.025,0.025), (0.03,0.03, 0.03,0.03).

A fixed random seed is used to reproduce the Wiener paths across conditions.
Figure 1 complete system overview (zero noise).

Compartment transitions (7 = 0)

20 — S— E(viad)

5 E—1,(e)
1,— I, (o)

10 —L—-R(@)

20

30
Ti 40
e (day) 50 0 &

Figure 1. Compartment trajectories in 3D when 1, = 0 (deterministic baseline)

With 1, = 0 the system follows a smooth deterministic path governed by (2)-(6) without noise. Transitions are driven
by A (for S—E), € (E—1,), o (I, —1,), and recoveries ¥y, ¥, (I, I, — R). No direct S — R pathway is modeled.
Figure 2 infection pathway (S-E-1,,).
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3D phase space: Svs E vs I,
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Figure 2. Time series of the five compartments under low noise intensity (s = g = Ng = Ny = 0.02)

Figure 2 shows convergence toward the endemic equilibrium, and the fluctuations remain bounded. Larger fonts
were used for clarity. Key observation: lower noise levels yield near-deterministic dynamics.

Figure 3 disease progression (E-1,-1,).

3D phase space: E vs I, vs I,

— n=mn=0

— n=1,=0.02
n=n,=0.025

— n=n,=0.03

A Y o

10

0, 25

Figure 3. Time series of the five compartments under moderate environmental noise (s = Ng = Ng = Ny = 0.05)

In Figure 3 progression from E to I, is regulated by €, while I, — I, is controlled by o; I, recovery is via %,. Noise in
W) perturbs E (and indirectly I,), whereas W, directly perturbs I, producing variable lags and peak amplitudes. Compared
with the low-noise case in Figure 2, oscillations in E(¢) and I, () become more pronounced, reflecting stronger random
fluctuations in transmission and exposure. However, all trajectories remain positive and bounded, confirming numerical
stability. Key observation: moderate noise induces variability in infectious peaks while maintaining long-term persistence.

Figure 4 time evolution of infection.
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Time vs E vs I,
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Figure 4. Model trajectories under higher noise intensity (s = Ng = Ng = Ny = 0.08)

In Figure 4, large stochastic fluctuations drive both infectious classes (/,, ) toward near extinction over time. The
susceptible population S(¢) approaches the upper Cesaro bound corresponding to the disease-free state. Key observation:
as noise increases, extinction of infection becomes likely, in agreement with the theoretical threshold condition R < 1.

Figure 5 time evolution of progression.

Time vs I, vs I,
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Figure 5. Temporal trajectory with axes (¢, 1,(¢), I,())

In Figure 5, the stochastic system preserves the mean behavior of the deterministic model but exhibits sustained
random oscillations, illustrating persistence in the time-average sense. I, typically peaks after 1, (lag from ©). Because
I, diffuses and recovers at rate ¥,, higher 1y reduces effective growth on average (negative It6 correction), widening

uncertainty in timing and amplitude.

Figure 6 final states analysis.
In Figure 6, noise shifts the apparent “endemic” levels and increases dispersion of final states, showing the sensitivity

of long-run outcomes to environmental variability.
Figures 7-9 surface plots—noise sensitivity.

Volume 6 Issue 6]2025| 8141 Contemporary Mathematics



Final states for different noise levels
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Figure 6. Scatter of (S(T'), E(T), 1,(T)) across noise intensities

E(f) vs time Vs noise intensity
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Figure 7. Surface of E(¢) versus (t, ) (withn : =ns=ng =nr =nv)

I,(f) vs time Vs noise intensity
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Figure 8. Surface of I,,(r) versus (¢, 17)
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I,(f) vs time Vs noise intensity

L)
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Figure 9. Surface of ,,(r) versus (¢, )

Higher 1 broadens the envelope of (E, I,,) and, through the In-It6 penalty, tends to depress I,’s effective growth while
still permitting occasional stochastic surges. Together, these surfaces visualize how uncertainty redistributes burden in
time and severity.

7. Discussion and conclusion

We developed and analyzed a stochastic SEIR-type model with two infectious classes, a primary class 7, (lower
compliance) and a secondary class /, (entered via a transition at rate ¢), under saturated (Holling/Crowley-Martin)
incidence. Environmental variability was modeled by multiplicative noises acting on mortality in selected compartments
and on 1,; this preserves positivity and captures realistic random fluctuations.

Our analysis established a noise-adjusted reproduction quantity

R Ry— —— W
T T 2t a)

which provides a sufficient threshold: if Ry < 1 then the infection becomes extinct almost surely; if Ry > 1 then the infection
is persistent in the time-average sense. This extends classical deterministic thresholds by showing how diffusion in an
infectious class reduces effective growth via the negative It6 term in the logarithmic dynamics. Consequently, randomness
can tip near-threshold systems toward extinction even when deterministic analysis predicts persistence.

Numerical experiments using a Milstein discretization consistent with the continuous model (saturated incidence;
noise in S, E, R via W; and in [, via W; no noise in 1)) illustrate these effects. As noise intensities increase, trajectories
deviate from deterministic baselines, with earlier/later peaks, altered amplitudes, and higher extinction frequencies.
Surface plots across noise levels visualize how uncertainty redistributes epidemic burden over time and severity, and
scatter plots of final states show the dispersion of long-run outcomes.

7.1 Implications

Deterministic analyses may underestimate elimination prospects when systems are close to the threshold. Incorpora-
ting stochasticity yields risk-aware assessments for control planning (e.g., the likelihood of fade-out vs. resurgence) and
helps interpret variability in observed epidemic waves.
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7.2 Limitations and extensions

First, R, here is a sufficient condition rather than the exact stochastic threshold (the latter corresponds to the top
Lyapunov exponent of the linearized infection subsystem). Second, homogeneous mixing was assumed.

7.3 Potential extensions

The present framework can be extended in several meaningful directions. First, one may consider correlated
or non-Gaussian noise (e.g., Lévy jumps or colored noise) to capture abrupt environmental shocks or seasonality.
Second, incorporating time delays or spatial diffusion could reveal how latency and population mobility affect stochastic
persistence and extinction. Third, hybrid approaches combining large-deviation theory with control optimization may help
design cost-effective interventions that minimize the probability of epidemic resurgence. Finally, coupling the stochastic
SEIR system with real epidemiological data could enable parameter inference and uncertainty quantification for practical
forecasting.

7.4 Conclusion

Environmental noise materially shapes epidemic outcomes. The noise-adjusted threshold and consistent simulations
together provide a practical lens for distinguishing extinction from persistence and for designing robust control strategies
under uncertainty.
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