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Abstract: In this work, the authors define the central Bell-based central factorial polynomials of the second kind and
examine many of their fundamental formulae, properties, and relations, some of which are derived using the umbral
calculus technique. Then, the authors introduce the central Bell-based type 2 Euler polynomials of order o that extend the
concepts of central Bell polynomials and type 2 Euler polynomials. For these polynomials, the authors derive diverse
formulas, relations, and identities, such as some summation formulas, an addition formula, two partial derivative properties,
a recurrence relation, two explicit formulas, and two summation formulas covering central factorial numbers of the
second kind and central Bell polynomials. Moreover, the authors investigate two implicit summation formulas for central
Bell-based type 2 Euler polynomials of order o utilizing some series manipulation methods. Also, the authors develop
useful identities of symmetry for the central Bell-based type 2 Euler polynomials of order ¢. Furthermore, the authors
obtain several interesting formulas of the central Bell-based type 2 Euler polynomials of order  arising from umbral
calculus to possess alternative ways of obtaining our consequences and also some new consequences. Finally, the authors
provide a determinantal representation for central Bell-based type 2 Euler polynomials.

Keywords: central Bell polynomials, central factorial numbers of the second kind, type 2 Euler polynomials, mixed-type
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1. Introduction

Some well-known special functions, polynomials, and numbers (e.g., hypergeometric function, Riemann zeta function;
Euler polynomials, Hermite polynomials, Laguerre polynomials, Bell polynomials, Bernoulli polynomials; Stirling numbers
and central factorial numbers [1-33]) have piqued the interest of several mathematicians in recent years because of their
diverse use, from combinatorics and number theory to other fields of applied mathematics. With these, the literature has a
variety of variations and generalizations of functions, polynomials, and numbers. Intricate patterns and useful rules make
polynomial sequences essential in many fields, such as computer science, mathematics, and engineering. Their widespread
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applications make them essential mathematical tools. For example, engineering utilizes them for signal processing and
control systems, physics utilizes them to approximate complex phenomena, and computer science utilizes them for algorithm
design and cryptography. Diverse famous special polynomial sequences, such as Bernoulli, Bell, Fibonacci, Hermite, Euler,
Gould-Hopper, etc., have deeply fruitful algebraic and analytic properties. The construction of several variations of the
special polynomials was achieved by combining the concepts of two or three special functions, numbers, or polynomials.
For instance, Lagrange-based Apostol-Genocchi, Apostol-Euler, and Apostol-Bernoulli polynomials, the Hermite-based
Euler, Genocchi, and Bernoulli polynomials, the Gould-Hopper-based Bernoulli polynomials, Bell-based Bernoulli and
Euler polynomials, degenerate Bell-Hermite-based Bernoulli polynomials, Hermite-Bell-based Euler polynomials, and
degenerate Bell-based Euler polynomials were constructed by mixing the definitions of Bell, Hermite, Gould-Hopper,
Euler, Lagrange, Genocchi, and Bernoulli polynomials, and many of their properties and applications were investigated
profoundly, cf. [8-12, 15, 16, 26, 31, 33] and take a look at the references that are cited. In the last half-decade years, the
Bell-based Bernoulli polynomials of order @ € C were defined as follows (cf. [8])

=
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and the Bell-based Euler polynomials of order o € C were defined as follows (cf. [15])
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For the mentioned polynomials, various identities and formulas covering addition formulas, partial differentiation
rules, summation formulas, and correlations with the usual Bell (exponential) polynomials and the Stirling numbers of the
second kind were obtained deeply. Their many formulas were derived from the umbral calculus.

The Hermite-Bell based Euler polynomials of order o € C are defined by the following exponential generating
function (cf. [11]):
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Recently, by mixing type 2 Bernoulli polynomials and central Bell polynomials, the central Bell-based type 2 Bernoulli
polynomials of order & € C were considered by (cf. [9]):
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Then, several relations and formulas, including partial derivation rules, addition formulas, summation formulas,
and correlations with the central Bell polynomials and the central factorial numbers of the second kind, were derived
profoundly (cf. [9]). Motivated and inspired by the definition of the central Bell-based type 2 Bernoulli polynomials
of order @ in (1), in this study, we consider the central Bell-based type 2 Euler polynomials of order @ by mixing the
type 2 Euler polynomials and the central Bell polynomials. The paper aims to analyze the connections between the type
2 Euler polynomials and the central Bell polynomials and derive many relations associated with them. We investigate
diverse relations, identities, and formulas, some of which will be derived by using the umbral calculus technique. These
include five summation formulas in Theorems 6, 13, and 14; an addition formula in Theorem 7; two partial derivative
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properties in Theorem 8; a recurrence relation in Theorem 9, and two explicit formulas in Theorems 10 and 11. Also, we
derive an implicit summation formula in Theorem 16 and two identities of symmetry for the central Bell-based type 2
Euler polynomials of order & in Theorems 17 and 18. In addition, the authors obtain diverse interesting formulas of the
central Bell-based type 2 Euler polynomials of order o arising from umbral calculus methods. Lastly, the authors give a
determinantal representation for central Bell-based type 2 Euler polynomials. Before going into these, the authors first
define the central Bell-based central factorial polynomials of the second kind and provide some of their properties (given
in Theorems 1-5) by the following section.

For @ € Ny, the Central Factorial Polynomials (abbreviated with CFP) T (m, ®@: x) and Central Factorial Numbers
(abbreviated with CFN) T (m, @) of the second kind are defined as follows (cf. [1, 2, 4, 9, 13, 16-20, 24, 28, 29, 32]):

t t o 1 L o
— " (ej —€ 2) . had m (ef —eif)
T O:x)—=—~——"-"—¢"and T 0)— = 2
Y 7m0 g LT ) — @
The numbers T (m, @) are computed as follows, for m € Ny:
m
=Y T (m @), 3)

0=0

@1
where the notation x/@! termed as the central factorial of x equals to [] (x— 251+ j) with 0 =1, ¢f [1,2,4,9,13, 16—

j=0
20, 24, 28, 29, 32].

Central factorial numbers have a closer association with Stirling numbers than with other well-known special numbers,
such as trigonometric functions, Euler numbers, Bernoulli numbers, and their inverses. Different perspectives have been
used to study the properties of these numbers (see Wang). Central factorial numbers are crucial in various branches of
mathematics: in numerical analysis, in interpolation theory, in finite difference calculus, in approximation theory, in some
expansions of trigonometric convolution integrals.

The Bivariate Central Bell Polynomials (abbreviated with BCBP), denoted by (i),sf) (x; 7), one-variable Central Bell
Polynomials (abbreviated with CBP), denoted by ¢,Ef> (x) and classical Central Bell Numbers (abbreviated with CBN),
denoted by ¢,(,,C), are defined as follows (cf. [1, 4, 9, 17, 19]):

Y o (el = st @
m=0 :
>° . m x egfe_%
Z¢,£:)<x);,:e< ) )
m=0 '
and
o g (et
Z ¢,$f>:n'e< >, (6)
m=0 :

respectively. We note that ¢, (0; z):= ¢, (z) and ¢\ (0; 1) = ¢\ (1) = .. We observe from (2), (5) and (4) that
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¢,§f) (x;2) = i T (m, ®: x)

o=0
and
0 ()= Y. T (m, @), ™)
o=0

(cf. [1,4,9,17,19]).
The familiar Euler polynomials e,(,f” (x) of order o are defined as follows (cf. [11, 12, 15, 23, 26, 27, 31]):

Y e wi - (2) ¢ (<. ®)
m=0

m!  \e+1

Setting x = 0 in (9), we get G,(na>:: @,(na) (0) known as the usual Euler numbers of order . The numbers &,,:= @,(,,1 )

and the polynomials &, (x):= ¢ (x) are termed the classical Euler numbers and polynomials, respectively.
The Type 2 Euler Polynomials (abbreviated with T2EPat) ES®) (x) of order o are defined by (cf. [5, 13, 18, 20]):

t
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Setting x = 0 in (9), we get E,(,fw = E,s,a) (0) known as the type 2 Euler numbers of order o.. The numbers E,:= E,(nl)
and the polynomials E,, (x):= E,g) (x) are termed the classical Type 2 Euler Numbers and Polynomials (abbreviated with
T2EN and T2EP), respectively.

The Type 2 Bernoulli Polynomials (abbreviated with 72BP ) b,(,f‘ ) (x) of order ¢ are given by (cf. [5, 9, 18, 20]):

o (o) 1" t .
Z b (x) -] e (|| < 2m).
m=0 e
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Setting x = 0 in (9), we get bﬁ,f‘) (0):= b,(na) known as the type 2 Bernoulli numbers of order ¢. The numbers bﬁ,} )= b,

and the polynomials b,,} (x):= by, (x) are termed the classical Type 2 Bernoulli Numbers and Polynomials (abbreviated
with 72BN and T2BP), respectively.

2. Central Bell-based central factorial polynomials of the second kind

In this part, the authors define the central Bell-based central factorial polynomials of the second kind and examine
some of their formulas and identities.

Definition 1 The Central Bell-Based Central Factorial Polynomials of the Second Kind (abbreviated with CBBCFPSK)
are defined as follows:
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m=0

Remark 1 Choosing x = 0 in (10), we obtain Central Bell-Central Factorial Polynomials of the Second Kind
(abbreviated with CBCFPSK), which are also a novel extension of the numbers and polynomials in (2) as follows:

| B SR "
5(62—6 2) et = Z:CBT(m7 W; z)%. (11)
! = !

Remark 2 If we take z = 0 in (10), we find the polynomials T (m, @: x) in (2).

Remark 3 If we take x = z = 0 in (10), the polynomials CBBCFPSK become the numbers T (m, @) in (2).

We start by providing the following theorem. We provide a summation formula for CBBCFPSK related to BCBP as
follows.

Theorem 1 The following equality

csT (m, @; x, 2) ai( )i( ) (l_f)j‘i’r(nc)/(x 2) (12)

j=0 =0

is valid form > @ > 0.
Proof. Using (2), (4) and (10), we have
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Equating the coefficients of #”*, we obtain the result (12). O
Corollary 1 A relation including CBCFPSK and CBP is valid form > @ > 0:

armod=g & () £ (7)o (-3) o

=0
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We give two summation formulas for CBBCFPSK related to CBCFPSK and CBP as follows.

Theorem 2 The following equalities hold for m > @ > 0:
2o (m
csT(m, @, x,2) = Y ( )CBT(K, @; z)x" K,
k=0

(c) (Z)

and
(o) (-5

Proof. The proofs can be completed similarly to Theorem 1.

We give two addition formulas for CBBCFPSK as follows.
Theorem 3 The following equalities are valid form > @ > 0:
(13)

2 (m
c8T(m, @;x1+x2,2) = ), ( )CBT(K7 @ x1, )%,
k=0

and
(m)CBT(Ka a)-;-x7 Zl)(br(nc—)K(Z2)' (14)

cT(m, @;x,z1+22) = )
k=0
O

Proof. By changing x with x| +x, and z with z; 4+ z» in (10), respectively, we can easily acquire (13) and (14)

Therefore, we omit the details.
We put an addition formula for CBBCFPSK as follows.
Theorem 4 The following equality is valid for m, @, @>» € Ng with m > @, and m > ©;:
T(m, @y + G 31 +32, 21+ 22) = 2! f(’") T(m—j, @ ) csT(j, @ ). (15)
m, X1 TX2, 2 D)= T . m—j, ;3 X1, 2 s 5 X2,22).
CB 1 25 X1 +X2,21 T 22 (wl+wz)!j:0 CB J, 015 %1, 21) el (], 025 X2, 22
Proof. By using (2) and (10), we observe that
tm

m!

cT (m, @ + @ x1 +x2, 21 +22)

m=0
- (e% 76_%)(51—&-62 e(x1+xz)t+(21+zz)(€%—67%)
(o +@)!
') zexzfﬂz(e%—ff%)i
!
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o) m! > l‘m > t"
Z ceT (m, @; x, 2) — por Z csT (m, sz;xz,zz)ﬁ

(D +)! L0
o '\m,! > m
T( o; T(j, 02; x2,
R mZ()JZ;)( > csT(m—j, @1 %, 2)enT (j, Bos %2, 2) —
Comparing the coefficients of ", we get (15). O
We provide a correlation between CBBCFPSK and BCBP as follows.
Theorem 5 The following relation holds for m, @ € Ny with m > @:
o m . © O /o (—l)w_l o\"
L () et ox 0 (x—0= 1 (7) S5 (-5 (16)

Proof. In view of (2), (4) and (10), we have

1 & & /o o o\" " (& " > o t
EE() 0 (95 (£en of) (B o)

i (Z (]) cBT (j, @; x, Z)‘P,E,)j(—% —Z)> ;1,

j=0

Equating the coefficients of #"*, we acquire the desired result (16). O

3. Central Bell-based type 2 euler polynomials of order a

In this part, the authors define the central Bell-based type 2 Euler polynomials of higher order and analyze several
relations and formulas, including partial derivation rules, addition formulas, summation formulas, and correlations with the
central Bell polynomials and the central factorial numbers of the second kind.

Here, we consider central Bell-based type 2 Euler polynomials of order o below.

Definition 2 The Central Bell-Based Type 2 Euler Polynomials (abbreviated with CBBT2EP ) of order & € C are
considered by

Z B (5 0) (2) ) . (a7

ez +e 2

Several particular circumstances of the central Bell-based type 2 Euler polynomials of order & are examined below.
Remark 4 When x =0 in (17), we acquire Type 2 Central Bell-Euler Polynomials (abbreviated with 7Z2CBEP )
CBE,%O’) (z) of order c, which are also novel extensions of the type 2 Euler numbers of order « in (9), given below:
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1 t

oo om 2 o e2—¢ 2
Z CBEr(na) (Z) (,,) €Z< > (|f| < ﬂ:) . (18)
m=0 ez +e 2

m!

Remark 5 Upon letting z =0 in (17), CBBT2EP« become Type 2 Euler Polynomials (abbreviated with 72EP )
ESY (x) of order o in (9).

Remark 6 When z =0 and o = 1, CBBT2EP ¢ become the Type 2 Euler Polynomials (abbreviated with T2EP)
E, (x) in (9).

Remark 7 For @ = 1 in (17), we acquire CBE,(,,I) (x; 2):= cBEm (x; z) which are termed the Central Bell-Based Type
2 Euler Polynomials (abbreviated with CBBT2EP).

Multifarious properties of CBBT2EP ¢ are analyzed below. Here are three summation formulas for CBBT2EP o
related to T2EN o, BCBP, T2EPo., CBP and T2CBEP« as follows.

Theorem 6 The following equalities are correct for m € Ny:

B (2= ¥ (’") E@9 (x:2), (19)
p=0 \P

HE ()= Y (’") E (104 (2), 0)
p=0 \P

csELY (x;2) = zm: <m> CBE;()O‘) (z)x™P. (21)
p=0 \P

Proof. We compute using (9), (4), (17) and (18) that

oo ¥ o L -
(@, . 1" ( 2 ) m(ez_e z)
CBE (x, Z) Iy — e
W;X::o " % B

m!

> "M S (e "
Y EO Y ok o)

moa
m=0 m: m=0

y lz () E0l, o z>] -

m=0 [ p=0

which implies the formula in (19). The proof of (20) and (21) can be done similarly. O

We provide an addition formula for CBBT2EP« as follows.
Theorem 7 The following relationship

m

m
cpE[&T®) (x1+xnz+2)=) (p) CBEfya') (x1521) CBE,(nO?Z, (x2; 22) (22)
p=0
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hold for m € Ny.
Proof. We compute from (17) that

[S]

- (0 +0) " 2 atom (X1+X2)l+(11+zz)(€%*ffé>
Y. cBEm (1t+xsz+2) —=—FT—7 e
m=0 m: erte

: : ' :
)al x1t+z; (@7—677> < >a2 xt+z (ef—eff)
e e —— ¢ e

I
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+ o
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B~

tﬂ’l

- Z’ )3 <IZ> csE™ (1 21) CBEr(nOiz,); (25 22)

which means the claimed equality (22). O

Some of the particular circumstances of Theorem 7 are provided as follows:

m

BEYY (x+1;2) = Y <’Z> sEYY (% 2),
p=0

BN (i zr1) =Y (’Z) csEn” (v 21) 9,

p=0

CBEr(nal+a2) (x:2) = Z (’Z) CBE[('I(XI) (x; Z)E,S,Oizl),,
p=0

where the first formula is a generalization of the formula for type 2 Euler polynomials provided by (cf. [18, 20]):

Ep(x+1) = f: (m)Ep(x).

p=0

We provide the difference operator formulas for CBBT2EPa. as follows.
Theorem 8 The derivative operator formulas for CBE,(,,a) (x; 2):

d
5 cBENY (v 2) = m cpE, (x: 2) (23)

and
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d 1
5, csEY (x2) = csEY <x+ =; Z) N ol ( - =z (24)
z 2 2

[—
N———

are valid for m € N.

Proof. Depending on the following equations

t t t r
0 xt+z<e§ 7677> xt+z <e7 7677>
=te

—e
ox ’

and

d XI+Z<€%—€7%> t ot xt+z(e%—[%) <x+%>t+z<e%—e7%) <x—%)t+z(e%—[%)
e :(eZ—e Z)e =e —e )
dz

the proofs are easily done. We omit the details. O

Two relations for CBBT2EP associated with BCBP are given as follows.
Theorem 9 The following equalities are valid for m € Nj.

Em l7 Em - l’

and

) m 1 !
o (52)=Y (p) cBEm—p (x:2) <2P+l B (-2)?“) '

p=0

Proof. Depending on the following equality

L _ L t t
xt+z<e2 —e 2) ez +e 2 & "
e = ———---

the proofs are readily completed, using (17). We omit the details. O
Remark 8 The result (25) is an extension of the identity for E,, (x) provided by

En (¥+3) +En(x—3)
5 :

xﬂ’l

Two summation formulas for CBBT2EP associated with the usual Euler numbers and polynomials, CBP and BCBP,
are given as follows.
Theorem 10 The following equalities
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m . 1
CBEm (X; Z) - Z <’:l> Gmqu&\g ) <X+ 5; Z)

v=0

and

hold for m € Nj.
Proof. Utilizing Definition 2, (8) and (4), we obtain

i £m 2e z(e%fﬁ)
Y cBEn(i2) —=-———e
m! ez +e 2

m=0

v !"vw,of LN
a Z(’fmm'ZQDm ()H_Z’Z) m!

m=0 * m=0

B (B0 (1) 5

m=0 \v=0

which implies the first assertion. The other can be proved similarly.
An explicit formula for CBBT2EP is provided by the following theorem.
Theorem 11 An explicit formula for CBBT2EP

(”) (1) Q1426+ p— 20)"
v) p!

cBEn(x:2)=Y Y )

o=0p=0v=0

holds for m € Ng and ¢’ < 1.
Proof. By means of Definition 2, we derive
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<P> i )a+ (2 H1H20+p=2v) 5

oo © o p P tm

Y Y Y Y () Tt 1420 4 p—20)"
v/ p! m!

which implies the requested formula. O

A summation formula for CBBT2EP¢ related to T2EPo and CFN is provided by the following theorem.
Theorem 12 The following formula for csEY (x5 2)

cBE ii<v>2p€m v<x+2) (v, p)

v=0p=0

holds for m € Ny.

Proof. By means of Definition 2, we derive

which gives the claimed formula. O

Two direct consequences of Theorem 11 are as follows:

atuts £ 5 (e (<o 1) e

and

et 0= 3 3 (1)l (5) 70

v=0p=0

Another summation formula for CBBT2EP related to BCBP is provided by the following theorem.
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Theorem 13 The following formula

o) (v 2) =27 i i <m> (g - m)’"—v csEYY (x:2) (26)

hold for m, o € Ny.
Proof. Utilizing Definition 2 and (4), based on the following computations

' '
xt+z e776_7> a = m
e ( =27 (e% —|—e’%) Y csESY (x:2) —
m=0 m!

thus, the proof is completed. O

A summation formula for CBBT2EP . related to T2ZCBEP and CFP is provided by the following theorem.
Theorem 14 The following correlation

GE (=Y Y (’:j) (2¢),T (v, p: 2 _22x> E@, (2) 27

v=0p=0

holds for m € Ny.
Proof. Utilizing Definition 2 and (2) and (18), we obtain

- " t ' £\ 2x
Z CBEr(na> (x52) — = (ef —e 2 —|—e’2> <
m=0 m' e
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which implies the desired equality (27). O

Another summation formula for CBBT2EP is given by the following theorem.
Theorem 15 The following correlation

2x
csEn (r:2) =} (2;) (072 By (B 2) (28)
p=0

holds for m € Nj.

Proof. Utilizing Definition 2 and equation (18), we obtain

tm

S (@) . _
mgo csEm (-x, Z) % =

I
D13
3
c
VRS
N———
~
=
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bS]
~
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~
=
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which means the asserted equality (28). O
We provide the following series of equalities (cf. [8, 9]):

o m O oo N
P e WL 29)
and
[=S) p [=S)
Y YA, p-v)= ) A(v,p). (30)
p=0v=0 p, v=0
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Two implicit summation formulas for CBBT2EPo. are provided by the following theorem.
Theorem 16 The following equalities hold for p, v € Ny:

(@) 5 (P\(v) g mio
Ep+v ( ) = Z CBEp-q—v—m—(D (X; Z) (x_ é) (31)
m, @=0 m o
and
P,V
p\ /v
CBE](ai)v (X; Z) Z < > ( > CBE;Jr)‘U m— (D'( §)¢m+af (Zi é)
m, =0 m o
Proof. We get by changing ¢ by # + u in (17) and utilizing (29) that
) ¥ 69— () (=)
e N I 7
e OCB P*” plv! e Lot
and

P o (5"
x(t4u) Z csE )l‘ u® _ 2 ez e 2 —e
v + + ’
”+ p e e "

el tol

which means the following equality

(&) (t+u) (@) (. ﬁ @) 1 u?
e CBE (é, Z) CBE ()C Z)
p,;=0 e p V! p’; 0 ptv p' U!
Therefore, utilizing (30), we have
Y, By (% Z Z cBENYy (E:2) —
p,v=0 P ‘U' m, @=0 m'm‘p,v =0 P p'U'
R 8" By o ()
= X ! ! e,
pe0m B0 m'@! (p—v)! (v—0)!

which means the claimed formula (31). The other can be similarly proved. Thus, we omit it. O

Corollary 2 Putting v = 0 in Theorem 16, we have

CBEz(Ja) (x2) = i (’I:l) CBE[(;O—C)m(‘g; 2)(x=8&)"

m=0
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and

S (:9) Y @ cEy " (6. §) o (2 ).

m=0

A symmetric identity for CBBT2EP is provided by the following theorem.
Theorem 17 Leta, b € N and m > 0. We have

(™ (@) (@) m—p.p - [(m (o) (o) prm—p
Y csE,”, (bx;z) cgEp (ax;2)d" PbP =) cBEp " (bx; 2) cBE,,_, (ax; z)aPb"™ P, (32)
p=0 \P o \P
Proof. Choose
o a bt _a _bt
2 2 2abxt+z<e 24e2—¢ 2—¢ 2 >
Y= ( a @ T ) e .
e +e 2 e2 fe 2

We compute two expansions of Y

(bt)'"
Z CBE ax Z
m!

Y= Z CBEr<n) bx Z

m=0

o m .
Z Z ( > CBE,;OQI, (bx; z) CBEg(;a) (ax; 2)a" PbP —

m!

and similarly

o mo - £
r=3 ) (P) CBE;(:a) (bx;2) ¢ Eisl >p (ax; z)a’b p%,

which mean the claimed identity (32). O
(o) (

Here is another symmetric identity for cgE,; * (x; z) given below.
Theorem 18 Leta, b € N and m > 0. We have

m b—1la—1
$YE (") 0 cor?, (@i a7

p=0i=0 j=0
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b

la—

<’Z> (—1)’” CBE,(nOi)p (bx1; z) a"PbP
0 j=0

—

m
_Z-
p=01i

1 1
x caEy” (a(X2—1)+j+2+Z <i+> ;z).

5 (33)
Proof. Let
a bt _a  _bt
2205( aTbt_i_ 7%)2 ab(x1+x)t+z|e2 +e2 —e 2 —e 2
e e e
at a a+1 bt b a+1
e2 +e 2 e2 +e 2
b b f _at
e% —|—e_aTt abx1t+z<e%—e %> 2 o
“a _a )€ Ta o _a
e2 +e 2 e2 ‘e 2
[ b bt _bt
ngﬂ -|—g*aT’ abxthrz(ere 2) 2 @
N e )€ T w )
e2 +e 2 ez +e 2
Utilizing

bt bt
2 o able»z(e%lfe*%l) b—1 (i 1sb 2 o4 abx21+z<e77ef7>a_l (i 1za
() ¢ Z(‘l)lea(l ) | ¢ Y (—1)e (+17)
e te 2 i=0 €3 +e 3

Jj=0
at at bt bt
blal i+j 2 o (b(xl—1)+i+%+§(j-‘r%))at-&—z(e?—e*T) 2 4 0X2b1+2(67—€77>
N A Y o) ¢
i=0 j=0 e2 +e 2 e2 +e 2

it 1 b 1
)(1)’+’ cBESY) (b(x11)+i++ (j+
m=0 p=0 i=0 j=0 \P 2 a

;2 E\% (axp; 2) apbm_p—tm
5 )32 cBEm—paxa; pk
and in the same way,

o m b—la—1 m o (@) (@) 1 a 1 m
Y= )IDID) (=)™ cBEy ", (bx132)cpEp | a(a—1)+j+ 5+ it5)sz) @ b’ —
m=0p=0i=0 j=0 p 2 b 2

Volume 7 Issue 3|2026| 3565

Contemporary Mathematics



which imply the desired identity (33). O

4. CBBT2EP a associated with umbral calculus

Mathematicians have been studying and examining the formulas of special polynomials obtained from umbral calculus
in recent years, cf. [5—7, 11, 18-20, 22]. The concept of umbral calculus is briefly reviewed as follows, taken from the
references [6-8, 15, 21-23, 27].

Let % be the set of all formal power series in the variable # over C in conjunction with

fz{f|f(t)= iam%, (aweC)}.

o=0

Let P, = {p(x) € C[x]: degp(x) < m} and let P* be the vector space of all linear functionals on P. The symbol
(L|p(x)) implies the action of a linear functional L on the polynomial p(x) in the umbral calculus, which is a linear property
on P*:

(L+M|p(x)) = (LIp(x)) + (M|p(x))

and

{eLlp(x)) = ¢(L|p(x))

forc e C.
The formal power series

oo tw
f)= Y ao (34)
©=0 :
introduces a linear functional on P by setting
(fOK") =am (m=0). 3%)
Choosing f(¢) = t® in (34) and (35) provides
t®|X"y =m!Sp. w, (m, @>0) (36)

where
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1, ifm=0,

0, ifm#®.

Indeed, any linear functional L in P* has the form (34). Namely, because of

tZD'

A=Y (L)

1°
Py’ o!

we get

(fe()]") = (LIx"),

and therefore as linear functionals L = f7,(¢). In addition, the map L — f1(¢) is a vector space isomorphism from P*
onto .% . Henceforth, .# will show not only the algebra of formal power series in ¢ but also the vector space of all linear
functionals on PP, and hence, an element f(¢) of .# will be considered as not only a formal power series but also a linear
functional. It can be observed from (35) that

(") =2" (37)

and so

(e“Ip(x)) =p(z) (px)€P).

The order o(f(¢)) of a power series f(¢) is the smallest integer @ for which the coefficient of t® does not disappear.
Ifo(f(¢)) = 0, then f(¢) is termed an invertible series. A series () for which o(f(¢)) = 1 will be termed a delta series (cf.
[6-8, 15,21-23, 27]).

We utilize the symbol ¢® for the @-th derivative operator on IP provided by:

m! xm—w’ o<m,

(m—o)!
0% =
0, o > m.
If g(¢), f(¢) are in ., then
(f()g(@)|p(x)) = (f(t)|g(t)p(x)) = (g(1)|f (1) p(x)) (38)
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for all polynomials p(x). Note that, for all polynomials p(x) and for all f(¢) in %,

[0)

W)=Y ("p) —andf )= Y t. (39)
o=0

o=0

Utilizing (39), we get

=6 K s=1
providing
p@(0) = (®p(x)) and  (1]p®(x)) = p'®(0). (40)
Hence, from (40), we notice that
1®p(x) = p'® (). (41)

Let g(r) € .7 be an invertible series and f(¢) € .# be a delta series. Then, there exists a unique sequence sy, (x) of
polynomials fulfilling the characteristic below:

(g () |sm(x)) =m!&na  (m, @>0) (42)

which is termed an orthogonality condition for any Sheffer sequence, see [6-8, 15, 21-23, 27].

The sequence s, (x) is termed the Sheffer sequence for the pair of (g(¢), f(¢)), or this s, (x) is Sheffer for (g(¢), f(¢)),
which is indicated by s,,(x) ~ (g(z), f(¢)).

Let sp,,(x) be Sheffer for (g(z), f(¢)). Then, for any polynomial p(x), and for any A(z) in .%, we have

p) = ¥ (&) 70710002 and h(6) = Y (hio) () SLL )
=0 : =0 :
Moreover, for all x in C, the sequence s,,(x) is Sheffer for (g(¢), f(¢)) if and only if
- &)
L = ) “

where f (f (1)) = f (f(t)) =1.
An essential characteristic of the Sheffer sequence s,,(x) possessing (g(¢), ¢) is the Appell sequence. It is also termed
Appell for g(r) in conjunction with the outcome below:
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Sm(x) = L)c’" S t8u(x) = msp_1(x). (45)

8(1)
A more significant characteristic of the Sheffer sequence s,,(x) is provided by

o tﬂ’l eXt
Sm(x)— = —— < spu(x) is Appell for g (1) (x € C).
X n(e) g = <y ) s Appell for g (1) (€ ©)

The theory of umbral calculus has been utilized in the studies of several special polynomials with various generalizations
by many authors recently, cf. [6-8, 15, 21-23, 27].
Recall from (17) that

oo m
cBEn (x; 2)
m=0

2 xt+z (e% —e 3 > (46)
— = 5 € .
m! ez +e 2

As 1 goes to 0 in (46) gives cgE (x; z) = 1. This implies that the generating function of the polynomials cgE,, (x; z) is
invertible.

We now provide multifarious formulas of central Bell-based type 2 Euler polynomials arising from umbral calculus.
We readily observe from (44) and (45) that

t t t t
ez +e 2 —2(67—677)
cBEm (3 2) ~ (2 e : t) (47)

and

t cBEm (x;2) =m cpEm—1 (x; 2). (48)

Q
™
/N
Q
NI~
|
«Q
|
NI~
N———

It can be seen from (48) that cgE,, (x; z) is Appell for el 4'26_7 -

By (36) and (46), we get

s ()
CBEm(x; Z): ——¢€ X"=e Em(x)
ez te 2

_ wio (g)m () En-or (2 (49)

which coincides with the consequence (23). By (41) and (46), we observe that
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2 65*6717 2 ¢
cBEn (% 2) = — rez< >xm = ﬁ‘bigz)(x z)
ez +e 2 ez t+e 2
=Y e g = Y (m)Emd),Eﬁw (x:2).
o=0 0: a—0 \O
Suppose that
eé—ﬁ—e’% -z e%—e’%
b(r,2) =g()h(z) = ———e ( )

The following theorem indicates that any polynomial can be written a linear combination of CBBT2EP and a sequence
¢, derived below.

Theorem 19 Forall p (x) € P,, = {q(x) € C[x]: degq(x) < m}, there exist constants co, c1, . .., ¢y such that p (x) =
Yo _oco cBEw (x; 2), where

= (06, 0% | p (). (50)

Co

Proof. By (42), (44) and (47), we observe that

<f’](l‘,z>tw ‘ cBEn (X; Z)> :m!5m,lD' (m7 (D'ZO),

which means

<h(t7 Z)tw |p(x)> = i CK<b(tv Z>tw| cBEm (X; Z)>

k=0

m

= Z CKK!6K7Q)' = Gﬂcw,

k=0

which provides the assertion in (50). O

CBBT2EP can be derived by the following operational rule.
Theorem 20 The following identity holds for m € Ny:

>Em (x). (51)

Proof. We observe from (49) that
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which yields the claimed relation (51). O

We get a linear functional rule as follows.
Theorem 21 The following equality holds for p(x) € P:

i 2lpw) =3 3 3 <07 (T) 0 (n(Frxes )+ (Frx-3) )

O=0x=

Proof. By (37), we get

1a & o[® [ (O \" (@ "
== - -1 ol - hatl i
L5 () ((Foeea) +(5e2) )
which yields the desired consequence. O

We get a linear functional rule associated with BCBP as follows.
Theorem 22 The following equality holds for m € N:

(b(z, 2)|x") =

Proof. By (37), we acquire

(b(r, 2)[x") =
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o (3 —2) + o (-1 —2)

which ends the proof. O

An integral representation for CBBT2EP is provided using a linear functional for CBBT2EP by the following theorem.
Theorem 23 (Integral representation) Let m € N. Then we have

(0009 a2 = 3 ¥ ¥ (0% (T) S [ s (2 )

ai:O k=0

Proof. By utilizing (37) and (48), we get

(h(t, 2)| cBEm(x: 2))

Q
8
I{ ag!
e
|
2
Q
VR
A 9
N———
|
=
/\
N
Q
—~
+
A
+
SN——
_l’_
—
+
A
o
N———
@)
ov)
S
\/

:5032:"0;0(—@ (K> (—1) <CBEm (2+K+2;Z)—CBEm (2+K—2;Z)>
13 & o (@ (_I)K/K—H <(If—1 )
2 < Epi| —=—+u;z)du,
PIACLWI=TAESC
which completes the proof. -

The following theorem is beneficial for deriving any polynomial by combining CBBT2EP in a linear combination.
Theorem 24 The following equality holds for p(x) € Py,:

EE 2D (o () (151 4) ).
cEp (x2) = D —+K|+p —+K (52)
r-$ 31 (1) - : :
Proof. We observe from Theorem 19 that

m
Z bg CBEw X5 Z

with
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(h(t, 21®|p(x)) = @bg. (53)

Hence, from (53), we have

SEE QO (5o (5200

Therefore, the proof is completed. O

Recall from (17) that Central Bell-Based Type 2 Euler Polynomials (abbreviated with CBBT2EPr) of order r € Ny are
provided by

> . ' 2 " x4z e%—[%
)y CBEr(n)(x§ Z)ﬁ = (M) e ( ) (t] <m). (54)
m=0 !

If 7 goes to 0 on the above, it gives CBE,(,I) (x; z) = 1, which yields an invertible series for generating function of the
polynomials csEY) (x; 2).
Let

We see that b7 (¢, z) is an invertible series. By (54), CBE,(,,r ) (x; z) is an Appell for h” (¢, z). Thus, from (45), we observe
that

K" (35)

and

Volume 7 Issue 3|2026| 3573 Contemporary Mathematics



t csEY (x;2) =m CBE,<,21 (x;2).
Thus, we have
BEY) (x2) ~ (0 (1, 2),1).

If fi(t), ..., f;(t) are in ., then

<fl(f)...fj(t)|xm>: Z <i1 m ij) <fl(t)|xi1>...<fj(t)|xij>,

i +i2+4..+ij:m

where

<(2rewt+z<e2e2> xm> _ CBEISI) (W; Z) _ Z (’Z) CBE1(<r> (Z) WK (56)
o4

A product formula for T2EPr is provided by the following theorem.
Theorem 25 The following equality holds for m € N:

r—1
GED @)= Y (,-1 " .)CBEi,(z)HEi_,. (57)

i1 +tip=m

Proof. Also, we observe that
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)

m
(. ) cBEi, (2) X Ejy x -+~ X E;_|.
ij+-Fip=m i, =l

By using (56), we have
z %— 7%
S G >|xm> — EN (2).

Therefore, the assertion (57) can be seen from (58) and (59).
Taking g(x) = CBE,(nr) (x; z) € Py, in Theorem 24, we give a special case below.
Corollary 3 The following equality holds for m, r € Ny:

m oo

GE (x)=Y ¥ Y (

©=0j=0 k=0

J
K

n

(

) (g) csEaq (x;2) 2/ (—1)77% CBEr(,Fl)

Proof. By Theorem 24, we observe that

J

>

k=0

N
BE (x; z)f%

] Z) “+cB E,S:lw (

m

(") (. S
Em 5 -
cBEm (x:2) =Y o

o=0j=0

=

(a)

j—1
— +K;
5 +K;2

From (54), we have

- A{Jj+1 AlJj—1 "
Y (CBE,&) (’+;<; z) + cBEN <J+1<; z)) —
fowr 2 2 m!
2 r E-H(+<%—7%> t t
() )
ez +e 2
()
ez +e 2

which means
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)) . (60)
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S +K; Z) =2 CBE,sqr D

—1
2
From (60) and (61), the proof is completed.
Theorem 26 The following relation holds for m € Ny:

r +1 r
CBEr(n) (J > +K; Z) +CBEr(n)

Proof. From (55), we get

which means the claimed relationship (62).

(

Izl z) 61)

2

(62)

O

Using the following theorem, one can obtain any polynomial by combining the central Bell-based type 2 Euler

polynomials of order  in a linear way.
Theorem 27 For m € Ny, we have

m
Z brw CBE ) S Pm,

where

Proof. Assume that
Z b CBE ) € P,.

To find the coefficient by;, similar to proof of Theorem 24, we first observe that

(b" (1, 2)1%1q (x))

m
Y k8¢ 5 = By
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For @ > r, then

=535 (1) gy 0 TG0 (5 ).

Henceforth, by (63) and coefficient b;, the proof is done. O

As a last result of this section, we provide the following equality.
Corollary 4 The following summation formula

Lo n (T JHm) g
aratsn = £ 2T F (1) e
. r r
X (_Z)] T (]7 u) cBEn-@—u (5 — K W) CBEé)') (x; Z)
holds for m, r € Ny.

5. Further remarks

We here provide a determinantal representation for CBBT2EPa.
Suppose that

] o (64)

where L, is a sequence. Then, we derive from (9) and (64) that
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which yields

" 1 form =0,
m
Z < >E1<Ca).u'mr<:
k=0 K
0 for m > 0.
Therefore, we get
_ 1
Ho = Eéa) )
_ m m E(O‘)
Hpm K=1 (K) k Mm—x)-

We give a determinantal representation for CBBT2EPa as follows.
Theorem 28 We have

(@) .. 1
E, X;7) = —
cBEy " (%3 2) ™
and
107 (w2) 0 (w2) o),
Mo Hy 2%) Hin—1
0 Ho (%)IJ«] (m?l)uin72
m m—1
csEY (v 2) = (-1)"| 0 0 (") i3
0 0 Ho
C iporary Math s

("1

(x:2) o (x:2)

Iim

(7)o

(5) tm—2

m

)M

(65)
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Proof. It can be observed from (4), (17) and (64) that

=) tm

© (v " g (M (@) (..
Z Om” (x; 2) o} _mEOKEO (K) ceE¢" (x;2) M

m=0 .

which means the following infinite system of equations in the unknown variables:
05" () = caly” (x:2) po.

0\ (x:2) = cBES (v 2) i+ esE\ (x; 2) o,

c m
o (x:2) = CBEo(a> (% 2) i + (]) CBE1(a> (61 2) 1+ + cESY (x5 2) o

Because of the specific structure of the aforesaid system (lower triangular), we can compute the unknown variables of
CBE,sfx) (x; 7) by exclusively using the first m 4 1 equations. This can be accomplished by employing Cramer’s rule, which
facilitates the computation of the solution:

Ho 0 0 0 ¢(§C) (x; Z)
Hi Mo 0 0 ¢I(C) (x; 2)
H2 (%)Nl Ho 0 ¢2<") (x; Z)
CBE;S;X) ()C; Z) = 1m+1 7
(Mo) . ) ' |
et ("t (s e 08 (a2)
Hin (T) Hin—1 (’;) Hm—2 (’;) Wno3 - qu(nC) (x; Z)

which can also be rewritten as
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Ho 2| H e HUm—1 U
2 m—1 m
0 Ho (1)“1 ( 1 )“m—Z (1)I~Lm—1
0 0 - (mz_l) Hm—3 (r;) Hm—2
CBEY(':X> (X; Z) = 1m-H ’
(o)
0 0 - - o (mrﬁl)l’,’l
1 9%z 02 - 0 (2 o (nz)
which completes the proof. O

By means of (65), it is not difficult to list the central Bell-based type 2 Euler polynomials of order «.

6. Conclusions

In recent years, Duran [8] considered the central Bell-based type 2 Bernoulli polynomials of order ¢ given by

t ® o+ 65767% >° m
( ) o ( >: Y csbi (i) — (] <2m)
e

=0 m:

and derived many formulas and relations, covering several symmetric properties, derivative properties, summation formulas,
and addition formulas. Inspired and motivated by the aforesaid study, in this paper, we have defined the central Bell-based
type 2 Euler polynomials of order & provided below

tm

2 a xt+z(e%—e_%> haid (a)
e = Ey’ (x;z)— (ft|<m
() L b @ (<)

and we have derived diverse formulas and properties covering several derivative properties and summation equalities.
In addition, we have obtained multifarious implicit summation formulas and identities of symmetry for the mentioned
polynomials. Besides, we have investigated diverse curious formulas of the central Bell-based type 2 Euler polynomials
of order ¢ arising from umbral calculus to possess alternative ways of achieving our outcomes. Lastly, we provided a
determinantal representation for central Bell-based type 2 Euler polynomials. The consequences acquired in this study are
extensions of the lots earlier outcomes, some of which are included in the references [13, 17-20, 29]. We will consider
the possibility of analyzing the polynomials discussed in this paper in the context of the monomiality principle for future
directions.
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