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Abstract: In this work, we employ a spectral collocation approach to numerically solve pantograph-type Volterra
integro-differential equations subject to given initial conditions. The scheme combines Bernoulli polynomials with Gauss
quadrature for numerical integration. By leveraging this Bernoulli-Gauss framework, the original integro-differential
problem is transformed into a solvable system of algebraic equations. Accurate approximations are achieved using only
a modest number of collocation points. The convergence behavior of the method is illustrated through graphical analysis,
revealing an exponential rate of convergence. To validate the proposed technique, we present several test problems whose
numerical solutions are compared against exact results and those reported by alternative methods. These comparisons are
summarized in tables and figures to highlight the accuracy and efficiency of the approach.
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1. Introduction

In recent years, Integro-Differential Equations (IDEs) have attracted considerable attention due to their pivotal role
in modeling a wide range of phenomena across scientific and engineering disciplines [1-6]. A notable subclass of
functional differential equations involves proportional delays and is commonly referred to as pantograph equations—or,
more generally, generalized pantograph equations. The term “pantograph” traces back to the seminal work of Ockendon
and Tayler [5], inspired by the dynamics of current collection devices on electric trains. These equations find applications
in diverse areas including number theory, economics, population dynamics, control theory, electrodynamics, nonlinear
dynamical systems, quantum mechanics, probability, astrophysics, cell growth models, and various industrial processes;
see, for instance, [5, 7, 8] for specific examples. Both analytical properties and numerical treatments of such equations
have been extensively investigated [9—12].
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As a type of delay differential equation, the pantograph equation has been studied by numerous researchers from
both analytical and computational perspectives. Sezer et al. [10] employed Taylor polynomials to construct approximate
solutions for nonhomogeneous multi-pantograph equations. This approach was later extended in [13] to handle variable
coefficients. Li and Liu [14] established sufficient conditions for the asymptotic stability of variable-step Runge-Kutta
methods applied to multi-pantograph equations. Alomari et al. [15] applied the homotopy analysis method to a class of
delay differential equations, while Yu and Saadatmandi [16, 17] developed a variational iteration scheme for both multi-
pantograph and generalized pantograph equations. Spectral-type approximations have also been explored: Yiizbasi [18]
used Bessel polynomials, and Yalinbas [19] employed Hermite polynomials to solve generalized pantograph equations
with variable coefficients. Most recently, Tohidi et al. [20] introduced a Bernoulli collocation method based on the
operational matrix of derivatives for similar problems. Recent advances in Kantorovich-type approximation operators—
such as Bernstein-Kantorovich, g-Baskakov, and Sz’asz-Mirakjan variants—provide powerful tools for handling integral
and delayed terms in functional equations [21-23].

In this manuscript, we develop a spectral Bernoulli-Gauss Collocation (B-GC) method for the numerical solution of
m-th order pantograph-type Volterra Functional Integro-Differential Equations (VFIDEs) [18]:

m—1

m—1 m—1 rx
u™ (x) = ;)an(x)m (x) + ;)ﬁ,,(x)u<">(p,,x+qn)+ ;) /0 Kon (x, H)u™ (1) dt

(M
m—1 Cx+n
£ X [ Kl ) (@) dr (), w1 € (0,%), (m21),
n=0"0
subject to mixed initial conditions
m—1
Y auu™©0)=%, i=01,...,m-1, )

where u(%) (x) = u(x) denotes the unknown solution. The coefficient functions a,(x), B,(x), g(x), and the kernel functions
Kon (x, 7), Kin(x, t) are assumed to be sufficiently smooth on a finite interval [a, b] with 0 < a < b < 0. The parameters p,,
qn» ain, §, M, and A; are real constants. Moreover, for eachn =0, 1, ..., m — 1, the kernels xjp, and ki, admit convergent
Maclaurin series expansions.

The primary objective of this work is to construct an efficient spectral approximation uy (x) for the solution of the
above VFIDEs by leveraging the properties of Bernoulli polynomials. Specifically, we introduce the Bernoulli-Gauss
collocation framework, wherein (N —m + 1) suitably chosen collocation nodes—derived from the zeros of Bernoulli-
Gauss interpolants—are employed. Together with the m initial conditions, this yields a square system of (N + 1) algebraic
equations, which can be solved directly. As expected for spectral methods, the numerical results exhibit exponential
convergence as the number of basis functions increases.

The remainder of this paper is structured as follows. Section 2 reviews the definition and essential properties of
Bernoulli polynomials required for the subsequent analysis. In Section 3, we detail the construction of the Bernoulli-
Gauss collocation scheme for the class of VFIDEs under consideration. Section 4 discusses the theoretical and practical
accuracy of the proposed approximation. Numerical experiments demonstrating the method’s efficiency and convergence
behavior are presented in Section 6. Finally, concluding remarks are provided in Section 7.
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2. Definition and properties of Bernoulli polynomials

It is a classical result that the Bernoulli polynomials arise from the generating function

Ee S g
S — BE _ I;)Bk(f)ﬁ’ (3)

where, by convention, the symbolic expression B¥(7) is interpreted as the polynomial By (7). In the particular case & = 0,
the values By (0) = By correspond to the classical k-th Bernoulli numbers. From the generating relation (2), one deduces
the well-known identities (see, e.g., [24-31])

By =1, (B+1)*—B* =B (1) — By = &1 1, “4)

where J,,, » denotes the Kronecker delta.
Moreover, expanding the generating function yields the explicit representation (cf. [32])

Bi(1) = i (E)Bk—é 7. 6))

(=0

An equivalent recursive characterization of the Bernoulli basis polynomials By (7) of degree k is given by [33]

k
Z(k;l)lag(r)(kﬂ)f", k=0,1,.... (6)

(=0

The first several Bernoulli polynomials are

= Bi4(7), @)

and, in particular,

i!

DIBO) = =5

Bi,. 8)

These polynomials also obey the orthogonality-type relation established in [34]:
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gl o
/B 7)dt = (-1)' lthﬂﬁ i,j>1. 9

As shown in [34], the set {By(7)}}_, constitutes a complete basis on the unit interval [0, 1].

To adapt this basis to a general interval [0, L], we introduce the shifted Bernoulli polynomials, denoted BL(&),
obtained by the linear change of variable T = & /L in the standard polynomials. Substituting this scaling into (5) yields
the explicit form

k l
8@ =Y (j)3es g7 (10

=0

Consequently, the first few shifted polynomials on [0, L] read

1 &£ & 1 & 38 1¢

BL 1. BL zéf, Bliey=5 _S5 .2 Logy 6" 267 16

(é) ) l(é) L 3’ 2(&) 12 L+6’ 3(5) I3 2L2+2L’

Their derivatives follow the scaled rule
DIBHE) = — B, (&) (11)
PR (i—g)lLe T
and, evaluated at the origin,

DIBL(0) = — g, 12
i()_(i_q)!Lq 1—q- ( )

Theorem 1 The shifted Bernoulli polynomials on [0, L] satisfy the integral identity

i—1 ]'Z'L

GrmiBee Bizl

[ B ae =)

Proof. Apply the substitution T = & /L to the relation (9). Then

/ Bi( dr—/OLB,(i) B,(i) %dé = %/OLB,»L(é)Bf(é)di

i gt
=(-1) mBﬁru

which immediately implies
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i1 JH'L
(j+i)!

BjJria l,]Zl

[ BH©BHE)aE = (-1

Thus, the claim is established. O

3. Bernoulli-Gauss collocation method

In this section, we apply the Bernoulli-Gauss collocation framework to obtain a numerical solution of the m-th order
pantograph-type Volterra Functional Integro-Differential Equations (VFIDEs) of the form

m—1 m—1

u(m)(g):Zan +Zﬁn pné"’"]n +Z/ Kon (& (t)dt
n=0
13)
m-l rL&4n
+Y [Tk 0 (@ de+g@), &t 0,1, (m21)
n=0"
subject to the initial constraints
m—1
Y auu™(0)=2%, i=01,...,m—1. (14)
n=0

The Bernoulli-Gauss collocation approach enables us to discretize the problem directly, without introducing artificial
boundary conditions or performing auxiliary variable transformations. To proceed, we first establish the necessary
notation.

Define the finite-dimensional space

SN(Ov L) :Span{Bld(é)vB%(g)v 735(5)} (15)

Let &, for k=0, 1, ..., N, denote the collocation nodes defined as the zeros of the (N + 1)-th shifted Bernoulli
polynomial BY_ | (&), or alternatively, as the Gauss—Bernoulli points—i.e., the roots of By, (&) mapped to the interval
[0, L]. These points generalize the role of Gauss-Legendre or Gauss-Chebyshev nodes in classical spectral methods and
ensure high accuracy for polynomial interpolation and quadrature when using the shifted Bernoulli basis.

The core idea of the Bernoulli-Gauss collocation method for (13)—(14) is to seek an approximate solution uy (&) €
Sn(0, L) satisfying

m—1 m—1
=Y a(&ul (&) + Y Ba(E)uly (puki +an)
n=0 n=0

§§k+n ( )
Kin ékv ) (T)dT

—i-Z/ Kon (&, T)ul( dr+2/

n=0
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Y anuy)(0) =%, i=0,1,...,m—1. (16)
We now formulate the computational algorithm. Assume the approximate solution admits the expansion
¢ L
&)=Y aBj;(&). a7
h=0
Using the derivative property (11), the n-th and m-th derivatives of uy are expressed as

N
& é) = Z ahD(n Z ah ' th,n(é/L),
h=0 'L

(m)

and similarly for uy ' (§). Substituting these representations into (13) yields

N m—1 N m—1 N
Z ahD(m)Bﬁ(é) = Z Z ahocn(§ -‘r Z Z ahﬁn D Bh (png +‘]n>
h=0 n=0 h=0 n=0 h=
m—1 . N
+ Z / K‘()n y T) Z ahD(")Bf;(‘L')dT (18)
n=0"0 h=0

m—1
X [T (e ZahD Bi(0)dT+ 8(8).
n=0"0

Invoking the derivative formula (11), namely D9 Bk (&) = T o) q), 77Bn—q(&/L), we rewrite (18) as

B e (§) B B e §)

n=0 h=n

+':Z_; /6 Km(éf)}iah(h h‘),Ln h n(L)d’v
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Cé+n

+ Z/ Zah 'L" B, n(%)dﬂ—g(é). (19)

n=0 h=n

Similarly, inserting (17) into the initial conditions (14) and applying (12) gives

Z Zamah 'Ln Byn=2, i=0,1,....m—1. (20)
n=0 h=n
Next, we enforce equation (19) at the (N —m + 1) Bernoulli-Gauss collocation points &, k=0, 1, ..., N —m,

resulting in

i ahﬁ hm( > Z Zah 'L" 0 () Bh—n (éLk)

h=m n=0 h=n

m—1 N

+Y Zah WL (ék)Bhn(pnékLJrqn>

n=0 h=n

(21
+Z/ Kon (Sks T) Zah 'L" By n(%)d‘f

E&+n

+mz_;./0 Kin(€ Zah T By n(%)d7+g(§k)'

h=n

Finally, combining the collocation equations (21) with the initial condition constraints (22) (the simplified form of

(20)),

Z Z amah 'L" By = ;Liv (22)
n=0 h=n
produces a square system of (N + 1) algebraic equations for the unknown coefficients a;, j =0, 1, ..., N, which can be

solved using any standard linear or nonlinear solver, depending on the nature of the problem.

4. Accuracy of the solution

The fidelity of the computed approximation can be assessed by evaluating the residual of the governing equation.
Since uy (&) is an approximate solution of (13), substitution of uy and its derivatives into the left-hand side of (13)
should yield a quantity close to zero. Specifically, for each collocation point &, € [0, L], ¢ =0, 1, ..., Q — 1, we define
the pointwise residual
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E(éq) “N éq Z Oy éq “N éq Z Ba( éq uN Pnéq""h)

m=1 ¢ m—l rC&+n
- Z / qKOn 5(]7 uN dT— Z/ ! Kin éqv ) (x )(T)dT—g(éq) .
n=0 n=0

In practice, the collocation points {éq}Q o are typically selected as the Gauss-Lobatto or Chebyshev-Gauss-Lobatto
nodes associated with the spectral basis used to construct uy; this choice ensures good resolution across the domain and

compatibility with the approximation space. Derivatives u](\;')

are evaluated efficiently via spectral differentiation matrices
or recurrence relations intrinsic to the chosen basis (e.g., Chebyshev or Legendre polynomials). The Volterra-type integrals
are computed using high-order quadrature rules—such as Gauss-Legendre or Clenshaw-Curtis quadrature—applied on
subintervals aligned with the collocation grid. Delayed arguments p,&, + g, are handled by evaluating ”5\7) at off-grid
points via polynomial interpolation or barycentric formulas, preserving spectral accuracy.

The residual E(&,) is then monitored during the solution process. For each trial value of the truncation index N, we

compute max, E(&,). If a uniform accuracy level 107" is desired, N is incrementally increased until the condition

max E(éq) <107

0<g<

is satisfied. This adaptive strategy ensures that the approximation meets the prescribed tolerance while avoiding
unnecessary computational cost. Similar residual-based stopping criteria have been employed in spectral collocation
methods for functional differential and integro-differential equations; see, e.g., [35—41].

Alternatively, the global residual function is defined as

EN( —uN Z an Z Bn MN png +Qn)

m—1 . () m—1 rLE+4n (n)
=Y [T ol @dr= Y [T k(& 0 () ar-g(6).
n=0 n=0
If Ex(E) — 0 as N — oo, the method is convergent, and the approximation error diminishes accordingly.

5. Convergence analysis and stability consideration
5.1 Convergence analysis

Let H = L?[0, L] denote the Hilbert space of square-integrable functions on [0, L], and let

U = span{BG (), B (&), ... BN(8)}

be a finite-dimensional subspace of H. Since U is closed and finite-dimensional, it is complete under the L?>-norm.
Lemma 1 ([42]) For any u(&) € H, there exists a unique best approximation uy (&) € U such that
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le—unlla < |lu—y|l» forallyeU.

Moreover, this best approximation satisfies the orthogonality condition

(u—uy,y)=0 forallyeU,

where (-, -) denotes the inner product in H. Consequently, u(&) can be approximated by

un(§) = Y aBi (&)
k=0

Lemma 2 ([43]) Suppose u(&) € CNTL[0, L], and let uy (&) be its best approximation in U. Then the error satisfies

A IN+3

u—u < ,
lu=unllz = (N+1)! V2N +3

where

A= (N+1) .
gm0 (g)|

The assumption that u € CV*1[0, L] is essential for the validity of this error estimate. For pantograph-type equations—
i.e., delay differential equations involving proportional delays of the form u(p&) with 0 < p < 1—the regularity of the
solution depends critically on the smoothness of the coefficient functions, the forcing term, and the compatibility of initial
conditions at the origin. Under standard hypotheses (e.g., analytic coefficients and right-hand side, together with consistent
initial data), it is well known that solutions to linear pantograph equations are analytic on [0, L]; see, for instance, [5, 11].
Analyticity implies membership in CN*1[0, L] for any finite N, thereby justifying the smoothness assumption required
by Lemma 2. In the nonlinear or non-smooth coefficient case, however, reduced regularity may occur, and the factorial
decay in the error bound would no longer hold uniformly. In such scenarios, alternative error analyses based on Sobolev
regularity or piecewise-smooth approximations may be more appropriate.

Lemma 3 If u()(&) € CV+1(0, L] and u! is the best approximation to u) in U, then

Ai LNJr%
(N+1)!V2N+3’

e —u 2 <

where A; = maxg (o, g ‘M(NHH) (9 ’

Now consider the exact equation
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m—1

§(8) =u" ()= Y [on(E)ul (&) +Bu(E)u (pa +an)

n=0

§&+n
+ / Kon( Ddr+ / Kin(E, ) (1)d1|,

and the corresponding residual of the approximate solution:

m—1

Rv()] ={uy” (€)= X [an(€)uy’ () + Bu(E)uy (pn + 1)
n=0
+ [ e v [ (e ) ()a1] - o(0)|

Applying the triangle inequality and bounding each term using uniform norms, we obtain

RV(E)] < Ju™ (&) —ulf" I+Z[ P () — g (E)]+ B (pa -+ an) — ) (e + )

+/ ) (7) — ) \err/ KDl () — ) (1) ],

where we define the uniform bounds

@ g e e = 1on(E)l

b= 0<T<ar§ 1 o B = gren[gx” 1Ba ()]

Kon;'ax B (é,rr;?[g,L]z |K0n(§’ T)I’ ko= O<T<arr): IK&3X7
ﬁTX:(;gﬁéuJKM@’T”’ K= Jmax . ki,

Since || f||. < ||f]|2 for f € L?[0, L], and using Lemma 3, we derive the global error estimate

LN+% m—1 [a+ﬁ+KOL+K1(§L+TI)]An LN+%

IRv(8)] < (N+1) \/2N+3+,1:0 (N+1)! V2N+3
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Thus, the residual satisfies

A, + €A, mINt3

(N+1)! V2N+3’

R (S)| <

where

8:a+ﬁ+1€0L+K1(CL+n), Am:maX{Ao,Al,...,Am,l}.

This bound confirms that the residual decays factorially with N, reflecting the spectral (exponential) convergence of
the method.

5.2 Stability consideration

The convergence estimate above presumes that the discrete system resulting from collocation is well-conditioned
and that small perturbations in the data (e.g., in g, o, B, or the kernels) lead to correspondingly small changes in
the computed solution uy. For the class of linear pantograph-type equations considered here, stability of the spectral
collocation method is closely tied to the invertibility and boundedness of the discrete operator. Under the same regularity
and compatibility assumptions that guarantee analyticity of the exact solution (e.g., smooth coefficients, non-resonant
delay parameters, and consistent initial conditions), the collocation matrix is typically nonsingular for sufficiently large N,
and its condition number grows at most algebraically with N—a standard feature of spectral methods for well-posed linear
problems. Moreover, because the basis {Bi} is chosen to be well-conditioned (e.g., orthogonal polynomials mapped to
[0, L)), and because the collocation points are selected to avoid Runge-type instabilities (e.g., Chebyshev-Gauss-Lobatto
nodes), the method exhibits numerical stability in practice. In the presence of highly oscillatory or stiff components,
however, preconditioning or reformulation (e.g., via integration or variable transformation) may be necessary to maintain
stability. Nonetheless, for the smooth, analytic regimes assumed throughout this analysis, the proposed scheme is both
convergent and stable in the sense of continuous dependence on input data.

6. Numerical results

To demonstrate the efficacy of the B-GC method in solving pantograph-type Volterra functional integro-differential
equations, we present several illustrative test problems.

Example 1 ([18]) Consider the first-order pantograph-type Volterra integro-differential equation

¢ ¢
u' =2e £ u — u — u'
(&) =2¢'° —3u(§) -3 - (7)drt /é (7)dr, (23)

-1

subject to the initial condition u(0) = 1 on the interval [0, 2]. The exact solution is u(&) = e~. By splitting the integrals
at the lower limit, the equation can be equivalently rewritten as

(&) =266 —3u(E) =3 [Fu(t)dt— [*u' (1) dT+3 [> u(t)de+ 7 i (T)dr,

u(0)=1.
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In this formulation, the parameters are identifiedas: m=1,{ =1,n=—1, 0p(&)

-1, Klo(é, T) =3, K'n(é, ‘L') =1, and g(é) = 2617‘:.
Table 1 compares the maximum absolute errors of the B-GC method (with N = 15) against several spline-based

collocation schemes [44]—including shifted Gauss, Radau II, Lobatto, Gauss I, and other configurations—as well as the
Laguerre collocation approach [18]. The absolute errors produced by the B-GC method with N = 22 are displayed in

Figure 1, confirming high accuracy across the domain.

Absolute error

=3, kno(£,7) = —3, ko1 (€, 7) =

Table 1. Maximum absolute errors for problem (23)

Gauss (60 collocation points) [44]

1.30 x 10~10

Radau II (60 points) [44]
Lobatto (60 points) [44]
Gauss I (40 points) [44]
Other (60 points) [44]
Laguerre (15 points) [18]
Bernoulli (15 points)

4.67x107°
1.13x 1077
6.57 x 1078
5.85x 1077
2.93x 10710
228 x 1071

1x10%
8 x 107
6x 107"
4% 107

2x 10"

-2 x 107

-4x10"°

0.0 0.5

1.5 2.0

Figure 1. Absolute error distribution for N = 22 in Example 1

Example 2 ([18]) We now examine the first-order pantograph-type Volterra integro-differential equation

g,
(& =g -1+ [ "u(r)d,

24

with initial condition (0) = 1. The exact solution is (&) = 5. Rewriting the integral with consistent limits yields

ary Math tics
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As shown in Table 2, the B-GC method achieves machine-level precision when N = 24, significantly outperforming
the Laguerre collocation results at N = 8. Figure 2 illustrates the close agreement between the exact and numerical

solutions at N = 24.

Table 2. Absolute errors for Example 2

B- th
& Laguerre collocation [18] GC method
N=38 N=24
0.0 3.1308 x 1014 4.4408 x 10716 22204 x 10~1¢
0.2 1.5829 x 107 1.6131 x10°%  2.2204 x 10~1¢
0.4 2.1689 x 10~° 5.0686 x 1077 2.2204 x 10716
0.6 2.0004 x 10~ 1.7005 x 10~° 0
0.8 1.7385x 107 3.1650 x 1076 4.4408 x 10~1¢
1.0 1.8455x 107 3.3140 x 107 0
UL T L L T T AL ¥
|5 [
1,000 ]
]
]
L [ |
800 !
’
|
b 1 }
—~ 600 | /-
Na? ’
S ’
" "
400 Exact solution /
BC method at N =24 7
L ‘.
L 4 4
200 S
1"‘
g g J
0 R L o ot L L |
0 1 3 4 5 6 7

¥

Figure 2. Exact and approximate solutions (N = 24) for Example 2

Example 3 ([45]) Consider the first-order pantograph-type Volterra integro-differential equation

u'(§) =3cos(§) — §cos(3E — 1) — 2+ L (sin(§) + 1) +sin(2&) — 2cos (€ — 1)

(25)

1 - .
+ zco0s(36 +1) —2sin(2§ 4 1) +/€_1 (cos(§ +T41)+2)u(r)drT,
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with u(0) = 1 on [0, 3]. The exact solution is u(£) = sin(&) 4+ 1. Reformulating the integral over [0, &] and [0, & — 1]

gives

ary Math

' () =3cos(§) — §cos(3E — 1) —2+ 2 (sin(§) + 1) +sin(2&) —2cos (€ — 1)

+1cos(3E +1) —2sin(2E + 1) + [ (cos(& + T+ 1) +2)u(t) dt

7f0§—1 (cos(E+T+1)+2)u(t)dr,

u(0) =1.

.

/

u(x)

Table 3. Absolute errors for Example 3

£ Taylor collocation [45] B-GC method
i

N=16 N=25 N=16 N=25
0.5 1.04x10° 1.0x10° 6.82x10°13 0
1.0 213x10°% 7.0x107° 1.06x10712 0

1.5 3.03x107° 13x107% 1.51x1072  L.11x1071°
20 4.12x107% 26x107% 238x10712 222x10716
25 6.19x107° 47x107% 519x10°"  L.11x10°P
30 1.0x107°  89x107%  531x107°  4.74x107

2.0 ST
o” ”o
¢ .
¢ .
18 / L
§ .
/ .
’ .
’ \
/ N\
1.6 - / \ .
’ .
’ 1Y
’ \
’ Y
1.4 - 4 . A 4
" Exact solution “
" BC method at N =24 “
’ 1Y
12 - 4 L
’ Y
’
’
’
’

10 ) S Lo 1 Lo R S | T L

0.0 0.5 1.0 1.5 2.0 2.5 3.0

¥

Figure 3. Exact and approximate solutions (N = 24) for Example 3

1566 | A. Biswas, et al.



Table 3 demonstrates that the B-GC method consistently achieves errors several orders of magnitude smaller than
the Taylor collocation approach [45], even at comparable polynomial degrees. Figure 3 visually confirms the excellent
agreement between the numerical and exact solutions.

Example 4 Consider the first-order pantograph-type Volterra integro-differential equation

W(E) = &~ EEuE) ~ OB (0.58) + [ Fru(r)dT+ [) 5 tu(n)de,

whose exact solution is u(&) = &3.

The results in Table 4 clearly show that the proposed B-GC method achieves significantly higher accuracy than the
Euler wavelet approach at all evaluation points. The absolute errors decrease from the order of 10~ for Euler wavelets
to as low as 10~° when using N = 14. Increasing N from 10 to 14 further improves the accuracy, reflecting the stability
and efficiency of our method.

Moreover, the CPU times highlight a major advantage of the B-GC method: it delivers these high-accuracy results
with a dramatically lower computational cost, reducing the runtime from nearly 2,000 seconds to under 4 seconds. Overall,
the table demonstrates that the proposed B-GC method is both highly accurate and computationally efficient.

Table 4. Absolute errors for Example 4

B-GC method
& Euler wavelets [46]

N=10 N=14

0.1 3.51559 x 1073 3.58313x 1078 5.03386 x 10~
0.3 2.73292 x 1077 1.04937 x 1077 1.06554 x 1078
0.5 9.76814 x 107> 1.45451x 1077 1.05403 x 1078
0.7 272777 x 1073 1.59945 x 1077 8.22383 x 10~
0.9 3.51115 x 1073 1.70188 x 1077 7.23477x 107°
CPU 1994.64 2.813 3.967

Example 5 ([47]) Finally, we solve the second-order problem

W'(&) = Ju(@) +u(5) =~ sin(€) +sin($ ) +Ecos(§) + i wu(r)d,

whose exact solution is u(&) = sin(&).

Table 5 shows that while the B-GC method with N = 10 yields errors comparable to the Taylor method, increasing
N to 20 drives the error down to machine precision. Figure 4 displays the decay of the absolute values of the expansion
coefficients |a;| on a logarithmic scale, revealing rapid (exponential) decay—a hallmark of spectral convergence.
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Table 5. Absolute errors for Example 5

) B-GC method
& Taylor collocation (N = 10) [47]
N=10 N=20
0.2 7.00 x 1010 2.05x107°  8.04x 10710
0.4 1.50x 107 542x107°  7.21x 10716
0.6 240 x 1077 475%x107°  6.66x 10716
0.8 3.00 x 107° 4.03%x10°10  7.77%x 10710
1.0 1.06 x 1077 3.58x107%  7.77x 10716
0 [l ¢
-10 "
<20 .
on
(=] .
—
30 - .
40 - .
[ 1 1 ®
0 5 10 15 20

J

Figure 4. Logarithmic plot of absolute Bernoulli coefficients |a;| for N = 20 in Example 5

7. Concluding remarks

In this work, a spectral collocation framework is developed and employed for the numerical treatment of pantograph-
type Volterra integro-differential equations. The method relies on shifted Bernoulli polynomials as basis functions in
conjunction with Gauss quadrature for accurate evaluation of integral terms. High-precision results are achieved using
only a modest number of Bernoulli-Gauss Collocation nodes. The convergence behavior of the scheme is also analyzed
and discussed.

Despite its efficiency and spectral accuracy for smooth problems, the present method has certain limitations. First,
it assumes sufficient regularity (indeed, analyticity) of the solution, which may not hold in the presence of discontinuous
coefficients, nonsmooth forcing terms, or incompatible initial conditions—situations that can lead to reduced convergence
rates or Gibbs-type oscillations near singularities. Second, the method is currently formulated for linear problems; its
extension to nonlinear pantograph equations would require robust iterative solvers (e.g., Newton-Kantorovich schemes)
and careful treatment of nonlinear delay and integral terms. Third, while the use of global polynomials yields exponential
convergence for smooth solutions, it may become less efficient for problems with localized sharp gradients or long-time
integration, where adaptive or hybrid strategies (e.g., domain decomposition or wavelet bases) could be more suitable.

Future research directions include: (i) generalizing the framework to systems of coupled pantograph equations arising
in population dynamics or control theory; (ii) incorporating variable delays and non-constant scaling factors beyond the
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affine form p,& + g,; (iii) developing error estimators for adaptive selection of collocation points and basis size; and (iv)
exploring alternative bases—such as those inspired by recent Kantorovich-type operators [21-23]—to enhance robustness
for weakly regular solutions.

The proposed method is broadly applicable to models involving proportional delays and memory effects, which
appear in diverse fields such as electrodynamics (e.g., transmission line models), population biology (e.g., delayed birth
processes), stochastic control, and viscoelasticity. Its spectral accuracy and modular structure make it particularly well-
suited for problems where high fidelity and smooth solutions are expected, and where traditional step-by-step methods
(e.g., Runge-Kutta) become computationally prohibitive due to the non-local nature of delays and integrals.
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