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Abstract: This article investigates the existence and global stability of a class of partial integral equations involving
the Hadamard fractional integral of variable order. By employing Schauder’s fixed point theorem within appropriately
constructed function spaces, we establish sufficient conditions ensuring the existence of solutions. We also analyze the
asymptotic behavior of these solutions and derive criteria that guarantee their global asymptotic stability. The practical
relevance of the theoretical results is demonstrated through a detailed example that highlights the applicability and
effectiveness of the proposed approach. Overall, this study provides foundational insights into the existence and stability
properties of a recently introduced class of fractional integral equations, representing one of the first investigations
conducted within this mathematical framework.
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1. Introduction

Among the most powerful tools in the analyst’s repertoire are differential and integral equations, including those of
fractional order. Their theory, enriched by topology, functional analysis, and fixed point methods, has undergone significant
development in recent years, driven by a wide spectrum of applications in engineering, mechanical vibrations, mathematical
physics, and various theoretical and practical problems [1-3]. Fractional differential and integral equations, in particular,
play a central role in the mathematical modeling of diverse processes arising in viscoelasticity, electrochemistry, control
theory, and electromagnetism [4, 5], as well as in porous media and other complex systems. The expanding body of
literature reflected in numerous monographs and research articles addressing both ordinary and partial fractional equations
highlights their growing importance in both theoretical analysis and applied sciences.

Foundational existence and uniqueness results for deterministic integral equations involving Hadamard fractional
integrals with two independent variables are well established in the literature. Subsequent contributions in [6] provided
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a systematic analysis of the analytical properties of Hadamard fractional operators, while the authors in [7] further
characterized these operators through their Mellin transforms. Pooseh et al. [8] advanced the theory by deriving explicit
expansion formulas that represent Hadamard-type operators in terms of integer-order derivatives. Comprehensive surveys
covering these developments, together with related operator properties and applications, can be found in [9, 10] and the
references therein.

A more sophisticated class of operators involves arbitrary (variable) orders of integration and differentiation, where the
order depends on functions of certain variables. These are referred to as variable-order operators. Since their introduction
in the 1990s [11], Fractional Variable-Order (FVO) differential and integral operators have attracted growing interest
due to their flexibility in modeling dynamic systems exhibiting memory-dependent behavior. The study of fractional
variable-order models is still in its early stages, primarily because of the challenges inherent in such models, notably the
lack of standard properties, such as the semigroup property, which are available in constant-order systems. For recent
advances in fractional variational calculus and numerical methods related to variable-order fractional problems, see [12-20]
and the references therein.

The study of fractional integral equations on unbounded domains continues to attract considerable attention. Recently,
Abbas et al. [21] obtained significant existence and stability results for a class of nonlinear quadratic Volterra integral
equations of Riemann—Liouville fractional order. Their analysis focused on the following equation:

B()
ult.3) = 30,0, o). ) + s [ (BO—)!

X g(t, x, s, u(s, x), u(y(s), x)), ds, (M

(t,x) €ERT x [0, ],

where b > 0, and r € (0, ). The functions a, B8, y: R* — R* are continuous delay arguments, while f: R* x [0, b] x
RxR—Randg: R x [0, ] x RT x R x R — R are given continuous nonlinearities. Their work provides a crucial
framework for understanding the behavior of such complex functional integral equations.

Seminal work in this field has established fundamental results on the global solvability and stability of nonlinear
quadratic Volterra-type partial integral equations involving Hadamard fractional integrals of fixed order [22].

The present study addresses the existence and global stability of nonlinear quadratic Volterra-type partial integral
equations involving variable-order Hadamard-type fractional operators.

u(s, x) = f(s, x, u(s, v), u(A(s), ¥))

1 y(s) rr Y(S) M—1 r R(s)—1
e )4 () (o) @
(o5, 5. 6,05, ), u(M(9), ) 5 (8,0) €3 = [1, ) x[1. Bl

where b > 1, >0, R(s) >0,A,7,1:[1,00) = [1,00),and f: FXx RXR = R, h: J x J xR x R — R are given continuous
functionals.

This paper establishes the existence of solutions by applying Schauder’s fixed point theorem within suitably defined
function spaces. Furthermore, we examine the asymptotic stability of these solutions and derive sufficient conditions that
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ensure their global stability. To illustrate the practical applicability of our theoretical framework, a concrete case study is
provided, verifying the implementation of the established conditions. Overall, this work offers foundational insights into
the existence and stability analysis of this recently introduced class of fractional integral equations, representing an initial
exploration of these properties within the specified mathematical setting.

2. Preliminaries

This section presents the notations, definitions, and fundamental concepts employed throughout this work.
LetL'([1, a] x [1, b],R); for a, b > 1, stands for the Banach space of Lebesgue integrable functions u: [1, a] x [1, b] —
R, equipped with the norm:

a b
= [ lute. iyt

By B¢: = €(J: = [1, +0) x [1, b], R) we denote the Banach space of all continuous functions u: J — R with the
supremum norm

[ulle = sup |u(z, v)l.
(r,9)€J

Definition 1 [23] Let | < a < b < 4o and R: [a, b] — (0, +o0). The Hadamard integral of variable order $i(s) for
v is defined by

(f 121(5)0) (s) = F(%l(s)) /a ’ (m%)ws)_l L:)dr, 5>, 3)

if the right-hand side integral exists. Where I'(-) represents the Euler gamma function.
Remark 1 In the general case [24]

I?j(S)I?(S)U(S) £ 1233(5”9“(5)0(5)_
1 1 1

Definition 2 Let 91, R be non-negative real numbers, o = (1, 1), and r = (91, R). Given an integrable function
v € L'(J, R), the Hadamard-type partial fractional integral operator of order r is given by:

X Fo(r, ) = 71_,(9)?)1”%) /11C /IU (log%)gm_1 <logg>m_l gj)dsdr.

Let® # ©, ® C*B¢, and suppose that &: ® — @. We proceed by investigating the behavior of solutions corresponding
to the equation

(Gu)(s, x) =uls, 1) 4)
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First, we recall the concept of attractivity in the context of the solution behavior for the considered Equation (4).

Definition 3 [25] A solution u of Equation (4) is called locally attractive if there exists a closed ball in B¢ centered
at u, with radius p € (0, +o0): B(u,, p) verifying that, for any two solutions v = (s, r) and o = (s, r) lying in
B(uy, p) N O, the following convergence holds for all ¢ € [1, b],

lim (v(s,r)— (s, 1)) =0. Q)

§—o0

Note that if the convergence in (5) is uniform throughout B(u, p), we say the solutions are uniformly locally
attractive (or locally asymptotically stable).

Definition 4 [25] A solution b = v(s, ¢) of (4) is globally attractive if property (5) holds for all solutions to = (s, r)
in the solution space. When this attraction occurs uniformly across the entire space, we describe the solutions as globally
asymptotically stable (or uniformly globally attractive).

Lemma 1 [26] A subset ® C B¢ is called relatively compact in 8¢ provided that the conditions listed below are
fulfilled:

(1) The set © is bounded in the BE norm;

(i1) For any compact subset of J, all functions in © exhibit equicontinuity;

(iii) The functions in © are equiconvergent at infinity: For every € > 0 and ¢ in [1, b], there exists T'(g, r) > 0 s.t.

ju(s, 1) — lim u(s, ¥)l <&

holds for all s > T'(e, r) and every u € ®.
Theorem 1 [27] Let ® be a convex subset of a Banach space B¢ and 91: © — © be a completely continuous map.
Then 91 has at least one fixed point in ©.

3. Existence and stability

This section establishes two fundamental properties of (2):

* The existence of solutions in appropriately defined function spaces.

 The asymptotic stability of these solutions.

We begin by stating the underlying assumption:

(H1) Let Z = {V: =[1, R.], Va: = (R, R, V3: = (Ra, Ra], ..., Tn: = (Ru_1, b]} be a partition of the interval
[1, b] and let P(s): Y — (0, =) be a piece-wise continuous function with respect to 2, i.e.,

Ry, ifreYy,
Ry, ifreVy,
n
R(x) = Y Rili(x) =
i=1
mm lfg S mlﬂ

where 0 < fR; < +oo are constants, and
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1, foryrey;,
Li(x) =
0, elsewhere.

The notion BE; = BE([1, o) x V;, R) denotes the Banach space of all continuous functions from [1, «) x U; into
R, with the norm

Hu”%ﬁ': sup ‘u(57 x)|7 i€{1,2,...,n}.
(5, ¥)€[L, +o0) xT;

Then, forany r € U;, i =1, 2, ..., n, the function h(s, r, s, G, u(s, ), u(n(s), g)) € [1, +oo) x Y; X [1, +o0) X W; x
R xR — R, defined by (3), might then be stated as

71 (s, 5,5, 6, (s, 6), u(n(s), ) = lel /. ﬁ m;,.) (1025) ™ b(s. 1.5, 20w, €. (5), ) 2
(6)
< g (102d) s v g uto. ) ), € S
Then
r(lmo/lﬂs) (71005, 1.5, ¢, u(s, ), u(n(s), €))) "g
) F<19ﬁ>~/1w5) <1°gﬂg§))m_l (1_21, /; o) (1o )™ Moo b5, ¢ uls, ) (). DD (@)

e £yt ds\ dg
+/ﬁ_,-_1 (%)) (1og5) ™" b5, r.5. 6. u(s, ©), u(n(s), g>>s) <

According to (6), forany r € U;, i € {1, 2, ..., n}, Equation (2) can be stated in the following format:

) R 1 .Qj -l
Z/ log —
Rj-1 F(mj) T

=1

(s) M—1

d 1 Rj-1
<o 576 uw 0w, ) T+ [ gy (o h)
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dt|d
X b(sv LT, u(17 g)a u(n(T)v Q))T] ?g (8)
Let u € B¢, be a solution of (8), such that u(s, r) =0 on ¢ € [1, V;_;]. Then (8) is reduced to
Lo e\
9 = )y & ) ’ l ) 7/ 1 e
u(e, ) = ok (o, 1) w(h(0) ) s [ (loe 7 )
)

ds ds

- /I r(;{.) (logg)mjil s, 5.5, 6, uls, €), u(n(s), )~

Rj-1 J

We now impose the following assumptions:
(1) The function A: [1, 4e0) — [1, +o0) fulfills sLHE A(s) = Hoo.

(2) There exist a nondecreasing function ¥;: [0, «o) — (0, ), and constants .#;, £; > 0 verifying .#; < %

%i(‘ul _uz| + |Ul _UZD
1+ A(5)) (L 4 [uy —uz] + [0y —0,])

‘f(57 L, Uy, Ul) _f(sa L, U, t)2)| S (
and
f(51, Trs 4, 0) — (82, 12, 1, 0)| < (|81 — 52|+ 12 — 22]) % (Ju| + |0]),

for each (s, r), (81, 21), (52,12) €[1,0) x V;and u, v, uy, 0,5, u,,0, €ER.
(3) s — f(s, 1, 0, 0) is bounded function on [1, 4e0) x U; satisfies

f* = sup ‘f(57 L0, 0)|
(5, 2)€[1, +o0)xW;

and

5E>r_£loo|f(5’ L, 0> 0)| = O’ re mi'

(4) There exist continuous functions p;, q;, -7, : [1, +) x U; — R, and a function &;: [0, +o0) — (0, +o0), which
is nondecreasing, in a manner that

|h(517 £, 8,6, 4, U) 7{](527 2,8, 6,4, t))| < ‘%(S’ g)(|51 752| + |Fl *?ZDﬁ](‘Ul‘F |U|)?

and

pi(5, P)qi(sa G)
+A(s) +ul+ o]’

|h(s, r,8,9,u,0)| < I
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for each (s, r), (s, §), (81, 1), (82, ,) € [1, +o0) X W; and u, v € R. Furthermore, suppose that

) v(s) rx
o) [
500 1 Ry

Theorem 2 Under assumptions (1)—(4), there exists at least one solution to the integral Equation (2) in the function
space B€;. Furthermore, all solutions of (2) exhibit global asymptotic stability.

r

log =
gG

MNM—1 %j—l
log Y(j)‘ ‘ qi(s, )dgds = 0.

Proof. Setd!: = sup 0i(s, r) where
(5, 1)€[1, 00) x T

~opils,r) 1) gE M1
O et S

mj*l

r
qi(s, ¢)dgds.

log @ log —

Based on Hypothesis (4), we deduce the finiteness of 0.
We now introduce the operator 91 as follows: for any u € B¢&;, put

(s) Mm—1
(M) (s, ) = §(5, ¥, u(s, 1), w(A(s), 1)) + r(lgn) /ly (log ?’(;))
(10)
dsdg
s ¢

X /;/1 F(fly“t/) (IOgE)mj_l h<57 Ls, ga u(s, g), U(T](S), g))

Building upon the foundational assumptions (1)—(4), we first establish the continuity of the operator (9tu) on the

function space B¢;.for any u € BE;.
Let (s, r) be an arbitrary point in the domain [1, +e0) x ;. Through careful estimation, we derive the following key

inequality:

|(O)(s, 1)| < [f(s, x, u(s, r), w(A(s), ) = f(s, r, 0, 0)| + [§(s, &, 0, )

mj—l

t
s

log

‘fml

1 ¥(s) rr y(g)
el AN

dgds
86

x|b(s, 1,8, 6, u(s, g), u(n(s), )|

< A(|u(s, 1)+ |u(A(s), D))
— (1 A()(Li+ [uls, )|+ [u(A(s), ¥)])

pi(sa X) rs) rx
T T /1 /ﬁ,_l

qi(57 G)
“TH A Fus, o) lu(n(s), o) 2%

+1f(s, x, 0,0)|

m-l ;-1
log?/(;)‘ ‘logE !

N
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< A(u(s, 1)+ [u(A(s), 1))
lu(s, r)| + [u(A(s), r)]

++0}.
Thus

[N(w)[lse, < Ai+F +0;. (11)

Consequently, we have established that 9t(u) € B¢; for all u € B¢;. From Equation (11), we deduce that the operator
N leaves invariant the closed ball B,,: = B(0, p;), where the radius is given by p; = .#; + f* +dj .

We now verify that the restriction 91: B p; — B p; meets all the requisite conditions of Schauder’s fixed point theorem
(Theorem 1). The verification will proceed through the following steps:

Step 1: 91 is continuous.

Given a sequence {u, }nen in B, such that u, — wu, it follows that for all (s, r) € [1, +e0) X Tj:

|(Mun) (s, 1) = (M)(s, 1) < [§(s, &5 un(8, 1), un(A(5), 1)) = (s, £, uls, x), w(A(s), 1))|

M-1 ; mi—l
logf’
S

v(s)
log —=
£

X sup |h(5a Ls, ga un(s, g)a un(n(s)v g))
(5, 6)€[L, +o0) xW;

dgds
(s, 5. ¢ u(s, €),um(s), )
2.M,
< =~ ulme
vs) rr M- Rj—1
+;/ / logq/(s)’ logE ’
;) L Ja | ° ¢ s

X Hh(57 Loy un('7 ')7 un(n(')7 ))

*h(ﬁv Loy u('a ')v u(n()7 '))”%Q‘;dgds

At this stage, we will study two cases of the domain. The first case is a bounded domain [1, €], and we will use the
same method as before.
Case 1: (s, 1) € )i x U since u,, — uas n — —+oo and h, N are continuous, the above inequality yields:

9% (1) — N () |, — 0 as 1 — o0,

Case 2: (s, 1) € [T, +oo] x Tj,T > 1 then from (4) and the earlier estimate, for each (s, r) € [1, o) X Uj:
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2pi(s, x)

|(Mun) (5, ¥) — (M) (s, 1)| < ZT{AHun —ufse, + REDNEH]

/7(5) /zc
X
1 K1

2M,
<5 *un — uljse, +0i(s, 7).

i

mj—l

M—1
logY(:)’ qi(s, ¢)dgds.

r
log ~
9

Thus:

2.4
(Oun) 5. 1) = ()5 8)| < 1 um — e, 045 0):

Since u,, — uasn — oo and § — 40, we conclude:
19T (un) — N(u)||3e, — 0 as n— +oo.

Step 2: (B,,) is uniformly bounded since N(B, ) C B, and By, is bounded.
Step 3: Equicontinuity on Compact Subsets 2); x ;.
Let (81,1), (52,12) €9 x Y; with s, <s,,r; <r,. Assume without loss of generality that y(s;) < y(s2). For

u € By

|(M) (52, 12) — (M) (51, £1)] (52, 225 w52, 1), W(A(52), 12)) — F(82, 12y w(S1, 21), w(A(S1), £1))]

+ (52, vz, u(s1, £1), w(A(51), £1)) = F(51, ¥as w51, £1), w(A(51), 11))|

1 ¥(s2) iz Y(ﬁz) M—1 I Rj—1
+ log =22 log 2
CT(%R,) J /ﬁ ®7s %
dgds
X ‘h(ﬁlv £, S, ga u(S, g)» u(n(s)’ g)) - h(slv IS, g, u(s, g)v u(n(s)v g))gT
Y(s2) 2 M-1 Rj-1
+ o / /X log 7}’(52) logZLZ ]
TOMTR) L s, s S
Xh(gla ;17 S7 G7 U(S7 g)a u(n(s)7 G))|dgds
Y(s1) 1 M-1 Rj—1
_; / /; lOg Y(EZ) log& )
TOMTR) L s, s S
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xb(s1, 81,8, 6, u(s, §), u(n(s), ¢))ldeds

Y(52) N—1 & ij*l
<logS > logg

B }/(51> N —1 E Ry—1
<log S ) logg

This establishes the equicontinuity of 91(B, ) on ); x ;.

i

n 1 /7(51>/h
Toroy) L e

[b(s1, 11,8, 6, u(s, §), u(n(s), §))ldgds.

[QEDICES 2YEQLDICIS 29] S% (lu(s2, 12) —u(sr, 12)[ + (A (52), £2) —w(A(s2), ¥2)])

+ (52 =8|+ [r2 =1 )% 2lJullwe,)

M—1 IZ 9%171
log—
S

V(s2)
log S

1 /7(52) /sz
+7
COMI(R;) /i /5,

X (s, §)(Is2 —su |+ 12 — 1a]) Gi(2f|ull e )dg ds

M—1 Rj—1
L2

log ns2) log ==
s S

n 1 /Y(ﬁz) /?z
F(im)r(mj) 1(s1) JRi_,

dgds

X [h(s2, 12,8, 6, u(s, 6), w(N(s), 6)) —h(s1, r1, 8, G, u(s, 6), u(n(s), ¢)) <

rm)llw /17(52) /;21

xb(s1, 81,8, 6, u(s, §), u(n(s), ¢))deds

M—1 %jfl

Y(s2)

S

I

+ log

log

M—1 9‘{171

v(s2)
s

I

log ’10g

1 /‘7(51) /‘Fz
F(m)r(m]) ¥(s1) Ji

Xh(ﬁl, L1, S, gr u(s, G)v u(n(s)a €)>|dgds

,}/(52) N—1 g mj—l
<log S ) logg

1 /7(51) /h
+7
C(T(R;) /1 Ris
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C

M—-1 Rj—1
— <log L(ﬁl )> <log Fl) :
s S

IB(s1, 21,8, 6, u(s, §), u(n(s), ))|dgds.

Hence, we obtain:

N

|(M)(s2, x2) — (Mu)(s, 1a)| <

(lus2, £2) —u(sn, 12) [+ WA (s2), ¥2) —w(A(s1), 1))

i

)

1

(|s2 — 51|+ |2 —r1])0i(2M)

+ (82— sa |+ 1 —m ) %(20) + T(ML(R;)

¥(s2) rr
S e
1 R S

Jj—1

pi(sy, 1) 1(s2) rr2
+ TR ey I
INQUIN j) v(s1) Y&
m-1 %0-1

pi(sy, r1) /7(5”/‘2 Y(s2) ©
+ log log = qi(s, g)dcds
rore) s o 2 AR

M1 B R;-1
og —
S

Hi(s, 6)dgds

R,-1

217 qis, ¢)dgds

v(s2) [V '1
S

log

pi(517 xl) /Y(52> /;2 7(52) m-1 %) Rj-1
+ == lo log &= (s, ¢)dcds
FOME(R)) Jys,) Je &7 & ¢ qi(s, §)dg

pi(517 Pl) /‘7(51)/‘252 ( '}’(52)>ml %) R;-1
_Pivdy, h) log £352) log 22
Tromrey) s Je |V (10277

Y\ m R
<10g c ) (logg)

From the continuity of A, 7, f, b and as s, — s, and p; — 1., the right-hand side of the inequality vanishes.

qi(sa G)dg ds.

Step 4: 91(B,, ) is equiconvergent.

Let (s, 1) € [1, +o0) x U; and u € B, then we have:

|(O)(s, )| < |f(s, ¥, u(s, x), w(A(s), ) = §(s, x, 0, 0)[ + [f(s, £, 0, 0)]

1 y(s) rr Y(5) ‘ml T ’%jl
e [
F(im)l“(i)%j) 1 Ry o8 S Ogg
dgds
< Io(s. 5,6, u(s, ), u(n(s), €|
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- Ai(|u(s, 1)+ [u(2(s), ¥)])
T (T A(9)) (L [uls, 1)+ [w(A(s), 1))

+f(s, r, 0, 0)|

L hilsn) /”“’) I g YO g &
F(W)F(mj) 1 R S
qi<57 g)
X dcds
T+ A(s) + u(s, 9|+ u(n(s), o)
M
<
pi(s, r) /Y<5> /F ys) [N et
log -2 log <
TTEr@R)(+26) h a8 \Ogs\ dgds
i oF
< +1f(s, r, 0, 0)| + L

1+A(s) 1+A(s)

Hence, the following holds for all ¢ € 0;:
[u(s, r)| — 0 as § — —oo.

Hence,

lu(s, r) —u(+eo, r)| — 0 as s — oo

Our arguments in Steps (1)-(4), combined with Lemma 1, prove the continuity and compactness of 1 on 9B,,. Through

Schauder’s fixed point theorem 1, this establishes the existence of a solution u € 2B, to the Hadamard Equation (2), given
by:

ul(ﬁ, I)? ?6%17
0, re,,

uz(ﬁa X) =
U, r€Y,,

u(s, r) =

07 xemﬂ—la

Un(s, 1) =
ut‘h Iemm
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Step 5: We now establish uniform global attractivity. .
Let u, be a solution to (2) under the given theorem conditions, and consider the ball B (u,, p;*) with pj* = %,

where

T Rj—1

M—1
‘ N

1(s)
log c ’10g

pr 1 /7(5) /zc
= sup
FOML(R;)) (s, p)eft, 4oy, | /1 850

x[b(s, r, 6,5, u(g, s), u(n(s), 6)) —h(s, . 6. 8, Uo(G, 8), uo(M(s), ¢))|dsdg; ue BE;}.

Taking u € B(u,, p;*). Then, we have

[(Mu)(s, ) —uo(s, )| = (M) (s, ) — (Mo ) (s, )|

< (s, & u(s, 1), w(A(s), ¥) = §(5, &5 1o (8, 1), uo(A(8), 1))

* mfm/lm) /ﬁil \“’gﬂf)

X ‘h(sa LGS, u(@ S)7 u("] (S)a g)) - h(5v LSS, uo(g, S), uo(n(5>7 g))’

Rj—1

M—1
‘ log —

|

dsdg
56

2. .
< =5 u—vollme, + 44
1

2.4,
<
<5

pi + A =pi

Hence, we see that 91 is a continuous function satisfying 91(B (u,, p;*)) C B(uo, p;*). Additionally, for every solution
u of (2), we have:

[(OTu)(s, x) —uo(s, )| = [(Mw) (s, ¥) — (Nuo) (s, 1)

< [f(s, £, u(s, ), u(A(s), ) = (s, &, w0 (8, 1), Uo(A(5), 1))

;-1

M—1
logY(:)‘ 'log !

1 1(s) rr
*nmwwnﬁ Aﬂ
X |h(§7 LGS, u(Ga S), u(n(s)7 g)) - h(ga LGS, uo(ga S), uo(n(s)7 g))’deg

Thus
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[(OM)(s, ¥) —uo(s, 2)| = %(\u(m 1) = uo(s, )| +[u(A(s), 1) —uo(A(s), 1))

(12)
M1 R;—1
pi(s, 1) /V<5> /; 1(s) ‘ e
+ == log —= log = i(s, r)dsd
ooty b s, g e qi(s, r)dsdg
Where .#; satisfies Assumption 2 (see page 6).
By using (12) and the fact that y(s) — o0 as s — +o0, we get
5E>Tm|(mu) (57 ?) —Uo (5a I)|
13)
- Lipi(s,®) /7<5> I 7(s) ‘fm‘l ; ‘mj_l
< lim —————— log —= log = i(s,r)dsdg =0
< Imromrey S a2 e qi(s, r)dsdg
The result implies that the integral Equation (2) admits globally asymptotically stable solutions. O

3.1 A case study

We proceed to examine a Hadamard-type integral equation with partial derivatives and variable fractional order:
2
3

sx(1+2sin(u(s, x))) 1 S gy - R(s)-1
u(s, %) = 100(1+Ss1s2+s3) +r(§)r(%(s))/1/1 (logE) <1°g1§)

ln(l +2r(s1) " u(r, TI)|)
X
(1+7+2lu(z, m))* (1 +22+7%)

dndzt, (s,x)€][l, o) x[1, €], (14)

where

, s€Y,:=]1,2],

[NSIION)

[S1[e)

, $€Y,:=]2,¢],
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fori=1

ul(f’x)—i)i)(()l(;risfirjfi(zfjr%))) % 0 //<1og ) 3(]0g;>2

1n(1+2x(r11)’1 lu(t,m)|)
<1+T+2|u(r, n)\)2 (1+x2+r4)

N

dndsg, (T, %) €1, +eo) x [1, 2],

fori=2

e e g () ()

In(1+x(zn) " u(z, n)|)
(1+‘L’+2|u(1:, n)\)2 (1+x2+1:4)

N

w\

dndg,  (7,x) €[l, +o0) X [2, €],

for (s, 1), (s, ) € [1, ) X Yy, [1, +o0) X Wy, and u, v reals.
We can easily verify that the fourth are met, since § is continuous and satisfies assumption (2). In particular .#; =
My = %, £1 = £, = 1. Furthermore, f satisfies assumption (3) with §* = {5. Let us point out that h meets requirement

(4), wherein pi (s, ) = p2(s, ¥) = prpzrer and 41 (s, 1) = q2(s, M) = (s1) " Also,

l1mp1 T, X) —’" log q1(0' n)dndo
. X T X T -2 X %dndO'
:hmrﬁmmfl fl ‘10g8| 3 logﬁ on

2(logx)3/2(log)!/3 0
T 212444 Y

= lim7_o, 3(1+2+7%)

and

llmpg'rx// —‘

o 2
:limrﬂmm\f{v\[ix‘log%| ’

log — ‘ q2(o,n)dndo

5 dndo
on

log%

5(logx)®/3 (log7)!/3 _

= limr—o, 2(1+2+7%)

The following results hold for Equation (14):
* A solution exists over the product space [1, o) X [1, ¢];
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* Every solution is globally asymptotically stable.
* Figure 1 presents the numerical solution obtained for the integral equation.

where

Volume 7 Issue 3|2026| 3011

u(t, x)

Figure 1. Numerical solution of the integral equation

u<57 I) =

1

u1(57 ?)7

UZ(S, F)a

5 €9,

5 €9,
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0.1

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

Contemporary Mathematics



0, NS [1, ‘31],
uz(sa ?) =
u,, s€9,.

4. Conclusion

In this work, we investigate the existence, asymptotic behavior, and global stability of solutions for a class of partial
integral equations involving the Hadamard fractional integral of variable order. By employing fixed—point theorems, we
establish rigorous theoretical foundations, supported by detailed proofs and propositions. Our analysis identifies sufficient
conditions for solution stability and illustrates these results through practical examples.

This study also opens several promising avenues for further research. A key direction is the extension of the current
framework to more complex differential systems, particularly the analysis of Volterra—type partial integral equations with
Hadamard-Stieltjes fractional variable order.
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