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1. Introduction

The study of fixed point theory began with Banach’s Contraction Principle in 1922, which established the existence
of unique fixed points for contraction mappings within complete metric spaces. Later Browder and Petryshyn [1] defined
Asymptotically Regular (AR) mappings. Building on this, Kriippel [2] demonstrated that if C is a convex, closed and
bounded subset of E which is uniformly convex Banach space, then any AR mapping K: C — C with Lipschitz norm
satisfying liminf, . ||K"|| < 1 possesses a fixed point in C. This result was further generalized by Gérnicki [3] in 1993,
who provided conditions, for fixed points, which are sufficient for their existence. Subsequently, Ciri¢ [4] extended and
broadened the findings of Sharma and Yuel [5] and Guay and Singh [6], establishing fixed point theorems in metric spaces
without requiring completeness. More recently, Khan and Jhade [7] developed fixed point results for AR sequences and AR
mappings within complete b-Metric Spaces (bMSs), thereby extending previous work in this area. Their results extended
and generalized fixed point results of Hardy and Rogers [8] and Reich [9]. Khan and Oyetunbi [10] improved the results
of Gornicki [11] and Bisht [12] for a pair of AR mappings.

In 2022, Bisht et al. [13] introduced novel classes of generalized contractive maps and established Common Fixed
Point (CF P) theorems for pairs of AR mappings. Their findings expanded and refined several classical results, including
those by Kannan [14], Reich [9], Hardy and Rogers [8], Cirié [4], Jungck [15], Gornicki [3], among others. For results in
the framework of bMSs, the reader is referred [16—18].
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Additionally, Khan et al. [19] derived CF P results for AR self-mappings and their averaged counterparts in convex

metric spaces, employing various contractive conditions inspired by Goérnicki’s work on continuous AR self-mappings. For
applications, we refer the interested reader to [20, 21]. Recently Alsulami and Alarfaj [22] established fixed point theorems
in a complete strong b-metric space under the o — y-contractive condition imposed on single-valued and multi-valued

mappings.

In the present paper, we focus on establishing unique CF P theorems for AR mappings in bMSs, considering certain

classes of mappings that satisfy newly introduced contractive conditions by Bisht et al. [13]. Section 4 presents an

application of these results, while Section 5 extends the discussion to CF P theorems for single-valued and multi-valued

mappings in the setting of strong bMSs. We also provide examples and applications to illustrate the effectiveness of our

results.

2. Preliminaries

Definition 2.1 Let U # ¢ be a set and the mapping @: U x U — R (non-negative reals) satisfies:

(S1) @(v,p)=0iff v=p forall v, p € U;

($2) (v, p)=P(p, V) forall v, p € U;

(S3) (v, p) < s[B(v, @) + D(®, p)];
forall v, p, @ € U, for a constant s > 1.

Then @ is a b-metric on U and the pair (U, @) is known as bMS with coefficient s.

Remark 2.2 The collection of bMSs properly contains the family of metric spaces, as every metric space can be

viewed as a bMS with coefficient s = 1.

To illustrate this, we provide an example of a bM S that does not satisfy the conditions of a metric space.
Example 2.3 [7] Let U = [0, ) and &: U x ¥ — R be defined by ®(v, p) = |[v—p|*. Let v, p, @ € U, for

h=v—®and g =@ — p, we have

v—p=|h+gf

< (Inl +1g))?

< |n* +2|hllg| + |gI?

< |A]? + (B> +|gI?) + |g]*  (Since 2|hl|g| < |n* +gI?)

=2/h|* +2Jg)?
=2lv-af+|o—jP)
=2[®(v, B)+ P(®@, j)]

which implies that @(v, y) < 2[P(v, @)+ P(@, p)].
Therefore (U, @) is a bMS with s = 2.
Also, for v > p > @, we have
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V—plP=lh+gl’=(h+g)?>n+g=(v-a)+@-p)=|v-a|+|@—pl’,

which implies that @(v, p) > (v, @) + @ (@, p). Therefore (U, P) is not a metric space.
Definition 2.4 Let (U, @) be a bMS. Then {v,} in U is called:
1. Cauchy sequence iff for all € > 0, there exists N(€) € N such that for each n, m > N(€), we have ®(v,,, v;y) < €.
2. Convergent to v € U iff, for all € > 0, there exist N(€) € N such that for every n > N(¢g), we have ®(v,, v) < €.
Definition 2.5 In a bMS (U, ®), a mapping K: U — U is said to be AR at v € U if lim, .. ®(K"v, K" 'v) = 0. If K
is AR at each v € U, then K is said to be AR on U.
Example 2.6 [7] Let (U, @) be the bMS as in Example 2.3. Let K: U — U be defined as

v
Kv = 1 where v e U.

Then, we have

. n n+1 1 ny, _ pn+l 2. L_ v ‘2
Jim SR, KTv) = Jim [KV — K] = i [~
2
. 3v
=] =0

Hence K is an AR map on O.
Definition 2.7 A point v € U is called CFP of L and K if

Lv=Kv=v.

Definition 2.8 Let U # ¢ be a set with s > 1. Strong b-metric on U is a function @: U x U — R™ satisfying the
following axioms for all v, p, @ € U.

(Sby) ®(v,p)=0iff v=p forall v, p € U;

(Sby) ®(v,p)=P(p, V) forall v, p € U;

(Sb3) @(v,p) < P(v,®)+sP(@, p) forall v, p, @ € U.

Then (U, @) is called a strong bMS.

Let us consider the class .7 of all functions F: [0, ) x [0, o) — [0, o) satisfying F (0, 0) = 0 and F is continuous at
(0, 0).

Definition 2.9 [13] In a metric space (U, ®), mappings K, L: U — U are called Reich-Proinov-Gérnicki (RPG) type
mappings if there exist n € [0, 1) s.t.

B(Kv, Lp) <1P(v, p) + F(B(v, KV), B(p, Kp)) (1)

forall v, p € U and some F € .Z.
Definition 2.10 [13] In a metric space (U, &), mappings K, L: U — U are called Hardy-Rogers-Proinov-Gornicki
(HRPG) type mappings if there exist 7, 8, © € [0, 1) with n + 0 + ¥ < 1 s.t.
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D(Kv,Lp) <nP(v, p)+6P(v, Lp)+ 9P (p, Kv) +F(P(v,KV), (p, Kp)) 2

forall v, p € U and some F € .7.
Definition 2.11 [13] In a metric space (U, ®), mappings K, L: U — U are said to be Cirié-Proinov-Gérnicki (CPG)
type mappings if there exist y € [0, 1) such that

D(Kv, Lp) < pmax{D(v, p), (v, Lp), ®(p, KV)} + F(@(v, KV), D(p, Kp)) 3)

forall v, p € U and some F € .Z.

Definition 2.12 Let £ be a self-mapping on a metric space (U, @’), and denote by Oy () = {£"v:n=1,2,3, ...},
the orbit of £ at the point v € U. The map & is called Orbitally Continuous (OC) at v if, for every sequence {p,} C Oy (&)
converging to some @ € U, the sequence {&p, } converges to E@. When & is OC at every point in G, it is called OC.

It is known that every continuous self-mapping on a metric space is OC; however, the converse does not necessarily
hold, as there exist OC mappings that are not continuous (see [23], Examples 4 and 5).

Definition 2.13 [15] Self-mappings L and K of a metric space (U, @) are compatible iff

lim &(LKVv,, KLv,) =0 whenever {v,} isasequence in U such that
n—yoo

limLv, = lim Kv, =t
n—soo n—yoo

for some ¢ € U. Thus, if ®(LKv, KLv) — 0 as ®(Lv, Kv) — 0, L and K are compatible.

Definition 2.14 [24] Let (U, @) be a metric space and K, L: U — U be two mappings. K is AR with respect to L at
Vo € U, if there exist a sequence {v,} in U such that Lv, | = Kv,,n =1, 2, 3, ..., and lim; e @ (LV;, 1, LVy42) = 0.

Bisht and Singh [25] have studied CF P of two self-mappings:

Theorem 2.15 ([25], Theorem 2.1). Let (U, &) be a complete metric space and K, L: U — U be a pair of mappings.
Assume that K is AR w.r.t. L and satisfy the following

D(Kv,Kp) <n®P(Lv, Lp)+K{P(Kv,Lv)+ P(Kp, Lp)} 4)

forall v, p € U, for some 1 € [0, 1) and for some k > 0. Then K and L have a unique CFP in U, given that K and L are
compatible and OC.

Definition 2.16 In a metric space (U, @), mappings K, L: U — U are said to be contraction mappings if there exist
n € [0, 1) such that

D(Kv,Lp) <nP(v,p) (5)

forall v, p € O.

Pant and Pant [26] gave the idea of k-continuity as follows:

Definition 2.17 A self-mapping & of a metric space U is said to be k-Continuous (kC), k= 1,2, 3, ..., if EXv, — &t
while {v,} is a sequence in U such that £~ 1y, — 1.
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Example 2.18 Let U = [0, 2] provided with the usual metric and let &:  — U be established by

o<v<l,

Then Ev, — t = E2v, — t since Ev,, — ¢ implies r =0 ort = 1 and E2v,, = 1 for all n; that is, E2v,, — 1 = Er.
Hence & is 2-continuous but discontinuous at v = 1.
Example 2.19 Let U = [0, 4] endowed with the usual metric. Define &: U — U by

Then E%v, — t = E3v, — &t since E2v, — ¢ implies t =0 or t = 1 and E3v,, = 1 = &¢ for each n. Hence & is
3-continuous. However, £V, — ¢ does not imply £2v,, — &1, that is, £ is not 2-continuous.

The cited examples illustrate that the continuity of £¥ and the k-continuity of & are separate requirements when k > 1.
It is straightforward to observe that 1-continuity coincides with ordinary continuity, and

continuity = 2-continuity = 3-continuity = ---;

though the reverse implication does not generally hold.

3. Common fixed point results

Here is our main result. It extends Corollary 2.4 of Bisht et al. [13] in the context of a b-metric space.

Theorem 3.1 Let (U, &) be a complete bMS and K, L: U — U be AR mappings satisfying (2) for all x, p € U. Then
K and L have a unique CF P where K and L are kC for some k > 1 or OC.

Proof. First we show that @(K"v, L"v) — 0 as n — o for all v € U. If L = K, then there is nothing to prove. So
suppose that L # K. Then using (2), we obtain

®(K"v, L"v) = O(KK" v, LL" V)
<N@®K" v, L")+ 0D(K" v, L'v) + 9D (L" v, K"v) + F(®(K" v, K"v), &(L" v, L"V))
<sn® (K" v, K"V) + (K", L'V) +s*n®(L"v, L' 'v) +s0 (K" 'v, K"V) +s0D(K"v, L"V)

+5s0P(L" v, L'V) + 58D (L"v, K"V) + F(®(K" v, K"v), (L 'v, L"V))
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(1—5°1n —56 —s9)P(K"v, L"V) <sn®(K" 'v, K"v)+s*n®(L"v, L' 'v) + 56 B(K" " 'v, K"V)
+5sO0P(L" v, L'V) + F(®(K" v, K"v), &(L" v, L"V))
. 2

0 0
P(K"v,L"v) < TSd)(K”_lv, K"'v)+ %CD(L"V, L 'v)+ STCD(K"_IV, K"v)+ STCD(L”_IV, L"v)

1
+—F(®(K" 'v,K"), (L" v, ["V))

A

where 1 — 5?1 —s(8+0) = A.
This follows from the asymptotic regularity of L and K, along with the characteristics of the function F,

D(K'v,L"vV) -0 as n—roo 6)

Now, let Vo € U be arbitrary. Consider the sequence v,, = K"vy forn =0, 1, 2, .... Then for n, m € N and m > n, we
have

D(Vy, Vi) = P(K" vy, K™ Vo)

< s®(K"vy, L'vp) +sD (L vy, K™ vp)

< s®(K"vp, L"Vo) + s®(K (K™ 'vg), L(L" ')

< s®(K"vy, L"vo) +sn®(K™ v, L' 1vy) + 50 D(K™ vy, L"vg) +s9D(L" vy, K™ vy)
+sF(P(K™ vy, K™vy), D(L" vy, Lvp))

< s@(K"vo, L"Vo) + s> @ (K™ o, K™ Vo) + 5@ (K™ Vo, K"vo) +s*n®(K"vo, L™ o)
+ 5N D(L"vo, L' 1) + 520 D(K™ vy, K™ Vo) + 50 (K™ Vo, K"Vo) + 530D (K v, L")
+20@ (L vy, L) + 50D (L v, K"Vp) + s> 8P (K" vy, K" V)
+5F(P(K™ 'vo, K™vp), @(L" 'vo, L'wp))

< sP(K"vo, L"'Vo) + (s’ 4+ 570 + 52 9)D(K" vy, K™Vo) + 2@ (K™ v, K™ Vo) +s*n (K" vy, L"Vvy)
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+s*n®(L" v, L o) 4+ 520D (K™ vy, K™vy) + 520D (K" v, L"Vg) + s> 0P (L" v, L"vp)
+ 530D (L" vy, K"vo) + sF(@(K™ 'vo, K™vp), (L" v, L")
< sP(K"Vo, L'Vo) + (5°1 +5°0 +5°0) D (Vy, Vi) + "N DP(K™ 'vo, K™ Vo) +5* NP (K" vy, L" Vo)
+ 5N D(L"vo, L' 'x0) + 520D (K™ xg, K"x0) + 5> 0P (K" vy, L") + s> 0P (L" vy, L")
+ 30D (L" vy, K"'Vo) + sF(D(K™ 'vo, K™vp), (L' v, L))
(1= (N +0+0)P(Va, Vin) < sP(K"Vo, L"Vo) + 5N P(K" o, K" Vo) + 5" NP (K"vo, L"vo) +s*n P (L"vo, L")
+5°0D (K" vy, K"Vo) +5° 0D (K" vy, L'Vo) + 5> 0 D(L" ' v, L"vp)

+530® (L vy, K"Vo) 4 sF (D(K™ v, K™ Vo), (L™ vy, L"vp))

D(Vy, V) < ﬁ%a)sqb(l("vo, L'vy)+ lsj?(oc)d)([(mlvo’ K™vp) + 1Si3n(a)d>(l(”v07 L'vp)
+ l_sz?(a)db(L”vo, L")+ l_s;ia)cp(Kml Vo, K"vo) + l_s;ia)‘p(K"VOv L"vo)
l_sif(ooqb(L"‘vm L") + %qb(ﬂm, K"vp)
g sss(a)’F(qb(Km*‘vo, K"vp), ®(L"'vo, L"vo))

where n + 60 + 9 = «.
Applying limit, asymptotic regularity of L and K and (6), we get

D(Vy, Vi) >0 as m,n—> oo,

since F is continuous at (0, 0) and F (0, 0) = 0, which shows that {v,,} is a b-Cauchy sequence in U. By completeness
property of U, let v, - h € G asn — o« i.e. K"Vg —> h as n — . So by,

(Lo, h) < D(L" vy, K"vo) + D(K" Vo, h),

L"vg — hasn — oo,
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Suppose that L and K are kC. Since lim,; oV, 1 = h, so lim,_KV, = h. Moreover, for each k > 1, we have
lim,_K*v, = h. Since lim, ,..K*~'v, = h and so by k-continuity of K, we get lim, ..K*v, = Kh. Thus Kh = h i.e
h € U is a fixed point of K. In a similar way, by k-continuity of L, we have Lu = h. Hence h is a CFP of L and K.

Next consider that L and K are OC: we have lim,,_,c0 V;,.1 | = lim,, o V;; = h. By orbital continuity of K, lim,,—,eo V, = h
implies lim,,_, KV, = Kh, i.e., h € U is a fixed point of K. In the same way, by orbital continuity of L, we have Lh = h.
Thatis, h € Uisa CFP of L and K.

For uniqueness of CFP, let h # g where g € U is another fixed point of L and K.

®(h, g) = D(Kh, Kg)
<ND(h, g)+0D(h, Kg)+ 3D(g, Kh) + F(D(h, h) + P(g, g))
<NP(h, g)+0P(h, g) +0P(g, h) + F(P(h, h)+ P(g, 8))
(1-1-6-3)®(h,g) <F(0,0)
(1-1-6-0)P(h,g)<0

which yields @(h, g) = 0, a contradiction to our supposition that i # g.
Hence the CFP of L and K is unique.
We provide an example in support of Theorem 3.1.
Example 3.2 Let U = R. Define @: U x U — R by &(v, p) = |v —p|%. Then (U, ®) is a complete bMS with
constant s = 2, since forall v, p, @ € U,

O

B(v, @) = [v—af <2(v—p[ +|p— @) = s((v, p) + B(p, B)).

Consider the mappings K, L: U — U defined by

Y \Y
K(v)=—, L(vV)==
v)=7, Lv)=¢
Both L and K are AR because for any v € U,
145} n n+1 _ \4 v 2_ 3v 2
(KV,K V)—E—W‘ —W —>0,
and,
¢nn+l_v v2_7v20
(L'v, L") = ﬁ_W‘ =|gmr| —0
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as n — oo, Next, choose constants 1 = 0 = ¥ = %, sothatn+ 0+ 9 = % < 1, and define

F(v.p)= g(v+p).

For any v, p € U, the Hardy-Rogers-Proinov-Goérnicki type contractive condition (2), namely,

D(Kv, Lp) <NP(v,p)+0P(v,Lp)+9P(p, KV)+F(P(v,KVv), P(p, Kp))
holds. Explicitly,

zfef<1 o 1’fef 1’fzf 1‘ fxf ’fef
7 gl SalveliEglvgl tglpgl g\l TPl )

Since L and K are linear and kC mappings on R, they are kC with k = 2. Therefore, by Theorem 3.1, L and K have a
unique CFP in U. Solution of

v:K(v)zg and v:L(v)zg

yields the unique CFP of v is {0}. O

By taking 6 = ¥ = 0 in (2), we get (1) and hence the following:

Corollary 3.3 Let (U, @) be a complete bMS and K, L: U — U be two AR mappings satisfying (1). Then K and L
have a unique CF P given K and L are either OC or kC for some k > 1.

Also taking 0 = ¥ =0 and F = 0 in (2), we get (5) and hence the following:

Corollary 3.4 Let (U, @) be a complete bMS and K, L: U — U be two AR mappings satisfying (5). Then K and L
have a unique CF P given K and L are either OC or kC for some k > 1.

Theorem 3.5 Let (U, @') be a complete b-metric space, and let K, L: U — U be two AR mappings that satisfy
condition (3). If both K and L are k-continuous for some k > 1, then they possess a unique CFP.

Proof. First we show that ®(K"v, L"v) — 0 as n — oo for all v € U. Using (3), we have

@(K"v, L"v) = (K(K"'v), L(L"'Vv))
< pmax{®(K" v, " 'v), ®(K" v, §"V), ®(L"'v, K"V)}
+F(@(K" v, K"v), ®(L" v, L"V))
D(K"v, L"V) = uTn+F(®(K" v, K"v), ®(L"'v, L"V)) (7

where T'n = max{® (K"~ 'v, L""1v), ®(K""'v, L"v), &(L"'v, K"v)}.
Now if I'n = ®(K"~'v, L"~'v), then using S3, we get
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In <s®(K" v, K"V) + s> ®(K"v, L"'V) + s D(S"v, " 1v)

and hence from (7), we have

2

K"V, L'V) < _S‘S‘zu PK™v, K"V) + - i;u (L v, L'V) ®)
1
+ 1_S2“F(<;D(K"_1v,K"v), Q(L" v, L'V)) )

Next if I'n = &(K" v, L"v) or 'n = ®(L""'v, K"v), then in the same way, we get the following inequalities:

(K", 1'v) < —H (kv K"v) + F(®(K™ v, K"v), (L™ v, L'V)) (10)
1—su 1—su
1
D(K"v, L'V) < 5 s“u @K™ 'v, K"v) + ﬁF(qb(K"*‘ v, K"), @(L" v, L"V)) (11)
— S — S

Combining (8), (9) and (10) we obtain,

2

n n SH Sy n—1 n sTU Sy n—1 rn
P(K"v,L"'v) < P(K K D(L L
(kv 1) < (e PR e v+ (e P ew )
+( L2 VE(D(K" v, K"v), &(L" v, L"V))
1-s52u  1—su ’ ’ ’

Now by using the properties of the function F and asymptotic regularity of L and K, we get, ®(K"v, L"v) — 0 as
n—> oo forall v € U.

Next let v € U be arbitrary and consider the sequence v, = K"vg foralln =0, 1, 2.... Then forn, m € Nand m > n
we have,

D(Vy, Vi) = P(K"vo, K™ Vo)
< sP(K"vy, L"vp) +sP(L" vp, K™ vp)
= s®(K" vy, L") +sD(K" vy, L"Vp)
< s®(K"vo, L") + s®(K (K™ 'vg), L(L"™ 'wp))

< s®(K"vo, L") + sumax{® (K™ vy, L' 'vg), ®(K™ g, L"vg), (L™ 'vo, K™vp)}
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+SF(@(K™ vy, K™vo), D(L" vy, L'W))
< s®(K"vy, L" Vo) + spmax{s® (K™ 'vo, K™ Vo) + s> @ (K" Vo, K" Vo) + 5> @ (K" Vo, L" Vo)
+53D(L"vo, L' 1vp), s® (K™ vy, K™vo) + s> P (K™ Vo, K"Vo) + s> P (K™ vy, L"Vg), s®(L" vy, L")
+ 52 D(L"vo, K"vo) + 2P (K" Vo, K™ Vo) } 4 sF (P (K™ v, K™vp), ®(L" vy, L"vp))
By taking limit and using AR property of L and K, we have
D (Vy, Vi) < sP(K" Vo, L" Vo) + sumax{s*®(K"™ vy, K"vo)}
< s®(K" Vo, L"Vo) + 5> L DP(V,y, Vi)
(1 =)DV, Vin) < s®(K" v, L"p)

¢(Vn, Vm) ¢(K”VQ, LnV())

<5
~1-s53u
By taking limit and using (6) in the above inequality, we get

D(Vy, V) >0 as m,n— oo,

since F is continuous at (0, 0) and F (0, 0) = 0, which shows that {v,,} is a b-Cauchy sequence in U. As U is complete, let
Vo, > h €U asn— oie. K"'Vy —> hasn —> o, Again since, ®(L"vy, h) < O(L"vy, K"vy) + D (K" vy, h), therefore
L"'vg —r hasn —> o,

Suppose that L and K are kC. Since lim, V41 = h, so lim,_.KV, = h. Moreover, for each k > 1, we have
limy_oK*v, = h. Since limy_..K*~'v,, = h and so by k-continuity of K, we get lin,_,.K*v, = Kh, thus Kh =hie. h€ U
is a fixed point of K. In a similar way, by k-continuity of L, we have Lu = h.

Hence hisa CFP of L and K.

To show uniqueness of CFP, let h # g where g € U is another fixed point of L and K.

(D(h7 g) = (P(Khv Kg)
< pmax{P(h, g), P(h, Kg), P(Ku, g)} + F(P(h, Kh) + (g, Kg))
< pmax{®(h,g), P(h,g), P(h,8)} +F(P(h, h)+P(g, g))

(1-p)®(h,g) <0
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D(h,g) <0

a contradiction to / # g. Hence the CFP of L and K is unique.
The following example demonstrates Theorem 3.5.
Example 3.6 Let O = R and define the b-metric : U x U — R by

B(v,p)=|v—pl"

Consider the mappings K, L: U — U defined by

Both K and L are AR on O.
Choose i = % and define

F(hg)= ;(h+g)

For any v, p € U, we have

d(Kv, Lp) = ’X—%r:

2v—p’2 2v—pP?
: - .

6 36

Also,

max{®(v. ), B(v. Lp), B(p. Kv)} = max{|v—p|27

el lp-3T}

Since

2
4
= 7\/2
9

2v

3

4
. P(p, Kp) = gp*.

vI2
D(v,Kv) = ’vfg‘ =

Hence the Cirié-Proinov-Gérnicki contractive condition
D(Kv, Lp) < pmax{®P(v, p), D(v, Lp), P(p, Kv)} + F(P(v, Kv), P(p, Kp))

_nl2 2 2 2
2v—pl" _lv=pf  vi+p
36— 2 9
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holds for all v, p € O.
Since K and L are linear and continuous, they are k-continuous with k = 2. Therefore, by Theorem 3.5, K and L have
a unique CFP in O. Solving

N <

v=K(v) :g and v=L(V)

we get V = 0 as the unique CFP of K and L.

Now we present a Jungck type CF P theorem [15] for two mappings.

Theorem 3.7 Let (U, @) be a complete bMS and K, L: U — U be a pair of mappings such that K is AR mapping w.r.t
L and satisfy:

®(Kv, Kp) < pmax{®(Lv, Lp), ®(Kv,Lp), ®(Lv,Kp)} +F(P(Kv,Lv), ®(Kp, Lp)) (12)

forall v, p € U, for some u € [0, 1] and F € .%. If both K and L are OC and compatible, then they possess a unique CF P.
Proof. By (11), we have unique fixed point. We will only prove the existence of CFP of K and L.
As K is AR with respect to L at xy € U, so there exist a sequence {x,} in U such that Kx, = Lx,+| = p, for all
n=1,2,3, ...and ®(Lxy41, Lxy12) — 0asn — oo ie. P(py, Pui1) — 0asn — oo.
First, we show that {p, } is a Cauchy sequence in U. For p =1, 2, 3, ..., we have

(p(anrp, Pn) < ¢(pn+pv pn+p+1) + ‘P(Pn+p+1, Pn+1) + ‘P(Pn+1, pn)
D (Pt ps Pn) < PPt ps Putpr1) + PPns1s Pu) +MZn p+F (P(Puipr1s Putp)s P(Patis Pu)) (13)

where Z,,, , = max{P@(Pnp; Pn), P(Pn+p+1: Pn)s P(Pr+p, Pui1)}
CaseIIfZ, , = ®(Pptp, Pn), then (12) becomes

P(Putps Pn) < P(Putps Putpt1) + L(Pusrs P) + 1 P(Puips Pu) +F(P(Puipi1s Pusp)s P(Pus1, Pn))
(1 - .u) ¢(pn+p7 pn) < (D(anrpa Pn+p+l) + CD(p,hL], pn) +F(¢(pn+p+la pn+p)a ‘P(Pnﬂ, Pn)) (14)

CaseIIIfZ, , = @(Puip+1, Pu), then by S3 of bMS,

(D(pn+p+1a pn) < S¢(pn+p+la pn+p) +S€D(pn+pa Pn)-

So (12) gives,

(D(anrpv pn) < (p(anrpa pi1+p+1)+ (D(anrla pn) +S.LL((P(Pn+p+17 pn+p) =+ (p(pi’l+p7 Pn))

JrF((I)(prterJrlv pn+p)a ¢(pn+17 pn))
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(1—s1) P(Puip, Pu) < (1+51) P(Putps Pt pr1) + P(Pusts Pu) + F (P(Pntpsis Pusp)s P(Pns1, Pu))

Case Il If Z, , = @(Py+p, Pus1), then by S3 of bMS,

¢(Pn+p7 pn+1) < SCD(Pn—s-p, pn) +S¢(Pn, pn+1)-

We get by (12),

P (Putps Pn) < PL(Putps Prtpt1) +P(Pus1s Pu) +SU(P(Putps Pr) + PPy Prt1))
+F(@(Pnspt1s Pntp)s P(Pnt1, Pn))
(L=s1) P(Pn+p, Pn) < P(Pn+p, Putp+1) + (L +51) P(Pps1, Pn)
+F(P(Puspt1s Prtp)s P(Put1s Pu))

Combining (13), (14) and (15), we have

(= (1 +25)1) P (Pu+p; Pn) < 3+ ) (P (Putps Prtp+1) + P(Prt1, Pn))

+F((p(pn+[7+1’ pﬂ+17)7 ¢<pn+1a pn>)

(3+su)
< e
(P(Pn+p7 pn) = (3 — (1 +25)/J) (¢(pn+[77 Pn+p+1) + (p(pn+la pn))
1
+ a5 F(@(Putpr1s Prtp)s P(Pnt1s Pn))

B—(1+29)n)
Taking limit, using asymptotic regularity and property of F, we have
DP(Ppip, pn) >0 as n—oo for p=1,2,3,..,

which shows that {p,} is b-Cauchy sequence in U and so,

lim p,, = lim Kx, = lim Lx,11 = h € U.
n—soo n—soo n—soo

Since L and K are OC, therefore

(15)

(16)
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lim KKv,, = lim KLv,, = Ku

n—oo n—oo

and

lim LKv, = lim LLV,, = Lu.

n—oo n—oo

So by compatibility of L and K, we have

®(KLv,, LKv,) -0 as n—e andhence Ku=Lu.
Again by compatibility of L and K, we have
K(Ku) = K(Lu) = L(Ku) = L(Lu).

By (11), we get

@D (Ku, KKu) < pmax{®(Lu, LKu), ®(Ku, LKu), ®(Lu, KKu)} + F (D®(Ku, Lu), ®(KKu, LKu)).
Putting L = K, implies

& (Ku, KKu) < umax{®(Ku, KKu), ®(Ku, KKu), ®(Ku, KKu)} + F(P(Ku, Ku), D(KKu, KKu))

< uP(Ku, KKu)+ F(0, 0)
(1—u)P(Ku, KKu) <0
=  D(Ku, KKu) =0

Therefore, Ku = K(Ku) = L(Ku) i.e. Ku € UisaCFP of L and K. O

As a special case of Theorem 3.7, we get:

Corollary 3.8 Let (U, @) be a complete bMS and K, L: U — U be two mappings s.t K is AR w.r.t L and satisfy (4).
Then K and L have a unique CF P given that K and L are OC and compatible.

A combination of Theorems 3.1 and 3.7 provides the following important result:

Corollary 3.9 Let (U, @) be a complete bMS and K: U — U be an AR map satisfying

@(Kv, Kp) < pmax{®(v, p), ®(p,TVv), @(v,Tp)} +F(P(v,Tv), ®(p, Tp))
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forall v, p € U, for some i € [0, 1) and an F € .#. Then K has a unique fixed point given K is OC on U.
Proof. In Theorem 3.1, L = K and Theorem 3.7 with L = I (Identity map on U), provide the result. ]
An application of Theorem 3.1 is given below.
Theorem 3.10 Let (U, @) be a complete pMS and K be a self mapping of U satisfying (1). If K is AR at some point
v € U, then the sequence {K"Vv} converges to a unique fixed point of K.
Proof. By Theorem 3.1, K has a unique fixed point 2. We prove that the sequence {K"v} converges to A.
By (1), we obtain

& (h, K"v) = ®(Ku, K"v) = &(Ku, K(K""'v))
<N@(h, K" 'v)+F(®(h, Ku), &(T" v, T"V))
<N (s®(h, K"V) +s®(K"v, K" 'v)) + F(®(h, Ku), (K" 'v, K"V))

(1—sn)®(h, K"v) < s®(K"v, K" 'v)) + F(®(h, Ku), ®(K" v, K"V))

@(h, K"v) < D(K"v, K" ') +

F(®(h, Ku), (K" 'v, K"V))

s
1—sn 1—sn

Now taking limit and applying asymptotic regularity of K, we have

@(h,K"'Vv) -0 as n— oo,

which shows that {K"v} converges to A. U

4. Application

In this section, we utilize Corollary 3.4 to establish the existence and uniqueness of the solution to the Fredholm linear
integral equation:

h(7) :f(z)+u/ab1((t, )h(t)dr, (17)

where K(¢, 7) is the kernel of the integral equation.

Theorem 4.1 Consider the linear integral Equation (17) with the continuous function K (¢, 7), where a <, T < b
and § € Cla, b]. Let M = max,<; <) |K(t, T)| and m > 2 be an arbitrary real number. If || < m
integral Equation (17) has a unique solution in the interval [a, b]. Moreover, the solution is given by

, then the linear

W) =€ +atim [ K, Dn()ar, 9

L

where uo(t) = uo, up—1 = 75 — L

4m? -
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Proof. Let U = Cla, b]. Define @: U x U — [0, +0) as

®(h, g) = max |h(t) —g(1)|*. (19)

a<t<b

We can easily check that (U, &) is a complete bMS with s = 2.
Define self-maps L and K on U as

Lu(t) =&(t) —|—,LL./:K(t, T)h(t)dt, forall heCla,b), (20)

and

Ku(r) =& (1) +u/abK(t, 7)g(t)dt, forall geCla,b). 20

Now we show that L and K are asymptotically regular and kC mappings as follows:
If h € C[a, b], then for the sequence {L"h}, we have

b
L h(t) —L"h(t) = u / K(, 1) (L”h(r) —L”’lh(r))dr.
Ja
Applying (18), we get
&(L" ' h, L"h) = max [L"'h(t) — L"h(1)]*.
t€la, b]
Using the integral inequality and continuity of K,
b
" h(1) = L"h(1)| < \IJI/ K (1, T)[[L"h(T) —L"'h(7)|dT
a
< |uIM(b—a) max |L"h(7)—L" 'h(7)],
T€[a, b]
where
M= max |K(z,7)|.
t,7€la,b)
Squaring and taking maximum over ¢, we obtain

S(L" 'k, L'h) < (|ulM(b—a)) > D(L"h, L' 'h).
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If
q=|uM(b—a)<1,
then by induction,
D(L" ' h, L'h) < ¢*"®(Lh, h) — 0, asn— oo,
Hence,

lim &(L"'h, L"h) = 0,

n—soo

gives that L is asymptotically regular. Similarly, K is asymptotically regular.
k-Continuity: For any h, g € Cla, b],

b
40) - Le(0)| = | | Kt )~ el)as
< |1[M(b—a) max [h(7) ~g(7)].
t€la, b]
Squaring and taking maximum over ¢,
P(Lh, Lg) < (|nM(b—a))’ D(h, ).

Thus, L is Lipschitz continuous (hence k-continuous) with Lipschitz constant k = (|u|M (b — a))z. Similarly, K is
k-continuous with the same constant.
Combining (18), (19) and (20), we get

B(Lh, Kg) = max |LA(1) ~ Kg(r)

a<t<b

2

= max
a<t<b

b
u / K(t, ©)h(t) — K (1, 7)g(1) dT

2

IN

b
max P2 | [ IK(0, ()~ (o)l as

a<t<b

IN

Mo~ @) ®(h, g) < IM(b—a)D(h, g) < 1 - b(h,v)
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Hence, K satisfies (5) on U with the constant ) = 4]?. So by Corollary 3.4, L and K have a unique CFP h(t) € U i.e.
h(t) = Kh(t) and h(t) = Lh(t), which means that (¢) is the solution of (17).
Now we will show that

b b
/ K(t, t)h(t)dt = lim | K(z, T)h,(7)d7.
a n—e Ja
Indeed,
b b
lim sup / K(t, 7)(ha(t) — h(1))dz| < Timsup [ |K(z, ©)|[hn(7) — h(z)|d7
n—yoo a n—oo Ja
< M(b—a)limsup max |h,(t)—h(7)]
n—oo a<T<h
= O7
in view of

lim ®(h, (1), h(t)) = lim max |h,(t) —h(1)]> =0,

n—oo n—oglt<h
It is now easy to show that

lim bK(t, 7)(hp(7) —h(7))dT=0.

n—oo /g4

Thus, equation (17) holds. O

5. Results in strong b-metric space

In this section, we obtain CF P results for both single valued and multi-valued AR mappings in a strong bMS.

In the following result, we extend Corollary 3.3 im the setting of a strong bMS.

Theorem 5.1 Let (U, @) be a complete sb-metric space and K, L: U — U be two AR mappings satisfying (1) for all
v, p € O. Then K and L have a CF'P given that K and L are kC for some k > 1 or OC.

Proof. As before, we show that @(K"v, L"v) — 0 as n — o for all v € U. Now if L = K, then there is nothing to
prove. So suppose that L # K. Then using (1),

@(K"v, L"v) = ®(KK" v, LL" V)

<n@K" v, " W)+ F(®(K" v, K"v), (L 'v, L"V))
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<N®K" v, K"V) +sn®(K"v, L'V) +s*n®(L"v, L' 'v) + F(®(K"'v, K"v), &(L" v, L"V))

(1—sn)@(K"v, L"'V) < n@® (K" 'v, K"V) +s'n®(L"v, L' 'v) + F(®(K"'v, K"v), ®(L" v, L"V))

< @Kty kv)+ il o(L"v, L")
(I—sm) (I—sm)

+ @&y, k), (v, 1)
(I—sn)

By asymptotic regularity of L and K and the properties of the function F', we get from the above inequality
P(K"v,L"Vv) -0 as n—>oo (22)

Now, let vy € U be arbitrary and consider the sequence v, = K"vy for alln =0, 1, 2, .... Then for n, m € N and
m > n, we have

D(vy, Vi) = (K" vy, K"vp)
< D(K"vy, L"vy) +sP(L" vy, K" vp)
< ®(K"vy, L")+ s®(K (K" vo), L(L" " vp))
< (K", L"Vo) +sn @ (K™ vy, L Yvo) + sF (@ (K™ v, K™vp), D(L" v, L))
< D(K"Vy, L"Vg) +sn D (K™ vy, K™vy) + 2@ (K™ vy, K"vo) + s> nd(K"vo, L o)
+5* @ (Lo, L 'vo) +sF(P(K™ 'vo, K™ Vo), d(L"'vo, L")
< D(K"Vvg, L'Vg) +sn P (K™ 'y, K™Vo) + 2N P (Vi Vin) + 5P (K" Vo, L'vo) + s n®(L"vo, L vp)
+sF (DK™ v, K™vp), (L™ vy, L"Vp))
(1=50)DP(V,, Vi) < D(K" Vo, L" Vo) +snP(K™ v, K"™vo) + s> n®(K"vo, L"Vo) +s*n® (L v, L' vp)

+sF(®(K™ vy, K™Vvp), (L vy, L")

1 K _ $3
D(Vy, Vi) < ———D(K"vp, L"vp) + (1_722”)@(1(’” "o, K"vy) + (1_7?211)‘?(1@‘/0’ L"vp)
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N

(1—s2nm)

s*n

S - F(®(K™ vy, K™vy), ®(L" vy, L'V
(175,2”) ( ( 0 O)a ( 05 0))

+ @ (L" vy, L 'vp) +

Applying asymptotic regularity, taking limit and using (21) in the above inequality, we get
D(Vy, Vi) >0 as m,n—o0

since F is continuous at (0, 0) and F (0, 0) = 0, which shows that {v,} is an sb-Cauchy sequence in U. By completeness
of U,letv, >hcUasn—>oie.

K'vo—h as n—»oo. (23)
From
P (L"vy, h) < P(L"vo, K"vo) +sP(K" vy, h),
and (21) and (22), we obtain

lim ®(L"vy, h) < 0.

n—oo

Suppose that L and K are kC. Since lim,_,c V1 = h, so lim,_,. KV, = h. Moreover, for each k > 1, we have
lim,,—,00 KV, = h. Since limy,_,.c K*~1v, = h and K is kC, we get limy, e K*v, = Kh, thus Kh = h. In the same way, using
k-continuity of L, we have Lh = h.

Hence hisa CFP of L and K.

Next suppose that L and K are OC: we have lim,,_;e Vy4+1 = lim,,_.« V,, = h. By orbital continuity of K, lim,, e V, = h
implies lim,_,.. KV,, = Kh, i.e., h € U is a fixed point of K. In the same manner, using orbital continuity of L, we get
Lh=nh. Thatis, h€ UisaCFP of Land K. O

Theorem 5.2 Let (U, ®) be a complete sh-metric space. Let L, K: U — U be AR maps satisfying

@(Lv, Kp) <n®(v, p)+6[P(v, Lv) + P(p, Kp)] (24)

where 17, 6 € [0, 1] . Then L and K have a CFP.
Proof. First we show that &(K"v, L"v) — 0 as n — o for all v € U. Now if L = K, then there is nothing to prove.
So suppose that L # K. Then using (23),

&(L"v, K"v) = ®(LL" 'v, KK" V)

<n@L" v, K" )+ 0[@(L v, L'v) + ®(K" v, K"V)]
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<n®L" v, L'V) +sn®(L"v, K"V) + s*nP(K"v, K" 'v)+0[®(L" v, L"V) + ®(K"'v, K"V)]

(1—sn)@(L"v, K"v) < n@®(L" 'y, L'V) +s’n®(K"v, K" 'v) 4+ 0[®(L" v, L"'V) + (K" 'v, K"V)]

2
n n n n—1 n SN n n—1
P (L"v,K"v) < (L v, L'V P(K'v, K" v
( ? )—17S,r’ ( ’ )+17ST’ ( ? )+1*ST’

O[@(L" v, L"v)+ &(K" v, K"V)].

It gives by asymptotic regularity of L and K:

D(L"v,K"V) -0 as n—»oo. (25)

Now, let vy € U be arbitrary and consider the sequence v,, = K"vy foralln =0, 1, 2, .... Then for n, m € N and
m > n, we have

D(Vy, Vi) = P(K" vy, K™ Vo)
< O(K" v, L"vp) + 5P (L vo, K™ o)
< D(K"Vo, L'Vg) 4 s@(L(L" v, K(K"'p))
< D(K"Vy, L'Vo) +sn (L vy, K™ 1)) +s0[P(L" vy, L'vg) + P (K™ vy, K™Vy)]
< D(K"Vvy, L'Vg) +sn (L vy, L'vg) + s> nP(L vy, K" Vo) + 5> D (K" vy, K™ Vo)
+ 5 @ (K™ v, K™ o) +58[D(L" v, L'vo) + DK™ vy, K™vp)]
< D(K"vg, L"vg) +sn (L™ vy, L) +s2nd>(L”v0, K"vp) +s3nd>(v,,, Vi) +s*tnd (K™ vy, K™ w)
+50[D(L" vy, L"vo) + (K™ vy, K™ vp)]
(1=5"0)D(Va, Vi) < P(K" Vo, L"Vo) +sn@(L" vy, L"vo) +5*nD(L" Vo, K"vo) +5*n P (K" vo, K™ ')

+50[D(L" vy, L"vo) + P(K™ vy, K™vp)]

2

1 n n sn n—1 n s n n
@ ny Ym é 71 2.\ ) 7T 3N ) 71 23\ 9
(Va, Vin) (1—3377)(1)([{ Vo, L vo)+(1_s3n)d>(L Vo, L"vp) + (1—s3n)¢(L Vo, K" vp)
5477 m m—1 56 n—1 n m—1 m
+ (1 —S3T])¢(K Vo, K V())+ (1 _s3n) [(D(L Vo, L V0)+(P(K Vo, K VO)]
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In the above inequality taking limit, applying asymptotical regularity of L and K and (24), we have

D(Vy, Vi) >0 as m,n— oo

since F is continuous at (0, 0) and F (0, 0) = 0, which shows that {v,,} is an sb-Cauchy sequence in U which converges to
p € U. Now

D(p,Kp) < P(p, Lv,) +5sP(Lvy, Kp)
< ®(p, Lvy) + s[NP (Vu, p) + 0(P(Vy, Lv,)) + P(p, Kp))]
< D(p, LVy) +sNDP(Va, p) + 50 P(V, LVy) +56P(p, Kp)
(1-50)P(p, Kp) < P(p, Vat1) +SNP (Vi LVy) +5O0DP(Vy, Vis1)

sn s0

< R S -
¢(p7 Kp) = (P(p’ Vn+1)+ (1 —s9) (P(Vm Lvn)+ (1 _Se)(p(vi’la VnJrl)

(1—s50)

implies @(p, Kp) < 0.
Hence @(p, Kp) =0, gives p = Kp. In the same manner, we can show that Lp = p. Hence p is a CFP of L and K.

O
We conclude this section with a multi-valued version of Theorem 5.2 as follows.
Theorem 5.3 Let (U, &) be a complete strong bMS. Let L, K: U — CB(U) be multi-valued AR maps satisfying
H(Lv, Kp) <n®(v,p)+6[P(v,Lv)+ P(p, Kp)] (26)

forn, 6 € [0, 1]. Then L and K have a CFP.

Proof. We show H(K"v, L"v) — 0 as n — oo for all v € U. Now if L = K, then there is nothing to prove. So suppose
that L # K. Then using (25), we obtain

H(L"v, K"v) = H(LL" 'v, KK""'v)
<neL" v, K" W)+ 0[D(L" v, L'V) + (K" v, K"V)]
<n®L" v, L'V) +sn®(L"v, K"v) +s°nd(K"v, K" 'v)
+0[@(L" 'y, L"'v)+ &(K" v, K"V)]

(1—sn)H(L"v, K"v) < n®(L" v, L"V) +s’n®(K"v, K" v)
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+0[@(L" v, L"v) + &(K" v, K"V)]

2
gy, vy + 21

®(K"v, K" lv)
—sn 1—sm

H(L"V, K"V) < -

1

* 1—sn

O[@(L" v, L"V)+ d(K" 'v, K"V)],

which gives by asymptotic regularity of L and K:

H(L'v,K"Vv) >0 as n— co. 27

Now, let vy € U be arbitrary and consider the sequence v, = K"vg forn =0, 1, 2, .... Then forn, m € N and m > n,
we have

D(Vy, Vi) = H(K" v, K™ vp)
< H(K"vy, L"vy) +sH(L" vy, K" vp)
< H(K"vy, L") + sH(L(L"'vo, K(K™ 'wp))
< H(K"Vo, L"vo) +sn@(L" "o, K™ 1vp)) +50[D(L" " vy, L") + (K™ vy, K™ vp)]
< H(K"vo, L"vg) +sn®@(L" v, L") +s*n®(L"vo, K" Vo) + s> P (K" Vo, K™ Vo)
+ 5N DK™ vy, K™ vg) 4+ 50[D(L" vy, L"vo) + (K™ vy, K™ vp)]
< H(K"Vy, L"vo) +sn®(L" vy, L'Vo) + s*n P (L vy, K"Vo) + 5> NP (Vi Vi)
+5 MP(K™Vvo, K™ ') +50[@(L" vy, L") + P (K™ vy, K™vp)]
(1 =50 D(V, Vi) < H(K"Vg, L"vo) +sn®(L" vy, L'vg) + s*n®(L"vo, K"Vo) 4 s*n @ (K™ vy, K™ 1vp)

+50[P(L" vy, L"vo) + P(K™ vy, K™vp)]

n n S n—1 n n n
[e)} < n n
(Vn7 Vm) (1 S3 )H(K VO7L VO)+7(1 53 )¢(L Vo,L VO)+7(1 S3 )4)(L V07K V())
+7S4 ! D(K™v K™y, )+7s [(I)(L”’lv L"v )+CP(K””1v K"vp)]
(1 S3 ) 0 0 (1 S3 ) 0 0 0 0
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Applying asymptotic regularity, taking limit and using (26) in the above inequality, we obtain

D(Vy, V) >0 as m,n— co.

As before, {v, } is an sb-Cauchy sequence in U and so converges to p € U. Now from

P (p, Kp) < ®(p, Lvy) +sH(Lv,, Kp)
< D(p, LVa) + s[NP (Va, p) + 0(P(Va, LVn) + P(p, Kp))]
S D(p, Lvy) +sNP(Va, p) + 50 P(Vy, LV) +50P(p, Kp)

(1-50)D(p, Kp) < P(p, Vpi1) +sNDP(Vy, LVy) +50P(Vyy, Vi 1)

sn s0
—P an —P ny ¥n
(1= sy P0m Lvn) + =gy P (Vs V1)

@(p, Kp) < D(p, Vat1)+

1
(1—586)

we obtain, ®(p, Kp) <0.
So @(p, Kp) =0i.e. p € Kp. In the same way we can prove that p € Lp.
Hence p isa CFP of L and K. O
Here is an example to validate Theorem 5.3.
Example 5.4 Let U = R be endowed with the strong b-metric

(v, p)=|v—-pl%,

which satisfies the strong b-metric inequality with constant s = 2.
Consider the multi-valued mappings K, L: 5 — CB(U) given by

where CB(U) denotes the class of all non-empty closed and bounded subsets of U.
To verify asymptotic regularity, observe that for any v € U, sequences {v, } and {p, } defined by

Vnt1 € K(Vn)a Pnt1 € L(Pn),
with initial points vy, pg € U, satisfy

| Vi Vi
or

|Vn+1|§ 4 g’

and ‘anrl | <

|p6"| or 0,
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which imply

D(V, Vig1) = |V — Vn+l|2 —0 and D(p,, Pus1) = [Pn _Pn+l|2 — 0,

as n — oo. Hence, K and L are AR.

v 2
(v, Lv) :min{‘v—

6
and
Cind o= PP o= PP —mind (32) (7P
<1>(p,Kp)—mm{\p 2l P 8\ }—mm{(4 g ;
S
D(p, Kp) = ('f') :
Now, choose 1 = 0 = } € [0, 1]. Forany v, p € U, the contractive condition
H(Lv,Kp) <n®(v,p)+06[P(v, Lv)+P(p, Kp)]
holds.

So the right-hand side dominates the Hausdorff distance H(Lv, Kp) for all v, p.
Therefore, by Theorem 5.3, K and L have a CFP in U.
Solving

vekK(v), veL(v),

we find v=0asa CFP of L and K.
Remark 5.5 Our Theorem 5.3:
(i) Extends and refines Theorem 2.15 for multi-valued mappings without compatibility.
(ii) Provides a version of multi-valued non-continuous mappings for Theorem 2.2 of Khan and Oyetunbi [10].

6. Conclusion

The main contribution of this study is to establish some common fixed point theorems for single-valued asymptotically
regular mappings in a b-metric space. One of our new theorems is generalized for multi-valued asymptotically regular
mappings in a strong b-metric space. Our results extend and improve the work of Bisht and Singh [13] and Khan and
Oyetunbi [10]. We apply Corollary 3.4 to find the existence and uniqueness of the solution of a Fredholm linear integral
equation. A pertinent feature of our work is that it includes examples for the new concepts and applications of the results
established herein.
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