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Abstract: This study presents a novel computational framework for deterministic and stochastic models. A computational
scheme is constructed on two-time levels. A compact approach is employed to efficiently manage space-dependent terms,
with the initial stage utilizing a modified exponential integrator. The stability and consistency of the scheme in the mean-
square sense have also been established. The concept is implemented on a stochastic fuzzy diffusive SIR- model, which
is resolved using three distinct numerical techniques. To assess accuracy and performance, a comparative analysis is
performed between the proposed scheme and the current Non-Standard Finite Difference (NSFD) scheme. The findings
indicate that the proposed system consistently outperforms the NSFD method, ensuring greater numerical stability and
precision in epidemic modelling. The comparison shows that the proposed scheme performs better than the existing non-
standard finite difference scheme in most cases.
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1. Introduction

An essential component of epidemiology, infectious disease modelling addresses patterns of illness transmission and
provides data to direct the development of appropriate control strategies. One of the mathematical models applied to
examine the dynamics of infectious illness transmission is the Susceptible-Infected-Recovered (SIR) model [1]. Given
flaws in epidemiological data, assumptions made by conventional deterministic SIR models concerning parameters and
initial conditions may be illogical. Stochastic models and fuzzy-logic approaches have helped reduce these doubts, leading
to more robust and flexible disease modelling [2].

The stochastic SIR model is better suited to describe real-world uncertainty, including individual behavioural
variability and random environmental fluctuations, by incorporating randomness into the disease transmission and
recovery processes. Different populations have different degrees of illness susceptibility; hence, different transmission
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rates have also been shown using distribution. Further, showing how diseases spread across areas with varying population
densities is the use of diffusion effects, which explain geographical variance.

Dealing with missing or inaccurate data presents one of the most challenging difficulties in epidemiological models.
Strong for managing uncertainty and ambiguity, the fuzzy logic approach uses fuzzy numbers rather than exact values to
explain epidemiological elements. Examining uncertainty in disease transmission rates, recovery rates, and environmental
factors enables the incorporation one stochastic differential equations into fuzzy systems, thereby improving the accuracy
of illness predictions.

To better comprehend the issue and make informed decisions, computational engineers use mathematical and
statistical models. The first mathematical models of epidemics were published in 1766. Smallpox accounted for one in
fourteen deaths in England at this time, and Daniel Bernoulli developed a mathematical model to study it [3]. Vaccination
against viruses would add about three years to the life expectancy at birth, according to Bernoulli’s model. In [4], you
can find the English translation of this book. Kermack et al. [5—7] established the deterministic compartmental epidemic
model. Enko analyzed the interactions between infected and susceptible individuals within the community and constructed
a probabilistic model to describe the measles epidemic in discrete time [8]. Many models were developed, analyzed,
and employed qualitatively and statistically to investigate infectious diseases. To better understand the transmission
and treatment of infectious illnesses, and to compare, organize, implement, evaluate, and optimize various detection,
prevention, therapeutic, and control programs, mathematical models are invaluable tools.

The immunity of sensitive individuals can prevent numerous infectious diseases, and specific infections can confer
temporary or permanent protection against reinfection in recovered patients. Varieties of epidemic models, such as
Susceptible, Infected, and Recovered (SIR), Susceptible, Exposed, Infectious, and Recovered (SEIR), and Susceptible,
Vaccinated, Exposed, Infectious, and Recovered (SVEIR), have been extensively studied by the scientific community. To
better understand the disease’s transmission, Olopade et al. [9] investigated an SEIR mathematical model that incorporated
treatment rates and natural immunity. Immunity can be acquired through targeted immunization, naturally following
complete recovery from infection, or through the transmission of maternal antibodies to the infant, providing partial
immunity. The duration of immunity varies with the disease, with some conferring nearly lifelong immunity while
others offer only a transient period of resistance. Vaccine-induced immunity often requires a booster after a specific
period, particularly when the Vaccine’s efficacy diminishes due to insufficient exposure to illness. In measles, vaccinated
individuals exhibit inferior immunity compared to those with natural immunity [10, 11]. Scherer and McLean proposed
several mass vaccination models that offer essential insights into the expected outcomes of immunization efforts. They
demonstrate how to determine the level of immunization coverage needed to eradicate an infection, examine the effects of
declining vaccine-induced immunity, and study the interplay between vaccine-sensitive and -resistant strains of infectious
agents [12]. In their mathematical model for cholera epidemics, Sanches et al. [13] accounted for seasonality, host
immunity decline, and cholera control initiatives. In disease modelling, Jain et al. [14] examined innate immunity.

Zadeh [15] first introduced the concept of fuzzy sets in 1965. Mathematical modelling primarily relies on fuzzy
Theory, which facilitates the management of uncertain or ambiguous data within a mathematical framework. Conventional
mathematical models assume that every variable is precisely calculable or quantifiable. The model’s uncertainty arises
because variables in many real-world scenarios may be poorly defined or even impossible to measure. One can better
handle ambiguity with the mathematical framework of fuzzy theory, which allows variables to take on values that are
not explicitly stated but are indicated by varying degrees of set membership. Since mathematical models enable a more
flexible and accurate representation of variables, they can fairly capture the intricate and erratic aspects of real-world
systems. The degree to which parameter values in mathematical models are unknown or imprecise is indicated by fuzzy
parameters. Fuzzy parameters help handle inaccurate data and intricate interactions among variables. Including expert
opinion and subjective data in mathematical models enables the quantitative portrayal of imprecision and ambiguity.
Numerous mathematical models have used fuzzy Theory. Mathematical models that use fuzzy Theory improve predictive
and assessment capabilities, allowing the researchers to build more robust models that handle uncertainty and imprecision.
Epidemic models have been enhanced and refined through numerous applications of fuzzy Theory. Barros et al. [16] and
Mondal et al. [17] looked at epidemic models with unknown transmission coefficients in two separate studies. The
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Susceptible-Infectious-Recovered-Susceptible (SIRS) model was suggested by Mishra et al. [18] to account for the
network-wide uncertainty in worm transmission.

Many classical methods, including forward Euler, Runge-Kutta, and others, can generate oscillations, chaos, and false
steady states under certain conditions. The non-standard finite-difference approach can be used to construct schemes
that avoid these numerical instabilities. Mickens [19] was an early proponent of this method, and it has since led to
new numerical schemes that preserve physical properties such as boundedness, positivity, and stability. Verma et al.
pursued the Generalized Burgers-Huxley (GBH) problem using the Non-Standard Finite Difference (NSFD) method [20].
Khalsaraei et al. introduced a technique for NSFD assessment of influenza. We present numerical results and analyze
several interesting features of the proposed method [21]. After considering counselling and antiviral medication in their
study of a bisexual community, Razza et al. found that the stochastic model of the Human Immunodeficiency Virus
(HIV)/Acquired Immunodeficiency Syndrome (AIDS) epidemic is more realistic than the deterministic one.

According to [22], the NSFD stochastic scheme kept all the key features of the disease dynamical model. To
better understand the HIV/AIDS epidemic, Jawaz et al. [23] created a model based on NSFD and studied a delayed
reaction-diffusion epidemic. Among many other applications, the NSFD Theory put forth by Mickens is widely used in
the mathematical and numerical modelling of diseases [24, 25]. Recent advancements in computational epidemiology
have introduced robust numerical schemes for simulating stochastic epidemic models, incorporating partial immunity,
treatment effects, and fractal-stochastic transport phenomena [26-28]. These developments enhance model realism and
numerical accuracy, offering vital tools for understanding complex disease transmission dynamics under uncertainty.

To study the dynamics of the new Coronavirus Disease 2019 (COVID-19), Aslefallah et al. developed the Susceptible-
Infective-Treated-Recovered (SITR) model. Conducting an error analysis verifies the model’s accuracy [29]. The singular
boundary method is applied to the solution of a two-dimensional altered anomalous diffusion process with initial Dirichlet-
type boundary conditions and a non-linear source term. To simulate the process using Riemann-Liouville fractional
derivatives, they employed a two-dimensional non-linear time-fractional sub-diffusion equation [30]. No matter the
geometry of the domain, the two-dimensional telegraph equation may be solved using the Singular Boundary Method
(SBM) [31]. Radial point interpolation without a spectral mesh for two-dimensional pseudo-parabolic equations is the
subject of this study. The finite difference time-stepping method is used to approximate time derivatives. The convergence
and stability of this meshless method are theoretically proven and extensively examined [32]. Allehiany et al. [33] used
the NSFD approach to solve a COVID-19 model involving fuzziness numerically. A computer virus model that utilized
fuzzy criteria was investigated by Alhebshi et al. [34].

Over the past ten years, it has become clear that epidemic models fail to portray how infectious diseases will behave
accurately. There is evidence of non-deterministic behaviour in the collected empirical data on the disease’s spread
[35]. Thus, several stochastic models have been proposed to model the spread of the disease in human populations.
These include stochastic semi-mechanistic models [36], stochastic SIS epidemic models with non-linear incidence rates
[37], stochastic SIRS epidemic models with saturated incidence rates [38], and stochastic SIS non-linear stochastic
epidemiological models with double epidemic hypothesis and incidence rate [39]. Considering the outbreak in the context
of an interruption is a perfectly reasonable thought process.

The numerical investigation of Stochastic Differential Equations (SDEs) is a popular area of research. The stochastic
epidemic model was analytically and numerically solved by Cai et al. [40]. A general incidence rate and a time delay are
components of the stochastic eco-epidemiological model proposed by Meng et al. The special case of a positive global
solution with positive initial circumstances was discussed during their discussion. In addition, they laid the groundwork
for the model’s stochastic analysis [41]. The authors determined the conditions for eradicating and maintaining the disease
by incorporating a stochastic hepatitis B model [42]. The authors of [43] examined the COVID-19 model using numerical
methods. The writers used numerical approximations to solve the stochastic partial differential equations [44]. The many
dynamics of the stochastic SIR model were examined by Zhao et al. [45]. They prove that there is one unique positive
global solution to the model and that, under certain circumstances, the solution oscillates about the equilibrium points.
Additional research has also focused on SDEs, which incorporate random effects and uncertainty into dynamical systems.
Numerical methods such as Euler-Maruyama, Milstein, and stochastic Runge-Kutta schemes have been widely developed
to approximate solutions of SDEs, particularly when analytical solutions are not available. These methods [46—48] ensure
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stability and accuracy in capturing the probabilistic behaviour of stochastic processes, making them essential tools in
fields such as finance, biology, and fluid dynamics.

There has been significant interest in mathematical models that examine the spread of infectious diseases through
human behaviour. According to the modelling principles, there are three main methods for depicting feedback effects
in transmission dynamics models. A common approach is to describe the feedback loop between the transmission of a
disease and the behavioural response of humans by changing the parameters of compartmental models from constant to
variable, typically the transmission term.

Because the effective contact rate 8 changes over time in this setting, many non-linear functions have been employed
to characterize it. As an example, to account for the psychological effect in the population, specifically increased self-

protective behaviour at high levels of I, Capasso, and Serio [49] provided a saturated function 3(yt) = , where [ is

the number of infectious individuals and f3, is the nominal contact rate.

In [50, 51], the exponential decay function () = B,e~“E~%I=%H and B(t) = B,(1 — e~ ) were given to illustrate
how factors such as social media and mask-wearing affect the likelihood of transmission control, with E representing
the exposed population and H the hospital population, respectively. In addition, Xiao et al. [52] presented a piecewise-
smooth function that depends on / and its derivative; this function causes a media coverage impact switch on the contact
rate. The following studies and their references discuss the use of similar non-linear functions in transmission terms [53—
56]. According to research by [57-59], one way to model feedback is to split the population into subpopulations based
on individuals’ levels of awareness, perceptions of risk, or activity levels.

In particular, Baazeem et al. [57] examined the impact of private and public knowledge on illness dissemination
using a SIRS-type model that incorporated private awareness from direct population contacts and public awareness from
information efforts. In contrast, Arif et al. [59] created a compartmental model to compare the efficacy of self-imposed
measures and government-imposed social distancing in reducing, delaying, or preventing the COVID-19 pandemic. The
model was stratified by the population’s disease status and awareness. There is also the possibility of describing the
pandemic as a two-part dynamical process that interacts with one another: the disease-related compartmental component
and the regulatory component [60].

To be more precise, models in this category have been proposed with an additional compartment for factors such
as media coverage [61] and a disease-prevalence information index [62], which help uncover the regulatory variable’s
epidemiological role in behaviour modification.

What is Already Known in the Open Literature: Classical epidemiological models such as SIR and SEIR, and
their extensions, have been widely used to study the spread of infectious diseases. Existing numerical methods for such
models often focus on either deterministic or stochastic aspects, with limited exploration of fuzzy uncertainties in epidemic
parameters. Non-Standard Finite Difference (NSFD) schemes have been applied to preserve positivity and boundedness,
but often struggle to accurately capture dynamics under uncertainty and randomness.

What is Missing (Research Gap): Current models do not adequately capture both types of real-world uncertainties:
(i) Epistemic uncertainty (parameter imprecision) and (ii) Aleatoric uncertainty (stochastic randomness). There is a
lack of robust computational frameworks that can integrate: Fuzzy logic for imprecise epidemic parameters, Stochastic
perturbations to represent external random influences, Compact numerical strategies for spatial discretization, and
Exponential integrators tailored for stiff stochastic systems.

Novel Contributions: The Fuzzy Stochastic SIR-f model with diffusion effects proposed in this research
extends conventional models by combining these methodologies to achieve a more accurate and practical computational
framework. This hybrid model can capture stochastic variation and uncertainty in epidemiological parameters while
accounting for spatial diffusion, making it highly relevant for real-world epidemic studies. The main objective of this
work is to develop a computational method for solving the Fuzzy Stochastic SIR-B model with diffusion effects. The
main contributions of this work consist of:

* We developed a computational method capable of solving deterministic and stochastic models, specifically tailored
for the fuzzy SIR-f model with diffusion.

* We design the scheme using two time levels to eliminate the need for auxiliary methods at the initial time step,
simplifying the computational process.
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* Analyzing the impact of fuzzy uncertainty and stochasticity on disease dynamics.

* Be sure the scheme is accurate, for practical reasons, by assessing its consistency and stability in the mean-square
sense.

* Evaluate the performance of the proposed scheme against existing non-standard finite difference methods to
demonstrate its advantages and effectiveness.

Combining stochastic processes, fuzzy logic, and diffusion systems produces the fuzzy stochastic SIR- model with
diffusion. This hybrid model captures the uncertainty in parameter estimations, the randomness of disease transmission,
and the spatial distribution of infections well. Still, tackling this complex model poses significant computational
challenges. Conventional numerical methods cannot manage complicated uncertainty and spatial components. Therefore,
modern computational systems that effectively and precisely control these challenging aspects are much needed.

Purpose of this Study: The primary purpose of this paper is methodological, not just to solve one specific
epidemiological example. More precisely:

1. To develop a new explicit two-stage numerical scheme (predictor-corrector with a modified exponential integrator
and sixth-order compact spatial discretization) for non-linear fuzzy-stochastic reaction-diffusion partial differential
equations.

2. To establish the theoretical properties of this scheme, in particular, mean-square stability, consistency in the mean-
square sense, and resulting convergence of the fully discrete method.

3. To adapt and implement this scheme for a fuzzy stochastic diffusive SIR-f epidemic model with spatial diffusion,
dynamic (state-dependent) transmission rate 8, fuzzy epidemiological parameters (e.g. 1, 8), and stochastic perturbations
modelled by Wiener processes.

4. To compare the proposed method with an NSFD scheme and a reference MATLAB solver (pdepe), to demonstrate
the practical advantages in accuracy, stability, and handling of fuzziness and stochasticity in epidemic simulations.

This work presents a deterministic SIR- model that accounts for variation in the rate of contact resulting from
individual behavioural responses, thereby enhancing the conventional Susceptible-Infectious-Removed (SIR) model. By
making this adjustment, the model can now capture two-way feedback effects: how changes in behaviour affect the
dynamics of the disease, and how disease transmission affects the dynamics of behaviour. The computational and
analytical practicality of the model is further enhanced by its suitably simple structure. Essential modelling properties
are preserved, and the balance between mathematical representations of complex social and behavioural processes is
maintained.

2. Fuzzy set

A function 84 (x) that maps the elements from the set X to the unit interval [0, 1] is called a fuzzy set A in X, and it
is characterized by a membership function A4 (x). The fuzzy set can be represented as

A:{()C,'7 5A (xi)):xieX} (1)

Each element in A is an ordered pair comprised of the element of X and its corresponding image in [0, 1], which tells
the grade of membership. The membership function is called a triangular membership function if it is expressed in the
form of a triangle, which is represented as
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0 forx <a
9 fora; < x < ¢
c1—ag

0a(x) = (2)

di—x
d=c forc; <x<d

0ford; <x

3. Proposed fuzzy numerical scheme

Constructing a two-stage predictor-corrector scheme for solving non-linear stochastic partial differential equations
involves a systematic approach to handle nonlinearity and randomness effectively. This study focuses on solving partial
differential equations with fuzzy parameters. The partial differential equation that contains fuzzy parameters can be written
as

2

%:m%—k]‘(u),xe[o, L], €0, T] 3)

Where @ is a triangular fuzzy number handled via the 3j-cut approach, the function f(u) is a nonlinear source term.
The problem is defined in a one-dimensional spatial domain, i.e., xe[0, L], where L > 0. We consider an initial condition
of the form u(x, 0) = u,(x) for xe[0, L], where u, (x) is a given fuzzy-valued function satisfying necessary smoothness and
compatibility conditions. We impose the Neumann boundary conditions %(0, 1) =0, %(L, t) = 0. We confirm that the
problem is modelled in a one-dimensional spatial domain, i.e., the function u(x, ¢) is defined on x€[0, L], with diffusion
in the x-direction only.

Handling the Fuzzy Parameter Using the 3;-Cut Approach: To manage the fuzziness of o, the §;-cut approach
[63] is employed, representing o as an interval [0.4f;, 3 — B1]. Eq. (3) can be expressed as a fuzzy differential equation
using B;-cut approach as

% [710, X B), a1, x, ﬁl)} - 0619%22 {71 (t,x, Br), Wa(t, x, Bl)} +f[71(t,x, COREICES ﬁl)} @

The Eq. (4) is expressed in two different components 71 and 72. The scheme is constructed on one part 71which
is expressed as u.

3.1 Step-by-step construction of the scheme

Step 1: Predictor Stage:
The first stage predicts the solution at the next time step using:

ﬁr}-&—l _

Loyosae , 1oy —an 5A —4Ar du
! 751/416 +§u:7e t+(e ' te 72) o

3 ©

Here, superscript n denotes the time level, i.e., " = nAt, where At is the time step, and neN indexes the time level.
The subscript i denotes the spatial grid point, i.e., x; = iAx where Ax is the spatial step size and i € {0, 1, ..., N} indexes
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n
the discretized spatial domain. The quantity % ~ represents the partial derivative of u with respect to time, evaluated at
l

the spatial grid point x; and at the time level #*. The symbol At represents the time step increment, i.e., At = "1 —¢",
Equation (5) is part of the predictor stage of a two-stage time integration scheme, which provides an intermediate estimate
7' of the solution at the next time level. Here, u? denotes the numerical approximation to the exact solution u(x;, "),

1
n
where x; = iAx and t" = nArare the discrete spatial and temporal grid points, respectively. The derivative % ~ represents
1

the temporal derivative of u at point (x;, 1").

Step 2: Corrector Stage:
The second stage corrects the predicted value:

ou

u;’H = auf +bﬁ;’+1 +c (eAt - 1) { 5

n+1
| } (©)

Where a, b, and ¢ are unknown, which will be found by matching the Taylor series Expansion of terms on both sides
of the scheme.

The Taylor series Expansion for 1!

7T is expressed as

n

ou +0((Aan)?) %

+1 _

" @2 P
2 of?

i i

Now, substituting Egs. (5) and (7) into Eq. (6) as

n

u
A —
‘it dt

SNCORAT
; 2 o1

i

1 1
=aul +b <2u?e5m + ~ulle N

21
n
2))
— = U;
;2

" (eSAt+e—4At 72) { du

ar
®)
1 oul" 1 oul"
At SAt —4At
) { Lo 91" ] O
+C(e {2e at|, 2 at |;
ul" 1 dul”
SAt | —4At
o) (Zuf_ Lo
+(e te (8t2i 28ti>}
n n
Now equating u}, % ~and ‘3—?’2‘ ~on both sides of Eq. (8), it yields
l l
l=a+ g (eSAt +e—4At) _ g (eSAt 4 e _2)
At=b (eSAt +e_4A’ 72) Ny (eAt o 1) {%ESAt + %6—4& o % (eSAt +e_4At 72)} (9)

% — (e —1) (e 44 —2)
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By solving the system of Egs. (9), the values of a, b, and ¢ can be determined as follows. To do this, we consider a
specific and commonly used value of the time step At in the stability region of the scheme, say At = 0.1. Substituting this
into the system of equations (9), we solve numerically:

| = a—i—% (eo.s +870.4> _ g (eo.s 4o 04 _2)

(0-21)2 — (D= 1) (25 40704 —2)

Solving this, we obtain a = 0.4291, b = 0.5082, and ¢ = 0.062. These values ensure that the scheme matches the
Taylor Expansion of the exact solution up to the second order and maintains the intended temporal accuracy. This system
ensures second-order temporal accuracy.

The proposed scheme for the first component of deterministic fuzzy Eq. (3) is expressed as

ﬁfﬂ = % (w ) + % (W) e ¥ 4 (esm et 2) {0.4[318?;5‘ + ) — % (Wl)?} (10)
(‘%)?H —a (‘71) +b®jﬂ e 1) {0.4;31;—; (7)+l +f(7):ﬂ} (11

1
For simplicity, the component ( u 1>i1S expressed as u?.

3.2 Space discretization

The compact scheme is used for space discretization of Eq. (3). The compact scheme is expressed as

1 1 1
ﬁ;"H = Eu?esm + Euf’e_‘w + (eSAt +e M 72> {0.4[31C_1Dul'-' + ful — 2uf’} (12)
Ut = auf + bt +c (eA’ - 1) {0.4B,C 'Da ! + faty (13)

Where C and D are matrices containing the left and right sides of the following equations. We adopt a sixth-order
three-point compact finite difference scheme for approximating the second-order derivative %. The general form of the
scheme is:

Fn " =c () —2uf +ul ) c (o —2uf +u} )
: ’ (Ax)2 ESE

nu'liy+ i (14)

i+1

Where 7;is a free parameter and ¢, and ¢ are expressed as

Co iporary Math tics 2596 | Muhammad Shoaib Arif, et al.




IS

1
(1-n),c1= 5(107’1 —1).

Co =

This leads to a linear system of the form cu’ =Du.
Where U is a vector of unknowns [ug, uy, ..., uN,l]T, C is a tridiagonal matrix representing the left-hand side
coefficients, D is a banded matrix capturing the discrete spatial operator on the right-hand side.

3.3 Explicit form of matrices C and D

Matrix C is defined as:

1 n 0 - 0
n 1 n 0
c=10 N 1
0 ... 0 % 1

Matrix D is defined as: Matrix D is constructed to approximate the right-hand side of the following discretization:

L 1 (i =20 ) (=20}t ) N—1)x(N—1
nu'l_ "l =co (Ax)2 +a ()2 (=11
1

is written as: D = (o [co T3+ % . T5] where T3 is a classical tridiagonal matrix and is defined as below:

. The full spatial discretization matrix DER

-2 0 1 0 0
0 -2 0 1 0
1 o -2 0 0
=lo 1 0o -2 0
{

| 0 0 1 0 =2]

3.4 Incorporating stochasticity
Now, the fuzzy stochastic equation is expressed as
%u
du :O.4B1ﬁdt+f(u)dt+61 udW (15)
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Where W in Eq. (15) is the Wiener process. For the stochastic term ojudW approximate the Wiener increment AW
as a normally distributed random variable with mean 0 and variance Ar : AW ~ N(0, At).
The first stage of the scheme for Eq. (15) is the same as Eq. (12), while the second stage is expressed as

W = au bt (M= 1) {048, C D 4 i) + outAW (16)

Where AW ~ (W1 — W") is approximated by a normal distribution N (0, At), and C, D are matrices representing
the compact scheme coefficients.

This two-stage predictor-corrector scheme effectively addresses the challenges posed by nonlinearity, randomness,
and fuzziness in Stochastic Partial Differential Equations (SPDEs), providing a robust computational approach for such
complex systems. The proposed two-stage method, combined with the sixth-order compact discretization in space, yields
an overall explicit scheme, since all updates at time level n + 1 are computed from known quantities at time level n and
do not require solving non-linear algebraic systems.

3.5 Key differences introduced by the fuzzy parameter a,

The fuzzy parameter o, modelled as a triangular fuzzy number, is handled through the J;-cut approach, which
transforms the fuzzy Partial Differential Equations (PDE) into a family of interval-valued problems for each f3; € [0, 1].
This leads to two bounding solutions u (¢, x, B1) and uy (¢, x, B1), rather than a single crisp solution. While the numerical
stencil structure remains the same, the input parameters and computed solution are interval-valued functions, requiring the
numerical method to be applied twice (for lower and upper bounds) or in a parametric form. This introduces uncertainty
quantification directly into the numerical solution process, which is unnecessary for classical PDEs. In classical PDEs,
numerical methods produce a single trajectory. In fuzzy PDEs, the output is a fuzzy-valued function interpreted via its
membership function or its 8j-Cut bounds are essential for applications where uncertainty is present in parameters.

4. Stability analysis

To determine the conditions under which differential equations are stable, one might utilize the Fourier series
analysis, often known as the Von Neumann stability analysis. This analysis provides exact conditions for linear partial
differential equations; for non-linear differential equations, it estimates the stability condition. This analysis is based on
transformations that reduce differences into trigonometric equations. To apply this analysis, consider the transformations

Celld = y1el=DI0 4 4il9 | 4y (4110 (17)

(e<i71)1¢ _2¢il9 +e(i+1)1¢) . (e(i72)1¢ _2¢il9 _|_e(i+2)1¢)
(Ax)? ! 4(Ax)?

D"t = ¢, (18)

By substituting Eqs. (17) and (18) into the first stage of the scheme (12) with f = 0 it is obtained

- 1 1, _ _ 4cq(cosg — 1) +ci(cos2¢ —1) 1
n+1 n SAt n —4At SAt 4At n
u; 2ule +2u,e +(e +e { B ( 2 )2(2 cos ) ) > u; (19)

Write Eq. (19) as
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@ = o (20)

l

_ _ deo(cos p—1 201
Where o = 18 4 Lom400 4 (650 4 o480 _9) {0_4131 ( c <§(0Asf)2(2>7:2)£6¢f7j-1¢; )) _ %}

Now substituting transformations (17), (18), and Eq. (20) into the second stage (16) with f = 0 as

4co (cos@ — 1) +ci(cos2¢ —1)
n+l __ n n At n n
u!" = aui +bau} +c (e 1) {0.4ﬁ1 ( SAvE 2ncosd + 1) oui + oui AW (1)

Rewrite Eq. (21) as

W™ = oqul + cul AW (22)
The amplification factor is given as
M{Hl
;7 =01 +O0AW (23)

1
By applying the expected value on the square of the amplification factor as

2
n+1
Y| ZoE|oy P+ 262E|AW]? = [on]? + 62Ar (24)

E

i
If |oy |2 < % and assume that 26> = A, then inequality (24) is expressed as

2
<1+AA 25)

n+1
i

u;

E

From the above inequality and the derived conditions, we conclude the following: The scheme exhibits stability in
the mean square sense, provided that [Ocl]z < 1. However, since a; depends on At, Ax, and other parameters (see Eq.
(22)), the stability is conditional and governed by both time and spatial steps, specifically the mesh ratio %.

Mesh Ratio Restriction: From Equation (20), we observe that & and hence ¢ grows with Ar and ﬁ Therefore, to
maintain (a1]2 < 1, the following equation must be imposed % < C, for some constant C > 0. Hence, the scheme is
conditionally stable, and the mesh ratio is restricted.

Theorem 1 The proposed time and compact scheme in space Eq. (12) and Eq. (16) is consistent in the mean square
sense.

Proof. Let F be a smooth function, then

(n+1)At (n+1)At
Ful(s, iAX)dS — o / F(s, iA)dW(s)  (26)

L(F)! = F ((n+ 1)Ar, iAx) — F(nAt, iAx) — 0.4B, / .

nAt
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Where L(F}) is the exact operator applied to the test function F'.

L'F =F ((n+ 1)At, iAx) — F(nAt, iAx) — 0.4B,b (eSA’ e 2) C'DF (nAt, iAx)
(27)
—c0.4B, (eA’ - 1) C™'DF ((n+1)At, iAx) — GF (nAt, ilx) (W ((n+1)Ar) — W (nAr))

Where L} F is the numerical operator obtained from the proposed scheme.

Where F ((n+ 1)At, iAx) = 1F ((n+1)At, iAx) A + LF (nAt, iAx)e 2 + (3 + 644 —2) {C~'DF (nAt, iAx)
—1F(nAt, iAx).

The following equation can be obtained from Eq. (26) and Eq. (27)

; w2 (n+1)At ] (n+1)At )
E|L(F)} —L{F|” <E|—0.4B, /A F(s, zAx)deG/A F (s, iAx) dW (s)
nAt nAt
+b (eSA’ et 2) 0.4BC~'DF (nAt, iAx)
(28)
—0.4B (eAf - 1) C™'DF ((n+1)At, iAx)

+GF (nAt, iAx) (W ((n+ 1)A) — W (nAt)) 2

Eq. (28) implies

(n+1)Ar
/ Fe(s, iAX)dS — b (eSA’ et 2) C™'DF (nAt, iAx)
nAt

E|L(F)! —LIF|* <2(0.4B,)*E

2
+e (eAf - 1) C'DF ((n+ 1)At, iAx)

29)

) ~(n+1)At
+20%E / F(s, iAx) dW(s)

nAt

— F(nAt, ilx) (W ((n+ 1)Ar) — W (nAt)) 2

Now using the inequality

2m "

< (=) fm2m = D) [ E(v(s, w)")ds (30)

to

E

/t: v(s, w)dw(s)
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inequality (29), it yields

0w a2 ) (n+1)At )
E|L(F)! —L'F|> < 2(0.48,)*E Fu(s, iAx) dS
n

At

b (e5A’ et 2) C'DF (nAt, iAx)

€2))

2
te (eA’ - 1) C'DF ((n+ 1)At, iAx)

) (n+1)Az
+20°At /
nAt

[\F(s, iAX) — F (nAt, iAx) (W ((n+ 1)Ar) —W(nAt))ﬂ
Now, applying the limit as Ax — 0, At — 0,1 = (n+ 1)At, (nAt, iAx) — (¢, x), then the mean square error tends to
Zero. i.e.

E|L(F")~LIF|* >0 (32)

The scheme is consistent in the mean square sense if: limy, 0, ax—0 E[|L (F") — L!'F |2] = 0. This condition is derived
from the error expression (Equation (31)), which involves temporal discretization error, controlled by Taylor expansions
and exponential integrators; spatial discretization error, controlled by the sixth-order compact scheme; and stochastic
integral approximation error, controlled by It6 isometry and standard inequalities. The inequality (31) is now rewritten to
highlight that all error terms vanish in the limit:

E|L(F")—LIF|* < CiA> + CyAx* + C3At — 0 as At, Ax — 0

This verifies that the local truncation error converges to zero in the mean-square sense, indicating that the method
is consistent with the original stochastic partial differential equation. Consequently, the suggested approach for temporal
and compact discretization is consistent in the mean-square sense.

4.1 Convergence of the fully discrete scheme

Let u(x, t) be the exact solution of the fuzzy stochastic partial differential equation and let u be the fully discrete
approximation obtained from the proposed two-stage compact scheme. Then, under suitable regularity assumptions on
the solution and boundedness of the noise coefficients, the numerical scheme satisfies the convergence estimate:

i ) — ’.12 =
pimEflu (i, 1) —ui T =0

This ensures that the scheme converges to the true solution in the mean-square norm as the mesh is refined. Due to
the presence of both stochastic and fuzzy components, an exact convergence rate is not derived in this work. However,
numerical simulations (Figures 1-8) validate the proposed scheme’s empirical convergence and superior performance
compared to existing methods.
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5. Mathematical model

The SIR model is a foundational framework in epidemiology. A SIR model is simple yet powerful. The model
consists of susceptible, infective, and recovered people. The symbol S is used for susceptible (Individuals who can contract
the disease), I (Individuals currently carrying and capable of transmitting the disease) is for infective, and R (Individuals
who have recovered from the disease and are no longer susceptible) for recovered people. The SIR model is extended
by considering f3, the interaction rate, to be a variable quantity. To enhance the model’s realism, especially for diseases
with time-varying transmission rates, the transmission rate 3 is treated as a dynamic variable influenced by factors such
as behavioural changes and interventions. Incorporating spatial considerations, the SIR model can be extended to account
for the diffusion of individuals across regions, leading to the following system of partial differential equations:

as 228
EZdlﬁ—FA—ﬁSI—(,U—FS)S (33)
ﬂ—d 8—21+[551—( +04+7)I (34)
ot o H Y
OR %R

2
B _ 0P B —ap (36)

ot o T1xal

Where d;, dy, d3, ds are diffusion coefficients for the susceptible, infective, recovered populations, and the
transmission rate, respectively, representing the spatial spread due to movement, A is birth rate introducing new susceptible
individuals into the population, u is natural death rate accounting for the regular mortality unrelated to the disease, 6
is molarity rate of the disease, representing the fatality among the infected, § denotes effect immunization rate of the
susceptible population following vaccination, moving them directly to the recovered class, ¥ represents the rate at which
the infected people recovered, transitioning them to the recovered class. 3, denotes the maximum potential transmission
rate in the absence of infective individuals, cjis the coefficient modulating the impact of the infective population on
reducing the transmission rate, possibly due to saturation effects or behavioural changes, and & represents the decay rate
of the transmission rate, reflecting the natural decline of 8 over time in the absence of new infections.

5.1 Modelling dynamics

Susceptible Population S: This group increases through births A and decreases due to natural deaths p.S, disease-
induced immunization §S, and new infections BSI. The diffusion term d; V2S captures the spatial movement of susceptible
individuals.

Infective Population I: Infections occur at a rate proportional to both susceptible and infective individuals $SI. The
infective population decreases due to natural deaths pt/, disease-induced deaths 61, recoveries I, and spatial movement
d2V2] .

Recovered Population R: Individuals enter this compartment through recovery yI and immunization 6S. Losses
occur due to natural deaths (R and spatial movement d3VR.

Transmission Rate f: The evolution of B is influenced by its diffusion d4V?pB, a source term representing the

maximum transmission rate modulated by the infective population 5 fﬁl 7, and a decay term of3, indicating the natural

reduction of transmission potential over time.
For the system of Eqgs. (33)-(36) with d| = d, = d3 = d4 = 0, the following equations
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A—BSI— (L +8)S=0

BSI—(+6+7)I=0

(37)
M+3S—uR =0
55
—oaff =0
I4+c1l h
has one of the equilibrium points
5 (5000 e 2) (38)
S+p’ T ud+u) o
Theorem 2 The system of Egs. (33)-(36) with d| = dy = d3 = d4 = 0 is locally stable.
Proof. The Jacobian of Eq. (33)-(36) using d| = d» = d3 = d4 = 0 can be written as
[—-8—BI—u BS 0 —IS]
BI —y—u+ps-6 0 IS
J= 39)
S V4 -u 0
B _
L O (1+C11)2 0 a_
The Jacobian at the equilibrium point B* is given as
_ BoA -
—o—u @l th) 0 0
B A
Jge = (40)
15} Y —u 0
L 0 —ﬁzcl 0 — ]

The eigenvalue for J|g. are expressed as
1
M=—a,bo=—lU,3=—08—-p=—[-ady—adu—ayu —au’+ pA—add —oud
i 2= —M, A3 u4a(5+u)[ Y—adu—ayu—op”+p )
Now A4 will be negative if
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BoA < ady+adu+ayu+ou’+ado +aub.

5.2 Incorporating fuzziness and stochasticity

These parameters can be modelled as triangular fuzzy numbers to address uncertainties in the natural death rate u
and the immunization rate 6, which may not be precisely known or may vary. This approach acknowledges the inherent
variability and imprecision in real-world data. Additionally, to capture random fluctuations and external shocks, Fuzzy
Stochastic Differential Equations (FSDEs) are introduced:

2
ds = (dl‘;xf +A—ﬁSI—(/.L+6)S> dt + 01SdW (41)
221
dl = (dzﬁ +BSI— (U + 6+ y)I)dt + o2 1dW (42)
2R
dR = (d, 53t yI +8S — uR)dt + o3RAW (43)
9’ B2
dp = <d4ax2+ 1+c.1_aﬁ> dt + o, BdW (44)

Where py and 6 are triangular fuzzy numbers and o}, 05, 03 and o4 represent the intensities of the stochastic
perturbations for each compartment, and dW are Wiener processes modelling the random fluctuations. This stochastic
framework allows the model to account for unpredictable events and inherent randomness in disease transmission and
recovery processes.

By integrating diffusion processes, variable transmission rates, fuzzy parameters, and stochastic elements, this
extended SIR model provides a comprehensive framework to for simulating and analyzing the complex dynamics of
infectious diseases.

5.2.1 NSFD scheme for the fuzzy stochastic SIR-ff model

To numerically solve the fuzzy stochastic reaction-diffusion system (41)-(44), we construct a Non-Standard Finite
Difference (NSFD) scheme that satisfies the following key features: Positivity and boundedness of the solution, Accurate
handling of fuzzy parameters via $-cut formulation, and incorporation of stochastic terms with appropriate discrete
approximations.

We first discretize the domain (x, ¢)€[0, L] x [0, T] using spatial step size Ax and time step Az, denoting:

St S(x;, tn), I, R! and B similarly,

Xx; = iAx, t, = nAt

AW" ~ N(0, At) represents the Wiener increment.
The discretized NSFD scheme is then written as follows:
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o) O 828+ A—BISIT] — (1 +8)S] + 01 ST AW” (45)
g
oy B+ BT — (L + 6 + V) + Ol AW" )
Rr_l+l _Rn )
B =P b
1

Here ¢(Ar) is a non-linear denominator function to improve the dynamic consistency and numerical stability. A

ugy —2uf
(Ax)>

parameters such as i and 0 are evaluated via 3-cut representation, where triangular fuzzy numbers are approximated over

typical choice is: ¢(Ar) = ;24 and 82u: is the standard second-order central difference: 62u!! =

Fuzzy
the interval [ug, yy] with B0, 1], leading to a family of crisp sub-models solved independently and aggregated at the
end.

Subject to the boundary conditions: The NSFD scheme supports: Neumann boundary conditions (zero-flux):

d d
220, = Z2(L,1) =0 “9)

Which can be discritized as u” | = uf, uy, = Upn_ -

The scheme maintains positivity for all state variables provided the step sizes satisfy mild constraints. The inclusion
of stochastic terms via oxu?AW" ensures that randomness is reflected correctly at each step. An NSFD formulation is
explicitly used for performance comparison with the proposed scheme (see Section 6).

5.3 Justification for model complexity (fuzzy + stochastic + f-incidence)

Fuzziness captures epistemic uncertainty that arises due to imprecise or incomplete knowledge in epidemic
parameters, especially during early stages of an outbreak or in regions with inconsistent data reporting. For example,
infection rates, recovery rates, and contact behaviour are rarely known precisely. Representing these as triangular fuzzy
numbers allows the model to incorporate a realistic range of uncertainty rather than relying on fixed deterministic values.

Stochasticity reflects random fluctuations in disease transmission and recovery processes due to inherent biological
randomness and environmental variability. This is especially relevant in localized outbreaks or small populations, where
chance events significantly influence disease progression. The incorporation of a Wiener process in our model introduces
this necessary randomness into the simulation.

The non-linear B-incidence function reflects saturation effects and behavioural responses in the transmission
dynamics, which cannot be captured by classical bilinear incidence terms. For instance, as infection spreads, public
awareness and healthcare limitations affect how contacts lead to new infections B-incidence better models this adaptive
behaviour.
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6. Results and discussions

We present a detailed simulation study with the following objectives:

1. An explicit two-stage numerical scheme is proposed for solving both deterministic and stochastic partial
differential equations.

2. The scheme is constructed on two levels, making it self-contained and not dependent on other solvers.

3. It is conditionally stable in the mean square sense, implying: Restrictions on allowable time and space step sizes.
Careful selection of model parameters is necessary to ensure numerical stability.

4. The first stage of the scheme ignores the stochastic (Wiener process) term. It is identical for both deterministic
and stochastic equations. The second stage incorporates the stochastic component of the PDE. Behaves similarly to the
Euler-Maruyama method, a standard method for SDEs.

5. The proposed scheme achieves second-order accuracy in time for deterministic problems. In contrast, the
traditional Euler-Maruyama method is only first-order accurate for such problems.

6.1 Comparison between the two numerical methods

To solve the stochastic fuzzy SIR-f3 model, Figure 1 compares the suggested two-stage numerical methodology with
the Euler-Maruyama method. The Figure consists of two plots displaying the evolution of the Susceptible S, Infective
I, Recovered R populations and the transmission rate §(¢) over time under identical parameter settings: dy = d, =d3 =
dy=0.1,u=0.1,=0.3,y=0.1,¢;=0.1,A=0.1,§ =0.1, B; =0.1, 6 = 0.1. The number of susceptible individuals
S(¢) decreases over time as people either become infected or gain immunity through vaccination §. The rate of decline is
similar in both plots, confirming that both numerical schemes capture the dynamics consistently. The number of infective
individuals /(z) initially rises before declining sharply. The decline is driven by recovery yI, deaths 61, and a reduction
in available susceptible individuals. The stochastic fluctuations are visible in the right plot, corresponding to the Euler-
Maruyama method. The recovered population R(¢) increases as infected individuals recover or get immunized. The red
curves in both plots show a steady increase, with slight variations due to stochastic effects. The infection transmission rate

2
B(¢) decreases over time, governed by the equation %—t = d4% + 3 ff] 7 — a3 . As the number of infective individuals

decreases, the transmission rate drops due to the dynamic nature of B(¢). The decay rate is nearly identical in both methods,
with the right plot showing slight stochastic variations.

Proposed Euler Maruyama
7 T 7
Susceptible s Susceptible
6 Fy Infective H 6 Py Infective
Recovered Recovered
5 ................ ﬁ(t)

Figure 1. Comparison of proposed and Euler Maruyama method using d; =d, =d3 =ds =0.1, n =0.1, a =0.3, y=0.1,¢; =0.1, A=0.1, § =
0.1, 81 =0.1,6 =0.1
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Solutions derived from the suggested two-stage scheme are shown on the left plot, while those derived from the Euler-
Maruyama approach are shown on the right plot. The Euler-Maruyama method introduces visible stochastic fluctuations in
the curves, especially for B(z) and I(¢). The proposed scheme, which is second-order accurate in time, produces smoother
curves, indicating better numerical stability and accuracy. Despite the fluctuations, both methods preserve the qualitative
dynamics of the system, confirming that the proposed scheme correctly models the stochastic epidemic process. This
comparison suggests that the proposed scheme is preferable for accurate long-term predictions, especially in stochastic
epidemic models where stability is crucial.

Both panels exhibit fluctuations driven by stochastic effects ¢, and these are not artefacts of numerical instability.
The proposed scheme (left) maintains better stability in the mean-square sense and second-order temporal accuracy,
compared to Euler-Maruyama (right), which is first-order accurate.

6.1.1 Clarifying the purpose of the comparison

The aim of Figure 1 is not to suggest a visually smoother trajectory, but to compare the accuracy of the proposed
scheme with a known first-order stochastic method (Euler-Maruyama), and demonstrate the improved stability in the
mean-square sense and higher temporal order of accuracy of the proposed method under identical parameter settings.
Both methods are applied to the same stochastic fuzzy SIR-8 system, and due to the presence of stochastic noise o, the
fluctuations are expected. However, the proposed scheme demonstrates better numerical consistency across realizations
due to the refined temporal discretization enabled by the modified exponential integrator and the predictor-corrector
approach.

6.1.2 Clarification on the role of stochasticity in Figures

The stochastic contribution in the Figures (e.g., Figure 1 and Figures 5-8) can be observed through the deviation
and spread in the solution trajectories when the noise term cudW is active. In deterministic cases, trajectories remain
smooth, whereas in stochastic cases, the evolution exhibits slight fluctuations that capture the random effects of disease
transmission. In contrast to the Euler-Maruyama approach, the suggested scheme preserves numerical stability and
provides smoother accuracy in stochastic settings, highlighting this difference.

6.2 Impact of social behaviour on infection rates (Figure 2)

Figure 2 illustrates the effect of people’s resistance to changing their behaviour on the fuzzy infection rate in a
stochastic fuzzy SIR-B model. The curves represent the evolution of the upper B! and lower B2 bounds of the fuzzy
infection rate for different values of ¢, which denotes the decay rate of §. The simulation is performed using the following
parameters: dy =d, =d3 =dy =0.1,u=0.1,y=0.1,¢;=0.1,A=0.1, B; =0.1, 86 = 0.1. All curves show a monotonic
decline in the infection rate 3(¢), indicating that as time progresses, the effective transmission rate decreases. This aligns
with real-world scenarios in which public awareness, immune development, and interventions reduce transmission over
time. The solid and dashed curves represent B! (upper bound of the fuzzy infection rate) for & = 0.1 and o = 0.3,
respectively. The dashed and dotted curves represent B2 (lower bound of the fuzzy infection rate) for & = 0.1 and o = 0.3,
respectively. As & increases from 0.1 to 0.3, both B! and 8% decrease more rapidly, implying that a higher transmission
decay rate reduces the infection rate faster. People’s resistance to changing social behaviour (such as refusal to adhere
to preventive measures) directly affects the rate at which (¢) declines. Higher resistance slows down the decay of (z),
keeping the transmission rate higher for longer. In contrast, lower resistance (or better compliance with interventions
like social distancing and mask-wearing) leads to a faster decline in 3(¢). When people actively reduce interactions and
follow public health guidelines, the infection rate decreases more rapidly o = 0.3. If people resist changing their social
behaviour, the infection rate remains higher for a longer duration, prolonging the epidemic & = 0.1. This Figure highlights
the importance of early and effective interventions to reduce disease transmission.
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Figure 2. Effect of people resistance to the fuzzy infection rate usingdy =d, =d3 =dy =0.1, u =0.1, y=0.1,¢; =0.1, A=0.1, §; =0.1, 6 = 0.1

6.3 Effect of recovery rates on infective and recovered populations (Figure 3)
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Figure 3. Effect of rate at which infective become recovered to fuzzy infective and recovered people using dy =dy =d3 =ds =0.1, u =0.1, ¢c; =
0.1,A=0.1,8,=0.1,6 =0.1

In a stochastic fuzzy SIR- model, Figure 3 shows how the recovery rate y affects the fuzzy infectious 7 and recovered
R populations. The simulation uses the following parameters: dy =dy =d3 =ds =0.1, 4y =0.1,¢; =0.1,A=0.1, B; =
0.1, 8 = 0.1. The two subplots are represented as follows: Left plot: The evolution of the fuzzy infective population
I' and I? over time for different values of y. The infective population / initially increases and then declines as infected
individuals recover or die. A higher recovery rate y = 0.3 leads to a faster decline in infective individuals compared to the
case with y = 0.1. Both the upper bound /! and lower bound I? of the fuzzy infective population declines faster for y = 0.3
than for y = 0.1. This is expected because a higher recovery rate means infected individuals recover faster, reducing the
pool of active infections. The sharp initial slope of I(¢) at 7 = 0 is due to the non-linear infection dynamics and high
initial susceptibility, not a singularity. This effect is amplified by stochastic variability and is common in SIR-type models
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under rapid disease spread scenarios. Right plot: The evolution of the fuzzy recovered population R' and R? over time
for different values of y. Over time, the recovered population R grows, reaches a peak, and then stabilizes. A higher
recovery rate ¥ = 0.3 results in a faster and higher peak of recovered individuals compared to the lower recovery rate
y=0.1. The fuzzy upper bound R! and lower bound R? of the recovered population is higher for y = 0.3, showing that
more individuals recover in a shorter period. The peak occurs earlier for ¥ = 0.3 because individuals recover at a faster
rate, but the overall long-term trend shows a stabilization. Increasing recovery rates (e.g., through better treatment, faster
diagnosis, and improved healthcare measures) can reduce the spread of the disease by shortening the infectious period.
As more individuals recover quickly, the peak of the recovered population is higher and occurs earlier for larger 7.

6.4 Influence of mortality rate on infective population (Figure 4)

Figure 4 presents the effect of the mortality rate of the disease 8 on the fuzzy infective population 7 in a stochastic
fuzzy SIR-f model. The graph shows how different values of 8 influence the upper ' and lower /> bounds of the infective
population over time. The simulation is conducted using the following parameters: d| =d, =d3; =ds =0.1, u =0.1, y=
0.1,¢; =0.1, A=0.1, B; =0.1, o = 0.3. The infective population initially rises, then declines over time. The faster the
decline, the higher the mortality rate 8, as more infected individuals surrender to the disease. The dashed and dotted lines
6 = 0.3 show a steeper decline in I' and /> compared to 8 = 0.1. This indicates that a higher disease-induced mortality
rate reduces the number of infected individuals more rapidly. The solid and dashed lines represent the upper I! and lower
I? bounds of the fuzzy infective population at & = 0.1. The dashed and dotted lines represent the corresponding bounds
for @ = 0.3. The wider gap between I' and I? at the start, it gradually narrows, showing greater certainty in the declining
trend as the epidemic progresses. A higher mortality rate means more infected individuals die before they can recover,
leading to fewer active infections at any given time. If mortality is high, the disease may burn out faster, but at a high
human cost. Public health strategies should focus on reducing 6 by improving access to treatment and preventing severe
infections.
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Figure 4. Effect of molarity rate of disease to the fuzzy infective people using dy =dy =d3 =ds =0.1, u =0.1, y=0.1, ¢; =0.1, A= 0.1, B; =
0.1, =03

6.5 Comparison with existing numerical schemes (Figures 5-8)

Comparison of the proposed scheme with the existing NSFD scheme for susceptible, infective, recovered populations,
and infection rate. The proposed scheme demonstrates better performance, providing solutions closer to those obtained
by the MATLAB solver pdepe, which is used as a benchmark in the absence of exact solutions.
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Figure 5 compares the proposed two-stage numerical scheme with the Non-Standard Finite Difference (NSFD)
scheme for solving the fuzzy susceptible population dynamics in a stochastic fuzzy SIR-f model. The numerical
solutions obtained using the NSFD method and the MATLAB solver pdepe are plotted side by side to demonstrate their
comparability (left plot). The parameters used in the simulation are: dj =dy =d3 =dy =0.1, u =0.1, y=0.03, ¢ =
0.1, A=0.1, 5, =0.1, x =0.1, 6 = 0.1, 6 = 0.1. This Figure displays the absolute error between the MATLAB solver
pdepe and the NSFD scheme error |S pdepe — SNSFD| . Reaching levels up to 0.5, the number of mistakes is noticeably
higher. This implies that the NSFD scheme is less accurate, as it shows greater deviation from the MATLAB solver.
Proposed method against MATLAB solver pdepe (right plot). This graphic displays the absolute error between the
MATLAB solver pdepe and the proposed scheme error |S pdepe — Spmp,,xed|. At roughly 0.08, the error is rather low.
More precisely than the NSFD scheme, the suggested scheme follows the reference solution. Compared to the NSFD
system, the proposed one shows far less inaccuracy. The NSFD approach exhibits greater variance, lacking consistency
and accuracy across multiple step sizes.
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Figure 5. Comparison of proposed and non-standard finite difference scheme for fuzzy susceptible people usingd; =d, =dz =ds =0.1, u =0.1, y=
0.03,¢; =0.1,A=0.1, 5, =0.1,a=0.1, 6 =0.1, 6 = 0.1

Figure 6 compares the Non-Standard Finite Difference (NSFD) scheme for modelling fuzzy infective individuals
with the proposed two-stage numerical scheme. The parameters used in the simulation are: dy =d, =d3; =ds =0.1, u =
0.1, y=0.03,¢; =0.1, A=0.1, B; =0.1, « = 0.1, 6 = 0.1, 6 = 0.1. The two subplots illustrate the absolute error
between the NSFD scheme vs. the MATLAB solver pdepe (left plot). The error is calculated as |Ipde pe — , where
Ingepe 1s the reference solution obtained from MATLAB’s pdepe solver and Iysrp is the solution using the NSFD scheme.

The error is significantly large, reaching values above 1.5. The persistent high error suggests that the NSFD approach fails
to yield an accurate solution. This high error suggests that NSFD fails to maintain numerical consistency and stability
for the fuzzy infective population. Proposed scheme vs. MATLAB solver pdepe (right plot). The error is calculated
as ‘Ipdepe — , Where Ip,oposeq 18 the solution using the proposed scheme. The proposed scheme exhibits much
lower error, with a maximum of about 0.08. The error distribution is more controlled, with less deviation over time.

This confirms that the proposed scheme is much more accurate and consistent in approximating the fuzzy infective
population. The NSFD scheme exhibits significant numerical errors, rendering it unreliable for solving the fuzzy dynamics
of infectious populations. The proposed scheme significantly reduces the error, making it a better alternative for solving
stochastic fuzzy epidemic models.

Co iporary Math tics 2610 | Muhammad Shoaib Arif, et al.



15,7 0.08 .

0.06
= 1i 3
5§ g
n = 0.04
2 .
105 B
= : ~"0.02 :

Figure 6. Comparison of proposed and non-standard finite difference scheme for fuzzy infective people usingdy =dr =d3 =dy =0.1, u =0.1, y=
0.03,¢;=0.1,A=0.1, 3, =0.1,a=0.1, 6§ =0.1, 6 = 0.1

The suggested two-stage numerical method and the Non-Standard Finite Difference (NSFD) strategy for modelling
fuzzy recovered individuals R in a stochastic fuzzy SIR — B model are compared in Figure 7. The parameters used in the
simulation are: d| =d, =d3 =ds =0.1, u =0.1, y=0.03,¢; =0.1, A=0.1, 3, =0.1, « =0.1, 6§ = 0.1, 6 = 0.1.
The two subplots indicate the absolute inaccuracy between MATLAB solver pdepe (left plot) and the NSFD scheme.
Calculated as |R pdepe — RNSFD| Rpdepe 1s the reference solution from MATLAB’s pdepe solver and Rysrp is the solution
derived from the NSFD system. The error in the NSFD scheme is significantly large, reaching values above 0.4. The
constant high inaccuracy over time points to inadequate numerical accuracy. This implies that the recovered population
dynamics cannot be reasonably approximated by the NSFD method. MATLAB solver pdepe compared with the proposed
scheme (right plot). Calculated as |R pdepe — Rpropsed

, where Rpy,pseq 1s the solution derived from the suggested numerical
method. With a maximum of roughly 0.03, the proposed system generates far less inaccuracy. The more under control the
error distribution is, the more precisely the suggested method tracks the MATLAB solver. In approximating the recovered
population, the suggested technique shows better numerical stability and precision. Large numerical inaccuracies of the
NSFD approach make it unreliable for precisely solving the recovered population dynamics. The suggested method solves
the fuzzy SIR- model with many fewer mistakes, so it is more accurate and consistent.

The proposed two-stage numerical methodology and the Non-Standard Finite Difference (NSFD) method for
simulating the fuzzy infection rate 3 in a stochastic fuzzy SIR-f8 model are compared in Figure 8. The parameters used in
the simulation are: dj =d, =d3 =dy =0.1, u =0.1,y=0.03,¢; =0.1,A=0.1, 3, =0.1, 0 =0.1, 6 =0.1, 6 = 0.1.
The two subplots indicate the absolute inaccuracy between MATLAB solver pdepe (left plot) and the NSFD scheme.
Calculated as | Bpaepe — BNsFD | , where Bpgepe is the MATLAB pdepe solver reference solution. The answer derived from
the NSFD system is Bysrp. The NSFD scheme has a rather small error, a maximum of about 0.2. The error distribution
remains uniform; nonetheless, the NSFD scheme diverges markedly from the reference solution. Proposed scheme vs.
MATLAB solver pdepe (right plot). The errors are calculated as: ]ﬁpdepe — Bproposed|> Where Bproposea is the solution
obtained using the proposed numerical scheme. The proposed scheme has a slightly higher error, reaching around 0.5.

The error distribution follows a consistent trend but shows greater deviation than the NSFD scheme. Unlike previous
comparisons where the proposed scheme performed better, this suggests that the NSFD scheme approximates the fuzzy
infection rate 8 slightly more accurately than the proposed scheme. Unlike earlier Figures, where the proposed scheme
significantly outperformed the NSFD scheme, this Figure suggests that NSFD provides a better approximation for the
infection rate 3. The proposed scheme maintains numerical stability but introduces a slightly larger error for 3. This
indicates that additional refinements may be needed in the proposed scheme better to capture the dynamic nature of the
infection rate.
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Figure 7. Comparison of proposed and non-standard finite difference scheme for fuzzy recovered people using dj =dr =d3 =ds =0.1, u =0.1, y=
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Figure 8. Comparison of proposed and non-standard finite difference scheme for fuzzy infection rate using dy =d, =ds =ds = 0.1, u=0.1, y=
0.03,¢;=0.1,A=0.1, 3, =0.1,a=0.1, 6§ =0.1, 6 =0.1

As noted in [64], the non-standard finite difference method lacks first-order temporal accuracy and is inconsistent
for any selected step size. Given that the exact solution to the problem is unknown, the solution obtained by the Matlab
solver pdepe is used as a substitute. The MATLAB solver can solve some partial differential equations. The problem can
be addressed using the pdepe solver; thus, the numerical solution derived from this solver is employed for comparative
analysis. The proposed technique yields results that are generally closer to the solver’s answer in most instances.

6.6 Clarification on the use of MATLAB’s PDE solver as a reference

It is important to note that the MATLAB solver is used here as a reference baseline, not as a competitor to our
proposed scheme, because it provides numerical approximations to deterministic PDEs only, does not support stochasticity,
and cannot handle fuzzy parameters. Therefore, the MATLAB solver is used only in the deterministic setup (with crisp
parameters) to assess how closely the proposed scheme matches solutions from a highly validated numerical engine. It
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is not an alternative or substitute in cases involving fuzziness, randomness, or their combination, which are the primary
challenges this study addresses.

6.7 Why the proposed scheme is needed despite MATLAB solver accuracy

The proposed scheme is designed specifically for fuzzy stochastic PDEs, where standard tools like pdepe are
inapplicable or fail to converge. It is second-order accurate in time for deterministic problems, and mean-square stable
for stochastic models, outperforming the first-order NSFD and Euler-Maruyama methods in most tested scenarios. It
also provides greater flexibility, including handling interval uncertainty (fuzziness) via the $-cut formulation, modelling
random fluctuations through a stochastic component, and using a compact spatial discretization that increases spatial
accuracy without requiring dense grids.

6.8 Comparison of numerical solutions for different time steps

Figure 9 shows the sensitivity of the proposed numerical scheme to different time step sizes Ar. Figure 9 also
illustrates how the solution evolves when using different time step sizes: Ar = 0.1, 0.05, and At = 0.01. The proposed
scheme shows consistent and stable behaviour across all tested Ar values, with higher resolution (smaller Ar) offering finer
solution accuracy, but Ar = 0.1 already captures the core dynamics effectively.

0.8
0.7
0.6
0.5
0.4

0.3

Infective Population /(¢)

0.2

0.1

Time (7)

Figure 9. Comparison of infective population /(¢) for varying Ar = 0.1, 0.05, 0.01 values

7. Conclusion

In this research, we have developed a novel computational scheme tailored for the fuzzy stochastic SIR- model
with diffusion, addressing the complexities inherent in modelling infectious disease dynamics under uncertainty and
spatial considerations. Our scheme’s two-level construction eliminates the need for auxiliary methods at the initial time
step, simplifying the computational process. While the modified exponential integrator improves stability by effectively
handling stiff equations, the integrated compact spatial discretization enhances computational accuracy and efficiency.
Using a comprehensive analysis of its mean-square stability and consistency, we confirmed the method’s reliability for
practical use. We tested the efficiency of our technique against pre-existing non-standard finite difference methods using
the stochastic fuzzy diffusive SIR-f model.
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In most cases, our proposed scheme beats the competition and shows promise as a strong tool for simulating complex
epidemic dynamics. Find solutions to partial differential equations using the Matlab solver pdepe; thereafter, you can
evaluate the results of the two approaches. The concluding remarks may be expressed as:

* The proposed numerical scheme consistently outperforms the existing NSFD method, demonstrating higher
accuracy and improved stability across most test scenarios.

* The simulation results show that increasing population resistance or adaptive social behaviour leads to a noticeable
decline in both the lower and upper bounds of the fuzzy infection rate, indicating reduced transmission potential.

* Enhancing the molarity (disease-induced mortality) rate results in a significant decrease in both fuzzy components
of the infective population, reflecting a faster reduction in active infections within the modelled system.

The advancements presented in this study contribute to computational epidemiology by providing a more accurate
and efficient method for simulating the spread of infectious diseases under uncertainty. Future research could involve
applying this computational framework to real events and extending it across several epidemiological models to assess its
broader applicability.

Limitations Absence of Empirical Data Fitting: While the current study does not fit the model to real-world data,
the focus is on developing and validating a robust numerical scheme that can handle highly complex epidemic dynamics
involving fuzziness, nonlinearity, and stochasticity simultaneously. Future work will focus on parameter calibration
using real epidemic datasets, particularly COVID-19 and influenza, where uncertainty and noise are prevalent. However,
even without direct data fitting, the simulations qualitatively demonstrate plausible dynamic behaviours across different
parameter regimes (e.g., resistance to social behaviour, varying recovery rates, and disease mortality).

Broader Applicability without Data: The proposed model, despite not being fitted to data, is valuable for:
Demonstrating the influence of uncertainty and randomness in a controlled simulation environment, benchmarking
numerical schemes capable of capturing nonlinearity and uncertainty and serving as a template model for future calibration
to real datasets with inherent fuzziness and stochasticity.
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