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Abstract: In this research, we propose an inertial-type iterative scheme constructed by an E-type enriched nonexpansive
mappings in the framework of uniformly convex Banach spaces. Strong and weak convergence results along with stability
result for the proposed algorithm are presented. Numerical examples and comparisons with well known existing iterative
schemes with the help of graphs are presented to demonstrate the efficiency of our proposed scheme. It is shown that the
algorithm presented herein converges more faster to fixed point and competitive on the examples considered for this class
of mappings. As applications, we apply the scheme to solve variational inequality problems, constrained optimization
problems, and split feasibility problems. Moreover, we use the proposed approach to solve a functional differential equation.

Keywords: variational inequality problem, fixed point problem, split feasibility problems, minimization problem

MSC: 47H09, 47H10, 47J25, 65J15

1. Introduction and preliminaries

Many problems in applied sciences can be modeled in functional inclusions and equations which often can be
reformulated as fixed point problems. Classical examples include the minimization of loss functions in artificial neural
networks, the modeling of infectious disease dynamics, the evolution of solutions to differential equations, the construction
of stationary distributions in stochastic processes, finding the optimal control solutions and the formulation of Nash
equilibrium problems. These diverse applications signifies a vital role of fixed point theory in analyzing and solving
complex systems. Many problems arising in applied sciences can be reformulated as fixed point problems. In recent years,
fixed point methods have been successfully employed in the analytical and numerical investigation of memory dependent
fractional models describing behavioral learning dynamics, where nonlocal operators introduce strong nonlinear effects.
Similarly, fixed point techniques provide a rigorous framework to establish convergence of numerical algorithms and
stability of solutions under parameter variations. Moreover, fractional differential equations appearing in the theory of
chemical graphs often lead to complex nonlinear systems, for which fixed point theory offers a robust and systematic
approach to ensure solvability and to design efficient iterative procedures, several recent developments in fixed point
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theory can be seen in [ 1-4]. In practice, finding an exact solution is often impossible, so an efficient iterative schemes that
approximate solutions with few iterations and low computational cost are highly desirable. The main features of Iterative
algorithms are stability, dependence on the data, convergence rate, computational cost and well-posedness. For these
reasons, the development of faster and more reliable iterative methods have attracted the attention of several mathematicians
and computer scientists.

A mapping F is called Lipschitzian mapping if it satisfy the following inequality:

[Fr—Fs|| < L[r—sl,

forall r, s €I, where L > 0 is a constant. For L € (0, 1), F is said contraction and F' is nonexpansive if we take L =1 in
the above inequality. The mapping F is known as quasi-nonexpansive if |[Fr — r*|| < ||r—*||, for all r €T, r* € Fix(F),
here Fix(F) is fixed points set of F.

The Banach contraction result provides one of the most simplest algorithms known as Picard iterative scheme, in
approximating the solution of fixed point equations and is based on the idea of iterative application of contraction mapping
on the initial guess of the solution. Mathematically, if ry is an initial guess of the fixed point equation given by F(r) =r,
then other approximations of the solution are obtained by 7,1 = Fr, ([5]). However, contraction result is not applicable
in approximating the solution of fixed point equations of certain classes of mappings which are very useful in convex
optimization and in many real world problems of practical interest. In particular, the solution of fixed point equations
involving nonexpansive mappings (which are natural extensions of contractions) need not be approximated by Picard
iterative scheme. Indeed, the Picard iteration scheme constructed with the help of a nonexpansive mapping given by
Fr=1—ron |0, 1], fail to converge despite the fact that fixed point set of F is nonempty. Note that, % is a fixed point of
F and if we choose any initial guess in [0, 1] other than %, then the Picard sequence obtained by F does not converge.
However, if we use a weighted average of an identity mapping I and F given by F), = (1 — A)I + AF, where A € (0, 1),
then it converges to an element in Fix(F'), if we use any initial guess, and Fix(F} ) = Fix(F). This shows that in certain
cases, developing an iterative sequence by an averaged mapping is useful than using a mapping F itself.

Throughout we denote, N, R and R the set of natural, real numbers and positive real numbers, respectively. Thy
symbol I" stands for a nonempty closed convex closed convex subset of Banach space % which is also uniformly convex
and F for a self mapping on I.

Suzuki [6] proposed an important class of mappings called it the mappings that satisfy the condition (C).

Definition 1 [6] Assume F is mapping on I', we say F' has the condition (C), if

1
§||r—Fr|| <||r—s|| impliesthat |[Fr—Fs| <|r—s|,

forallr,seT.

Suzuki [6] proved several fixed point theorems and its convergence results for such class mappings. It is important
to note: any nonexpansive mapping satisfies the above condition (C); however, there exist some mappings which are
discontinuous (means not expansive) that fulfill the condition (C). Later, Garcia-Falset [7] introduced a broader class of
mappings that satisfy condition (E), which generalized the condition (C) and given by:

Definition 2 A mapping F on the set I" have the property (E) or (E¢) on T, if there is a constant § > 1 with

lr=Fsl| < &llr—Fril+lr—sl,

forallr,seT.
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Further note that, nonexpansivness implies the condition (E/) fulfills, but the converse is not always true. Moreover,
if F have the condition (C), then it fulfills the condition (Ej3), however, the converse does not generally hold. There also
exist some mappings that satisfy the condition (E) but fail to fulfil the condition (C) (see, for example, [7]).

Shukla and Panicher [8] proposed a new more general mapping which is given by:

Definition 3 The mapping F: I — I' is called an E-type enriched nonexpansive mapping if

1b(r—s)+r—Fs| <&[lr—Frl+(b+1)[lr s, ()

holds forall r, s € 2, b € [0, o) and & € [1, o).

Several authors used multi-step iterative methods to study existence and convergence for these generalized mappings.
Let us recall the following iterative schemes.

Choose an initial guess r; in I'. The sequence r, is given by

fny1 = (1—6,)r, +6,Fr,, neN )

is known as Mann iteration sequence [9], where {6, } is an appropriate sequence of parameters in (0, 1).
The sequence {r,} defined by

rnel
'n+1 = (1 _en)rn+9nan 3)
Sn = (1_nn)rn+nnFrn

is called Ishikawa scheme [10], where {1, }, {6,} C (0, 1) are sequence of parameters.
After that Noor [11] introduced a scheme which is given as follows:

rnel

Fui1 = (1= 6,)r, + 6,Fsy,
(4)
Sn = (1 - nn)rn +nnFtn

th = (1= 0p)rn+ 0, Fry,

where {0, }, {n.}, {6,} C (0, 1).
An S-iteration scheme was proposed by Agarwal et al. [12] and give by:
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rnel
Fng1 = (1 —6,)Fr, + 6,Fs,

Sn = (l_nn)rn"‘nnFrn»

where {n,}, {6,} are sequences in (0, 1).
An iterative scheme {r, } introduced in [13] is given by:

rnel

Fi1 = (1 — 6,)Fs,+ 0,Ft,

Sn = (1 _nn)Frn+n11Ft11

th = (1 = 0y)rn+ 0, Fry,

)

(6)

where {0, }, {n,} and {6, } in (0, 1) satisfy certain conditions. Note that, it has a better convergence than than S— iteration

in term of convergence rate.

Thakur iterative sequence {r,} proposed by Thakur et al. in [14] is given by:

rnerl

Sn = (1 - nn)tn +NuFty

th = (1 —0,)rn+ O, Fry.

rny1 = (1 —6,)Ft, + 6,F'sy

()

It is was observed that the above sequence convergence faster than iterative sequence in [13].

The M-iteration scheme [15] is given as follows:

I’]EF

n+1 :FSn

sp = Fty

ty = (1 —0,)r,+ 0, Fry.
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Recently, Khan et al. [16] proposed an iterative scheme to approximate the fixed points for mappings with property
(E) and is given as follows

rnel
Fast = Fsy ©)

sp=F((1—0,)Fr,+0,F’r,).

Recent research work has focused on developing iterative algorithms with higher convergence rate, better stability
and clearer data-dependency properties (see for example [17-20]). Hacioglu [21] proposed an algorithm and studied its
convergence results for almost contraction mappings. Houmani and Turcanu [22] applied an iteration to solve fixed points
equation of mappings with property (E). Moreover, the inertial-type iterative methods have received considerable attention
in recent years for solving fixed point problems due to their ability to accelerate convergence. Notable contributions
in this direction include the inertial schemes in primal dual techniques and the forward backward inertial approaches.
These methods introduce momentum like terms into classical fixed point iterations. In convergence analysis of iterative
algorithms, specifically for a more such general class of mappings than the mapping satisfy the condition (E) have received
less attention along with the inertial technique. Motivated by the need to address these gaps, this paper proposes a new
inertial AA-type iterative process that is independent of, and in many cases faster than the several well-known schemes for
average mapping to fixed points problem for E-type enriched nonexpansive mappings and is defined as follows:

rnel
Tnt1 = Fysy
Sp = Fl((l — Q,Z)FAV,, + GnF;Ll‘n)
(10)

Iy :FA((I _nn)un+n11F},Vn)

Vn = (1 - Gn)un + OnF) up,

Up =rp+on(rn—ra—1), YVREN
where {0, }, {n,} and {6, } are the parameters lic in (0, 1) and 0, with 0 < 0, < 4, and 9, given as

min{o, m}7 lf rn#rnfl,
On = (1)

o, otherwise.

Also 0 >0 and {¢9,} C R with lim,, % = 0. We proved the convergence results for the proposed method when
applied to generalized nonexpansive mappings. We also investigate stability and presented numerical experiments for the
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validity of the theoretical results. Finally, we illustrate the applicability of our approach in solving the the of variational
inequalities, constrained minimization and split feasibility problems. After that ,we solve some delay functional equation.
The following concepts are used in the convergence results.
Definition 4 [23] Assume that {p,} and {g,} are two sequences which converge to r* with the following error
estimates

||pn—l”*|| < Oy,
lgn —1r*(| < Bn-

If limy, e % =0, then {p, } converges faster than {q, }.
Definition 5 [24] A Banach space 4 fulfills the Opial’s property, if for any sequence {r,} — r* € 4, also for every
a € B with r* # a, we have the following:

liminf||r, — r*|| < liminf||r, —a|.
n—oo n—o0

Ostrowski [25] proposed the idea of stability for an iterative scheme, which is given as follows:

Definition 6 Suppose that {r,} is an approximate sequence of the sequence {a,} in " C . The iterative sequence
an+1 = T(F, an), where T defines a sequence which converges to a* € Fix(F), is said to be F-stable provided that
limy, ;0 €, = 0 iff limy, 00 7, = a*, where {e, } is defined as follows:

en=|lrns1 —T(F, )|, YneN.

Note that, amapping F: I" — Z is called demiclosed on I, if the graph of I — F is sequentially closed under weak-strong
convergence.

Definition 7 [26] A mapping F: I' — 2 is demiclosed on 0 if, for each {a,} in I" with g, — a and (I — F)a, — 0,
we have (I — F)a=0.

Lemma 1 [6] Assume F is nonexpansive and self map on I'. Then I — F is know as demiclosed at zero.

Lemma 2 [23] Assume that {r,} and {b,} C R+ with:

Tyl < (1 _gn)rn+bn

where €, € (0, 1) for all n € N with Y & =oo. Iflim, e z—: =0, then lim,, o 1, = 0.

Proposition 1 [7] If F: T — £ satisfies the property (E) on I, with Fix(F) # 0 then F is quasi-nonexpansive

mapping.
Lemma 3 [27] Suppose that 0 < « < 6, < B < 1,Vn e N. If {a,,}, {qn} C & with:

limsup ||a,|| < a, limsup||b,|| < a and
n—oo n—oo

limsup|[(1 — 6,)a, + 6,b,|| = a,

n—oo

Co iporary Math tics 3634 | Mujahid Abbas, et al.



for a > 0, then we have lim,,_,c ||a, — by || = 0.
Lemma4 [28]If0<g<1,r,>0,ands, € (0, 1) with s, — 0, and

rnt1 < grp+s, foralln,

then r,, — 0.
Remark 1 We assume the following conditions: for some 3, C (0, 1) such that > | B, < e and

lim &Hr,,—rn,l” =0.
n—e 3,

B

The remaining part of the manuscript is organized in the following ways: In Section 2, we proved the convergence
properties of the proposed algorithm. Section 3 contains numerical comparisons with existing iterative processes and
Section 4 discusses different applications.

2. Convergence analysis

Theorem 1 If F: I' — I' a E-type enriched nonexpansive mapping, then Fix(F') # 0.

Proof. As F is E-type enriched nonexpansive mapping, by the definition we have:
16(r—s)+r—Fs| <&llr—Frl+(b+1)[lr s,

1-24
forall r, s € . If we set, b = 0 then A € (0, 1) and by the above inequality, we have

(1 =2)(r=s5)+A(r=Fs)[| < EA[r—Frl+|r—s],
and
lr=((1=A)y+AFs)|| < GAllr—Fr{+r—s]| (12)
Let F) be given by
Fyr=(1—-A)r+AFr forallre A.

Clearly,

[Epr —rll = A Fr—rl. (13)
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From (12), we obtain that

llr—Fasl| < &llr = Farll+ [lr —s]l-

(14)

Thus, the operator F), satisfies the condition (E), by Theorem 2 of [7] we get that F) has at the least one fixed point

and we have Fix(F) ) = Fix(F) # 0.

O

Lemma 5 If F: T’ — [ is a E-type enriched nonexpansive mapping, sequence {r,} is defined in (10) and Fix(F) # 0,

then lim, o, ||, — || exists for all r* € Fix(F).

Proof. Suppose that r* € Fix(F)). By the Theorem (1), the mapping F) satisfies the condition (E) and by the

Proposition 1, it is quasi-nonexpansive. It follows from (10) that

|t — 1| = |70+ 0n(rn —rn—1) — 1|

< Al =7l +onllrn = ra-1ll

On

= |77 +Bn[7||rn —ru—t].
n
By Remark 1, lim,,_,o, E—" |[ry — ru—1|| = 0. Thus, there exists positive real constant M > 0 with
On
FH”n—Vn—lﬂﬁM, forall n> 1.
n
By Equation (15) we obtain that
[[un = 17| < |1 — ¥ + BuM.
Also,
v =7 || = |(1 = n)utn + OpFputn — 1"

< (1 _Gn)Hun_r*H+6ﬂ||F7Lu"_r*H

< (1=6)||un — r*|| + 0|ty — 7|

= llun =]

From (10) and (17), we have

(15)

(16)

(17)
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([t =1l = [1F3 (1 = M)t + B vn) — ||
SN =)t + NuFpvn — 17|
< (U= 1) |lun = 7|+ M| Fvn — 17|
< (U= 1) lltn = r* || 4 M llva — 7|
< lun =77 (18)
Using (18), we get that
llsn = r*[| = 1Fa (1 = 6n) Fvn + 6pFptn) — 1|
<1 = 6,)Fyvy + 6,F)t, — 7|
< (1= 60)[[Favn = r"[| 4 6ul [ Fptn — |
< (L=0u)[va =7 + Bulltn — ||

< (1= 6,)||un — || + Bp ||t — 1

= [lun — 77| 19)
Finally, by (10), (16) and (19), we have
st ="l = [ Fasa— 7|
< lsw =77
<l — ||
< lra =7+ BaM. (20)

Note that, , — 0 as n — oo, there exists a K € N such that the tail of the sequence {||r, — r*||} is monotone
decreasing and bounded below for n > K. Then, by the monotone convergence theorem, lim,,_,« ||r, — r*|| exists for all

r* € Fix(F),) = Fix(F). O
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Lemma 6 If F:T"— I' and sequence {r, } as given in Lemma 5 and Fix(F') # 0, then we have lim, o ||r, — F),r4|| =0,

where A = -

Proof. Suppose that r* € Fix(F). By Lemma 5, lim,,_,« ||, — r*|| exists, therefore it is bounded. Further, assume that
lim ||r, — r*|| = 1. @2n
n—roo

Take the limit sup as n — oo in (16), (17), (18) and (19), we obtain

limsup ||u, — r*|| <, limsup ||v, — r*|| <, and

n—yo0 n—yo0
limsup||t, — r*|| < I, limsup||s, — || < L. (22)
n—roo n—yoo

As, F) is quasi-nonexpansive mapping, we obtain that

[ Epttn = || <l =71, [1Favn = [ < flva =77,

[Enr = | < llrw =[] [[Fatn = (| < ltn = 7],

[ Easn =11 < llsn —r"|l-

Again by above inequalities, we get

limsup||Fyr, —r*|| <1, and limsup||Fpu, —r*|| <1,
n—o0 n—yo0

limsup||Fyv, —r*|| <1, and limsup||Fyt, —r*|| <, and

n—o0 Nn—ro0
limsup ||Fys, — r*|| < L. (23)
n—soo
Note that,
I =liminf||r,41 — r*|| = liminf||F)s, — r*|| < liminf||s, — 7. (24)
n—reo n—oo n—yoo
From (22) and (24) we get
lim ||s, — r*|| = 1.
n—soo
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Thus,
50 —7*[| = [|Fa (1 = 6n)Fpvn + O, Fp ) — 17|
< H(l 79n>Fan+9nF)Ltn*r*H
< (1=0)[lva — 7| + Onlltn — 7"l
< va—r". (25)
If we take liminf in (25), then we have that
[ < liminf ||v, — ]|,
n—soo
which implies that
lim ||v, — || = L.
n—oo
If we set ry = r, then we have

= ,}iﬂo”(l —Ou)rn+ Oy rn — 17|

= lim ||(1—0,)(rn —r") + o (Eyru — )| (26)

n—so0

From (21), (23) and (26) and by Lemma 3, we have
’}g{}o”rn — Fyral| =0.

O

Theorem 2 If F: T — I is a E-type enriched nonexpansive mapping, & satisfies the Opial’s condition, {r,} which
is given by (10) with Fix(F) # 0, implies the {r, } gives the weak converges a fixed point of F.

Proof. If r* € Fix(F), then we have lim,_.||r, — r*| exists. Here we need to prove that {r,} has only one
subsequential limit in Fix(F). Suppose that 7 and " are two distinct weak cluster points of {r, } and {ra;} of {rn}.
Since, limy, e ||r, — Fy 7 || = 0 also I — F), is demiclosed, by Lemma 1 we get F), r =r . Similarly, we have r' € Fix(F).
From Lemma 5, lim,,_ ||r — r || exists. To prove the uniqueness, suppose that r #+ r'. If we use the Opial’s property,

then we obtain that
. !/ . /
lim ||r, —r || < Lim ||ry, —7 ||
n—oo nj—roo
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3 "
lim ||ry, —7 ||
nj—r0

A

. "
= lim ||r, — 7 ||
n—yoo

— i "
= Jim [iry, ="

< lim ||r,,j—r,|\
nj—roo

= lim ||, — 7 |, 27)
n—yoo
a contradiction and this implies {r,} converges to a point weakly in Fix(F) ) = Fix(F). O

Theorem 3 Suppose that F and {r, } are the mapping and the sequence and Fix(F') # 0. The sequence {r, } converges
to fixed point of F iff liminf,_,. d(r,, Fix(F)) = 0 or limsup,,_,., d(r,, Fix(F)) =0.

Proof. Necessity can be seen is very obvious.

Assume that liminf,_,.d(r,, Fix(F))) = 0. From the Lemma 6, lim,_,o ||r, — ¥*|| exists for all r* € Fix(Fy ). As
liminfy, e d(ry, Fix(Fy)) = 0, lim, e d(ry, Fix(Fy)) = 0. We now show {r,} is Cauchy in I'. Fore > 0. By the given
assumption, there exists my € N with

. €
d(ry, Fix(F)) < 3
for all n > my, which gives that
: * * . €
inf{||r, —r*||: r* € Fix(F))} < 5

Thus, inf{ (|7, — *||: r* € FixF(F})} < § and hence there exists r* € Fix(F} ) such that

£
5

[[rmg =1 <
If m, n > my, then we get that
i = rall < rmsn = {14 llrn — ||
< lrmg = 14 llrmg — 7|
< 2|rmy ="l

<e, (28)
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which gives that {r,} is Cauchy in the set I". Since by the closed and boundedness of the set I" implies that there exists a
point ¢* € I" and lim,,_,. 1, = a*. Here, lim,,_,0. d(ry, Fix(F),)) = 0 gives

d(a", Fix(F))) =0, which implies that a* € Fix(F)) = Fix(F).

O

Theorem 4 IfT is compact and convex subset of Z, F: r'->r, {r, } are mapping and sequence as above, respectively
and Fix(F) # 0, then r, — r* € Fix(F).

Proof. Assume that Fix(F) # 0. Using the Lemma 6, we have that lim,,_.. ||r, — Fj.rs|| = 0. As T” is compact, there
exist a subsequence {r,, } of {r,} such that r,, —r* € I', Note that,

||rnk_Flr*H Sé”rnk_FlrnkH—’_Hrnk_r*”'

On taking limit as k — oo, we have r,, — Fj r*. Thus, Fy r* = r*. Lemma 5 gives that lim,_,., ||r, — r*|| exists. Hence,
rn — r* € Fix(Fy ) = Fix(F). O

The condition (I) on a mapping proposed by Sentor and Dotson [29] is very important and for proving the strong
convergence of a sequence constructed with such mapping.

Definition 8 A mapping F: I’ - T’ fulfils the condition (D), if there mapping ¢: [0, o) — [0, o) which is a
nondecreasing with ¢ (a) > 0 and ¢(0) = 0V a > 0 which satisfy

d(r,Fr) > ¢(d(r , Fix(F))),

forall ' € I', where d(r , Fix(F)) = inf{d(r , r*): r* € Fix(F)}.

Employing the condition (), the strong convergence result can be prove as follows:

Theorem 5 If F:T' —»T isaE -type enriched nonexpansive mapping with A = ﬁll, and fulfills the condition (7). If
{rn} is a sequence given in (10) and Fix(F) # 0, then r, — r* € Fix(F).

Proof. Now using the Lemma 6, we get that
lim ||r, — Fyry|| = 0.
n—oo

If we use the condition (I) then we have

lim ¢ (d(r,, Fix(Fy))) < lgn lrn — Fyrall =0,
n—oo

n—soo
which implies that lim,,_, ¢ (d(ry, Fix(Fy))) = 0. As ¢: [0, oo) — [0, o) is nondecreasing and ¢(0) = 0 and ¢ (a) >
0, Va € (0, o), lim,—d(ry, Fix(Fy)) = 0. By Theorem 3, we have {r,} — r* € Fix(F)) = Fix(F). O

Let F: I’ — I'. Assume y: [0, o) — [0, o) is monotone increasing and continuous with A y(r) = y(Ar) and
y(0)=0forallr, s € I’ with following inequality holds:

1b(r —s) +Fr—Fs|| <y(|[r = Frl]) + c(b+1)[|r—s]. (29)
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Theorem 6 If F: I' — I is a mapping that satisfies (29) and {r, } given in (10), then r, — r* € Fix(F).
Proof. If we setb = % — 1, then (29) reduce to

|Fr—Fs| < y(llr—Fyrl) +clir—s. (30)
From (16), we have
[t = 1| < Nlrn = r* ||+ BaM. €2
Assume that, r* € Fix(F). Then using (30), we get
v ="l = |(1 = G)utn + OuFpun — 1|
< (1= 0)lJun = r*[| + Oul| Fpstn — |
< (1= o)t = [ + ouly([Ir* — Far™|]) + cllun — "]
= (1= (1 =c)on)[lun—r|.
From (17) and (30), we have
[t = r* || = [[F (1 = N )ttn + NaFyvn) = 17|
<29 = B l) 4 el = 1) — 7+ e =]
< (1 =)t = 7|+t — 7
= [l =Ny + Nuc]|[un — 17|
< clt = (1=t = (1 =)o)l lua — |-
Also,
llsn =7l = [1F2 (1 = 6n) Favn+ 6u ) — |
<y(llr = Fr D) + el (1= 6.)Fava + OuFptn — 1|
< (1 20)y(|lr = Far™[l) +c[(1 = Bu)cllva — [ + Onclltn — "]
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= A[(1 = 6) [vn — (| + Oulltn — 1) (32)
Note that,
(L=00)[[va—r"[| < (1= 6,)(1 = (1 =)o) [[un — 7"
= [(1= (6 + On) + (On — 00y )] [|un — 1",
and
Onl|tn — | < Onlc[1 = (1= )nu)][1 = (1 = c)on)] [lun — r*|l]
= ¢[6y — 641 — 6,0n + (6a T + 64Gn) + 641 O
— 266,113+ 0,1, 0|t — .
By (32), we have
lsn =7 < (1 = 8y = Gy + 0,8y + [0 + O — 26,0 — BTl + 64710
+ 2101 + 6,0, — 26,1,0] + (0,163 ) |t — 7|
< *(1= 6, — 0, + 6,0, + [0, + 6, — 20,0, — 6,1y + 6,1,,5]
+¢[6uT + 6,01 — 26,M,8,] + ¢[6,14 5] ) |ty — 7|
=21 — 6, — Gy + 6,0, + O, + O — ¢6,0,]|Jun — 1|
=P[1—(1=¢)(6,+ 6p — 6,6,)]||un — "]
By using (31), we have
[rnsr = r[| = [|Fasn — ||
< y(llrt = Fartl) +cllsn — ||

< c[[1—(1—¢)(6n+ 0n — 0,6,)]] un — ||
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<A1 —(1—=¢) (0,4 6y — 6,6,)]|Jun — |

< 03[1 — (1 =¢)(6n+ 61— 6,0,)| (10 — r*[| + BuM). (33)
Inductively, we obtain that
n
[rner = [l < "1 = (1= ¢)(6n+ 00— 0,0)] (Ilr1 — (| + M (Y, By))- (34)
j=1
As0 < c¥[1—(1—c¢)(6,40,—6,0,)] < 1, {r,} converges to r*. O

Theorem 7 If I' is nonempty closed and convex subset of a Banach space & and F: I' — I is a mapping which

satisfies (29). Then the sequence {r,} defined by (10) is Fj -stable, where A = ﬁ.

Proof. Assume that {p,} is an approximate sequence of {r,} in I. From (10), we have r,.; = f(Fy, r,) and

en = ||pnt1— f(Fp, pn)ll,n €N.
We now prove lim,,_,. e, = 0 iff lim,,_,. p,, = r*.
If lim,,_, €, = O then, from (10) we have

1Pni1 = < llpavi = f(Fas pu) I+ 1f (s pu) = 77|
=en+ |[rps1 — 1. (35)
Using Theorem 6, we get
st =1 < a1 = (1) (8, + 0, — 8,6,)) (L pn — " | + Bub).

If we set,

A, =|pn—r"|, and B, = (1 —¢)(6, + 0, — 6,0,).
Then, we obtain that

Ay < (1= By)Ay + BuM + ey

As, lim,,_ye. e, = 0, also g—’; —0asn— oo,
If we use Lemma 2, then we obtain that lim,,_,. A, = 0 and further we have lim,,_,. p,, = r*.
Conversely, let lim,,_,. p,, = r*. Note that,

€n = ||pn+1 _f(Fla pﬂ)”
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IN

1Py = I+ 11F (Fas pa) =

IN

|Pn1 ="l +C3[1 — (1 =¢)(6n+ 6n — 6,0,)|[|pn — r*[| + BuM, (36)

which give lim,,_,. €, = 0. O

3. Numerical experiment

Here we present some numerical examples to visualize the convergence. For all of the numerical computations the
MATLAB version R2018a was used. We illustrate the convergence of a sequence obtained from two different mappings
(given in Examples 1 and 2) to show the performance of our proposed algorithm in (10) with other comparable algorithms.
We used the different parameters to visualize the efficiency of different iterative algorithms. We use different cases given

as follows.
Case 1:
o 1 3 o oni4l
TR+ 2n+ 1 nn_4n2+4n+5’ " n24n+7
Case 2:
_ n?+n _ n+1 _ n?+1
" 24 4n+5’ nn_n2+n+1’ T R242n+10°
Case 3:
o — 8n _ 15n _ n?+1
T (9n41)2 nn_(n+7)2’ "o+ 7
Case 4:
o — 8n B n? - n+1
" (2n45)% Tin = (n+3)2" 7" 24 3n+17

Example 1 TakeI'=1[0,4] CRand F: "' - I" by

0, if relo,4),

3, r=4.

To show, F is E-type enriched nonexpansive mapping, here we have the different cases:
Case 1: Forr<3ands =4,
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1b(r—s)+r—Fs| = |[b(r—4)+ (r=3)]
< bll(r=4)[+(r=3)]l
<l + G+ D)4
< lr=Frll+ G+ D)]r=s|.
Case 2: If r > 3 and s = 4, then we have
1b(r —s)+r—Fs| = [[b(r—4)+(r=3)|
<b(r=4)l+(r=3)|
<l + @+ 1Dlr—4|
<r=Frli+ B+ 1)r—sll.
Case 3: If r =4 and s # 4, then we get
[b(r—s)+r—Fs| = |[b(s —4) +4)|
<4+blls—4
<A4|r—Fr||+@+1)||r—s|.
For A = %,we have
5, if rel0,4),

r=4.

NSIEN]

)

Note that, Fix(F) = Fix(F) ) = {0}. Take the initial value ro = 2, r; = 4, and compare convergence of our proposed
algorithm with the other existing some algorithms. The Figures 1, 2 and Table 1 give our proposed sequence shows the
batter performance in the sense of convergence than the other existing sequences.
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Co iporary Math tics



(@) ()
4 ‘ ‘ : : : ‘ ‘ : 4
\ — =~ Noor [11]
3.5 i S[12] 1 3.5
\ —O— Abbas [13]
3 FIN, —6— Thakur [14] . 3
s —+— M-Iteration [15]
| \ —4&— Khan et al. [16] ]
& 25 \ —— Proposed Iteration < 25
3 ' 3
g 27 \ | g 2
< \ =
~ 15+ AN 1 ~ 15
N
N
1r S ] 1
0.5 | S~ 1 0.5
0L == ==y 0
1 2 3 4 5 6 7 8 9 10 1
Number of iterations
© (d
4 T T e e 4
3.5 A ] 3.5
= = = Noor [11]
3¢ S[12] 1 3
—&— Abbas [13]
<25 —6— Thakur [14] i <25
£ —+— M-Iteration [15] ol
=) —~£— Khan et al. [16] °
e 27 —— Proposed Iteration | L 2
< =
> 15 ¢ 1 15
1+ 1 1
0.5+ — 0.5
0 3 0
1 2 3 4 5 6 7 8 9 10 1

Noor [11]

S[12]

Abbas [13]
Thakur [14]
M-Iteration [15]
Khan etal. [16]
Proposed Iteration

3 4 5 6 7 8 9
Number of iterations

Number of iterations

— =~ Noor[11]
~ S[12]
L —6O— Abbas [13]
RN —6— Thakur [14]
~ .| —— M-Iteration [15]
~<#— Khanetal. [16]
—#=—_Proposed Iteration

3 4 5 6 7 8 9
Number of iterations

Figure 1. Convergence behavior for mapping defined in Example 1
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Table 1. Comparison of iterative methods for Example 1

Method Iterations Final Error CPU Time
Noor [11] 10 5.95560704472654 0.0217918
S-Iteration [12] 10 0 0.0067203
Abbas [13] 10 2.81329613889126 x 1077 0.0093002
Thakur [14] 10 2.30456005612844 x 1073 0.0096969
M-Iteration [15] 10 0 0.0083084
Khan et al. [16] 10 0 0.0058506
Proposed 10 7.63103302335805 x 107! 0.0021468

Example 2 LetI' = [0, 8] C R be equipped with a usual norm. Define the mapping F: I’ — T by

F(r) = cosr+sinr.
Note that, F is E-type enriched nonexpansive mapping. If we set A = %, then we get

r4cosr—+sinr
Py (r) = TR

Also, Fix(F) = Fix(F) ) = {1.25872}.Take the initial value r, =2, r; = 8, and compare the convergence behavior of
our proposed algorithm with the other existing comparable algorithms. We observe, from the Figures 3, 4 and Table 2 give
our proposed sequence shows the batter performance in the sense of convergence than the other existing sequences.

Table 2. Comparison of iterative methods for Example 2

Method Iterations Final Error CPU Time (s)

Noor [11] 10 7.04453137676481 0.0190782
S-Iteration [12] 10 1.25872895946892 0.0062787
Abbas [13] 10 1.25872817749299 0.0082705
Thakur [14] 10 1.25872817750530 0.0078922
M-Iteration [15] 10 1.25872817749279 0.0084314
Khan et al. [16] 10 1.25872817749282 0.0046147
Proposed 10 1.25872817749268 0.0037568
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Example 3 LetI'= [0, 4] C R, define the mapping F: ' — I" by
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F is E-type enriched nonexpansive mapping and if we set A = %, then we have

F()_cos2r 1
=gt

Also, Fix(F) = Fix(F), ) = {0.43975}. We set the initial values r, = 2.5, r; = 3, and then compare the convergence
behavior of different algorithms. Note that, Figures 5, 6 and Table 3 show our scheme has the batter convergence than the

other comparable sequences.
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Figure 5. Convergence behavior for mapping defined in Example 3
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Table 3. Comparison of iterative methods for Example 3

Method Iterations Final Error CPU Time (s)

Noor [11] 10 6.06060047978628 0.0189922
S-Iteration [12] 10 0.439618485718373 0.0068764
Abbas [13] 10 0.439622217580906 0.0085525
Thakur [14] 10 0.439622217579072 0.0081376
M-Iteration [15] 10 0.439622217592465 0.0077617
Khan et al. [16] 10 0.439622217597609 0.0050013
Proposed 10 0.439622217579027 0.0032279

4. Applications

In the subsequence section, we present an important applications of our results. First, we recall some concepts: In the
sequel we suppose H is Hilbert space and I' is its a nonempty closed convex subset. The mapping F: I' — H is called:

1. monotone if (Fr—Fs,r—s) >0forallr, s €T,

2. B-strongly monotone if there exists a constant § > 0 such that (Fr — Fs, r —s) > B||r—s||*> forall r, s € T,

3. y-inverse strongly monotone (?y-ism) if we have a fixed y > 0 and

(Fr—Fs, r—s) > y|[Fr—Fs|J*>, Vrsel.

As, every Hilbert space is uniformly convex, and a nonexpansive mapping is a particular case of a mapping that
satisfies condition (E), our results applicable to the following classes of problems and applications.
4.1 Variational inequality problem

An important nonlinear problem known as the Variational Inequality Problems (VIP) and these inequalities provide
an efficient and unified framework for dealing with a wide class of nonlinear boundary value problems linked with Partial

Volume 7 Issue 3]2026| 3651 Contemporary Mathematics



Differential Equations (PDEs) of elliptic or parabolic type. A variational inequality generally describes a relationship
between an operator acting on elements of a certain set and the vectors that belong to that same set. Over the years,
The variational inequality problem has been studied by numerous researchers from various perspectives because of its
broad theoretical significance and wide range of practical applications. In particular, these inequalities serve as useful
mathematical tools to model the several important practical problems for example the image and signal processing, optimal
control, and other applied science fields (for more details, see [30-34]).

Formally, the VIP of a nonlinear operator F defined on I is denoted by VI(T, F) and introduced in [35]. The problem
VI(T, F) is to find a vector r* € I such that

(Fr,r*—sy>0, Vsel.

The collection of vectors which satisfy the above inequality represents by ;. It is important to note that the VIP is
closely connected to several fundamental mathematical problems, for instance, complementarity and convex minimization
problems, the the task to ' € H that satisfies F' = 0, which is essentially called it the null point problem.

The VIP (VI(T', F)) can also be expressed as a fixed point equation. Specifically, it is equivalent to finding a point
r* € I' satisfying

r=P(—aF)r,

where o > 0 is a fixed and P denotes the metric projection from H onto I'. If we define the operator Ty, = (I — aF ), in
this case, the problem can be simplified to determining a fixed point of the corresponding operator Ty, that is, T r* = r*.
Moreover, if F is L-Lipschitz and 3-strongly monotone, and hence Ty, becomes a contraction mapping on I" whenever
0 < o < 23/L?. Using contraction principle, it can be deduced that Q; = {r*}, and the sequence obtained through the
Picard iterative process,

Fpv1 = Tgrn, neN,

converges to a fixed point r*.

If the mappings are nonexpansive, the related fixed point problem that provides the solution of VIP, along with its
related result and proof, can be derived from Lemma 6, which is stated as follows.

Theorem 8 Let I" be a set as describe above F: I' — H be an L-Lipschitz continuous and f-strongly monotone
operator, and {6,}, {1, } and {0, } as given in (10). Then the iterative sequence {r,} defined by

rnel

Fat1 = Pr(1 —aF)s,

sn="Pr(1—aF)((1=6,)P-(1 — &F )v,+ 6,Pr(1— aF )t,)

tn = Pr(1 = aF ) (1= M)y + NuPr(1 — 0F )v,) e

vp = (1 —0y)up+ 6,Pr(l — aF)u,

up=rp+on(rn—ryp—1), YvneN
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converges weakly to r* € Q.

4.2 Constrained optimization problem

Constrained optimization problems are fundamental in various fields engineering and sciences, particularly in signal
and image processing, where the objective is typically to minimize a convex and differentiable function F over a feasible
region defined by a closed convex set I" in H. Such problems arise naturally when certain physical, structural, or data-related
restrictions must be satisfied while finding an optimal solution.

Let I" be a nonempty, closed, and convex subset of a Hilbert space H, and let P~ denote the metric projection from H
onto I'. Assume that a mapping F: I' — H is y-ism for some constant y > 0. It is well established result that the operator
Pr(I — oF) is nonexpansive whenever a € (0, 27). Moreover, recall the fact that, every Lipschitz continuous with constant
Lis %-ism. Now, we define an iterative process that produces a sequence of points in I, that weakly converges to the point
that is minimizer of the function F over I'.

Theorem 9 Suppose that I is a set as describe above and F is differentiable and convex U C I', where U is open.
Also VF Lipschitzian map on U with constant L, set o € (0, 2/L). Suppose F has the minimizers of over I exist. Consider
a sequence {r,} C I" defined by

rnel’

Fnr1 = Pr(1 — aVF)s,

sp=Pr(1—aVF)((1—6,)Pr(1—aVF)v, + 6,A-(1— aVF)t,)

tw=Pr(1 = aVF)((1 = Np)un + NuPr(1 — aVF)yy,) 9

v = (1 — 0y)up + 6, Pr(1 — aVF)uy,

up=rn+op(rn—ry—1), YneN

where {6,}, {n.}, {o.} € (0, 1). Then {r,} weakly converges to a minimizer of F.

4.3 Split Feasibility Problem (SFP)

The SFP [36], has become a significant area of research because of its broad theoretical and practical applications. In
general, the SFP seeks to find a point in a closed convex subset of a Hilbert (or normed) space so that the image of a bounded
linear map lie in convex and closed subset of other space. This formulation provides a powerful mathematical framework
for many real applications, including image reconstruction and recognition, signal processing, and intensity-modulated
radiation therapy, among others. Due to its practical importance and mathematical depth, the SFP has drawn substantial
attention from many researchers (see [37—41] for additional details and related results).

Solving the fixed point equation for nonexpansive is curial because it plays a key role for SFP, as it provides a natural
link between feasibility and fixed point equation of a mapping.

Recall that the SFP associated with I" and F, denoted by SFP(I', F), involves finding a point r € I" with Fr belongs
to I, where I is a closed convex subset of a Hilbert space H, I is a closed convex subset of another Hilbert space H»,
and F: Hy — H; is bounded linear. Equivalently, the SFP in the form of fixed point equation is as follows:

r=P(—yF*(I—P~)F)r,
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where Pr and P are the projection mappings, ¥ > 0 is fixed, and F* represents the adjoint operator for mapping F. Further
the mapping P-(I — yF* (I — P )F) is nonexpansive.
A mapping F is called an average mapping if it could be represented by

F=(1-a)+aT,

here o € (0, 1) and T is nonexpansive operator.
Define the function #: ' — R by

h(r):=3||(F—PoF)r||, reT.
We then consider the minimization problem

minh(r).

rel’

According to [42], the gradient of & is given by VA = F*(I — Pv)F, where F* denotes the adjoint of F. Also the
operator I — P is nonexpansive, so we have V/ is L-Lipschitz continuous with L = ||F||?>. Consequently, Vi is 1/L-ism,
and for any 0 < a < 2/L, the operator I — aVh is an averaged operator.

As a result, the composition Pr(I — V) is also an averaged operator. Let us define

F:=P(I—aVh).

It is easy to observe that the solution set of the split feasibility problem SFP(T", F) coincides with the set of fixed
points of F'.

We now introduce an iterative scheme that can be employed to approximate the solutions of the problem SFP(T', F).

Theorem 10 Assume that F, & are as give above and {6,}, {n,} and {o,} as given in (10). Then the iterative
sequence {r,} in I" defined by:

rel
Pt = Pp(1 — aVh)s,

sn = Pr(1—aVh)((1—6,)Pr(1— aVh)v,+ 6,P(1 — aVh),)

tn = Pr(1—aVh)((1—10,)uy + M,Pr(1 — aVh)vy,) >

v = (1= 0,)uy + 0uPr(1 — Vh)uy,

Un :rn"f‘on(rn_rnfl)a VneN

weakly converges to solution of SFP(T, F).
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4.4 Application delay functional differential equation

El and Omar [43] proved the existence for Volterra—Stieltjes functional equation involving derivation. Similar
equations have also been studied by other authors (see [44, 45]).

Here, we provide the weak solution by approximating it with the sequence defined in (10).

Assume that the Banach space B is reflexive having norm || - |g with its dual B*. Let L > 0 and / = [0, L]. The set of
continuous functions is denoted by €’[0, L] with the norm given by:

rlle = suplir()lls, r €10, L.
JE

A second-order initial value problem is given by:

d . Cew . .
L) = f <J, JA r(s))dsgm)), jer (40)
with the initial condition
r(0) = ro. (41)

Assume that,
i. The ¢ is a mapping on [ is which is not increasing and continuous with ¢ () < ;.
ii. Take g = 1, 2, every map f, form / x B to B is continuous weakly and satisfies

“P(fq(ﬁ r)ifq(jv S))| ch|¢(}"*5‘)|, Cq >07 v(]a r)v (Ja S) EIXB7 (P GE*

where, each ¢, is a Lipschitz constant.
iii. The g is continuous function from 7/ X R to R with

K = max{sup|g(j, ¢ ()| +sup|g(j, 0)|} is finite.

iv. cjeaKj < 1.
Lemma 7 [43] Solving an initial value problem (40) and (41) is same as to solve the integral equation given by:

‘ ()
r(j) = r0—|—/ojf| (T, 0¢ ] f(r, a, r(a)))dag(r, o)dr.

Let F; be an operator on %[0, L] given by

j ()
o) =n+t [ (n [ pee r<a>>)dag(r, a)d.
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We now approximate the solution of (40) and (41) by using the iterative scheme given in (10).
Theorem 11 Suppose that (i)-(iv) hold and {r, } is a sequence in (10) obtained by an operator F;. Then {r, } converges
to r*, which is indeed a weak solution of initial value problem given by (40) and (41).

Proof. Note that,

||F1un —r*

% = |[Fiun — Fir"||

<

‘ 0(7)
ro+/off1 (T/O f(r, o, un(a))> deg(t, o)dT—

/ ¢(7)
ro_/ojfl (T, /0 f(r, a, r*(a))) deg(T, 00)dT

¢

A (/Ojfl (r, /0¢(T>f2(1, a, un(a))) dag(t, a)dT—

/Ojfl <17 /0%) f(T, a, r*(a)))dag(f, a)) drt

Using assumption (ii), we have

A (/0 " (e, oty (@) dag (7, @)=

J
1Furn— s < /0 o

¢(7)
[ st (@)das(e, ) jae
0

i or9(7)
“af |
JO JO

i, a, r*<a>>)dag<r, o)

F <f2(7'-a «, un(a)))_

dr,

and

i J oo
|Fiu, —r H([ygcl/o /0 o) drt

i re(r)
‘5/ / dog(T, a)dt
0 JO

F (un(a) r*(a))dag(f, )

< cieal|up —r*
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J
N —— /O (8(7, $(7)) — g(z, 0))dt

J
%)/ dt
0

6 -

< C]C2K||un —r"

= c102Kj||uy — 1

As c1c2Kj < 1, by (42) we have

[Frin =7l < lluw — 1"l

(42)

(43)

Now, let u; = (1 —ny)uy + NuF1vy. Following arguments similar to those used in obtaining (42) and by (43), we get

that
ity =l = (1 = M)t + ThaFivn =1 e
< (L=n)lun = 1|l + Ml | Frvn — 1|«
< lun = 1[5
Also,
ltw =7l < [1Fruy — 1"l < Nty — [l < [litn — |15
Similarly, if we set s; = (1 - 6,)F1v, + 6,Fty,, then we have
lIsw ="l = (1 = 6) Fyvi+ 6Fity "l
< (1= 6n)[|F1vn = 1"l =+ Onl| Fitn — 1"l
< lun ="l
and
llsn —r*|le < ||F1s;1—r* ¢ < |ltn —r"||%-

Similar to what obtained in (42), we get that
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(44)

(45)

(46)

(47
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lrns1 — Pl < |Fisn — " |l¢ < crc2Kjllun — ]|« (48)

If we set @ = cjc2Kj € (0, 1), then by (16) and (42), we obtain that
a1 =7l < @[l[rn = 1"l + BuM]. (49)
From Lemma 4, we have r,, — r*. O

5. Conclusions

The purpose of the given work in this manuscript is to introduce the inertial-type algorithm for fixed point of E-type
enriched nonexpansive mappings in the setup of uniformly convex Banach spaces. The proposed algorithm was analyzed
theoretically and numerically. The strong and weak convergence results are obtained, and stability properties of the proposed
iterative scheme were studied. Numerical experiments and graphical comparisons demonstrated that the proposed iterative
sequence has higher convergence rate over some known existing approaches. Furthermore, efficiency and applicability
of the proposed scheme were employed in approximating the solution of variational inequality problems, constrained
optimization problems, and split feasibility problems. In addition, we applied the algorithm to solve a particular functional
equation. Overall, the presented results confirm that the proposed inertial iterative scheme is a simple, efficient, and reliable
tool to solve the fixed points equation other nonlinear operator equations in applied mathematics.
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