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Abstract: In this research, we propose an inertial-type iterative scheme constructed by an E-type enriched nonexpansive
mappings in the framework of uniformly convex Banach spaces. Strong and weak convergence results along with stability

result for the proposed algorithm are presented. Numerical examples and comparisons with well known existing iterative

schemes with the help of graphs are presented to demonstrate the efficiency of our proposed scheme. It is shown that the

algorithm presented herein converges more faster to fixed point and competitive on the examples considered for this class

of mappings. As applications, we apply the scheme to solve variational inequality problems, constrained optimization

problems, and split feasibility problems. Moreover, we use the proposed approach to solve a functional differential equation.
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1. Introduction and preliminaries

Many problems in applied sciences can be modeled in functional inclusions and equations which often can be

reformulated as fixed point problems. Classical examples include the minimization of loss functions in artificial neural

networks, the modeling of infectious disease dynamics, the evolution of solutions to differential equations, the construction

of stationary distributions in stochastic processes, finding the optimal control solutions and the formulation of Nash

equilibrium problems. These diverse applications signifies a vital role of fixed point theory in analyzing and solving

complex systems. Many problems arising in applied sciences can be reformulated as fixed point problems. In recent years,

fixed point methods have been successfully employed in the analytical and numerical investigation of memory dependent

fractional models describing behavioral learning dynamics, where nonlocal operators introduce strong nonlinear effects.

Similarly, fixed point techniques provide a rigorous framework to establish convergence of numerical algorithms and

stability of solutions under parameter variations. Moreover, fractional differential equations appearing in the theory of

chemical graphs often lead to complex nonlinear systems, for which fixed point theory offers a robust and systematic

approach to ensure solvability and to design efficient iterative procedures, several recent developments in fixed point
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theory can be seen in [1–4]. In practice, finding an exact solution is often impossible, so an efficient iterative schemes that

approximate solutions with few iterations and low computational cost are highly desirable. The main features of Iterative

algorithms are stability, dependence on the data, convergence rate, computational cost and well-posedness. For these

reasons, the development of faster and more reliable iterative methods have attracted the attention of several mathematicians

and computer scientists.

A mapping F is called Lipschitzian mapping if it satisfy the following inequality:

‖Fr−Fs‖ ≤ L‖r− s‖,

for all r, s ∈ Γ, where L > 0 is a constant. For L ∈ (0, 1), F is said contraction and F is nonexpansive if we take L = 1 in

the above inequality. The mapping F is known as quasi-nonexpansive if ‖Fr− r∗‖ ≤ ‖r− r∗‖, for all r ∈ Γ, r∗ ∈ Fix(F),

here Fix(F) is fixed points set of F .
The Banach contraction result provides one of the most simplest algorithms known as Picard iterative scheme, in

approximating the solution of fixed point equations and is based on the idea of iterative application of contraction mapping

on the initial guess of the solution. Mathematically, if r0 is an initial guess of the fixed point equation given by F(r) = r,
then other approximations of the solution are obtained by rn+1 = Frn ([5]). However, contraction result is not applicable

in approximating the solution of fixed point equations of certain classes of mappings which are very useful in convex

optimization and in many real world problems of practical interest. In particular, the solution of fixed point equations

involving nonexpansive mappings (which are natural extensions of contractions) need not be approximated by Picard

iterative scheme. Indeed, the Picard iteration scheme constructed with the help of a nonexpansive mapping given by

Fr = 1− r on [0, 1], fail to converge despite the fact that fixed point set of F is nonempty. Note that, 1
2 is a fixed point of

F and if we choose any initial guess in [0, 1] other than 1
2 , then the Picard sequence obtained by F does not converge.

However, if we use a weighted average of an identity mapping I and F given by Fλ = (1−λ )I +λF , where λ ∈ (0, 1),
then it converges to an element in Fix(F), if we use any initial guess, and Fix(Fλ ) = Fix(F). This shows that in certain

cases, developing an iterative sequence by an averaged mapping is useful than using a mapping F itself.

Throughout we denote, N, R and R+ the set of natural, real numbers and positive real numbers, respectively. Thy

symbol Γ stands for a nonempty closed convex closed convex subset of Banach space B which is also uniformly convex

and F for a self mapping on Γ.

Suzuki [6] proposed an important class of mappings called it the mappings that satisfy the condition (C).

Definition 1 [6] Assume F is mapping on Γ, we say F has the condition (C), if

1
2
‖r−Fr‖ ≤ ‖r− s‖ implies that ‖Fr−Fs‖ ≤ ‖r− s‖,

for all r, s ∈ Γ.

Suzuki [6] proved several fixed point theorems and its convergence results for such class mappings. It is important

to note: any nonexpansive mapping satisfies the above condition (C); however, there exist some mappings which are

discontinuous (means not expansive) that fulfill the condition (C). Later, Garcia-Falset [7] introduced a broader class of

mappings that satisfy condition (E), which generalized the condition (C) and given by:

Definition 2 Amapping F on the set Γ have the property (E) or (Eξ ) on Γ, if there is a constant ξ ≥ 1 with

‖r−Fs‖ ≤ ξ‖r−Fr‖+‖r− s‖,

for all r, s ∈ Γ.
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Further note that, nonexpansivness implies the condition (E1) fulfills, but the converse is not always true. Moreover,

if F have the condition (C), then it fulfills the condition (E3), however, the converse does not generally hold. There also

exist some mappings that satisfy the condition (E) but fail to fulfil the condition (C) (see, for example, [7]).

Shukla and Panicher [8] proposed a new more general mapping which is given by:

Definition 3 The mapping F : Γ → Γ is called an E-type enriched nonexpansive mapping if

‖b(r− s)+ r−Fs‖ ≤ ξ‖r−Fr‖+(b+1)‖r− s‖, (1)

holds for all r, s ∈ B, b ∈ [0, ∞) and ξ ∈ [1, ∞).

Several authors used multi-step iterative methods to study existence and convergence for these generalized mappings.

Let us recall the following iterative schemes.

Choose an initial guess r1 in Γ. The sequence rn is given by

rn+1 = (1−θn)rn +θnFrn, n ∈ N (2)

is known as Mann iteration sequence [9], where {θn} is an appropriate sequence of parameters in (0, 1).
The sequence {rn} defined by



r1 ∈ Γ

rn+1 = (1−θn)rn +θnFsn

sn = (1−ηn)rn +ηnFrn

(3)

is called Ishikawa scheme [10], where {ηn}, {θn} ⊂ (0, 1) are sequence of parameters.

After that Noor [11] introduced a scheme which is given as follows:



r1 ∈ Γ

rn+1 = (1−θn)rn +θnFsn

sn = (1−ηn)rn +ηnFtn

tn = (1−σn)rn +σnFrn,

(4)

where {σn}, {ηn}, {θn} ⊂ (0, 1) .
An S-iteration scheme was proposed by Agarwal et al. [12] and give by:
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

r1 ∈ Γ

rn+1 = (1−θn)Frn +θnFsn

sn = (1−ηn)rn +ηnFrn,

(5)

where {ηn}, {θn} are sequences in (0, 1).
An iterative scheme {rn} introduced in [13] is given by:



r1 ∈ Γ

rn+1 = (1−θn)Fsn +θnFtn

sn = (1−ηn)Frn +ηnFtn

tn = (1−σn)rn +σnFrn,

(6)

where {σn}, {ηn} and {θn} in (0, 1) satisfy certain conditions. Note that, it has a better convergence than than S− iteration

in term of convergence rate.

Thakur iterative sequence {rn} proposed by Thakur et al. in [14] is given by:



r1 ∈ Γ

rn+1 = (1−θn)Ftn +θnFsn

sn = (1−ηn)tn +ηnFtn

tn = (1−σn)rn +σnFrn.

(7)

It is was observed that the above sequence convergence faster than iterative sequence in [13].

The M-iteration scheme [15] is given as follows:



r1 ∈ Γ

rn+1 = Fsn

sn = Ftn

tn = (1−σn)rn +σnFrn.

(8)
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Recently, Khan et al. [16] proposed an iterative scheme to approximate the fixed points for mappings with property

(E) and is given as follows



r1 ∈ Γ

rn+1 = Fsn

sn = F((1−σn)Frn +σnF2rn).

(9)

Recent research work has focused on developing iterative algorithms with higher convergence rate, better stability

and clearer data-dependency properties (see for example [17–20]). Hacıoğlu [21] proposed an algorithm and studied its

convergence results for almost contraction mappings. Houmani and Turcanu [22] applied an iteration to solve fixed points

equation of mappings with property (E). Moreover, the inertial-type iterative methods have received considerable attention

in recent years for solving fixed point problems due to their ability to accelerate convergence. Notable contributions

in this direction include the inertial schemes in primal dual techniques and the forward backward inertial approaches.

These methods introduce momentum like terms into classical fixed point iterations. In convergence analysis of iterative

algorithms, specifically for a more such general class of mappings than the mapping satisfy the condition (E) have received
less attention along with the inertial technique. Motivated by the need to address these gaps, this paper proposes a new

inertial AA-type iterative process that is independent of, and in many cases faster than the several well-known schemes for

average mapping to fixed points problem for E-type enriched nonexpansive mappings and is defined as follows:



r1 ∈ Γ

rn+1 = Fλ sn

sn = Fλ ((1−θn)Fλ vn +θnFλ tn)

tn = Fλ ((1−ηn)un +ηnFλ vn)

vn = (1−σn)un +σnFλ un,

un = rn +on(rn − rn−1), ∀ n ∈ N

(10)

where {σn}, {ηn} and {θn} are the parameters lie in (0, 1) and on with 0 ≤ on ≤ ôn and ôn given as

ôn =


min{o, ϑn

‖rn−rn−1‖
}, if rn 6= rn−1,

o, otherwise.

(11)

Also o > 0 and {ϑn} ⊂ R+ with limn→∞
ϑn
βn

= 0. We proved the convergence results for the proposed method when

applied to generalized nonexpansive mappings. We also investigate stability and presented numerical experiments for the
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validity of the theoretical results. Finally, we illustrate the applicability of our approach in solving the the of variational

inequalities, constrained minimization and split feasibility problems. After that ,we solve some delay functional equation.

The following concepts are used in the convergence results.

Definition 4 [23] Assume that {pn} and {qn} are two sequences which converge to r∗ with the following error

estimates

‖pn − r∗‖ ≤ αn,

‖qn − r∗‖ ≤ βn.

If limn→∞
αn
βn

= 0, then {pn} converges faster than {qn}.
Definition 5 [24] A Banach space B fulfills the Opial’s property, if for any sequence {rn}⇀ r∗ ∈ B, also for every

a ∈ B with r∗ 6= a, we have the following:

liminf
n→∞

‖rn − r∗‖< liminf
n→∞

‖rn −a‖.

Ostrowski [25] proposed the idea of stability for an iterative scheme, which is given as follows:

Definition 6 Suppose that {rn} is an approximate sequence of the sequence {an} in Γ ⊂ B. The iterative sequence

an+1 = T (Fλ , an), where T defines a sequence which converges to a∗ ∈ Fix(F), is said to be F-stable provided that

limn→∞ en = 0 iff limn→∞ rn = a∗, where {en} is defined as follows:

en = ‖rn+1 −T (F, rn)‖, ∀ n ∈ N.

Note that, a mapping F : Γ→B is called demiclosed on Γ, if the graph of I−F is sequentially closed under weak-strong

convergence.

Definition 7 [26] Amapping F : Γ → B is demiclosed on 0 if, for each {an} in Γ with an ⇀ a and (I −F)an → 0,
we have (I −F)a = 0.

Lemma 1 [6] Assume F is nonexpansive and self map on Γ. Then I −F is know as demiclosed at zero.

Lemma 2 [23] Assume that {rn} and {bn} ⊂ R+ with:

rn+1 ≤ (1− εn)rn +bn

where εn ∈ (0, 1) for all n ∈ N with Σ∞
n=1εn = ∞. If limn→∞

bn
εn

= 0, then limn→∞ rn = 0.
Proposition 1 [7] If F : Γ → B satisfies the property (E) on Γ, with Fix(F) 6= /0 then F is quasi-nonexpansive

mapping.

Lemma 3 [27] Suppose that 0 < α ≤ θn ≤ β < 1, ∀n ∈ N. If {an}, {qn} ⊂ B with:

limsup
n→∞

‖an‖ ≤ a, limsup
n→∞

‖bn‖ ≤ a and

limsup
n→∞

‖(1−θn)an +θnbn‖ = a,
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for a ≥ 0, then we have limn→∞ ‖an −bn‖= 0.
Lemma 4 [28] If 0 ≤ q < 1, rn ≥ 0, and sn ∈ (0, 1) with sn → 0, and

rn+1 ≤ qrn + sn for all n,

then rn → 0.
Remark 1 We assume the following conditions: for some βn ⊂ (0, 1) such that ∑

∞
n=1 βn < ∞ and

lim
n→∞

on

βn
‖rn − rn−1‖= 0.

The remaining part of the manuscript is organized in the following ways: In Section 2, we proved the convergence

properties of the proposed algorithm. Section 3 contains numerical comparisons with existing iterative processes and

Section 4 discusses different applications.

2. Convergence analysis

Theorem 1 If F : Γ → Γ a E-type enriched nonexpansive mapping, then Fix(F) 6= /0.

Proof. As F is E-type enriched nonexpansive mapping, by the definition we have:

‖b(r− s)+ r−Fs‖ ≤ ξ‖r−Fr‖+(b+1)‖r− s‖,

for all r, s ∈ B. If we set, b =
1−λ

λ
, then λ ∈ (0, 1) and by the above inequality, we have

‖(1−λ )(r− s)+λ (r−Fs)‖ ≤ ξ λ‖r−Fr‖+‖r− s‖,

and

‖r− ((1−λ )y+λFs)‖ ≤ ξ λ‖r−Fr‖+‖r− s‖. (12)

Let Fλ be given by

Fλ r = (1−λ )r+λFr for all r ∈ B.

Clearly,

‖Fλ r− r‖= λ‖Fr− r‖. (13)

Volume 7 Issue 3|2026| 3635 Contemporary Mathematics



From (12), we obtain that

‖r−Fλ s‖ ≤ ξ‖r−Fλ r‖+‖r− s‖. (14)

Thus, the operator Fλ satisfies the condition (E), by Theorem 2 of [7] we get that Fλ has at the least one fixed point

and we have Fix(Fλ ) = Fix(F) 6= /0.

Lemma 5 If F : Γ → Γ is a E-type enriched nonexpansive mapping, sequence {rn} is defined in (10) and Fix(F) 6= /0,
then limn→∞ ‖rn − r∗‖ exists for all r∗ ∈ Fix(F).

Proof. Suppose that r∗ ∈ Fix(Fλ ). By the Theorem (1), the mapping Fλ satisfies the condition (E) and by the

Proposition 1, it is quasi-nonexpansive. It follows from (10) that

‖un − r∗‖= ‖rn +on(rn − rn−1)− r∗‖

≤ ‖rn − r∗‖+on‖rn − rn−1‖

= ‖rn − r∗‖+βn
on

βn
‖rn − rn−1‖. (15)

By Remark 1, limn→∞
on
βn
‖rn − rn−1‖= 0. Thus, there exists positive real constant M > 0 with

on

βn
‖rn − rn−1‖ ≤ M, for all n ≥ 1.

By Equation (15) we obtain that

‖un − r∗‖ ≤ ‖rn − r∗‖+βnM. (16)

Also,

‖vn − r∗‖= ‖(1−σn)un +σnFλ un − r∗‖

≤ (1−σn)‖un − r∗‖+σn‖Fλ un − r∗‖

≤ (1−σn)‖un − r∗‖+σn‖un − r∗‖

= ‖un − r∗‖. (17)

From (10) and (17), we have
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‖tn − r∗‖= ‖Fλ ((1−ηn)un +ηnFλ vn)− r∗‖

≤ ‖(1−ηn)un +ηnFλ vn − r∗‖

≤ (1−ηn)‖un − r∗‖+ηn‖Fλ vn − r∗‖

≤ (1−ηn)‖un − r∗‖+ηn‖vn − r∗‖

≤ ‖un − r∗‖. (18)

Using (18), we get that

‖sn − r∗‖= ‖Fλ ((1−θn)Fλ vn +θnFλ tn)− r∗‖

≤ ‖(1−θn)Fλ vn +θnFλ tn − r∗‖

≤ (1−θn)‖Fλ vn − r∗‖+θn‖Fλ tn − r∗‖

≤ (1−θn)‖vn − r∗‖+θn‖tn − r∗‖

≤ (1−θn)‖un − r∗‖+θn‖un − r∗‖

= ‖un − r∗‖. (19)

Finally, by (10), (16) and (19), we have

‖rn+1 − r∗‖= ‖Fλ sn − r∗‖

≤ ‖sn − r∗‖

≤ ‖un − r∗‖

≤ ‖rn − r∗‖+βnM. (20)

Note that, βn → 0 as n → ∞, there exists a K ∈ N such that the tail of the sequence {‖rn − r∗‖} is monotone

decreasing and bounded below for n > K. Then, by the monotone convergence theorem, limn→∞ ‖rn − r∗‖ exists for all
r∗ ∈ Fix(Fλ ) = Fix(F).
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Lemma 6 If F : Γ→ Γ and sequence {rn} as given in Lemma 5 and Fix(F) 6= /0, then we have limn→∞ ‖rn−Fλ rn‖= 0,
where λ = 1

b+1 .

Proof. Suppose that r∗ ∈ Fix(F). By Lemma 5, limn→∞ ‖rn − r∗‖ exists, therefore it is bounded. Further, assume that

lim
n→∞

‖rn − r∗‖= l. (21)

Take the limit sup as n → ∞ in (16), (17), (18) and (19), we obtain

limsup
n→∞

‖un − r∗‖ ≤ l, limsup
n→∞

‖vn − r∗‖ ≤ l, and

limsup
n→∞

‖tn − r∗‖ ≤ l, limsup
n→∞

‖sn − r∗‖ ≤ l. (22)

As, Fλ is quasi-nonexpansive mapping, we obtain that

‖Fλ un − r∗‖ ≤ ‖un − r∗‖, ‖Fλ vn − r∗‖ ≤ ‖vn − r∗‖,

‖Fλ rn − r∗‖ ≤ ‖rn − r∗‖, ‖Fλ tn − r∗‖ ≤ ‖tn − r∗‖,

‖Fλ sn − r∗‖ ≤ ‖sn − r∗‖.

Again by above inequalities, we get

limsup
n→∞

‖Fλ rn − r∗‖ ≤ l, and limsup
n→∞

‖Fλ un − r∗‖ ≤ l,

limsup
n→∞

‖Fλ vn − r∗‖ ≤ l, and limsup
n→∞

‖Fλ tn − r∗‖ ≤ l, and

limsup
n→∞

‖Fλ sn − r∗‖ ≤ l. (23)

Note that,

l = liminf
n→∞

‖rn+1 − r∗‖= liminf
n→∞

‖Fλ sn − r∗‖ ≤ liminf
n→∞

‖sn − r∗‖. (24)

From (22) and (24) we get

lim
n→∞

‖sn − r∗‖= l.
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Thus,

‖sn − r∗‖= ‖Fλ ((1−θn)Fλ vn +θnFλ tn)− r∗‖

≤ ‖(1−θn)Fλ vn +θnFλ tn − r∗‖

≤ (1−θn)‖vn − r∗‖+θn‖tn − r∗‖

≤ ‖vn − r∗‖. (25)

If we take liminf in (25), then we have that

l ≤ liminf
n→∞

‖vn − r∗‖,

which implies that

lim
n→∞

‖vn − r∗‖= l.

If we set r0 = r1, then we have

l = lim
n→∞

‖(1−σn)rn +σnFλ rn − r∗‖

= lim
n→∞

‖(1−σn)(rn − r∗)+σn(Fλ rn − r∗)‖. (26)

From (21), (23) and (26) and by Lemma 3, we have

lim
n→∞

‖rn −Fλ rn‖= 0.

Theorem 2 If F : Γ → Γ is a E-type enriched nonexpansive mapping, B satisfies the Opial’s condition, {rn} which
is given by (10) with Fix(F) 6= /0, implies the {rn} gives the weak converges a fixed point of F .

Proof. If r∗ ∈ Fix(F), then we have limn→∞ ‖rn − r∗‖ exists. Here we need to prove that {rn} has only one

subsequential limit in Fix(F). Suppose that r
′
and r

′′
are two distinct weak cluster points of {rni} and {rn j} of {rn}.

Since, limn→∞ ‖rn −Fλ rnk‖= 0 also I−Fλ is demiclosed, by Lemma 1 we get Fλ r
′
= r

′
. Similarly, we have r

′′ ∈ Fix(Fλ ).

From Lemma 5, limn→∞ ‖rn − r
′′‖ exists. To prove the uniqueness, suppose that r

′ 6= r
′′
. If we use the Opial’s property,

then we obtain that

lim
n→∞

‖rn − r
′‖ ≤ lim

ni→∞
‖rni − r

′‖
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< lim
ni→∞

‖rni − r
′′‖

= lim
n→∞

‖rn − r
′′‖

= lim
n j→∞

‖rn j − r
′′‖

< lim
n j→∞

‖rn j − r
′‖

= lim
n→∞

‖rn − r
′‖, (27)

a contradiction and this implies {rn} converges to a point weakly in Fix(Fλ ) = Fix(F).

Theorem 3 Suppose that F and {rn} are the mapping and the sequence and Fix(F) 6= /0. The sequence {rn} converges
to fixed point of F iff liminfn→∞ d(rn, Fix(F)) = 0 or limsupn→∞ d(rn, Fix(F)) = 0.

Proof. Necessity can be seen is very obvious.

Assume that liminfn→∞ d(rn, Fix(Fλ )) = 0. From the Lemma 6, limn→∞ ‖rn − r∗‖ exists for all r∗ ∈ Fix(Fλ ). As

liminfn→∞ d(rn, Fix(Fλ )) = 0, limn→∞ d(rn, Fix(Fλ )) = 0. We now show {rn} is Cauchy in Γ
′
. For ε > 0. By the given

assumption, there exists m0 ∈ N with

d(rn, Fix(Fλ ))<
ε

2
,

for all n ≥ m0, which gives that

inf{‖rn − r∗‖: r∗ ∈ Fix(Fλ )}<
ε

2
.

Thus, inf{‖rm0 − r∗‖: r∗ ∈ FixF(Fλ )}< ε

2 and hence there exists r∗ ∈ Fix(Fλ ) such that

‖rm0 − r∗‖< ε

2
.

If m, n ≥ m0, then we get that

‖rm+n − rn‖ ≤ ‖rm+n − r∗‖+‖rn − r∗‖

≤ ‖rm0 − r∗‖+‖rm0 − r∗‖

≤ 2‖rm0 − r∗‖

≤ ε, (28)
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which gives that {rn} is Cauchy in the set Γ. Since by the closed and boundedness of the set Γ implies that there exists a

point a∗ ∈ Γ and limn→∞ rn = a∗. Here, limn→∞ d(rn, Fix(Fλ )) = 0 gives

d(a∗, Fix(Fλ )) = 0, which implies that a∗ ∈ Fix(Fλ ) = Fix(F).

Theorem 4 IfΓ
′
is compact and convex subset ofB, F : Γ

′ →Γ
′
, {rn} aremapping and sequence as above, respectively

and Fix(F) 6= /0, then rn → r∗ ∈ Fix(F).

Proof. Assume that Fix(F) 6= /0. Using the Lemma 6, we have that limn→∞ ‖rn −Fλ rn‖= 0. As Γ
′
is compact, there

exist a subsequence {rnk} of {rn} such that rnk → r∗ ∈ Γ
′
, Note that,

‖rnk −Fλ r∗‖ ≤ ξ‖rnk −Fλ rnk‖+‖rnk − r∗‖.

On taking limit as k → ∞, we have rnk → Fλ r∗. Thus, Fλ r∗ = r∗. Lemma 5 gives that limn→∞ ‖rn − r∗‖ exists. Hence,
rn → r∗ ∈ Fix(Fλ ) = Fix(F).

The condition (I) on a mapping proposed by Sentor and Dotson [29] is very important and for proving the strong

convergence of a sequence constructed with such mapping.

Definition 8 A mapping F : Γ
′ → Γ

′
fulfils the condition (I), if there mapping φ : [0, ∞) → [0, ∞) which is a

nondecreasing with φ(a)> 0 and φ(0) = 0 ∀ a > 0 which satisfy

d(r
′
, Fr

′
)≥ φ(d(r

′
, Fix(F))),

for all r
′ ∈ Γ

′
, where d(r

′
, Fix(F)) = inf{d(r

′
, r∗): r∗ ∈ Fix(F)}.

Employing the condition (I), the strong convergence result can be prove as follows:
Theorem 5 If F : Γ

′ → Γ
′
is a E-type enriched nonexpansive mapping with λ = 1

b+1 , and fulfills the condition (I). If
{rn} is a sequence given in (10) and Fix(F) 6= /0, then rn → r∗ ∈ Fix(F).

Proof. Now using the Lemma 6, we get that

lim
n→∞

‖rn −Fλ rn‖= 0.

If we use the condition (I) then we have

lim
n→∞

φ(d(rn, Fix(Fλ )))≤ lim
n→∞

‖rn −Fλ rn‖= 0,

which implies that limn→∞ φ(d(rn, Fix(Fλ ))) = 0. As φ : [0, ∞) → [0, ∞) is nondecreasing and φ(0) = 0 and φ(a) >
0, ∀a ∈ (0, ∞), limn→∞ d(rn, Fix(Fλ )) = 0. By Theorem 3, we have {rn}→ r∗ ∈ Fix(Fλ ) = Fix(F).

Let F : Γ
′ → Γ

′
. Assume ψ: [0, ∞) → [0, ∞) is monotone increasing and continuous with λψ(r) = ψ(λ r) and

ψ(0) = 0 for all r, s ∈ Γ
′
with following inequality holds:

‖b(r− s)+Fr−Fs‖ ≤ ψ(‖r−Fr‖)+ c(b+1)‖r− s‖. (29)
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Theorem 6 If F : Γ → Γ is a mapping that satisfies (29) and {rn} given in (10), then rn → r∗ ∈ Fix(F).

Proof. If we set b = 1
λ
−1, then (29) reduce to

‖Fr−Fs‖ ≤ ψ(‖r−Fλ r‖)+ c‖r− s‖. (30)

From (16), we have

‖un − r∗‖ ≤ ‖rn − r∗‖+βnM. (31)

Assume that, r∗ ∈ Fix(F). Then using (30), we get

‖vn − r∗‖= ‖(1−σn)un +σnFλ un − r∗‖

≤ (1−σn)‖un − r∗‖+σn‖Fλ un − r∗‖

≤ (1−σn)‖un − r∗‖+σn[ψ(‖r∗−Fλ r∗‖)+ c‖un − r∗‖]

= (1− (1− c)σn)‖un − r∗‖.

From (17) and (30), we have

‖tn − r∗‖= ‖Fλ ((1−ηn)un +ηnFλ vn)− r∗‖

≤ 2ψ(‖r∗−Fλ r∗‖)+ c[(1−ηn)‖un − r∗‖+ηnc‖vn − r∗‖]

≤ c[(1−ηn)‖un − r∗‖+ηnc‖un − r∗‖]

= c[1−ηn +ηnc]‖un − r∗‖

≤ c[1− (1− c)ηn)][1− (1− c)σn)]‖un − r∗‖.

Also,

‖sn − r∗‖= ‖Fλ ((1−θn)Fλ vn +θnFλ tn)− r∗‖

≤ ψ(‖r∗−Fλ r∗‖)+ c‖(1−θn)Fλ vn +θnFλ tn − r∗‖

≤ (1+2c)ψ(‖r∗−Fλ r∗‖)+ c[(1−θn)c‖vn − r∗‖+θnc‖tn − r∗‖]
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= c2[(1−θn)‖vn − r∗‖+θn‖tn − r∗‖]. (32)

Note that,

(1−θn)‖vn − r∗‖ ≤ (1−θn)(1− (1− c)σn)‖un − r∗‖

= [(1− (θn +σn)+(σn −θnσn)c]‖un − r∗‖,

and

θn‖tn − r∗‖ ≤ θn[c[1− (1− c)ηn)][1− (1− c)σn)]‖un − r∗‖]

= c[θn −θnηn −θnσn + c(θnηn +θnσn)+θnηnσn

−2cθnηnσn + c2
θnηnσn]‖un − r∗‖.

By (32), we have

‖sn − r∗‖ ≤ c2(1−θn −σn +θnσn + c[θn +σn −2θnσn −θnηn +θnηnσn]

+ c2[θnηn +θnσn −2θnηnσn]+ c3[θnηnσn]
)
‖un − r∗‖

≤ c2(1−θn −σn +θnσn + c[θn +σn −2θnσn −θnηn +θnηnσn]

+ c[θnηn +θnσn −2θnηnσn]+ c[θnηnσn]
)
‖un − r∗‖

= c2[1−θn −σn +θnσn + cθn + cσn − cθnσn]‖un − r∗‖

= c2[1− (1− c)(θn +σn −θnσn)]‖un − r∗‖.

By using (31), we have

‖rn+1 − r∗‖= ‖Fλ sn − r∗‖

≤ ψ(‖r∗−Fλ r∗‖)+ c‖sn − r∗‖

≤ c
[
c2[1− (1− c)(θn +σn −θnσn)]

]
‖un − r∗‖
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≤ c3[1− (1− c)(θn +σn −θnσn)]‖un − r∗‖

≤ c3[1− (1− c)(θn +σn −θnσn)](‖rn − r∗‖+βnM). (33)

Inductively, we obtain that

‖rn+1 − r∗‖ ≤ c3n[1− (1− c)(θn +σn −θnσn)]
(
‖r1 − r∗‖+M(

n

∑
j=1

β j)
)
. (34)

As 0 < c3n[1− (1− c)(θn +σn −θnσn)]< 1, {rn} converges to r∗.

Theorem 7 If Γ is nonempty closed and convex subset of a Banach space B and F : Γ → Γ is a mapping which

satisfies (29). Then the sequence {rn} defined by (10) is Fλ -stable, where λ = 1
b+1 .

Proof. Assume that {pn} is an approximate sequence of {rn} in Γ. From (10), we have rn+1 = f (Fλ , rn) and

en = ‖pn+1 − f (Fλ , pn)‖, n ∈ N.
We now prove limn→∞ en = 0 iff limn→∞ pn = r∗.
If limn→∞ en = 0 then, from (10) we have

‖pn+1 − r∗‖ ≤ ‖pn+1 − f (Fλ , pn)‖+‖ f (Fλ , pn)− r∗‖

= en +‖rn+1 − r∗‖. (35)

Using Theorem 6, we get

‖pn+1 − r∗‖ ≤ en + c3[1− (1− c)(θn +σn −θnσn)](‖pn − r∗‖+βnM).

If we set,

An = ‖pn − r∗‖, and Bn = (1− c)(θn +σn −θnσn).

Then, we obtain that

An ≤ c3(1−Bn)An +βnM+ en.

As, limn→∞ en = 0, also en
Bn

→ 0 as n → ∞.

If we use Lemma 2, then we obtain that limn→∞ An = 0 and further we have limn→∞ pn = r∗.
Conversely, let limn→∞ pn = r∗. Note that,

en = ‖pn+1 − f (Fλ , pn)‖
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≤ ‖pn+1 − r∗‖+‖ f (Fλ , pn)− r∗‖

≤ ‖pn+1 − r∗‖+ c3[1− (1− c)(θn +σn −θnσn)]‖pn − r∗‖+βnM, (36)

which give limn→∞ en = 0.

3. Numerical experiment

Here we present some numerical examples to visualize the convergence. For all of the numerical computations the

MATLAB version R2018a was used. We illustrate the convergence of a sequence obtained from two different mappings

(given in Examples 1 and 2) to show the performance of our proposed algorithm in (10) with other comparable algorithms.

We used the different parameters to visualize the efficiency of different iterative algorithms. We use different cases given

as follows.

Case 1:

σn =
1

n2 +2n+1
, ηn =

3n
4n2 +4n+5

, θn =
n2 +1

n2 +n+7
.

Case 2:

σn =
n2 +n

n2 +4n+5
, ηn =

n+1
n2 +n+1

, θn =
n2 +1

n2 +2n+10
.

Case 3:

σn =
8n

(9n+1)2 , ηn =
15n

(n+7)2 , θn =
n2 +1

n2 +n+7
.

Case 4:

σn =
8n

(2n+5)2 , ηn =
n2

(n+3)2 , θn =
n2 +1

n2 +3n+1
.

Example 1 Take Γ = [0, 4]⊂ R and F : Γ → Γ by

F(r) =


0, if r ∈ [0, 4),

3, r = 4.

To show, F is E-type enriched nonexpansive mapping, here we have the different cases:

Case 1: For r ≤ 3 and s = 4,
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‖b(r− s)+ r−Fs‖= ‖b(r−4)+(r−3)‖

≤ b‖(r−4)‖+‖(r−3)‖

≤ ‖r‖+(b+1)‖r−4‖

≤ ‖r−Fr‖+(b+1)‖r− s‖.

Case 2: If r > 3 and s = 4, then we have

‖b(r− s)+ r−Fs‖= ‖b(r−4)+(r−3)‖

≤ b‖(r−4)‖+‖(r−3)‖

≤ ‖r‖+(b+1)‖r−4‖

≤ ‖r−Fr‖+(b+1)‖r− s‖.

Case 3: If r = 4 and s 6= 4, then we get

‖b(r− s)+ r−Fs‖= ‖b(s−4)+4)‖

≤ 4+b‖s−4‖

≤ 4‖r−Fr‖+(b+1)‖r− s‖.

For λ = 1
2 , we have

F1
2
(r) =


r
2 , if r ∈ [0, 4),

7
2 , r = 4.

Note that, Fix(F) = Fix(Fλ ) = {0}. Take the initial value r0 = 2, r1 = 4, and compare convergence of our proposed

algorithm with the other existing some algorithms. The Figures 1, 2 and Table 1 give our proposed sequence shows the

batter performance in the sense of convergence than the other existing sequences.
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Figure 1. Convergence behavior for mapping defined in Example 1

Figure 2. Log-log accuracy profile for Example 1

Volume 7 Issue 3|2026| 3647 Contemporary Mathematics



Table 1. Comparison of iterative methods for Example 1

Method Iterations Final Error CPU Time

Noor [11] 10 5.95560704472654 0.0217918

S-Iteration [12] 10 0 0.0067203

Abbas [13] 10 2.81329613889126×10−7 0.0093002

Thakur [14] 10 2.30456005612844×10−5 0.0096969

M-Iteration [15] 10 0 0.0083084

Khan et al. [16] 10 0 0.0058506

Proposed 10 7.63103302335805×10−11 0.0021468

Example 2 Let Γ = [0, 8]⊂ R be equipped with a usual norm. Define the mapping F : Γ → Γ by

F(r) = cosr+ sinr.

Note that, F is E-type enriched nonexpansive mapping. If we set λ = 1
2 , then we get

F1
2
(r) =

r+ cosr+ sinr
2

.

Also, Fix(F) = Fix(Fλ ) = {1.25872}.Take the initial value r2 = 2, r1 = 8, and compare the convergence behavior of

our proposed algorithm with the other existing comparable algorithms. We observe, from the Figures 3, 4 and Table 2 give

our proposed sequence shows the batter performance in the sense of convergence than the other existing sequences.

Table 2. Comparison of iterative methods for Example 2

Method Iterations Final Error CPU Time (s)

Noor [11] 10 7.04453137676481 0.0190782

S-Iteration [12] 10 1.25872895946892 0.0062787

Abbas [13] 10 1.25872817749299 0.0082705

Thakur [14] 10 1.25872817750530 0.0078922

M-Iteration [15] 10 1.25872817749279 0.0084314

Khan et al. [16] 10 1.25872817749282 0.0046147

Proposed 10 1.25872817749268 0.0037568
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Figure 3. Convergence behavior for mapping defined in Example 2

Figure 4. Log-log accuracy profile for Example 2

Example 3 Let Γ = [0, 4]⊂ R , define the mapping F : Γ → Γ by
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F(r) =
1− r

2
+

cos2r
4

,

F is E-type enriched nonexpansive mapping and if we set λ = 2
3 , then we have

F2
3
(r) =

cos2r
6

+
1
3
.

Also, Fix(F) = Fix(Fλ ) = {0.43975}. We set the initial values r2 = 2.5, r1 = 3, and then compare the convergence

behavior of different algorithms. Note that, Figures 5, 6 and Table 3 show our scheme has the batter convergence than the

other comparable sequences.

Figure 5. Convergence behavior for mapping defined in Example 3
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Figure 6. Log-log accuracy profile for Example 3

Table 3. Comparison of iterative methods for Example 3

Method Iterations Final Error CPU Time (s)

Noor [11] 10 6.06060047978628 0.0189922

S-Iteration [12] 10 0.439618485718373 0.0068764

Abbas [13] 10 0.439622217580906 0.0085525

Thakur [14] 10 0.439622217579072 0.0081376

M-Iteration [15] 10 0.439622217592465 0.0077617

Khan et al. [16] 10 0.439622217597609 0.0050013

Proposed 10 0.439622217579027 0.0032279

4. Applications

In the subsequence section, we present an important applications of our results. First, we recall some concepts: In the

sequel we suppose H is Hilbert space and Γ is its a nonempty closed convex subset. The mapping F : Γ → H is called:

1. monotone if 〈Fr−Fs, r− s〉 ≥ 0 for all r, s ∈ Γ,

2. β -strongly monotone if there exists a constant β > 0 such that 〈Fr−Fs, r− s〉 ≥ β‖r− s‖2 for all r, s ∈ Γ,

3. γ-inverse strongly monotone (γ-ism) if we have a fixed γ > 0 and

〈Fr−Fs, r− s〉 ≥ γ‖Fr−Fs‖2, ∀r, s ∈ Γ.

As, every Hilbert space is uniformly convex, and a nonexpansive mapping is a particular case of a mapping that

satisfies condition (E), our results applicable to the following classes of problems and applications.

4.1 Variational inequality problem

An important nonlinear problem known as the Variational Inequality Problems (VIP) and these inequalities provide

an efficient and unified framework for dealing with a wide class of nonlinear boundary value problems linked with Partial
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Differential Equations (PDEs) of elliptic or parabolic type. A variational inequality generally describes a relationship

between an operator acting on elements of a certain set and the vectors that belong to that same set. Over the years,

The variational inequality problem has been studied by numerous researchers from various perspectives because of its

broad theoretical significance and wide range of practical applications. In particular, these inequalities serve as useful

mathematical tools to model the several important practical problems for example the image and signal processing, optimal

control, and other applied science fields (for more details, see [30–34]).

Formally, the VIP of a nonlinear operator F defined on Γ is denoted by V I(Γ, F) and introduced in [35]. The problem

V I(Γ, F) is to find a vector r∗ ∈ Γ such that

〈Fr∗, r∗− s〉 ≥ 0, ∀s ∈ Γ.

The collection of vectors which satisfy the above inequality represents by Ω1. It is important to note that the VIP is

closely connected to several fundamental mathematical problems, for instance, complementarity and convex minimization

problems, the the task to r′ ∈ H that satisfies Fr′ = 0, which is essentially called it the null point problem.

The VIP (V I(Γ, F)) can also be expressed as a fixed point equation. Specifically, it is equivalent to finding a point

r∗ ∈ Γ satisfying

r∗ = PΓ(I −αF)r∗,

where α > 0 is a fixed and PΓ denotes the metric projection from H onto Γ. If we define the operator Tα = PΓ(I −αF), in

this case, the problem can be simplified to determining a fixed point of the corresponding operator Tα , that is, Tα r∗ = r∗.
Moreover, if F is L-Lipschitz and β -strongly monotone, and hence Tα becomes a contraction mapping on Γ whenever

0 < α < 2β/L2. Using contraction principle, it can be deduced that Ω1 = {r∗}, and the sequence obtained through the
Picard iterative process,

rn+1 = Tα rn, n ∈ N,

converges to a fixed point r∗.
If the mappings are nonexpansive, the related fixed point problem that provides the solution of VIP, along with its

related result and proof, can be derived from Lemma 6, which is stated as follows.

Theorem 8 Let Γ be a set as describe above F : Γ → H be an L-Lipschitz continuous and β -strongly monotone

operator, and {θn}, {ηn} and {σn} as given in (10). Then the iterative sequence {rn} defined by



r0 ∈ Γ

rn+1 = PΓ(1−αF)sn

sn = PΓ(1−αF)
(
(1−θn)PΓ(1−αF)vn +θnPΓ(1−αF)tn

)
tn = PΓ(1−αF)

(
(1−ηn)un +ηnPΓ(1−αF)vn

)
vn = (1−σn)un +σnPΓ(1−αF)un

un = rn +on(rn − rn−1), ∀ n ∈ N

(37)
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converges weakly to r∗ ∈ Ω1.

4.2 Constrained optimization problem

Constrained optimization problems are fundamental in various fields engineering and sciences, particularly in signal

and image processing, where the objective is typically to minimize a convex and differentiable function F over a feasible

region defined by a closed convex set Γ in H. Such problems arise naturally when certain physical, structural, or data-related

restrictions must be satisfied while finding an optimal solution.

Let Γ be a nonempty, closed, and convex subset of a Hilbert space H, and let PΓ denote the metric projection from H
onto Γ. Assume that a mapping F : Γ → H is γ-ism for some constant γ > 0. It is well established result that the operator
PΓ(I−αF) is nonexpansive whenever α ∈ (0, 2γ). Moreover, recall the fact that, every Lipschitz continuous with constant

L is 2
L -ism. Now, we define an iterative process that produces a sequence of points in Γ, that weakly converges to the point

that is minimizer of the function F over Γ.

Theorem 9 Suppose that Γ is a set as describe above and F is differentiable and convex U ⊂ Γ, where U is open.

Also ∇F Lipschitzian map onU with constant L, set α ∈ (0, 2/L). Suppose F has the minimizers of over Γ exist. Consider

a sequence {rn} ⊂ Γ defined by



r0 ∈ Γ

rn+1 = PΓ(1−α∇F)sn

sn = PΓ(1−α∇F)
(
(1−θn)PΓ(1−α∇F)vn +θnPΓ(1−α∇F)tn

)
tn = PΓ(1−α∇F)

(
(1−ηn)un +ηnPΓ(1−α∇F)vn

)
vn = (1−σn)un +σnPΓ(1−α∇F)un,

un = rn +on(rn − rn−1), ∀ n ∈ N

(38)

where {θn}, {ηn}, {σn} ∈ (0, 1). Then {rn} weakly converges to a minimizer of F .

4.3 Split Feasibility Problem (SFP)

The SFP [36], has become a significant area of research because of its broad theoretical and practical applications. In

general, the SFP seeks to find a point in a closed convex subset of a Hilbert (or normed) space so that the image of a bounded

linear map lie in convex and closed subset of other space. This formulation provides a powerful mathematical framework

for many real applications, including image reconstruction and recognition, signal processing, and intensity-modulated

radiation therapy, among others. Due to its practical importance and mathematical depth, the SFP has drawn substantial

attention from many researchers (see [37–41] for additional details and related results).

Solving the fixed point equation for nonexpansive is curial because it plays a key role for SFP, as it provides a natural

link between feasibility and fixed point equation of a mapping.

Recall that the SFP associated with Γ and F , denoted by SFP(Γ, F), involves finding a point r ∈ Γ with Fr belongs
to Γ′, where Γ is a closed convex subset of a Hilbert space H1, Γ′ is a closed convex subset of another Hilbert space H2,

and F : H1 → H2 is bounded linear. Equivalently, the SFP in the form of fixed point equation is as follows:

r = PΓ(I − γF∗(I −PΓ′)F)r,
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where PΓ and PΓ′ are the projection mappings, γ > 0 is fixed, and F∗ represents the adjoint operator for mapping F . Further

the mapping PΓ(I − γF∗(I −PΓ′)F) is nonexpansive.

Amapping F is called an average mapping if it could be represented by

F = (1−α)I +αT,

here α ∈ (0, 1) and T is nonexpansive operator.

Define the function h: Γ → R by

h(r): = 1
2‖(F −PΓ′F)r‖, r ∈ Γ.

We then consider the minimization problem

min
r∈Γ

h(r).

According to [42], the gradient of h is given by ∇h = F∗(I −PΓ′)F , where F∗ denotes the adjoint of F . Also the

operator I −PΓ′ is nonexpansive, so we have ∇h is L-Lipschitz continuous with L = ‖F‖2. Consequently, ∇h is 1/L-ism,

and for any 0 < α < 2/L, the operator I −α∇h is an averaged operator.

As a result, the composition PΓ(I −α∇h) is also an averaged operator. Let us define

F : = PΓ(I −α∇h).

It is easy to observe that the solution set of the split feasibility problem SFP(Γ, F) coincides with the set of fixed

points of F .
We now introduce an iterative scheme that can be employed to approximate the solutions of the problem SFP(Γ, F).

Theorem 10 Assume that F, h are as give above and {θn}, {ηn} and {σn} as given in (10). Then the iterative

sequence {rn} in Γ defined by:



r0 ∈ Γ

rn+1 = PΓ(1−α∇h)sn

sn = PΓ(1−α∇h)((1−θn)PΓ(1−α∇h)vn +θnPΓ(1−α∇h)tn)

tn = PΓ(1−α∇h)((1−ηn)un +ηnPΓ(1−α∇h)vn)

vn = (1−σn)un +σnPΓ(1−α∇h)un

un = rn +on(rn − rn−1), ∀ n ∈ N

(39)

weakly converges to solution of SFP(Γ, F).
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4.4 Application delay functional differential equation

El and Omar [43] proved the existence for Volterra–Stieltjes functional equation involving derivation. Similar

equations have also been studied by other authors (see [44, 45]).

Here, we provide the weak solution by approximating it with the sequence defined in (10).

Assume that the Banach space B is reflexive having norm ‖ · ‖B with its dual B∗. Let L > 0 and I = [0, L]. The set of
continuous functions is denoted by C [0, L] with the norm given by:

‖r‖C = sup
j∈I

‖r( j)‖B, r ∈ C [0, L].

A second-order initial value problem is given by:

d
d j

r( j) = f1

(
j,
∫

φ( j)

0
f2( j, s, r(s))dsg( j, s)

)
, j ∈ I (40)

with the initial condition

r(0) = r0. (41)

Assume that,

i. The φ is a mapping on I is which is not increasing and continuous with φ( j)≤ j.
ii. Take q = 1, 2, every map fq form I ×B to B is continuous weakly and satisfies

|φ( fq( j, r)− fq( j, s))| ≤ cq|φ(r− s)|, cq > 0, ∀( j, r), ( j, s) ∈ I ×B, φ ∈ B∗

where, each cq is a Lipschitz constant.

iii. The g is continuous function from I ×R to R with

K = max{sup |g( j, φ( j))|+ sup |g( j, 0)|} is finite.

iv. c1c2K j < 1.
Lemma 7 [43] Solving an initial value problem (40) and (41) is same as to solve the integral equation given by:

r( j) = r0 +
∫ j

0
f1

(
τ,

∫
φ( j)

0
f2(τ, α, r(α))

)
dα g(τ, α)dτ.

Let F1 be an operator on C [0, L] given by

F1(r( j)) = r0 +
∫ j

0
f1

(
τ,

∫
φ( j)

0
f2(τ, α, r(α))

)
dα g(τ, α)dτ.
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We now approximate the solution of (40) and (41) by using the iterative scheme given in (10).

Theorem 11 Suppose that (i)-(iv) hold and {rn} is a sequence in (10) obtained by an operator F1. Then {rn} converges
to r∗, which is indeed a weak solution of initial value problem given by (40) and (41).

Proof. Note that,

‖F1un − r∗‖C = ‖F1un −F1r∗‖

≤
∥∥∥∥r0 +

∫ j

0
f1

(
τ,

∫
φ(τ)

0
f2(τ, α, un(α))

)
dα g(τ, α)dτ−

r0 −
∫ j

0
f1

(
τ,

∫
φ(τ)

0
f2(τ, α, r∗(α))

)
dα g(τ, α)dτ

∥∥∥∥
C

=

∣∣∣∣F1

(∫ j

0
f1

(
τ,

∫
φ(τ)

0
f2(τ, α, un(α))

)
dα g(τ, α)dτ−

∫ j

0
f1

(
τ,

∫
φ(τ)

0
f2(τ, α, r∗(α))

)
dα g(τ, α)

)
dτ

∣∣∣∣.
Using assumption (ii), we have

‖F1rn − r∗‖C ≤
∫ j

0
c1

∣∣∣∣F1

(∫
φ(τ)

0
f2(τ, α, un(α)))dα g(τ, α)−

∫
φ(τ)

0
f2(τ, α, r∗(α))dα g(τ, α)

)∣∣∣∣dτ

≤ c1

∫ j

0

∫
φ(τ)

0

∣∣∣∣F1

(
f2(τ, α, un(α)))−

f2(τ, α, r∗(α))

)
dα g(τ, α)

∣∣∣∣dτ,

and

‖F1un − r∗‖C ≤ c1

∫ j

0

∫
φ(τ)

0
c2

∣∣∣∣F1

(
un(α)− r∗(α)

)
dα g(τ, α)

∣∣∣∣dτ

≤ c1c2‖un − r∗‖C

∫ j

0

∫
φ(τ)

0
dα g(τ, α)dτ
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= c1c2‖un − r∗‖C

∫ j

0
(g(τ, φ(τ))−g(τ, 0))dτ

≤ c1c2K‖un − r∗‖C

∫ j

0
dτ

= c1c2K j‖un − r∗‖C . (42)

As c1c2K j < 1, by (42) we have

‖F1un − r∗‖C ≤ ‖un − r∗‖C . (43)

Now, let u
′
n = (1−ηn)un +ηnF1vn. Following arguments similar to those used in obtaining (42) and by (43), we get

that

‖u
′
n − r∗‖C = ‖(1−ηn)un +ηnF1vn − r∗‖C

≤ (1−ηn)‖un − r∗‖C +ηn‖F1vn − r∗‖C

≤ ‖un − r∗‖C . (44)

Also,

‖tn − r∗‖C ≤ ‖F1u
′
n − r∗‖C ≤ ‖u

′
n − r∗‖C ≤ ‖un − r∗‖C . (45)

Similarly, if we set s
′
n = (1−θn)F1vn +θnF1tn, then we have

‖s
′
n − r∗‖C = ‖(1−θn)F1vn +θnF1tn − r∗‖C

≤ (1−θn)‖F1vn − r∗‖C +θn‖F1tn − r∗‖C

≤ ‖un − r∗‖C , (46)

and

‖sn − r∗‖C ≤ ‖F1s
′
n − r∗‖C ≤ ‖un − r∗‖C . (47)

Similar to what obtained in (42), we get that
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‖rn+1 − r∗‖C ≤ ‖F1sn − r∗‖C ≤ c1c2K j‖un − r∗‖C . (48)

If we set ω = c1c2K j ∈ (0, 1), then by (16) and (42), we obtain that

‖rn+1 − r∗‖C ≤ ω[‖rn − r∗‖C +βnM]. (49)

From Lemma 4, we have rn → r∗.

5. Conclusions

The purpose of the given work in this manuscript is to introduce the inertial-type algorithm for fixed point of E-type
enriched nonexpansive mappings in the setup of uniformly convex Banach spaces. The proposed algorithm was analyzed

theoretically and numerically. The strong and weak convergence results are obtained, and stability properties of the proposed

iterative scheme were studied. Numerical experiments and graphical comparisons demonstrated that the proposed iterative

sequence has higher convergence rate over some known existing approaches. Furthermore, efficiency and applicability

of the proposed scheme were employed in approximating the solution of variational inequality problems, constrained

optimization problems, and split feasibility problems. In addition, we applied the algorithm to solve a particular functional

equation. Overall, the presented results confirm that the proposed inertial iterative scheme is a simple, efficient, and reliable

tool to solve the fixed points equation other nonlinear operator equations in applied mathematics.
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