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Abstract: Convexity associated with inequalities finds numerous and impressive applications in the field of applied
mathematics, especially when it comes to fractional analysis. In this paper, we investigate the new equalities. We explore
several variations of the Fejér-type inequalities involving generalized convex involving Raina mapping for fractional
integral operators based on these equalities. The outcomes of this investigation and unique circumstances represent fresh
and significant improvements over previously reported findings.
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1. Introduction

In modern mathematics, convexity theory has been essential to the growth of many subfields. To provide a new
dimension with a variety of aspects to the field of mathematical analysis and numerical approaches, many scholars and
researchers have tried to incorporate new ideas into fractional analysis in the ten years prior. The theory of convex functions
is widely used in many disciplines, including engineering, finance, economics, and optimization. For the literature, see the
references [1-4].

The study of convexity and the notion of inequalities have a fascinating relationship. There are many well-known
and practical inequalities that arise from convex functions. Two well-known inequalities that analyze and clarify the
geometrical meaning of convex functions are the Jensen and Fejér inequalities. Numerous fields, including probability
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theory, information theory, and optimization, use them. These inequalities are crucial for numerical techniques like
Simpson’s rule, the trapezoidal rule, and others, especially for estimating the error boundaries. For the literature, see the
references [5-8].

The ideas of inequality and fractional evaluation have coevolved in the modern era. The assessment of fractional
inequality is one of the core concepts and components of applied sciences. Researchers advise students to consider
applying and employing the fractional operator to real-world problems and challenges. Fractional calculus is the purported
assignment of the integration of an arbitrary non-integer order. Due to its practical uses, it has recently attracted and kept
the interest of many mathematicians. The subject of fractional calculus has many applications in control systems, transform
theory, nanotechnology, modeling, fluid flow, mathematical biology, epidemiology, optimal control, and physics. For the
literature, see the references [9—19]

The purpose of this work is to revisit the role of convexity in fractional settings by examining a set of recently
developed equalities. Our motivation comes from the fact that fractional analysis continues to influence many areas of
applied mathematics, yet several related inequalities still need clearer formulations. In this study, we introduce new forms
of Fejér-type inequalities by combining generalized convexity with Raina’ s mapping, which gives a more adaptable
structure for fractional integral operators. These results emerge from specific situations that had not been explored before.
Taken together, the findings offer improvements that stand apart from earlier contributions in this direction.

The organization of this paper is as follows. In Section 2, we go over a few key terms and ideas again that serve as
the basis for our analysis that follows. In Section 3, we present a new idea related to generalized m-convex involving
Raina mapping (G,,CRM). In Section 4, we present new equalities pertaining to G,,CRM. In order to these qualities, we
devoted ourselves to deriving some refinement of Fejér-type inequalities. We provide a brief conclusion and proposal
some potential future research directions in the last Section 5.

2. Preliminaries

With so many theorems, definitions, and comments, it is best to examine and delve further in this area to ensure quality,
reader interest, and completeness. The purpose of this section is to illustrate and analyze certain common definitions and
terms that we will need for our research in the next sections. First, the generalized convex set, generalized convex function,
Fejér inequality, classical Mitagg-Leffler (CMLF), and convex are introduced. This section is made more appealing by the
addition of Condition A and Riemann-Liouville Fractional Integral Operator (RLFIO).

Definition 1 ([20]) A real-valued function 7 is said to be convex, if

I (ucg+ (1 —u)ep) <udt(cq)+(1—u)H(cp), (D)

holds for all ¢4, ¢, € I and u € [0, 1].

Fejér inequality is the most popular and well-known inequality in the literature. Many mathematicians have worked
on different concepts from different angles in the field of inequalities. The following Fejér inequality was initially explored
by Fejér [21] and is stated by: Suppose that 57 : [e.,es] — R be a convex function. Then, the inequality

e e H e e
(% e ) / “®(x)dx < / () D()dx < 2L £ (ea) / " ®(x)dx @)

2 ec ec 2 ec

holds, where ® : [a,b] — R is non-negative, integrable and symmetric to %-FTed'
Raina [22] proposed a family of functions formally stated by
—+oo
Py (D G

%e,c(z) = '%e,a (z) = kg(’) r(£k+ G)Z ) 3)
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where p = (p(0),...,p(v),...) and €,0 > 0, |z| < R. Equation (3) is the extension of classical Mittag—Leffler function.
Ife=1,0=0andp(v) = % fork=0,1,2,..., where a, B and y are parameters which can take arbitrary real
or complex values (provided that y # 0,—1,—2,...), and the symbol oy denotes the quantity

I'o+k)

(a), = T(0) =oa(a+1)...(a+k—1), k=0,1,2,...,

and restricts its domain to |z| < 1 (with z € C), then we have the classical hypergeometric function, that is

= 3 (kB
,%’(a,ﬁ,y,z)—kzzlo e z~.

Moreover, if p = (1,1,...) with e = o, (Re(@) > 0),0 = 1, then
k

¢ y_? 4
a(Z)—k;)m~ “4)

Equation (4) is referred to as a classical Mittag—Leffler function. The Mittag—Leffler function appears usually in the
study of fractional calculus and especially in the studies of fractional conjecture of the kinetic equation, super diffusive
transport, random walks, Lévy flights, and in the studies of complicated structures.

Cortez presented the generalized convex set and the convex function pertaining to Raina’s function in [23, 24].

Definition 2 ([24]) Let p = (p(0),...,p(v),...) and €,6 > 0. A set X # 0 is said to be generalized convex, if

Ca“"“%gc(cb_ca) €X, ()
for all ¢s,cp € X and u € [0,1].

Definition 3 ([24]) Let p represent a bounded sequence then p = (p(0),...,p(v),...) and €, 6 > 0. If real-valued
2 holds the following inequality

jf(ca—f—u%’ga(cb—ca)) < ud(cp) + (1 —n)(c,), (6)

for all ¢4, ¢, € X, where ¢, < ¢, and u € [0, 1], then 57 is said to be generalized convex function.
Remark 1 If %Qc(cb —¢4) = ¢ — ¢q > 0, then achieve Definition 1.
The following Condition-A first time explored by Ahmad et.al [25].
Condition A: Let X be generalized convex subset w.r.t. %£ 5(-). For any ¢,,¢, € X and u € [0, 1],

%g,c (Ca - (Ca +u %g,a(cb - ca))) =—-u %g,c(cb - Ca)a

%{3),6 (cb - (Ca +U%§,G(Cb - ca)) ) =(1-wu) *@g,a(cb —¢q)-

Note that, for every ¢, ¢;, € X and for all u;, u; € [0, 1] from Condition-A, we have

'@g,c (Ca +u f@g,a(cb —Cq) — (ca +wm %g,a(cb - Ca))) =(um—uy) e%.Isj,cs(cb —¢q). (7N
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Definition 4 ([26]) Assume that ¥ € L; [v,,v;]. Then the left- and right-sided Riemann - Liouville fractional integral
operators of order y > 0, denoted by IZa +WYand I?,/b,‘P, are defined respectively as

1 C
1’ ‘Px:—/ x—u)" (W) du, x>v,,
) = [ e e

and

1 V,
1’ ‘P(x)z—/b(u—x)yfl‘l’(u)du, x < vp.

3. Generalized m-convex involving Raina’s mapping and its properties

Here, we shall introduce and explore the new definition, i.e., G,,CRM, an interesting and useful concept for convex
functions and examine some of its algebraic properties.
Definition 5 Let p = (p(0),...,p(v),...) and €,0 > 0. A set X # 0 is said to be generalized m-convex, if

meq+u L o (cp—meg) € X, ®

for all ¢,, ¢, € X and u,m € [0,1].

Definition 6 A function .7 defined on the generalized m-convex set X is said to be generalized m-convex involving
Raina’s function i.e., G,,,CRM, if

H(meg +udBl o (cp —meg)) <m(1—u) A (ca) +u (cp). 9)
holds for every ¢,, ¢, € X, m € (0,1] and u € [0, 1].
Remark2 Ifm=1and %ﬁc(cb —mc,) = ¢, —mc,, then Definition 6 reverts to the idea of convex function, which
was investigated by Niculescu [20].
Note that every convex function is G,,CRM, but the converse does not hold in general.

Here, we are going to introduce the new condition, namely extended Condition-A, in the following way:
Extended Condition-A: Let X be generalized m-convex subset w.r.t. %’50() For any ¢4,¢, € X andu € [0, 1],

%g,c (Cu — (mcg+u %g,c(cb - mcu))) =-u r%g,c(cb —mey,),

R 5 (Cb — (meg+u R 5 (cp —mcy)) ) = (1—u) %L 5(cp —mcy).

Note that, for every ¢,, ¢, € X and for all u;, u; € [0, 1] from extended Condition-A, we have

%gc (mca +u %26(@, —mcy) — (me, +uy %f;a(cb — mca))) = (up —uy) %g(,(ch —mcy).
We are going to look at and develop a few properties of the recently presented concept.
Proposition 1 We state the following as true:

(1) The Sum of two G,,CRM is also an G,,CRM.
(2) If 2 is G,,CRM, then (c5¢) is also an G,,,CRM.
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(3) The composition of two G,,CRM is also an G,,CRM.

(4) Let 0 < ¢q < cp, 5 : = [cq,¢p] = [0,+e0) be a family of G,,CRM and ¢ (u) = sup; #;(u). Then, / is an
GnCRM form € (0,1],u € [0,1], and U = {F# € [cg, ¢p) : H7(,) < oo} is an interval.

(5) The product of two G,,,CRM is also an G,,CRM.

Proof. The proof of the above properties is straightforward. So we omit it. O

4. New refinements of Fejér-type inequality pertaining to GCRM

Fejér inequality is the most commonly used inequality in the research. Recently, a number of scholars and scientists
have been working on new concepts related to the problem from different perspectives in the realm of convex analysis.
In the literature different types of fractional operators and convexity were employed to establish several new Fejér type
inequalities. Tariq et al. [27] first time introduced the Fejér type inequality via non-conformable fractional operator.
Park [28] applied a fractional integral operator to study the novel Fejér-type inequality involving convex function. Iscan
[29] introduced a novel Fejér-type inequality involving a harmonically s-convex function through a fractional integral
operator. Turhan [30] stated a novel Fejér-type inequality involving a GA-convex function through a fractional integral
operator. Through the employment of the Hadamard fractional integral operator, Kunt [31] proposed a novel variation
of the Fejér-type inequality involving the GA-convex function. A newly developed Fejér-type inequality involving a
p-convex function via the fractional integral operator was introduced by Iscan [32]. Baleanu et al. [33] explored a novel
sort of Fejér-type inequality via fractional integral of a function with respect to another function. Hakiki [34] elaborated a
new kind of Fejér-type inequality associated with s-convex function via RLFIO. Jia et al. [35] examined a new sort of
Fejér-type inequality over (¥, h-m)-p-convex functions via RLFIO. Agarwal et al. [36] developed a new kind of Fejér-type
inequality via (k — p)- RLFIO.

The primary objective of this section is to examine and research a novel lemma. We obtain some refinements of the
Fejér inequality via RLFIO by employing this recently introduced lemma. We implement the concept of the G,,CRM to
get the results.

Lemma 1 Let A be an open m-convex set where A C R and II is mapping such that IT: A x A — R. Suppose
there is a differentiable mapping .7 : A — R such that J# :€ L[me,,me. + UL (eq —me.)] and e, ey € A with me, <
mee + UL s (eq —mee). If @ : [mec,mec + UL (eq — me.)] — [0,0) is an integrable mapping, then Ve,,¢es € A, with
UL 5 (eq —me.) # 0, the following equalities hold:

D(me,)+17

(mec—'r%”//g’?(,(ed—mec)fr

Jf(mech %%sf,)c(ed*mec))r(')/) [ Y

p _
(%gec(ed_mec)))/+l I(mec""%”//e’.)tf(ed_mec))i cp(mec—*—%gﬂ(ed mec>>:|

I'(y) 1 Y P
(U5 (eq—mee))T! [I<mef+£%‘?c<edmec>>% ROnee) F L e syt eg-mecyr 7 Dmee+ Ueio(ea = mec))
1
= [ W) (e U a = me)de, (10)
A :
where
C

/ u O (me +ulL s (eq —me.))du, ce[0,3)
o ,

—_—
—

)

B[ —
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Proof. Consider

1
/w(c)j‘f’(mec+t%£’_’c(ed—mec))dc

0 ,

—/ (/ u?~'®(me, +u%€6(ed—me0))du> A (mec+c52/£c(ed—mec)) dc

+/ (/ w) " D (mee +u 5 (ea mec))du> A’ (me. + cI(ey,ec,m)dc

=Ji+J/o.

From the first integral,

N
Ji= / ’ </ u’ ' ®(mec + uLs (ea —mec))du> A (mee + UL s (eqg —me)) de
o \Jo '

1

1 c 2

= m ((/0 u D (me +ulLs(eq — mec))du> H(mee + UL (ea — mec))>
g,o\td — c

0

1

! /2 D (mee + UL 5 (eq — mee)) A (mee + UL 5 (eq — me.))de
) , ,

%efjc(ed —me,)

A (mec+ SULs(ea — >
_ (mec i 7 g,a(ed mec)) /2 c771q>(m9c+C%epa(ed —mec))dc
%e,a(ed —mec) 0 7

1 1
— /2 IV (mee + UL 5 (04 — mee) )P (mee + <UL s (eq — mee))de.
%s,c(ed —me.) Jo

Substituting x = me + ¢ %L (¢q — me) in (11),

% (mec + %%g’?(;(ed - mec)) /me"+£02/£0'(edmec)

— B .
e (UL s (eq —me.))7H! me. (x—mec )" P(x)dx
1 me(-+%02/£6(ed7mec) »
_(@p(w—mepwl/e (x —me.) "™ (x) @ (x)dx
€0 c Jme,

B (;f(mec-k%%E?G(ed—mec))r(?’)ly ®(c.)
B (UL (eq —me,))7H! (mect5T(eqsecm)™ ¢

(11)
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['(y) Y
- (%L (e —me)) 1! I(mecr%ﬂ(w-,ec»m)* () (mec). (12)

From the second integral,

1 [
J :/1 (/1 (1 —u)? ' ®(mec +ulLs (4 —mec))du> A (mee + UL (eq —me,))dc

2

= 1) <</1c(1 —u)”_ICD(meCJru%gI,)c(ed mec))du) %(’”QCJFC%S?G(W mec))> |

p
%e,c(ed —mec

1
2

1 1
- m [ (1— c)"”%(mec + cOZ/g‘?g(ed —me.))D(me, + cOZ/g’fG(ed —me,))dc
£,0 - c 2

H(mee + X UL 5 (eq — me, 2 -
— @/Pz(edefSnZ) ))/, (1= o)" ' D(mec + UL (eg — mec))de
£,0 ¢

1 1
— m/ (1 —c)yfljf(mec—Fc%%(ed—mec))cb(mec—i—c%gec(ed—mec))dc. (13)
e,o\bd — c 2

Substituting x = me + ¢ %L (¢4 —me,) in (13),

A mee+ 5 UL (eg —me.)) /mec+5%%<edmec>

(U5 (eq —mec))7+! (mee + U (ea = mee) —x)7~' (x)dx

mchr”Z/e’?g(ed —meg)

1 mec+ UL s (eg—mec) o -1
UL (e — meg))T /m.+;%pa(edmc) (mee + Yo lea —mee) =x)! " A (x)B(x)dx

A (mee+ 5 UL (eq — mee))T(Y) Y P
= (%gpﬁ(ed_mec>)’)/+l I(mec+%(ed’e“m))+¢(mec+%8,G(ed _mec))

I'(y) 17

p
(%spa(ed - mec))Z (meg+%(ed,ec.m))+ (jf@) (mec * %S’G(ed B mec)). (14)

Upon adding (12) and (14), we get the required result. O

Lemma 2 If @ : [me,me, + %g’? o(eq —me.)] = R is an integrable function which is also symmetric about me, +
%%S?G(ed —me,) with me. < me. + %el?c(ed —me,), then

Y p _ —_ 17
Imef+(b(mec + %S’G(ed meC)) N I(mec+%e’?0'(°d_mec))7

D(me,)

I,);ech %e[,)c(mec) ) (15)

D (me, + @/E‘?G(ed —me.))+ Ig/mec+n(ed—mec))*

| —
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where y > 0.

Proof. Since ® is symmetric about me. + § % (eq — me.), we have ®(2me, + %L 5 (eq — me.) — x) = ®(x), for all
X € [me.,me, + %E?G(ed, ¢c,m)]. Taking 2e. + @/sf’(,(ed —me;)—c=x

y ) 1 mef+52/£o(ed7mef) o 1
Lo+ P(mec+ U 6 (ea —mec)) = W/ [mec + UL s (eq —me.) — ¢~ D(c)de
mee

1 /-mec+”//£(,(ed—mec)

) (x —mee) T D (2me + ULy (04 — me.) — x)dx
mee
1 mec+”‘//£o'(ed_mec)
“T (x —me.)" " d(x)dx
mee

Y
= I(mec‘F%gl?o(edfmcc))*q)(ec)'

O
Lemma 3 Let A be an open m-convex set where H C R and IT: A x A — R is a mapping. Suppose there is a
differentiable mapping ¢ : A — R on H such that 5" € L[e.,e. + %ef’g(ed —me.)] and e.,e; € A with me, < me, +

p

UL (eqa—mee). I @ : [mec,mec + UL s (eq —mee)] — [0,00) is an integrable mapping, then Ve, es € A with %o (eq —
me.) # 0 the following equality holds:

Y

H(mee) + A (mee + UL (eq — mee))
[ 7 e ey D)~ T Dlmec+ U o{ea = meo))

st D) T (POt U mec)

(%sf,)c(e?ml)nec))a-s—l /01W(c)%'(mec+C%e’,)c(ed_m%))dc’

(16)

where
c "C
w(c) = / (1 —u)* ' ®(mec +ulLs (e —mec))du—i-/ (1—w)* '@ (me. +ulL 5 (eqg —me.))du, ¢€[0,1]
1 0

Proof. Let us consider

1
/ w() " (mee + UL (eq — mee))de
i ,

1 c
/ { / (1— 1) D (mee + utlo(eq — mee))du+ / (1= )" D(mee + uUP o (eq —me))du| A (me + ULy (0q — mee))de
0 1 0 ' )

C
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1 c
_ / { / (1_u)71q>(mec+u%;’c(ed—mec))d4 H(mee+ UL (e — mee))de
0 1 : '

1 c
+/ {/ (1 —u)* ' ®(mec +ulLs (e —mec))du] A (mee+ UL s (eq —me,))de
o [Jo '

=J1+ /. (17)

From the first integral,

1 c
Ji= / (/ (1 —u)" "D (mec +uLs(ea —mec))du) A (mee + UL (eqa —me.))dc
0o \J1

— M ( </1t(1 —u)7—1<1>(mec+u52/8’?6(ed mec))du> %(mec+c%£c(ed fmec)));

1
—;/0 (1c)7_1¢(mec+c52/£5(edmec))%(meﬂrc%g’?c(edmec))dc)

%EI,)O' (ed - mec)

I (me;) /1 »
= o [ (=) ®(mec + U (ea—mec))d
?/g{’g(ed—mec) 0 (1=¢) (mee+ U o (eq —me.))dc

1
7;/0 (1—c)7_1<%”(me0+c?/g’?5(edfmec))CID(mechch/g’?g(edfmec))dc. (18)

%el,)c (ed - mec)

Substituting x = e, + c@/geo(ed —me.) in (18),

- %(mec) mech%s’?G(cdfmec) o 1

h= (%sec(ed —me))rt! /mec (e + % o(ea —mec) — ) @lx)dx
1 -mec+%£’?g(ed7me6) P _

- —> (mec + U 5 (eq —mee) —x)7" A (x)D(x) dx

(UL s (eq —mee )V Jme

£,0 c mec

_ F(me.)I(y) y p I'(y) y p
e e U W0 G e (0 e e ). 19

Now for the second integral,

1 ¢
= / </ (1— )" D (mec +uLs (04 mec))du> A (mee+ UL s (eq —me.)) de
0o \Jo ’

¢ 1
= p; ( (/ (1— )" ®(mec + ulL 5 (ea — mec))du) H(mee + UL (eq —mee))
%s,c(ed —me.) 0 0

Volume 6 Issue 6/2025| 9 Contemporary Mathematics



1
_ /0 (1— c)?’*ljf(mec + c?/g’?(,(ed —me.))D(me. + c%gf’a(ed —me,)) dc)

H(mee + UL s (eq—me.)) 1 _
= ( 7P (QZ’G(’L) ))/0 (1= )" @ (me. + UL 5 (¢q —me.))de
£,0 ¢

1
S — / (1= )7 A (mee + UL (e — mee))D(mee + U (eq — meo)) de. (20)
%e,c(ed*mec) 0

Substituting x = me + ¢ %L (¢4 — me,) in (20),

I (me, +%p ey — me mec+ UL (eq—mec) B
O rerara (e U ea ) 00
€0 c .

me,

1 mech%g‘?a(edfmec) o -

T (e + o (ca—mee) )7 ' A (WD) da
£,0 c mec

_ A (me, +%8!,)G(ed —me.))I(7)
(U (ea—mec))r+!

Izchb(mec + %8‘?(7 (eq — mec))

r
— (02/8’36(2(1 (_}/;ec))y+l I’};w;r (D) (mec + ?/g’?c,(ed —mec)). o1

By adding the results of (19) and (21) using (15), we get the required result. O

Theorem 1 Let A be an open m-invex set where A C R and IT is mapping such that IT: A x A — R. Suppose
there is a differentiable mapping % : A — R such that J# € L{me.,me. + ?/g’?c(ed —me.)] and e, ey € A with me, <
mee + UL (eq —me.). I @ : [mec,me + UL (eq —me.)] — [0,00) is an integrable mapping that is also symmetric with
respect to meq + 3 %L (eq —me). If [7] is GuCRM on A, then Ve.,eq € A with % 5(ey — me.) # 0 the following
inequality holds:

®(me.)+17 D (me.+ UL s (04 —me.))]

(mec+%”//s’?a(¢d—mec))+

1
D (me, + E%g’fg(ed —me,))[1”

(mec+%”//£’,)0'(ed_mec>)7

(D) (me,) +17

(mec—&-%g%(ed—mec))*

(%ﬂq)> (me.+ %sec(ed - mec))]

- [Iy 1,P
(mec+ 7\’7/&0(%_”’90))

1 (U (ea —mec)) !
< Ty (I (mee) |+ 1 (e)DI|lo" =77 (22)
Proof. Applying modulus on both sides of (10),
H (me.+ %%eec(ed —me.))(y) % % p
UL (cq—me.)TH1 ey ts-mec)- PO F Lnep bt (e mmecyy e T Zeo(ea =mee))
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HP)(me,) + 17

- [Iy 1g,P — ( 1g,P (
(mec+ f%e.s(ed*mec» (mec+ 7%8.6(3d*m9c>>+

HD) (mee + UL (ea —me.))] ‘

12 /1
/ (/ u"ldJ(meC—i—u”Z/g’?G(ed—mec))du) A (mee + UL 5 (eq — me,))de
0 0

(23)

i 'l
—i—// (—/ (l—u)y'cID(mec—i—ugZ/g‘?G(ed—mec))du>%’(mec+c%g‘?c(ed—mec))dc
1/2 c

From G,,CRM of | ##'| on A and Lemma 1, we have

Y
[ (meL-Jr%%e’?g(edfmec))*

D (me.)+17

(meL-Jr%”Z/el,)g(eaﬁmec))Jr

|%(me6‘+é%8’,)6(ed _meC))F(,Y) CD(me +%P (edfme ))]
c £,0 c

%8[,)6 (eq — mec)7+1

HD)(me.) +17

(mec+%%£’.)o(ed_mec>>+ (

ij))(mec + %‘?c(ed - mec))]

_ Y
[I (mec+%%£’.)o(ed_mec>>7 (

< /01/2 (/ocu“ 1D (mee + uLs (eq —mec)>|du) [m(1— )| A" (me.)| + | (eq) ||dc

+/1;2 (/cl(l —u)? D (mee +ulL s (04 mec))|d“) [m(1—c)|o" (me.)| + c| " (eq)|]dc
=Ji+J. -

By the change of the order of integration in first term of (24), we have

n=[ " ( [ i @tme, + e —mec>>du) (1 — )| (e0)| + | (eg) e

1/2 1/2
:/ u7*1|q>(mec+u%g_’c(ed—mec))|/ (1 = )| (¢0)| + ¢| " (e) | dedu
JO ) Ju

= [ e ity ea e 01 (1 ) —3) (3 ;)] du.

Making the change of variable x = me. + u% s (eq —me,) for u € 0, 1],

1P 2 y—1
m| ' (e mect 3 U g (ea—mee) [ ] x—me 1 X —me,
= el PR, T (I
Uy 5 (eq —mec) Jme, 2 Uy 5 (eq —me,) 8 U 5 (eq —me,)
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| A (eq)] meet 3 U (ea—mee) (1] x—me, ’ x—me !
-l-p—/ === 5 5 | (x)|dx.
%s,c(ed —mec) Jme. 8 2 %,G(Qd —me,) U (eq —me,)

Let H(I)HW = SUPxelme,,eq] ‘qD(x)l!

1P 2 r-1
7 < m| A (ec)| || /’”%‘*7%,6(%_’”90) 1 ! X —me, 1 X —me, d
_— oo (1] —= _— X
b= %gf’(,(ed —me.) mee 2 %g’?(,(ed —me,) 8 %gf’g(ed —me,)

2 —1
B A F Y (. eme \T o)
—_— o - — = X.
%e’,)a(ed—mec) mec 8 2 %e’,)c(ed_m%) %e’?c(ed_m%)

Similarly, by changing the order of integration in the second term and using the fact that ® is symmetric to me. + %%gp olea—
me;), we obtain

b= // ( [ e+ (1 -0 % e —mec>>|du) (1 — O (e0)] + c| 7" (ea) e

:/1 (l—u)y_l\tb(meﬁ—(l—u)?/g%(ed—mec)ﬂ/u [m(1—¢)| 5" (ec)| + ¢| 7 (eq)||dedu
1/2 12

= /ljz(l—u)V’CD(mech(l — W) UL (eq—me,))| {mvuﬂ(ec” (zlg o —Zu)z> e (u2 ) 1)] -

By the change of variable x = me, + (1 — u)%s’?c(ed —meg),

1 — 2 r—1

X —me, X —me,
2 — D(x)|d.
<%€)"(ed mec)> <%€6(€d—mec)> | ( )| *

2 —1
N |<%0,(ed)| /mec+é%g€c(edmec) 1 1 X —me, 1 X — me, 4 ‘CI)( )|d
— = - | — = P, B — Xx)|dx.
%e’?cr(ed —me) Jme, 2 %e’,)cr(ed —me,) 8 %e’,)o(ed —me)

b=

m| A (e)| /mec+§“2/s’fa<ed—mec)

0| =

%gf’g(ed — mec) mee

Knowing that @] = sup,c e, o, [P(2)]

1P 2 r=1
s %) I FEEI 7 s ome )y,
2= %‘?c(ed—mec) - me 8 2 %sl?o(ed_mec‘) %sl?o(ed_mec‘)

‘%/(ed)| H(I)| mep+%“2/£’?a(ed7mec) 1

2 7—1
1 X —me, 1 X —me.
4 ) - ) - — =T ) dx. (26
%g‘?ﬁ(ed — mec) mec 2 ( %gec(ed — mec) > 8 (%‘%(ed — mec) > ( )
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Adding Equations (25) to (26) based on (24), we get our required result. O

Remark 3 Employing Theorem 1, we investigate the following new generalized fractional approach of Fejér-type
inequality involving the CMLF via RLFIO if we choose p = (1,1,...) with € =a and ¢ = 1:

D (me, + lga(ed—mec))[IY D(me.)+17 L P(mec+ Eg(eq —me.))]

2 (meCJr%éaa(edfmec))* (meﬁ»%éaa(edfmef))
e ye(egmey PERVC)F Tl ey ey (PN mec+ Ealea —mec))]

—me, +1
F(71+2) (m| " (mee)| + [ (ea)]) ]| @] | (éaa@d%le )

<

Theorem 2 Let A be the m-convex set where A C R and IT: A x A — R is a mapping. Suppose there is a differentiable
mapping 77 : A — R on A such that S (me.) + 7 (mec + UL (eq —me.)) and e, eq € A with mee < mep + UL (eq —me,).
If D : [mec,mec + UL (eq —me:)] — [0,0) is an integrable mapping symmetric to me. + %L (eq — me.) and also || is
a G,,CRM on A, then Ve., ey € A with 02/8‘? o (eq —me.) # 0 the following inequality holds:

S (me.) + A (me. + 02/8’?6(2‘1 —me.))
2

[z’ ®(me.) +17 ffb(mec—&—%g’fc(ed —me))]

(me(+”//£6(ed—mef))* me;

(D) (me,) + ILJ (D) (mee + UL (ea—me.))]

_ [IV
(mec"'@/sea (eq—mec))

< ||

(UL 5 (eq — me.)) 7! (m%’(ec>|+%’<ed>>, 27)

I'(y+1) 2

Proof. Applying modulus on both sides of (16),

[Iz/mec#’//s},)a(ed—mec))’q)(mec) + ILJ(I)(MQC T %gﬁ’)o(ed N mec))]

’ H(mee) + 0 (mee + UL (eq —me.))
2

- [Ig/me(;+“2/e‘.)a(edfme(:))’ Cﬁf@) (mec) + Iz/"ej (%q)) (m% i %{)G(ed - m%)ﬂ ‘

’(@/e’,’a(ed—mec))y+1

I'(y) /01 <_/c](1 — )" D (mee +uUE 5 (eqa — me.))du

c
+ / (1 —u) ' D(mec +u s (eq — mec))du> A (me+ UL s (eq —me,))de
o :

Volume 6 Issue 6]2025| 13 Contemporary Mathematics



From G,,CRM of || on A, we have

Y
(meL-JrO?/s’?(,(edfmeL-))‘

Jf(mec)+%(m9c+%sf,’6(ed*mec)) [

5 ®(me,) +Iz/mjcl>(mec+%gf’g(ed —me))]

B [Iglmec+%e‘,’o(ed*mec))7 (%CD) (mec) + ILJ (L%ﬂq)) (mec t %El’)o-(ed N mec))}

< (%Seﬁ(eli—‘(—yl;’l?c)))""l /(*)1 7/:(17u)y_1q)(mec+u%e{’0(ed*mec))du

+/ w) " D(mee + ull s (e — me.))du

[m(1— )| (mec)| + | A (eq)|] de. (28)

After simplification, (28) becomes

’ %(mec) + %(mec + %ef,’c(ed - mec))

2 (Monec s 22 cq-meeyy- 2 mee) L @lomec + %o (ea —mec))

- [Izlmeﬂr”l/s‘,)c(ed*mec))’ (jfcb) (mec) + Iz/”ez— (%‘b) (m% * %Elfo(ed - m%))] ‘

(%sfjc(ed - mec))y'*'l

< o /01 (/cl(l —u)V1|<I>(mec+u?/gf,)a(ed—mec))du) [m(l _c)‘%/(%)|+C|Jf’(ed)H de

P (er— me )T .
(%g’o(e‘i_(y) )" /01 (/0 (1 —u)”1|<I>(mec+u@/8’?6(ed—mec))du> [m(1— )| (ec)| + | (eq)|] de

By changing the order of integration, we have

P — "
A (me,) + %(mecz—i- U 5 (eq —me)) [IY _D(me.) + Ilgq)(mec + UL (ea — me.))]

(mecJFO)/s‘.)o(ed*mec))

- [Izlmeﬂr%s‘?a(ed*mec)f (%CI)) (meC) * Iz’"ej (%q)) (mec - %Elfo(ed - meC))} ’

p — me.
< (%S,G(eli—‘(a) ec)>Y+l[) (17u)7 1|q)(me +u@/£0_(edfm% |/ 17C)‘%/(Bt)|+C|% (9d)|)dtdu
P (e —me))TH!
(62/8,6(2[;(” e ))7’+ /0 (1714))/ 1|CI)(me Jru%ec(ed,m% ‘/ 17c)|<%ﬂ (ec)|+c\(%ﬂ (eq)|)dedu
P (eq—me,))TH!
Chalta I8V [* g e f (=) [ 1 =01 )+ )
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_ (U (eq—me))™! (mljf’(ec) + [ (ea)|

1
'(y) ) )/0 (1 _”)y71|¢(mec+u%g’?g(ed—mec))|du.

By changing the variable x = me, + u%{fs(¢q — me,) and reminding that ||®|. = SUPxele, e ) [P

%<mec) + %(mec + %S?G(Qd - mec))
2

[17 ®(me,) +ILJCID(meC—i—“Z/S‘?G(ed—meC))}

(mec+UL 5 (eq—mec))~

(H®)(mee) + 17, (HD)(mec + ULo(ea —me.))] ‘

_ [IV
(meg-&-”//g‘?c(ed —me¢))”

(%el?o(ed - m%))y Hq)H <|%/(mec)| + |%/(ed>|> /me”“}/g“(edme‘) ((mec + %sl?o(ed - mec) —x> Yﬁldx
- I(y) - 2 UL (eq —me,)

mec

Wlea—me )1 (mel)| | (e)]
R ||<I>m( . "),

which is as required. U

Remark 4 Employing Theorem 2, we investigate the following new generalized fractional approach of Fejér-type
inequality involving the CMLF via RLFIO if we choose p = (1,1,...) with € =a and ¢ = 1:

J(me.) + H (mee + Ey(eq — me.))
2

(17 - @(mec) +szne+<1>(mec+c§)a(ed—mec))]

(mec+En(eg—mec

_ [Ig'm%+£,a(erme[’_)), (AP)(me.) + IZwC+ (D) (me. + Egeq — mec))]

S Hq)Hw (éaa(ed _meC))y—H <m|%/(ec)| + |<%ﬂ/(ed)|> )

C(y+1) 2

5. Conclusions

Scientists and researchers from many different fields have shown a great deal of interest in fractional calculus. On the
other hand, convexity theory has become a potent instrument for creating novel numerical models that make it possible to
solve challenging issues in the applied and pure sciences. Due to continuous advancements, extensions, and applications,
convex analysis and the related inequalities are growing in popularity and gaining more attention from researchers.

In this work:

(1) First, we examined a new approach of Fejér inequality via G,,CRM over RLFIO.

(2) We constructed new equalities involving generalized preinvex mapping over RLFIO. Further, we explored new
refinements of Fejér inequality with the support of G,,CRM over RLFIO.

Future Directions: Quantum calculus and interval analysis can be used to study the inequalities under investigation.
The study of integral inequality in particular is a rapidly expanding topic. Researchers will be fascinated by the integration
of quantum calculus and interval-valued analysis in the study of integral inequalities since it offers intriguing avenues for
future research. Examining possible links to optimization theory, where these inequalities can give objective functions
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tighter bounds under the premise of invexity. Applications in information geometry, machine learning, and entropy-based
statistics are further investigated.
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