Contemporary Mathematics

https://ojs.wiserpub.com/index.php/CM/ UNIVERSAL WISER
PUBLISHER

Research Article

wp-Distance and Fixed Point Results on Metric Type Spaces

Ahad Hamoud Alotaibi'™", Abdul Latif*"

'Department of Mathematics, Faculty of Science and Arts, King Abdulaziz University, Rabigh 21911, Saudi Arabia
2Department of Mathematics, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
E-mail: aalotaiby@kau.edu.sa (A.H.A.); latifmath@yahoo.com (A.L.)

Received: 11 November 2025; Revised: 27 January 2026; Accepted: 17 March 2026
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1. Introduction

Metric fixed point theory is one of the most important and applicable research areas of nonlinear analysis. The most
celebrated and pioneer metric fixed point (FP) result for singlevalued mappings involving classical metric, known as
the Banach contraction principle (BCP). This classical result appeared as a powerful tool for solving several scientific
problems related to a number of scientific areas. Due to its importance, this result has been extended and generalized in
many directions, see [1-29] and references therein. The Caristi FP result is known as one of the wounderful and useful
generalizations of the BCP for self-mappings on a complete metric space (MS). Inspired by the Caristi’s FP result some
interesting metric FP results for singlevalued have been appeared in the literature for example see [2, 10, 18] and others.

A classical concept of metric has been extended either by reducing or modifying the metric axioms. One of its
generalization, known as a b-metric (here we call it metric type) introduced and studied in [4, 7, 8]. Compared to the metric,
the b-metric is not necessarily continuous. Since the class of b-metric spaces (bMS’s) is significantly bigger than the
class of MS’s, a number of FP results of MS’s have been studied and extended to bMS’s for singlevalued and multivalued
mappings, see [1, 9, 10, 17, 26, 28] and references therein. It is worth to mention that not every FP theorem of MS’s can
be extended fully to bMS’s, for example, see [9, Examples 20 and 21] and also see [10].

Kada et al. [14] proposed the notion of w-distance on MS’s and ameliorate several results by applying the w-distance.
Applying w-distance, Suzuki and Takahashi [29] extended some known classical FP findings. In this direction, much
work has appeared, for example, see [21]. In [13], the wr-distance was defined by Husain et al. on metric type spaces
(MTS’s), and exhibited some results regarding FP for singlevalued mappings involving wt-distance. For further findings,
see [11, 12, 15, 19, 20] and others.
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Despite the considerable number of noteworthy and well-established fixed point results reported in the literature
(see [21]. In [13], the wz-distance was defined by Husain et al. on MTS’s, and exhibited some results regarding FP for
singlevalued mappings involving wt-distance. For further findings, see [11, 12, 15, 19, 20]), many fundamental questions
in this area remain open. In particular, several unresolved issues persist concerning the existence of fixed points for
generalized nonlinear mappings within the framework of generalized distance spaces.

Specifically, two main questions naturally arise. First, can one derive general fixed point results for singlevalued
mappings under weaker contractive-type conditions in generalized metric spaces?

Second, what kinds of sufficient conditions, imposed either on the mappings themselves or on the underlying spaces,
ensure the existence of fixed points for singlevalued mappings governed by general inequality conditions in metric fixed
point theory?

In this article, we introduce several FP findings for singlevalued mappings involving wj,-distance on MTS’s. Some
supporting examples are also presented. As a conclusion, our results either improve or generalize a number of known FP
results.

The results obtained in this work aim to contribute to the ongoing development of metric fixed point theory in nonlinear
functional analysis. Moreover, the positive outcomes presented here are expected to be beneficial to researchers actively
working in this field.

2. Preliminaries

Here, we recall some useful facts.

Let (V, A) be a classical MS. An element ¥ € V is called a FP of a singlevalued mapping f: V — V if & = f(). We
denote 7 (f) ={0 €V : 98 = f(¥)}. Apoint ¥ € V is termed a coincidence point of f and g if f() = g(¥). A sequence
{8,} in V is called an orbit of f at ¥y € V if ¥, = f (3,—1) = f"(D) for all n > 1. The set of orbit of f at Jy is signified
by Oy, (f) ={f"(%):n=0, 1,2, ...}. Amap f is termed orbitally continuous at % € V if f(s) = '}chf(pn) for any
subsequence p, € Oy (f) with r}grolc pn=s€V. Amap f is called orbitally continuous if it is orbitally continuous at all
©® € V. A mapping f is called Weakly Orbitally Continuous (WOC) if the set {p € V : f is orbitally continuous at p } is
nonempty whenever the set {19 eV:limp, = s} is nonempty. A mapping f is called k-continuous, k=1, 2, 3, ... if

Jiﬁr&f"(ﬁ) = f(s) whenever {9, } isa :;uence in V such that nErJrrlmfk’1 (9,) =s. Amap G : V — R is depicted as Lower
Semi-Continuous (LSC) if for any sequence {3, } C V with ¥, — ¥ € V, we have G(9) < li’{gior_}fG(ﬁn).

In Caristi [6] generalized the BCP as follows.

Theorem 1 [6] For a singlevalued mapping f : V — V along with a LSC function ¢ : V — [0, +oo), F(f) # 0
provided V is complete space and for any ¥ € V the following hold:

A9, f(9)) < @(B) —(f(9)). (1

Later, Khojasteh et al. [18] obtained the following result which is a generalization of Theorem 1.
Theorem 2 [18] For a singlevalued mapping f : V — V along with a LSC function with respect to first variable
Y :V xV — [0, +), f has a unique FP provided V is complete space and for any &, p € V we have

A(ﬁ’ p)gl//(ﬁa P)—W(f(ﬂ)7f(p)) (2)

Applying the concept of weak orbital continuity, Pant et al. [24] generalized Theorem 1 as follows:
Theorem 3 [24] Let (V, A) be a complete MS and let f: V —V, @ : V — [0, +o0) be mappings such that
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A(f (D), f(p)) < @(B) —o(f(B)) +0(p) —o(f(p)); ©)

forall 9, p € V. Then f has a unique FP provided one of the following conditions, hold:

(a) fis WOC;

(b) f is orbitally continuous;

(¢) f is k-continuous.

In Khojasteh et al. [18] introduced the partial answers to Reich, Mizoguchi and Takahashi’s and Amini-Harandi’s
conjectures by using a light version of Caristi’s FP result. In addition, they have shown that some known FP theorems can
be obtained from Theorem 2. In Pant et al. [24] have shown that Theorem 3 generalizes FP results of Banach, Kannan,
Chatterjea, Ciri¢ and Suzuki. In addition, Theorem 3 is independent of the result of Caristi.

The concept of w-distance on MS’s was clarified by Kada et al. [14] as follows The function ® : V x V — [0, 4) is
termed a w-distance if the following conditions are fulfilled for all ¥, p, z€ V:

(1) 6(9, 2) <O(9, p)+0(p, 2);

(ii) The map ®(®, ) : V — [0, +o) is LSC;

(iii) For any 1 > 0, there is ¢ > 0 with ©®(z, ¥) < 0 and O(z, p) < o we have A(9, p) <1.

Clearly, any metric A is a w-distance on V. The w-distance ® on V is termed a w’-distance if ®(, ®) = 0 for all
¥ € V. For more details on the w-distance, see [14].

In Czerwik [7] established the subsequent concept of MTS or bMS.

LetV # ¢ withb > 1and ®:V x V — [0, +oo) be a map that meets the following criteria for all ¥, p, z € V:

() O(9, p) =069 =p;

(i) ©(9, p) =O(p, V);

(ii)) ©(, p) < b[O(V, z) +O(z, p)].

Thus, O is termed a b-metric on V, and the pair (V, ©) is referred to as a bMS. Hereafter, we will also refer it as a
MTS.

It has been observed that, any MS becomes a MTS with b = 1. However, the converse is not true in general, see [7].

Example 1 [5,9] Let0 < ¢ < 1. Then,

n=1

éq—{{ﬁn}:ﬁneR;neN, Y I, q<oo},

1

oo q
with @(9, p) = (Z | B — pn |q> forall & = {0,}, p = {pn} € {4, isaMTS with b = 247! > 1. Also the space
n=1

1
o= e:10. 11> R: [ g0l di <o},

1
with ©(g, ) = (J; 3(t) —h(r)|7 dr) " is a MTS with b = 20 > 1

For further examples and properties of MTS’s, see [7-9, 13].

In fact, for MTS’s the notions of convergent sequence, Cauchy sequence and completeness can be defined similarly
as in MS’s, see [1, 7, 17]. Further, a MTS can be endowed with a topology induced by its convergence and almost all the
concepts and results which are valid for MS’s can be extended to the framework of MTS’s, (see [13, 17]).

Commonly, ® may fail to be continuous in each variable, for example, see [3]. However, it has been noted that a
topology can be established based on convergence in these types of spaces [3].
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Aset M in (V, ©) is termed open if for all & € M, there is ¢ > 0 such that the open ball B,(®%, 6) C M. We describe T
as the family of all open subsets of V, which forms a topology on (V, ®). Moreover, a subset M of V is viewed as closed if,
for any sequence {p, } in M such that {p, } converges to p, it follows that p € M , as noted in [17]. In addition, a real-valued
map f on V is called b-LSC if, for every sequence {3,} in V with 3, — & € V, we have f(9) < lir{gior:f(bf(ﬁn)).

In Hussain et al. [13] and Kada et al. [14] presented a w-distance in MTS’s, as wz-distance (we will call it wj,-distance
in the following section).

Let (V, ®) be a MTS. A function ® : V x V — [0, +o0) is called wp-distance on V if it meets the following constraints
forall ¥, p, z€V:

(1) (9, 2) <b[O(D, p)+Op(p, 2)];

(ii) The map ®, (9, -) : V — [0, +o0) is b-LSC;

(iii) For any 1 > 0, there is ¢ > 0 with ®(z, ¥) < 0 and O,(z, p) < o implies O(I, p) < 1.

Noted that each wy,-distance becomes w-distance when b = 1. The wy,-distance @, on V is called a wg-distance if
©p (¥, ¥) = 0 for any ¥ € V and we denote w-distance as ©J).

Example 2 [13] Let V =R and ©,(9, p) = (8 —p)?, &, p € V. Then, the maps @, , O, : V x V — R defined
by O, (9, p) = |>+|p|?> and ©,,(I, p) = |p|* for every ¥, p € V are wy-distances on V.

Note that each metric type ® is a wp,-distance on V. However, in general the opposite may not hold [12].

The following results concerning wp-distance are essential for deduce our main results.

Lemma 1 [13] Consider (V, ©) is a MTS, with a wy,-distance ®; on V. Let {0,} and {p, } be sequences within V.
Let {0, } and {B,} be sequences in R such that ¢, and 3, converge to 0. Then the following Asseverations are met for
all ¥, p, zeV.

@) If O, (8, p) < 0, and Op (B, y) < B, forany n € N, then p = y. Particularly, if @, (9, p) =0and Oy(3, y) =0,
then p =y;

(b) If O, (O, pn) < 0, and Oy, (¥, y) < B, for any n € N, then O (p,,, y) — 0;

(c) If @ (O, V) < 0y, for any n, m € N with m > n, then {9, } is a Cauchy sequence;

(d) If wy (p, ¥y) < 0, for any n € N, then {0, } is a Cauchy sequence.

Lemma 2 [27] Consider (V, ®) is a MTS with a wj-distance ®;. Let {8,} be a sequence in V. If there exists
r € [0, 1) such that forn > 1,

Op (Bn, Vnt1) < 1Oy (D1, Bn),

then {9, } is a Cauchy sequence.

3. Main results

Throughout this section, (V, ®) is a complete MTS. First, we prove key lemma in the setting of MTS’s.
Lemma3 Let f:V — V be WOC mapping. Assume that there exist s € V and ¥ € V such that s = liIJlrl (),
n——+oo

then .7 (f) # 0.
Proof. Let s € V such that s = lim f"(d%). Then, s = lim f""!(d%) = lim f(f"(d%)). Since f is a WOC, we

n——+oo n—+oo n—y+oo
obtain
Tim_f(00) =5 = Tim_f(" (D) = £(5),
Hence, s = f(s). =

Now, we present some interesting applications of wj-distance for the existence of fixed points in metric type spaces.
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Theorem 4 Let f: V — V be WOC mapping such that

0,3, f(9) < @(¥)—h"o(f ),

forall 9 € V,where r e Nand 4> 1 and ¢ : V — [0, +o0). Then, .#(f) # 0.

4)

Proof. Let % € V and 9, = f" (%), n € N. Put A = h"7 . Note that A > 1. From (4), we have

0y (%o, B1) < @ (Do) —A 9 (D)

20 (01, %) <A@ (%) =A@ (Vy41)
Oy (B, Br1) S A @ (8) — A% @ (D)

A0y (B, Bur1) < A" (9,) — A"7Q (B1,).

Thus, we have

Y 250 (%, 1) < Y Aro(th) — Y A o(%hyr)

k=0 k=0 k=0
r—1
<Y Ao(%)
k=0

Next, for all n € N we have

n

Op (B, Bur1) < Y A O (B, By1) < @ (Do) +AQ (D) +-+A" 9 (B1). (5)

k=0

Thus, for any n, m € N with m > n, we get
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®b(19n7 19m) < b [Gb(ﬁna 1911+1)+®b(19n+17 19mﬂ

<b[(D)+A9 (D) 4+ A o (V—1) + @ (Do) +A@ (D) ++ A @ (F1)] ©

r—1
=2b) Ao().

i=0

From Lemma lc, we have that {9,} = {/" (%)} is a Cauchy sequence in V. The completeness of V guarantee the
existence of 5o € V such that ’}g{}o f"(%) = so. Therefore, .7 (f) # 0, by Lemma 3. O

Putting r = 1 in Theorem 4, we obtain the following generalization of [22, Theorem 3.1].

Corollary 1 Suppose that all the hypotheses of Theorem 4 hold except inequality (4). Assume that for any ¥ € V
satisfy the following

0,(3, f(9) < o(®)—h" o (f(9)). @)

Then, . (f) # 0.

Remark 1 If we consider r = 1 and ®;, = ® in Theorem 4, then it reduces to [22, Theorem 3.1]. Moreover, by setting
r=1, b=1and ®, = A we obtain [25, Theorem 2.10]. Further, Theorem 4 contains [23, Theorem 4] as a special case,
when ®, = O.

Replacing the weakly orbitally continuity of the mapping f of Theorem 4 with another condition, we get the subsequent
FP result.

Theorem 5 Suppose that all the hypotheses of Theorem 4 hold except the weakly orbitally continuity of f. Assume
that for any s € V, inf{@, (9, 5) + Op(, f(¥)) : ¥ € V} > 0 with s # f(s). Then .F(f) # 0.

Proof. Following the same manner in the proof of Theorem 4, we get an orbit {9, } of f, which is a Cauchy sequence
in V. The completeness of V guarantee the existence of so € V such that lim ¥, = 9. Since O (I, ) is b-LSC and

n—o0
lim 9, =59 € V, then we get
m—yoo

r—1
O (Vn, s0) < liminfb@y (B, ) <2bY Al (D),
e i=0

and

r—1

Op (B, f (D)) < Op (B, Bur1) < Y AT ().
i=0

Letting so # f (s0), we have
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0 < inf{@ (¥, s0) + Op(, f()): ¥ €V}

< inf{G)b (ﬁm SO) +0, (79117 f(ﬁn)) n> nO}

r—1 r—1
< inf{zb Y o)+ Y Ao (19;)} =0,
=0 =0

which is impossible, and hence so € .7 (f). O
Theorem 6 Suppose that all the hypotheses of Theorem 4 hold except inequality (4). Assume that @, is a wg—distance
on V satisfying the following

©y(9, p) < w(v, p)—h"" W (f'(9), f'(p)), ®)

for every ¥, p € V, where v is the mapping from V x V to [0, +o0). Then, f has a unique FP.
Proof. Suppose that p = f(¥) and @ () = y(I, f(¥)), forall & € V. Then from Theorem 4 there exists s € V such
that s € .Z(f). If f has another FP v € V, then from (8) we obtain that

62(57 V) < W(S7 V) _hb71W(s7 V) < 07

then, ®)(s, v) = 0. Since O}, is a w)-distance on V, we get that ®)(s, s) = 0. Therefore s = v by Lemma la. O
Remark 2 Indeed, if r =1, b =1 and ®;, = A in Theorem 6 then we obtain the results of [18, Theorem 5]. Further
Theorem 6 includes the fixed point result [23, Theorem 5] as a special case when @, = @ .
Following the technique of the proof of Theorem 4, we have the following generalization of [24, Theorem 3].
Theorem 7 Let f:V — V and y:V xV — [0, +o0) be mappings satisfies that

Oy (f(9), £(p)) S w(B, p)—h""y(f(), f(p)), ©9)

for all 9, p € V, where & > 1. Then f has a unique FP, under any one of the following conditions:
1) fis WOC;
(i) f is orbitally continuous;
(iii) f is k-continuous.
Following the proof of Theorem 7, we get the following extension of [24, Theorem 3].
Corollary 2 Let f:V — Vand ¢; : V — [0, +o0), i = 1, 2 be mappings such that f is WOC. Assume that

O,(f(¥), £(p)) < @1(D) =R o1 (F(9) + @2(p) — "L a (£ (), (10)

for each ¥, p € V, such that 2 > 1. Then f has a unique FP.
Proof. Putting w (9, p) = ¢;(3)+ @2(p), ¥, p €V in Theorem 7, we obtain the proof. O
Remark 3 (1) If ¢; = ¢, b =1 and ©, = A from Corollary 2, we obtain [24, Theorem 3].
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(2) Theorem 7 generalizes the result of [23, Theorem 6]. Further, Corollary 2 contains [23, Corollary 1] as a special
case when @, = O.

Now, we prove a coincidence point result for the singlevalued mappings, which extends the associated result in [16,
Theorem 1].

Theorem 8 Let f, g:V — V and y : V xV — R be mappings. Assume that ©p is a wg—distance on V and
0%(9, p) =0Y(p, ¥) for any ¥, p €V such that

@ mf LV, p) >

(b) f and g are commuting mappings;

(c) The range of g contains the range of f;

(d) g is continuous;
(e) If ) (g(0), f(¥)) >0 then forany ¥, p € V

@) (f (1), f(p)) <1 O)(g(), g(p)), (11)

where t = [y (g(9), g(p)) — w(f(¥), f(p)] > 0. Then f and g have a coincidence point.

Proof. Let ¥ € V. Since f (%) € g(V), there is an ¥ € V such that g(¥) = f (). Similarly, for any given 9, €V,
there is ¥,41 € V such that g(0,11) = f(0,). If ©) (g(), (D)) = 0 for some n € N, then I, is a coincidence point.
Suppose that

®) (2(Bh), (%)) >0, (12)

for each n € N. From (11), we obtain

O (f (Bus1), () < (W (g(Vs1), &(B0) = W (f(Bar1), f(00))) O (§(Bu1), 8(0))-

Using definition of the iterative sequence g(,42) = f(On+1), we get

) (8(Va12), 8(Vur1)) < (W(8(Bur1), §(0n)) — W (8(Bnr2), §(Bnr1))) ©p (8(Vas1), 8(V)).

Since O (g(Bu+1), (V) = O (8(Dn), (V1)) = O (g(Vy), £(Dy)) > 0, then for each n € N we get

®2(g(19n+2) g(%ny1))
O (8(But1), 8(Bh))

<Y (8(Bnt1), 8(Bn)) — W (g(Vnt2), &(Vnt1))-

Applying condition (a), we obtain

f®2 8(9j42), 8(Bj1)) _ (13)

(
10 (8(j+1), g()))
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(8(19]+2) g(%j41))

Therefore, the series Z converges and

(g J+1 19/))
oY (g(v 9
| (g( i12), 8(9741)) o (14)
J=ee ( ¥j1), ]))
Then, we conclude that for k € (0, 1), there exists ny € N where
) (g(Bj+2), &(8j41)) < kO (g(Bj41), 8(1))), (15)

for all j > ng. Now, by applying Lemma 2 and using the symmetric of ®, we conclude that g(1%,) is Cauchy sequence.
The completeness of V' guarantee the existence of s € V such that lim g(19,) = s. that is
n—oo

s= lim g(¥,) = lim f(S1). (16)

n—-+too n—y—+oo

Since g is continuous, and from (11) we get that f is continuous. On the other hand, f and g commute and thus

elo) = (Jim £(0)) = tim e(r(0,) = im_f(s(0,) =7 ( Jim e(0,)) = 505 (n
Therefore s is a coincidence point for f and g. O

From Theorem 8, we realize the next corollary.
Corollary 3 Let f, g:V — V and ¢ : V x V — R be mappings. Assume that O is a wg-distance on V with
@%(3, p) =0O)(p, ¥) and for any ¥, p € V we have

(a) lgngq)(l‘/‘) > —oo;
€
(b) If ©) (¥, f(¥)) >0 thenforany ¥, p €V

O)(f(D), f(p)) < [@(®) — @(f())]O)(D, p).

Then .7 (f) # 0.
Proof. Put g(¥) = ¥ and y(9, p) = @(1) in Theorem 8, then the proof is completed. O

Remark 4 If we consider ®, = © in Theorem 8 then it reduces to [23, Theorem 7]. Further, Corollary 3 improves
[16, Theorem 1] and [23, Corollary 2].
Now we present some examples in support of our main findings.

1
Example 3 LetV = {O, 2}. For any ©, p of V, define @(9, p) = (¥ — p)? and ©,(, p) = p>. Note that (V, ©)

becomes a MTS with b =2 and 0, is a wy-distance on V. Define the functions f:V — V, ¢ : V — [0, +o0) by
f(®) =82, o(¥) = V. Now putting = 2 in Theorem 4, we arrive at

O(8) — ¢ (2(9)) = VI - VO = VB — 97 > 0 = 0,(9, 97) = ©,(9, £(9)).
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Example 4 LetV = R. For each ¥, p of V, we define ®(9, p) = (d — p)? and

p?, if9#p
®b(197 p) =
0, ifo=p.

Note that (V, ®) becomes a complete MTS with b =2 and ©,, is a wy-distance on V. f: V — V is a WOC defined

)
by f(¥) = 3 and y: V xV — [0, 4o0) defined by w(1, p) = 2p?. Next, let us consider s =2 and r € N. For &, p € R
and ¥ # p, we have

V(0. p) (). 170D =% (2= 51 ) 2 P2 =000, p)

Now if © = p, then it is easy to see that w(}, p) —hP "Ly (f7 (D), f7(p)) = ©y(, p). Therefore, the conditions of
Theorem 7 are fulfilled. "
Example 5 LetV = [0, 1] with ® and ®, as in Example 3. Define f: V — V by f(9¥) = 3 and y:V XV — [0, +0)

by w(®, p) = 2p?%. Obviously, (V, ®) is a complete MTS. Let 2 = 2. We obtain

Ou(f(®), f(p) = (1(p))* = 5.
On the other side,
w(o. p)— 1 y((9). £(p)) = 227,
When
p* _ 14p°
9 — 97

for all ¥, p € [0, 1], we deduce that the conditions for Theorem 8 are met.
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