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Abstract: This paper studies the (2 + 1)-dimensional time fractional Bogoyavlensky-Konopelchenko model that is
significant in plasma physics and fluid dynamics. We enhance the model with the Caputo fractional derivative to account
for memory and hereditary qualities present in complex physical systems. We use a method called the Laplace residual
power series approach to find approximate solutions for the governing model. This approach combines the residual power
series technique and the Laplace transform to obtain approximate solutions that represent the dynamic behavior of the
governing system. Analytical solutions are derived using the proposed approach, and the exact solutions of the system are
compared with those explored during the work, and the absolute and relative errors in the classical case are determined. A
comparison of the dynamic behavior of the system at different orders of fractional derivatives and the effect of changing
order on the behavior of the derived solutions is presented. To connect the numerical results with physical interpretations,
physical insights based on the derived solutions are presented by studying the energy evolution in two different cases
of initial conditions. This study advances mathematical models for complicated physical processes, paving the way for
practical applications in engineering and science.
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1. Introduction

The Bogoyavlensky-Konoplechenko (BK) model is an important mathematical model for understanding nonlinear
processes in many fields, such as nonlinear optics, fluid dynamics, and plasma physics [1]. The importance of the model
lies in its ability to explain the motion of waves in a two-dimensional space, which improves its ability to explain the
propagation of waves through many complex physical systems [2]. The model is used to detect the actions of light in
photosensitive systems and optical paths, which expresses its importance in the context of nonlinear optics [3]. In the
field of fluid dynamics, the model is used to explain the transmission of nonlinear waves such as surface waves and gas
waves in liquids [4]. In addition, the model is employed to study the importance of waves in plasmas and explain their

Copyright ©2026 Mohammed Alabedalhadi, et al.

DOI: https://doi.org/10.37256/cm.7420269176

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics 4286 | Mohammed Alabedalhadi, ef al.


http://ojs.wiserpub.com/index.php/CM/
http://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0002-2605-1573
https://doi.org/10.37256/cm.7420269176
https://creativecommons.org/licenses/by/4.0/

effect on both the electrical and magnetic properties of space [5]. The model originated in the 1970s when Bogoevlensky
and Konoplechenko formulated it as a comprehensive framework that extends the Korteweg-de Vries (KdV) equation,
which depicted one-dimensional wave interactions, to include several temporal and spatial dimensions [6]. Subsequently,
the model has been augmented to include nonlinear effects across many dimensions and has been used in other scientific
disciplines, establishing it as a crucial instrument for comprehending intricate dynamical systems [7]. Currently, the model
is integral to mathematical physics and applied mathematics, utilized for analyzing stability, traveling wave solutions,
and complex impulses in kinetic systems, thereby aiding the advancement of technological solutions in fields like optical
processing and wave control [8].

The BK model in its fractional form is a powerful and important tool in analyzing complex dynamic systems considering
nonlinear interactions and memory effects [9]. The fractional derivative is used instead of the ordinary derivative, which
allows the model in its fractional form to interpret the effect of time or space in a non-local manner, which means that
the interactions in the system do not depend only on the current state, but rather the interactions depend on previous
states of the system, which gives the fractional system a great ability to represent natural phenomena more accurately
than the traditional model, such as continuous energy conservation and processes that include memory [10]. The ordinary
derivative is limited to describing linear changes within the system and cannot analyze the historical or distant effects of
past conditions, in contrast to the fractional derivative, which can analyze these phenomena more precisely. In plasma
physics, the fractional derivative describes the effect of non-local interactions in the plasma, including the propagation of
waves affected by past conditions [11]. As for the importance of the fractional derivative in fluid dynamics, the fractional
derivative is used to explain the propagation of surface waves in the oceans or in complex hydrodynamic systems that have
memory-based behavior [12]. In addition, the importance of the fractional model in the field of nonlinear optics lies in its
use to study the propagation of optical waves in optical fibers with a repetitive effect [13]. Moreover, the fractional model
has a major role in the field of biological systems, where it is used to study the effect of time on interactions between
tissues and cells [14]. In this paper, we study the following (2 + 1)-dimensional time fractional BK equation:

QFWx(f7x7y) +ulwxxxx(tax7Y) + HZWxxxy(tax7)’) + 6“1Wxx(tax7}))wx(t7xvy)
(1)
+ 4wy (1,2, y)wx(1,X,¥) + 4w (£, y)wy (2,x,y) = 0.

The symbole .Q,ﬁ denotes the Caputo fractional derivative of order 8 with repect to the temporal 7. The function
w(t,x,y) represents the state function of the spatial variavles x,y and the temporal variable ¢. The term w,(z,x,y) is the
the spatial change in the direction of x. The term 1wy (2, x,y) denotes a fourth-order spatial diffusion impact on w in
the x-direction, scaled by p;. The term Uowy.y(2,x,y) represents mixed spatial interactions between the derivatives in
both the x and y directions, scaled by p». The terms wy,wy, wyw, and wyw, stand for nonlinearity. The parameter u;
represents the scattering strength along the x-direction, while LI, represents the mixed scattering coupling between the
spatial variables x and y. The relationship between the two parameters can be described by the ratio u,/; , which defines
the anisotropy of the dispersed medium’s properties. This equation (1) studies the interaction of a Riemann wave moving
along the y-axis accompanied by a long wave along the x-axis in a fluid. It is of great importance in fluid dynamics as
it enables research into how waves traveling in different directions affect the medium, which helps researchers study
acoustic waves in the oceans or atmosphere. In addition to its important role in developing control techniques in liquid
systems. Equation (1) can be classified as an evolutionary partial differential equation that combines two- and fourth-order
dispersion terms, placing it within the hierarchy of generalizations of the KdV equation to two spatial dimensions. The
significance of this (2 + 1)-dimensional governing equation lies in its rich hierarchical structure, where it connects complex
nonlinear interactions with high-order dispersion terms, unlike its counterparts, which are often integrable extensions of
one-dimensional equations. This property of the equation makes it a powerful tool for modeling complex wave phenomena
where nonlinear energy transfer and dispersion are strong, phenomena common in the contexts of plasma physics and
fluid dynamics. In plasma context, the fractional derivative shows how groups of particles that are trapped together affect
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how waves move. In kinds of plasmas that have a magnetic field some particles get stuck in the valleys of waves that
have a certain size and they move around in a regular path that remembers where they started. These trapped particles do
not change what they are doing away when the field around them changes. Instead, how they affect the properties of the
plasma depends on everything that has happened to them. The fractional derivative order § decides how many particles
are trapped compared to how many’re moving freely. When J3 is close, to one it means the plasma is mostly made up of
particles that are moving freely. When 8 gets smaller it means there are more trapped particles that remember things for a
longer time. This causes waves and particles to interact in ways and makes things relax slowly. In In fluid dynamics, the
fractional derivative is really good at showing how complex fluids remember what happened to them. This is important for
things like solutions, emulsions or turbulent flows. The stress on these fluids at any point does not just depend on what’s
happening to them right now but also on what happened to them in the past. The fractional derivative order, which is called
B controls how quickly the fluid forgets what happened to it. When f is 1 the fluid is like a fluid it does not remember
anything. When f is less than 1 the fluid starts to act like it has a memory and this memory is what makes it viscoelastic.
The way the stress on the fluid decreases, over time follows some rules that scientists have seen when they study fluids.

Researchers have addressed the BK equation in many studies. In [15], the authors introduced a new approach to
investigating nonlinear evolution equations with variable coefficients and applied it to the BK equation. In [16], the authors
utilized the Hirota bilinear approaches to explore explicit lump solutions for the BK equation. In [17], the conservation
laws for the (2 + 1)-dimensional BK equation are obtained using the new conservation theorem method and the formal
Lagrangian approach. Exact solutions for the BK model have been obtained using the (%) -method in [18]. Symmetry
solutions for the BK equation have been constructed using three distinct approaches in [19]. In [20], the authors used the
semi-inverse variational principle to gain localized waves, including soliton, periodic, and cross-kink solutions for the BK
model. Ismael et al constructed multi-soliton and one-M-lump solutions for the BK model and presented a dynamical study
and physical behaviors of the resulting solutions [21]. Ali et al. obtained solitary solutions using Lie symmetry analysis for
the BK model [22]. In our work, we seek to utilize the Laplace Residual Power Series (LRPS) method to expose analytical
solutions for the (2 + 1)-dimensional time fractional BK equation (1). The significance of the transition from classical
to fractional dynamics for the governing model lies in incorporating memory effects. This enables us to study complex
long-range interactions and identify heredity properties that are not addressed within the classical framework, which in turn
leads to more accurate modeling of complex physical phenomena. To our knowledge, numerical solutions of the governing
model (1) have been presented in [10] only, where the authors used the conformable definition to describe the fractional
derivative. This leads us to study the fractional governing model in the context of Caputo’s definition, which relies on the
complete history of w(z,x,y) from O to ¢, while the conformable derivative relies on the behavior of the function w(z, x,y)
in the vicinity of point ¢. This makes Caputo’s definition more suitable for modeling physical phenomena such as wave
propagation in fluids and plasmas. Furthermore, the initial conditions in Caputo’s definition have a clear physical meaning.
This motivates us to present this study in which we use Caputo’s definition to describe the fractional derivative and exploit
the proposed method to create novel numerical solutions for the governing equation. We also look forward to studying the
effects of the fractional derivative on the behavior of the explored solutions and providing physical explanations for these
effects. We also seek to study the effect of changing the values of the parameters on the results.

We organize the paper as follows: introduction, Section 2 is devoted to presenting the preliminaries and the proposed
approach. In Section 3, we apply to the LRPS method to obtain numerical solutions for the (2 + 1)-dimensional time
fractional BK equation (1). Section 4 is devoted to introducing numerical simulations for the results obtained in Section 3.
Some physical applications are presented in Section 5. Some conclusions and future recommendations are presented in
Section 6.
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2. Preliminary
2.1 Fractional calculus

Fractional derivatives have various definitions, each with advantages and uses of their own. In our work, we consider
the Caputo fractional derivative.
Definition 1 [23] For an integrable function y, the Caputo derivative of fractional order 8 € (0, 1) is given by:

1 1 w(t) 1
C(h—B)Jo dth (t—r1)p-h+l

DPw(t) = dr, )

where t > 0, h = [B] + 1. The Riemann-Liouville fractional integral of order 8, Re(f3) > 0 is given by:

IPw(t) = 1) /0 [ (t—1)P~w(t)dr. 3)

(B

Lemma 1 [23]For0 < f3 < 1 and ¢ > 0, we get the following property for Caputo derivative:

I Pwy=wit)- ¥ o (4)

Definition 2 [23] Let w(t) be a piecewise continuous function on [0, o) and of exponential order 6. The Laplace
Transformation (LT) of w(z) is defined as:

W (s)=L{w(t)} = / 1dt, s> o, (5)

while the inverse Laplace transformation of # (s, x) is given by:
wit) = £ (W (s)} = / W (s)ds, v = Re(s) > vo, ©)

where vy lies in the right half plane of the absolute convergence of the Laplace integral.

Lemma 2 [24] Let w(¢) be piecewise continuous function on [0, e0) and of exponential order ¢, and # (s) = £{w(¢)}.
Then:

1. limg_yeo s (s) = w(0).

2 2 { AP} =252, B >o.

3. 2{aPw(t)} =P W (s)— gl P A1 L0,

2.2 Laplace residual power series method

Fractional differential equations require special methods so that we can derive and extract exact or numerical solutions
due to the complexities we face when considering fractional derivatives in the systems being studied [25-27]. This
urgent need prompted scientists and researchers to provide and develop effective and appropriate methods to reach the
desired solutions. For instance, the finite difference approaches [28], multistep approach [29], Riccati-Bernoulli sub-ODE
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method [30], the generalized Taylor’s formula [31], multistep generalized differential transform method [32], Fractional
residual series method [33], homotopy analysis method [34], Jacobi Polynomials approach [35], and Legendre polynomials
approach [36]. The LRPS technique is a mathematical strategy for solving fractional differential equations [37]. It offers a
disciplined approach to solving equations with fractional derivatives analytically. The method involves solving the original
equation in the time domain by applying inverse Laplace transforms after translating it into the Laplace domain, expressing
it as a power series, and analyzing the residual series. It is a crucial tool in fields such as applied mathematics, engineering,
and physics because it is particularly useful when traditional analytical methods fail to solve difficult fractional calculus
problems [38—41].

Theorem 1 [42] Letw(z) be piecewise continuous function on [0, «) and of exponential order 6, and # (s) = £{w(¢)}.
Then the transformed function # (s) can be represented in the following expansion:

o A
W(S)ZZ' l+pﬁ,0<B<ls>cr 7
where the coefficients A, = 9/ B w(0), p=0,1,2,.... Moreover, the inverse Laplace transformation of the expansion (7)
can be given as:
o @I’ﬁ
Z - ®)
= I'(pB + 1

Furthermore, if ‘si) {9 (p+1)f (t)} ‘ <Mon0 < s <dwhere 0 < f <1, then the remainder 9, (s) of the expression
(8) satisfies the following:

m
|mp(S)|§W70<s§d. )

Theorem 1 explains and determines the conditions for convergence of Taylor’s formula (7). Now, we present the
algorithm for the LRPS method of Nonlinear Fractional Differential Equation (NFDE).

Algorithm. LRPS method for the NFDE

Step 1. Consider the following NFDE:

DPw(t)—N(w(1)) - f(r) =0, (10)

subject to the initial condition:

w(0) = wo, (11)

where @,ﬁ is the Caputo derivative of order 8; (0 < 8 < 1) with respect to ¢, 91 are well-known nonlinear analytical
functions.
Step I1. Applying LT to both sides of (10) with aid of Lemma 2 to get:

W(s) — Swo— ~ My (s) —

w05 S F(5)=0, (12)
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where# (s) = £{w(r)}, Nu(s)= L{N(w(r))} and F(s) = L {f (1)}
Step II1. The solutions of equation (12) assumed to be in the form:

= A
W (s) = Zosl’ﬁ%7 s> 0, (13)

where A, are coefficients to be determined. Using part (1) in Lemma 2 to obtain the initial coefficient in the series (13) as:
Ao = wo. Hence, the solutions of system (12) can be written as:

wo > A
W(s):T—i—Z’lspﬁ%,s>0. (14)
f

Step IV. Define the Nth-truncated series of #/(s) in the form:

Ny Wo Ap
W (s) = ; ;spﬁ+1’s>0 (15)
Step V. Define the Laplace residual function:
wo 1 1
LRes(s) =W (s) — — — =MNu(s) — = ZF (), (16)
s 5P sB
where # (s) as in (14). In addition, we define the Nth-Laplace residual function as follows:
1 1
LRes™ (s) = #N(s) — "o _ —Ne(s) — —4-F(s), (17)
s 5P sP
where 7V (s) as in (15).
Step VI. Multiply (17) by s”P*!, p=1,2,...N, then solve the obtained algebraic equations:
lim s”P 1 £Res? (s) = 0, (18)

§—ro0

to determine the coefficients A, A, ..., Ay, respectively.

Step VII. Substitute the inferred coefficients A, p = 1,2,...,N, in (15) to obtain the Nth solutions for #(s).

Step VIIL Apply the inverse LT to obtained % (s) in Step 7, with using Theorem 1 to obtain the Nth LRPS solutions
w(t) for the NFDE (17) in the form:

N A
N p pB. 19
w (t)—w0+pE:1 P 1>t 19)
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3. Application of LRPS method for the (2 + 1)-dimensional time fractional BK
equation

Herein, we utilize the proposed algorithm to obtain numerical solution for the (2 + 1)-dimensional time fractional BK
equation (1) with the following initial condition:

w(0,x,y) = wo(x,y). (20)
Firstly, we apply for the LT for both sides of (1) to get:

S{gtﬁwx(lax7y)} +ﬂ1£{Wxxxx(f>xa)’)} +N2£{Wxxxy(f7an)}"‘6#12{Wxx(f7xay)wx(lax7)’)}

(21)
—|—4/.122{wxy(t,x,y)wx(t,x,y)} +4u £ {wxx(t,x,y)wy(t,x,y)} =0,
Using Lemma 2 we get:
S{Qﬁw (t,x y)} =P {w(r,x y)}—sﬁfliwo(x y)
t X\Foty X\Fs s ax ’
(22)
0 0
_ B2 _Bp12
$" W (s,:0.3) =57 5 wo(x,y),
where # (s,x,y) = £{w(t,x,y)}. Upon (22), we write (21) in the form:
I (s,x,y)  poydwo(xy) W (sxy) 9 (s,x,y)
B _ (B-1
ST S ox  THMToa TRTHEs
2a-1 -1
e P )} 087 ()
ox? ox
(23)

201 ~1
F e =LA (s,x,y)} dL {H# (s,x,y)}
dxdy dx

=0.

2L A (s,x,y)} 0L W (s,x,y)}}

+4u L { o2 Iy

Consequently, (23) rewrite in the following form:

W (s,x,y) 1dwo(x,y) 1 O*W (s,x,y) W (s,x,y)
- = + 231 +
ox s dx sB

B o 5 50y
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20-1 —1
+6u12{a L {(Zz(s,x,y)}% {?x(s,x,y)}}
2L A (s,x,)} 0L {H (s,x,9)}
+4”22{ dxdy dx }
2a-—1 —1
+4“2£{3 £ {;iz(&x,y)} ¢ {?y(s,x,y)} }) o (24)

We assume the solution for the equation (24) in the form:

=

(s,x,y) Z spﬁH , s >0. (25)

Utilizing part (1) in Lemma 2 to obtain the initial coefficient in the series (25) as: Ag(x,y) = wo(x,y). Thus, the
solution (25) can be written as:

wo(x,y) | v~ Ap(x,y)
W (s,x,y) = g + Z:l s!;’ﬁH , s> 0. (26)
—

Define the Nth-truncated series of # (s, x,y) in the form:

wo (x, NoA,(x,y
N (s,x,y) = O(s y)+21 ;(ﬁ+l),s>0. (27)
=

Define the Laplace residual function for the equation (24) as:

& 1 0A(xy) 1 [ d*wo(x,y)
7251713“ ox +s73 s ox*

oo 1 a4Ap( ) [.Lz 04 W() X y 1 9% (X y)
s p;l sPB+1 oxt s ox3dy 22 B 93y

Pwoxy) o) e 1 9%Axy) Iwo(x,y) | o1 ) e 1 9A,(xy)
+6'u1£{< dx2 e ;S!’ﬁ“ ox2 x ox +E ,,;spﬁﬂ ox

*wo(x,y) a1 82Ap(x,y) dwp(x,y) ) 1 9AL(x,y)
+4”2£{< dxdy L ;;1 sPB+1 9xdy X ox L pg'l PBHL Jyx
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Pwo(x,y) | o) w 1 9%A,xy) Iwo(x,y) | o1 ) e 1 9A,(xy)
+4uz£{<ax2 4ot p;spﬁﬂ‘ ,;;72 X oy 4ot pX::lsPﬁ'H [Zaiy . (28)

Consequently, the Nth- Laplace residual function for the equation (24) given as:

:% 1 QA,,(x,y)_’_i &84wo(x,y)
sPB+1 oJx sP\s  oxt

&1 9*A,(xny) | pa 9*wol(x,y) 1 9%Ap(x,y)
TH ; sPB+1 - ox* i ox3dy H Z 5P+ 3x38y
Iwo(x,y) | 1) v Ap(x,y) Iwo(x,y) | a1 )y 1 9A,(xy)
*6‘“2{< Pt Y pﬁ+1 o )\ Ta U\ Eer ax

_|_

P wo(x,y) | o) e 1 9%A,(xy) Iwo(x,y) o) 1 9A,(xy)
+4I~12£{< dxdy < pg’l sPB+1 dxdy X ox +L pg’l B+ 9y

Pwox,y) 1) 1 9*A,xy) (%) | a1 ) w1 9Ap(xy)
+4u22{< 80x2 g l{l,zlspﬁﬂ e B 7((’9y Lot p;sp[m IZ;T . (29)

According to step VI, we find A (x,y) by multiplying sP+1 by the expression £LRes! (s) and evaluate the limitations

as s — oo to get:

AN (g y) = — 4H2Wf)l 0) (x,y)wg’l) (x,y) — 4uzwg)’l) (x7y)w(<)2’0) (x,y)

(30)
= 6wl (e w0 () = pawg ) () — s (x,),
where we are using the notation g(/) (x,y) = a: i, a( > ) . Integrate (30) with respect to x to obtain:
2
Arr,y) = =4y (g O (e y) = 3wl (,y) = paw Y () — g™ (). 31

C

The rest of the coefficients obtained were as follows:

Az (x,y) = — 41A; OV (x,y)wo 10 (x,y)
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-2 (Zuzw(()o’l> (x,y) + 3w (x,y)) A1 (x,y) — A 3D (x, )

— A B0 (xy). (32)

A0(1+28)A1 % ()40 (x, y)
(1+ﬁ)

As(x,y) =t (—4Az<°’”(x,y)w(()l’o> (x,y) —

—aw" (6,3)4 19 (x,3) — 4,3 (x,)) (33)

+u1< 3T(1+2B)A;

0o /3) " 095y, 3) 4,09 (x,y>> :

AT(143B) A Y (x, )4, 19 (x, y)
L1+ B)(1+2B)

As(x,y) = — H2A3 O (x, y)wi ) (x,y) —

2I(1+3B) (2u2A1 O (x,y) + 31,4, 1) (x,y)) A0 (x,y) (34)
T'(1+B8)T(1+2B)

—2(2M2W(()0’1)(x7y)+3H1W(()l’0)(xay))A3(l’O)( ¥) — A3 *) (x,y) — A3 B0 (x,y).

40 (1+4B) A3 OV (x,9)A1 10 (x, y)

As(r,y) = — 4aAs @D ()10 (x, ) — T(1+ B)C(1+3B)

AT+ 4B) oA D (2, ) A2 (o y)  30(1+4B) A0 (x, »’
I(1+428)* I(1428)*

(35)

20(1+4B) (242410 (x,5) + 341 19 (1,9)) 4300 (x,y)
(1 +B)r(1+3p)

=2 (2uawf () + 3w (6,9)) A0 (x,3) — s @D (1,3) = 11As B0 (x,).

AT(145B) A Y (x, )41 10 (x, y)
C(1+B)I(1+4pB)

As(x,) = — 4245 O (x, y)wi ) (x,y) —
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4r(1 +55)H2A3(0’1>(x7y)A2<1’0) (xvy)
I'(14+28)I(1+3pB)

20(1+5B) (2424201 (x,5) + 314210 (1,9) ) 4300 (x,y)
T'(1+2B)T(1+3p)

2I°(1+5B) (2u2A1(°’”(x7y) +3wA, (10 (x,y)) A0 (x,y)
T'(1+B)T(1+4pB)

-2 (Z,J'QW(()O)I) (xvy) + 3“1W(()1’0) (xay)) AS(I’O) (x,y) - :uZAS (2’])()6,)7) - “1A5(3’0) (X,y)' (36)

The sixth-order approximation was chosen because it achieves a sufficient level of accuracy for most physical
applications, as will be demonstrated in the numerical results presented throughout the work. Furthermore, higher orders
of permutations require extremely complex calculations, which is one of the main challenges of the proposed method. The
sixth-order approximation strikes a balance between computational cost and accuracy, making it practical for application
while maintaining the accuracy of the results. The 6"-truncated series of # (s, x,y) given as:

W6(S’x7y):vm(x,y) Ai(ny) | Aalxy)  Aslny) | Ad(ny) | As(xy) | As(xy)

s GB+1 $2B+1 $3B+1 B+l $SB+1 $OB+1 - @7

Apply the inverse LT for the 6"-truncated series # (s, x,y) in (37), with using Theorem 1 to obtain the 61" LRPS
solutions w®(z, x,y) for the (2 + 1)-dimensional time fractional BK equation (1) in the form:

AP (e A3 )P Ay )P As(x )PP Ag(x,y)e®P
rg+1) TR2B+1) TGBB+1) T@Ap+1) TI[(BB+1) TER+1)’

wO(t,x,y) = wo(x,y) + (38)

4. Numerical results

In this section we present and discuss some numerical results for the obtained 6™ LRPS solutions w®(z,x,y) in (38)
for the (2 + 1)-dimensional time fractional BK equation (1).
Example 1 Consider the exact solution for the (2+1)-dimensional time fractional BK equation (1) as [22]:

3k/—0a a; —4mkic P
w(t,x,y) :ao—mtanh (\/ —0 <kx—|— (4[,12]{26)})—1_611[3 s (39)

where ag,a; and k are arbitrary constants and ¢ < 0. Hence, we assume the initial condition as:

3kv/—0ay a; —4k’c
WO(xvy) =dap— m tanh (\/ —0 (k)C"‘ (%kzc)y . (40)

Letag=1,a1 =3,k=2,06 = —4,u; =2.5 and yp = 1. Thus, the initial condition (40) written as:
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18 323
wo(x,y) = 1—|—§tanh (4x—32y> . 41)

The example we are looking at use the numbers p; = 2.5 and yp = 1 from something that was written before. These
numbers are like helpers that tell us how things spread out. If we change ; and p, it will change how strong the spreading
effects are. If we make 1 bigger it helps things spread out more in the x-direction. This makes the waves get wider and
move faster. If we make U, bigger it helps the x and y parts talk to each other more. This makes the different parts interact
with each other in a way. The relationship between i, and i tells us if something is spreading out the same in all directions.
If wp /1y = 1, then it is spreading out the same everywhere. We tested the relationship between p; and p. Found that it
works when U, /) = 0.4. This tells us that our method works for things that do not spread out the same in all directions.
We think it will work for relationships, between p; and u; too as long as they make sense in the real world. With the aid of
the obtained 6 LRPS solutions w® (¢,x,y) in (38) at the selected parameters we present the following figures. Figure 1
shows the 3D and 2D plots for the 6 LRPS solutions w° (t,x,y) in (38) for the (2 + 1)-dimensional time fractional BK
equation (1) at ap = 1,a; =3,k=2,0 = —4,u; = 2.5, up = 1,y = 0 at integer-order derivative order 8 = 1. The 3D plot
in Figure 1a shows how the solution changes over time ¢ and space x. The waveform starts at a low point and slowly rises
until it reaches a high point, like a phase transition or a kink-type solution. The 2D plot in Figure 1b at time # = 0.1 clearly
shows the sharp change between the minimum and maximum values on the x-axis, which confirms that the solution is
transitional. This pattern shows a stable nonlinear response and is a good way to show how physical systems work with a
steep transition gradient, like material interfaces or phase transitions.

(a) P T )

) we (0.1,x,0)

1:2 /7

L . . LX
-2 -1 1 2

x L .00
2

Figure 1. The 6! LRPS solutions w6(t, x,y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) atap =1, a; =3, k=2, 6 = —4, u; =
2.5, up =1, y =0 at integer-order derivative order § = 1 where: (a) 3D plot; (b) 2D plotatz = 0.1

In Figure 2, we compare the obtained 6 LRPS solutions solution w®(z, x,y) with exact solution (39) at integer-order
derivative order B = 1 at different times ¢ € {0.1,0.2,0.3,0.4}. Figure 2a shows that there is agreement between the
solutions shown at time t = 0.1. We observe that over time, there are fluctuations in the behavior of the inferred solution
around the spatial variable x = 0 (see Figure 2b—d), and agreement between the solutions at large values of x. This behavior
reflects the effects of diffusion, scattering, and nonlinear phenomena in the system. This demonstrates the effectiveness of
the proposed method in capturing the initial behavior of the system. To make the comparison process clearer, we calculated
and plotted the absolute error between the approximate solution obtained from the proposed method and the exact solution
at integer-order derivative order § = 1. Figure 3 shows a representation of this error at different times. Figures 3a—c show
how the absolute error between the LRPS solution and the exact solution of the governing model at § = 1 changes over
time. We can see that the error goes from 10 (for very high accuracy at short time = 0.1 in Figure 3a) to 0.0003 (at longer
time ¢ = 0.5 in Figure 3c). This shows that the LRPS method is still eligible to obtain accurate solutions even as time goes
on. The small rise in error over time is due to the buildup of nonlinear effects.
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Figure 2. The 6 LRPS solutions w(z, x, y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) (in blue) and exact solution in (39) (in
red)atag =1, a; =3, k=2, 6 = —4, u; = 2.5, up = 1, y = 0 at integer-order derivative order § = 1 where: (a) 2D plot at# = 0.1; (b) 2D plot at
t=0.2;(c) 2D plot atr = 0.3; (d) 2D plot att = 0.4

(a) Absolute error (b) Absolute error (c) Absolute error
3.0 % 107 2510 f 0.00030
2.5x10™ 2.0x 107 0.00025
15 x 1076 0.00020
0.0001
10210 0.0001
3.0 1077 0.000(9
; x ; x x
-2 1 2 -2 -1 1 2 -2 -1 1 2

Figure 3. Absolute error between the exact solution (39) and 6 LRPS solutions wO(¢, x, y) in (38) for the (2 + 1)-dimensional time fractional BK
equation (1) atag =1, ay =3, k=2, 6 = —4, i3 =2.5, up = 1, y = 0 at integer-order derivative order = 1 where: (a) r = 0.01; (b) = 0.05; (c)
t=0.1

Table 1 shows the exact solution, the 4" LRPS solutions w*(z,x,y) and the 6" LRPS solutions w®(z,x,y) in (38) for the
(2 + 1)-dimensional time fractional BK equation (1) at integer-order derivative order B =1l atag=1, a; =3, k=2, 6 =
—4, up =2.5, gp =1, y=0. Table 2 shows the error analysis for the numerical results obtained in Table 1. The results in
Tables 1 and 2 show that the LRPS method works very well for solving the fractional governing model. Table 1 shows
that the approximate LRPS solutions, w*(¢,x,y) and w®(z,x,y), get closer to the exact solution, especially when ¢ = 0.1,
where the accuracy reaches 9 decimal places. Table 2 goes into detail about the errors. We can see that the absolute and
relative errors of the sixth-order approximation w®(z,x,y) are much smaller than those of the fourth-order approximation
w*(t,x,y). This evidence shows that increasing the approximation order makes it more accurate. The errors do get more as
time goes on ¢t = (.5, though, especially in areas where things change quickly (like x = 0), where the relative errors are
1.24774 for w*(t,x,y) and 4.53161 for w®(¢,x,y). This shows how hard it is to model the system’s long-term nonlinear
behavior. In general, these results show that the LRPS method works well for finding accurate solutions to complicated
fractional models. They also show how important it is to use higher orders of approximation to make things more accurate,
especially when looking at how the system behaves over time.
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Table 1. Numerical results for the exact solution, the 4™ and 6™ LRPS solutions w*(r, x, y) and w®(z, x, y) in (38) for the (2 + 1)-dimensional time

fractional BK equation (1) at integer-order derivative order f§ = 1

t x Exact solution wh(t, x,y) wo(t, x,y)

-2 0.7831326921 0.7831326909 0.7831326921

—1.5 0.7831413779 0.7831413094 0.7831413756

-1 0.7836150758 0.7836113854 0.7836149607

-0.5 0.8079960281 0.8079197263 0.8080019645

0.1 0 1.1164685807 1.1145060240 1.1167545059
0.5 1.2144878703 1.2144115686 1.2144905880

1 1.2168236499 1.2168211692 1.2168235635

1.5 1.2168666672 1.2168666213 1.2168666655

2 1.2168674551 1.2168674543 1.2168674551

-2 0.7831522207 0.7831381433 0.7831444691

—1.5 0.7842049931 0.7834389802 0.7837842571

—1 0.8348350023 0.7998049562 0.8183593871

-0.5 1.1651649976 1.5306820884 1.8077945778

0.5 0 1.2157950068 —0.3012048192 6.7253009707
0.5 1.2168477792 1.0543811359 1.2811984809

1 1.2168671092 1.2123879463 1.2124886451

1.5 1.2168674632 1.2167848665 1.2167849005

2 1.2168674697 1.2168659567 1.2168659567

Table 2. Error analysis for the numerical results obtained in Table 1

Absolute Error Relative Error

t X Consecutive Error
4™ Absolute Error 6™ Absolute Error 4™ Relative Error 6™ Relative Error
-2 1.2145%x107° 1.2552x 107 4.0693 x 10~ 1 1.6028 x 10~ 5.1962 x 1011
-15 6.6297 x 108 6.8517 x 10°8 2.2197 x 1072 8.7490 x 10~38 2.8344 x 107
-1 3.5753 x 107 3.6904 x 10~° 1.1511 x 1077 47095 x 10~ 1.4690 x 1077
-0.5 8.2238 x 1073 7.6301 x 1073 5.9364 x 107 9.4433 x 1073 7.3471 x 107°
0.1 0 2.2484 x 1073 1.9625 x 1073 2.8592 x 104 1.7578 x 1073 2.5609 x 104
0.5 7.9019 x 103 7.6301 x 1077 2.7176 x 10~ 6.2826 x 1073 2.2377 x 107
1 2.3943 x 107 2.4807 x 107° 8.6395 x 1078 2.0386 x 107° 7.1000 x 108
1.5 4.4202x 1078 4.5845 x 1078 1.6431 x 1072 3.7674 x 108 1.3502 x 10~
2 8.0970 x 10~10 8.3981 x 10710 3.0115x 10~ 6.9014 x 10710 2.4748 x 1011
-2 6.3258 x 107 1.4077 x 107 7.7516 x 1076 1.7975 x 1073 9.8980 x 10~°
-15 3.4527 x 104 7.6601 x 10~* 42073 x 104 9.7680 x 10~* 5.3651 x 104
-1 1.8554 x 1072 3.503x 1072 1.6475x 1072 4.1960 x 102 1.9735 x 1072
-0.5 2.7711 x 107! 3.6551 x 10~! 6.4263 x 107! 3.1370 x 10~! 5.5153 x 10~!
0.5 0 7.02651 1.517 5.50951 1.24774 4.53161
0.5 2.2681 x 107! 1.6246 x 107! 6.4350 x 1072 1.3351 x 107! 5.2883 x 1072
1 1.0069 x 104 4.4791 x 1073 4.3784 x 1073 3.6809 x 1073 3.5981 x 1073
1.5 3.3950 x 10~8 8.2596 x 1073 8.2562 x 10~ 6.7876 x 103 6.7848 x 107
2 1.1389 x 10~ 1! 1.513x 107 1.5129x 10°° 1.2433 x 1076 1.2433 x107°

Figures 4a—c present a comprehensive analysis of LRPS solutions to the governing model at fractional derivative
orders B = 0.95,0.93, and 0.9. The results show that when the fractional order f3 is decreased from 0.95 to 0.9, the system
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behaves differently, becoming smoother and greatly lowering the highest values, highlighting the long memory effect
common in fractional systems. Figures Sa—c show how the LRPS solutions solution w®(,x,y) of the governing model has
changed over time in 2D plots. The study shows that lowering the fractional 8 from 0.95 to 0.9 makes the system behave
differently. The solutions bounce less and the differences for values of x between —2 and 2 drop a lot. When we compare
the red curves at # = 0.08 to the blue curves at t = 0.05, we can see these effects more clearly. The solution changes more
slowly over time because the system has fractional properties. Physically, these changes represent an increase in energy
dissipation within plasma systems and a modification of the viscous properties of the fluids. They also demonstrate a
slowdown in diffusion and transport processes. These results are particularly intriguing for applications such as modeling
astronomical plasma behavior and studying diffusion in porous media, as they demonstrate a remarkable agreement with
experimental observations and theoretical models of fractional systems.

Figure 4. The 6" LRPS solutions w®(z,x,) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) atag =1, aj =3, k=2, 6 = —4, u; =
2.5, U, =1, y =0 at different fractional order derivative order § where (a) = 0.95; (b) B =0.93; (¢c) 8 =0.9

(a) (b) wi(t,x,0) ©) wi(t,x,0)
1.3}
1.2
1.1
1
3 =1 3 = 1 2 =) -1 ! 1 2

Figure 5. The 6™ LRPS solutions w®(z, x, y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) atag =1, a; =3, k=2, 6 = —4, u; =
2.5, up =1, y =0 at different fractional order derivative order 3 at# = 0.08 in red and = 0.05 in blue where (a) § = 0.95; (b)  =0.93; (c) B = 0.9

s

Example 2 Consider the exact solution for the (2 + 1)-dimensional time fractional BK equation (1) as [22]:

3ky/oa (a1 — 4k 0) P
= — V="l _coth|+/ ~ — 42
w(t,x,y) a0+2(u1k36—a1)C0t ( G<kx+ N y+a1ﬁ ; (42)

where ag,a; and k are arbitrary constants and ¢ > 0. Hence, we assume the initial condition as:

B 3ky/oa; (a1 — 4 ko)
wo (x,y) =ap+ m coth (\/E (kx—i— W)} . (43)

Letag =1,a1 =3,k=2,0 = —4,u; =2.5 and up = 1. Thus, the initial condition (43) is written as:
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wo(x,y):l—gcoth (4 —32> . (44)

With the aid of the obtained 6 LRPS solutions w®(z,x,y) in (38) at the selected parameters we present the following
figures.

Figures 6a,b show that the exact solution in (42) and the LRPS solution w®(z,x,y) atag =1, a; =3, k=2, 6 =
—4, uy =2.5, y =0 for the governing model agree well at short times ¢ = 0.001. The approximate solution w®(z,x,y)
keeps all the important features of the system, such as the amplitude values (from —5 to 10), the fact that it is spatially
symmetric around x = 0. This shows that the LRPS method works well with changed initial conditions and can give exact
answers even in very short amounts of time. Figure 7 shows a comparison between the exact solution in (42) and the LRPS
solution w®(z,x,y) for the governing model with a fractional derivative order of 8 = 0.9 and a short time = 0.001. The
comparison shows that the basic structure of the solutions is generally the same, with small differences that show how
the fractional nature of the system affects them. Both solutions keep the same general pattern for peaks (around 10) and
troughs (around —5), but there are relative differences amplitude, especially at the critical point at x = 0. The reason for
these differences is that the long memory property of fractional systems changes how energy spreads out across the system.

(a) Exact solution (b) w®(0.001,x,0)
10 101
5 ; 5
N L Ly L L \! + X
- -1 1 2 2 i 1 2
75 —

Figure 6. The exact solution in (42) and 6™ LRPS solutions w®(z, x, y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) at
ay=1,a,=3,k=2,06=4, u; =25, o =1, y=0, t = 0.001 at integer-order derivative order 8 = 1 where: (a) exact solution; (b) 6" LRPS
solutions wO(z, x, )

(a) Exact solution (b) w®(0.001,x,0)
10 101
5 ; 5
———— . L x h————— . Cx
) -1 1 2 ) -1 1 2
-5 5

Figure 7. The exact solution in (42) and 6 LRPS solutions w(z, x, y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) at
ay=1,a1=3,k=2,0=4, 4 =25, uy =1, y=0, t =0.001 at fractional-order derivative order B = 0.9 where: (a) exact solution; (b) 6" LRPS
solutions wO (¢, x, )

Figures 8a—c show how the approximate solution w®(z, x,y) of the governing model changes over time # = 0.01, 0.1,
and 0.5 and for values B = 0.9, 0.75, and 0.5. The values range from —5 to 10, with the main peak around x ~ +2 and the
troughs around x ~ +4. As time goes on, the solution spreads out horizontally, and its properties change depending on the
order of the fractionalization. At § = 0.9, the peak stays sharp, and there is a little damping at higher times. At § = 0.75,
the amplitude slowly goes down, and the solution gets smoother. At § = 0.5, the waveform starts to look like a straight
line in the middle and then stretches out over time. This behavior is caused by the long memory that comes with a lower 3.
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This makes energy move more slowly and increases damping. The results also show that the numerical solutions are still
stable even after these changes. Figure 9 makes it clear that the 4" LRPS solution w*(z,x,y) and the 6" LRPS solution
wO(t,x,y) work differently. The solutions look very similar at first, but as time goes on, they start to look very different.
The solution w®(z, x,y) keeps its coherence and basic structure better, but the solution w*(z,x,y) starts to lose some fine
details and slowly changes shape. The solution w®(z, x,y) is better at keeping the properties of the fractional system, like
how the peaks, troughs, and transition regions act. This means that it can better show how the system changes over time.
On the other hand, the solution w*(¢,x,y) does a good job of showing how complex the system is over time, but it doesn’t
do a good job of doing so over short periods of time. These observations show that the method works better at accurately
simulating fractal properties when the approximation is of a higher order. This is especially true over long periods of time,
when long-memory effects become more noticeable and important.

(a) w5(0.01,x,0) (b) w8(0.1,x,0) © w(0.5,x,0)
101 107 107
5 5 5
ﬁh X n S Ly v X
—4 -2 | 2 4 —4 -2 '. 2 4 —4 -2 w. 2 4
l | k
1 s =

Figure 8. The 6 LRPS solutions w®(z, x, y) in (38) for the (2 + 1)-dimensional time fractional BK equation (1) atag = 1, a; =3, k=2,

=4, u
2.5, tp =1, y =0 at different fractional order derivative order B =0.9 (in red), B = 0.75 (in blue) and B = 0.5 (in orange) Where (a) t =0. 01 (b)
t:O.l;(c)t:OS

(a) w(0.01,x,0) ®) w(0.1,x,0) (© w(0.5.x,0)
107 10y 10¢
5 5 5
X PR | ¥ X P h Lx
—4 -2 2 4 —4 -2 2 4 —4 -2 2 4
5 -5

Figure 9. The 6™ LRPS solutions w®(z, x, ) (in red) and 4™ LRPS solutions w*(z, x, ) (in blue) for the (2 + 1)-dimensional time fractional BK equation
(Datag=1,a1=3,k=2, c =4, uy =2.5, u, = 1, y =0 at fractional order derivative order f = 0.9 where (a) 7 = 0.01; (b) t =0.1; (c) t = 0.5

Tables 3—5 show a full analysis of how accurate the approximate solutions to the fractional model (1) are. The analysis
of the consecutive, absolute, and relative errors shows that the approximate solution w(¢,x,y) is much more accurate and
stable than the solution w*(z,x,y), especially at large times ¢ — 1.0 and in areas with complicated dynamical behavior
(around x = £3). The results show that the errors get bigger over time because of the long memory effects that are common
in fractional systems. The relative errors near x = +3 are about 107>, but they are still very small (up to 10~'2) in the far
regions (x = £5). This study shows that using higher orders of approximation, like w®(z,x,y), makes the results much
more accurate, especially in important parts of the model. It also shows that the results stay very stable even when they are
used over long periods of time. The results also show that the model is very sensitive to near points with steep gradients.
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Table 3. Consecutive error for the 6™ LRPS solutions w(z, x, y) and 4™ LRPS solutions w*(z, x, y) for the (2 + 1)-dimensional time fractional BK
equation (1) at fractional derivative order § = 0.9

-5 5 -3 3
0.1 0 0 1.7822 x 10~ 12 3.5245 x 10712
0.2 0 0 2.3252x 1071 9.6824 x 107!
0.3 0 2.2204 x 10716 4.3722x 10711 7.0078 x 1010
0.4 1.1102x 10716 2.2204 x 10710 1.9475 x 10710 2.9117x107°
0.5 2.2204 x 10710 1.1102x 101 1.4745 %107 8.8909 x 10~
0.6 5.5511x 10710 2.6645 x 10~ 5.4488 x 107 2.2295x 1078
0.7 1.6653 x 10~ 5.7731x 1071 1.5034 x 103 4.8745x 1078
0.8 3.9968 x 10715 1.0880 x 1014 3.4845x 1078 9.6325x 1078
0.9 8.2156 x 10715 1.9762 x 1014 7.1663 x 108 1.7611 x 1077
1 1.5099 x 10~ 14 3.3750 x 10~ 14 1.3493 x 1077 3.0274 x 1077

Table 4. Absolute error for the 6 LRPS solutions w® (¢, x,y) and 4% L RPS solutions w* (¢, x,y) for the (2 + 1)-dimensional time fractional BK equation

(1) at fractional derivative order f = 0.9

-5 5 -3 3
0.1 0 0 9.0116 x 10~ 9.1092 x 10~
0.2 1.1102x 10716 0 3.8983 x 10710 42722 x 10710
0.3 2.2204 x 10~16 2.2204 x 10~16 1.4593 x 10~ 1.6082 x 10~
0.4 5.5511x 10716 4.4408 x 10716 5.2975 x 107 4.9435 % 107°
0.5 2.2204 x 1013 1.5543 x 10~13 1.9439 % 10~3 1.2842 % 1078
0.6 7.9936 x 10~ 3.3306 x 101 7.1579 x 108 2.9245x 1078
0.7 2.9309 x 10~14 6.8833 x 1013 2.5964 x 1077 6.0085 x 10~3
0.8 1.0347 x 1013 1.2878 x 1014 9.1933 x 1077 1.1379 x 1077
0.9 3.5738 x 1013 2.2648 x 10~14 3.1760 x 10~° 2.0180 x 1077
1 1.2089 x 1012 3.7969 x 10~ 14 1.0741 x 1075 3.3916 x 107

Table 5. Relative error for the 6 LRPS solutions w(z, x, y) and 4™ LRPS solutions w*(z, x, y) for the (2 + 1)-dimensional time fractional BK equation

(1) at fractional derivative order § = 0.9

-5 5 -3 3

0.1 0 0 1.1760 x 1010 7.3833 x 1011
0.2 1.4489 x 10~16 0 5.0877 x 1010 3.4627 x 10710
0.3 2.8978 x 10716 1.7997 x 10~16 1.9046 x 10~ 1.3035x 107
0.4 7.2446 x 10716 3.5994 x 1010 6.9137 x 10~ 4.0068 x 10~°
0.5 2.8978 x 1013 1.2598 x 1013 2.5370 x 1078 1.0409 x 10~8
0.6 1.0432x 1014 2.6995 x 10~13 9.3417 x 10~8 2.3704 x 10~8
0.7 3.8251 x 10714 5.5791 x 1013 3.3886 x 1077 4.8701 x 10°8
0.8 1.3504 x 10~13 1.0438 x 1014 1.1998 x 10~ 9.2229 x 10~8
0.9 4.6641 x 10713 1.8357x 10714 4.145x 107 1.6356 x 107

1 1.5777 x 1012 3.0775 x 1014 1.4019 x 1073 2.749 x 1077
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5. Physical interpretations

In this section, we provide some interpretations of the physical behavior reflected by the solutions obtained using the
proposed approach to the governing model.

Example 3 Consider the obtained 6! LRPS solution for the (2 + 1)-dimensional time fractional BK equation (1)
using the initial condition and the parameters as in Example 1 in Section 4. We obtain the energy function &'(z,x,y) as:

E(t,x,y) = ((w/%(t,)c,y))2 + (W%(t,x,y)z) ) (45)

N —

The energy function at different times is plotted and shown in Figure 10. Figure 10 presents the energy function
&(t,x,y) in (44) obtained from the 6" LRPS solution for the (2 + 1)-dimensional time fractional BK equation (1) at
t€{1.2,1.4,1.6,1.8} and we compare the spatial energy evolution between two cases: classical case § = 1; Figure 10a
and fractional case 8 = 0.9; Figure 10b.

(a) Energy (b) Energy
2.0 x 109k 8 x 10¢
1.5 x 10pF 6 x10y[
1.0 x 10%¢ 4x1
A ¥ AA A ¥
-0.4 02 0.2 0.4 -0.4 02 0.2 0.4

Figure 10. The energy function &' (¢, x, y) in (44) for the (2 + 1)-dimensional time fractional BK equation (1)atap =1, a; =3, =2, 0 =—4, ) =
25, wp=1,y=0atr=1.2(in black), t = 1.4 (in green), t = 1.6 (in red) and r = 1.8 (in blue) where: (a) integer order derivative B= 1; ; (b) fractional-
order derivative order B=09

We can see from Figure 10 that the energy wave increases with time. We clearly see that the peak of the curve rises at
each subsequent time instant, indicating that energy is accumulating at the center of the wave packet over time. This type
of behavior is common in nonlinear systems with self-reinforcing wave interactions. For example, the nonlinear terms
in the governing equation (W, Wy, WyyWy) act to transfer energy and concentrate it at the center of space over time. The
evolution of the energy function is compared for two cases, with Figure 10 a using the classical order § = 1 and Figure 10
b using a fractional order § = 0.9. It is noted that decreasing the value of 8 slows down the energy accumulation, because
the energy peaks are lower at each instant compared to the classical situation. This demonstrates the importance of the
fractional time derivative in determining the speed of energy evolution and how the effects propagate over time. It also
shows how the fractional derivative reflects memory effects in fractional models.

Example 4 Consider the obtained 6 LRPS solution for the (2 + 1)-dimensional time fractional BK equation (1)
using the initial condition and the parameters as in Example 2 in Section 4. We obtain the energy function &(¢,x,y) as (44).
Figure 11 shows the evolution of energy function at different times at classical and fractional derivative 3.

We used different initial conditions, wy (¢, x) in (44), in this case compared to the previous ones. We then examined the
equivalent energy & (¢, x, y) over longer time intervals, ranging from ¢ = 1 (black curve) to # = 15 (blue curve). The results
show that the energy slowly rises over time and stays focused around two symmetrical points on either side of the x =0
axis. This means that the energy has a double-peak localization behavior. These results show that the initial conditions
caused a double-peak localization pattern to form. This means that energy builds up in two specific areas without spreading
out too much in the horizontal direction. As time goes on, the energy in both peaks rises, but the width of the peaks stays
about the same. This suggests that the system is in a localized metastable state where the energy changes without spreading
out horizontally. This behavior is a unique type of solution to fractional nonlinear equations, and it is similar to the states
called solitary trapped modes or localized energy states in the physics literature. The fact that energy doesn’t spread out
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much over time also supports the idea that fractional order and time work together to keep the energy interaction in the
model in a certain balance.

(a) Energy (b) Energy
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Figure 11. The energy function &'(z, x, y) in (44) for the (2 + 1)-dimensional time fractional BK equation (1) atag =1, a1 =3, k=2, 0 =4, 1 =
2.5, ip =1, y=0ats =1 (in black), 7 =5 (in green), r = 10 (in red) and = 15 (in blue) where: (a) integer order derivative B= 1 (b) fractional-order
derivative order B =09

When you look at the two figures, you can see how the fractional derivative affects the way the energy changes over
time. The first graph has § = 1 and the second graph has = 0.9. In the classical case with 8 = 1, the results show a
faster rate of energy growth, with energy peaks reaching values that are more than 7 x 1038 In the fractional case with
B = 0.9, the pattern of spatial energy accumulation stays the same in both location and shape, but the peaks are shorter and
the rate of growth over time is slower. The “time memory” property of the fractional derivative is what makes the energy
performance of the two cases different. When the system is fractional, its time history constantly affects it, which slows
down the distribution of energy and causes non-local damping effects to show up over time. To put it another way, the
fractional derivative gives the model the power to control how quickly energy builds up. This is important when simulating
physical systems with complicated time properties. So, adding the fractional derivative to the model is a good way to
control how energy behaves. It can also be used to simulate materials or media that are viscous or don’t respond right
away, like non-equilibrium plasmas or composite materials.

6. Conclusions

In this work, we conduct a comprehensive analytical study of the (2 + 1)-dimensional time fractional BK equation (1)
using the LRPS method. The proposed approach is applied to generate analytical solutions for the governing equation. The
results are presented in figures that illustrate the behavior of the solutions in three- and two-dimensional graphs at different
values of the spatial and temporal variables. In addition, tables representing the numerical results of consecutive, absolute,
and relative error analyses are presented to achieve a clear comparison between the exact and approximate solutions. From
this work, it can be concluded that the proposed method is very effective and highly successful in producing approximate
solutions that are in high agreement with the exact solutions. The results presented throughout the paper also demonstrate
that as the order of approximation increases, the solutions become more stable compared to lower orders, especially over
longer time intervals. Furthermore, we study the effect of the fractional derivative on the behavior of the system, as it adds
a gradual damping to the behavior of the solutions, while solutions at integer orders of derivatives maintain their sharp
dynamic properties. The work also addresses the physical application of the derived solutions for the governing system. We
calculated the energy evolution function for two different cases and demonstrated, through the presented figures, the effect
of the fractional derivative on the energy evolution resulting from interactions within the system. As a future direction
for this work, it is important to explore and develop numerical methods for dealing with fractional systems that describe
complex physical phenomena, such as the governing model presented here. Furthermore, studying the governing model
within the context of a different definition of the fractional derivative and comparing the new results with those found in the
literature will help in understanding the effects of fractional memory on system dynamics. Since linking numerical results
with physical applications of mathematical models provides a complete picture, one future direction involves researching
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physical applications of the governing model and leveraging the numerical results presented in this work to connect them
with these applications.
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