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Abstract: This paper studies a class of nonlinear Cauchy problems driven by hybrid proportional-Caputo fractional

derivatives in Banach spaces. The nonlinear source term is assumed to satisfy combined Lipschitz and Carathéodory

conditions. By employing Weissinger’s fixed point theorem together with a fixed point principle for convex-power

condensing operators, new quantitative results on existence and uniqueness are established. To illustrate the applicability of

the theoretical findings, two examples involving infinite-dimensional fractional systems in spaces of tempered sequences

are presented. Moreover, previously known results are recovered as special cases of the main theorems developed in this

work.
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1. Introduction

The advent of Fractional Calculus (FC), first introduced more than three centuries ago, represents a key milestone in

the transition from classical to modern analysis. Long regarded as a purely theoretical discipline, FC has since witnessed

remarkable advances and now plays a significant role across a wide range of scientific and engineering fields [1, 2]. In

recent years, research activity in FC has grown rapidly, leading to a substantial body of work addressing various classes

of fractional differential equations and inclusions under diverse analytical frameworks and assumptions [3–7]. Related

advances on existence, stability, and positive solutions for fractional models under nonlocal or integral boundary conditions

can be found in [8–12].

The need to accurately model nonlocal phenomena has motivated the development of various fractional derivative

operators, including the Riemann–Liouville, Caputo, and Hadamard definitions. A notable extension, known as

the proportional derivative, was proposed in [13] as an alternative to these classical operators, offering enhanced

modeling flexibility. This framework has demonstrated effectiveness in a wide range of applications, including building

thermodynamics [14], magnetohydrodynamic flows [15], and nanofluid dynamics [16]. Building on these advances,
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Abbas [17, 18] established existence, uniqueness, and Ulam–Hyers stability results for Cauchy problems involving hybrid

proportional–Caputo derivatives via fixed point techniques. In the present work, we advance this direction by extending

the analysis to forcing terms defined in general Banach spaces, thereby broadening the applicability of the existing theory.

On the other hand, measures of noncompactness serve as a fundamental tool in nonlinear functional analysis, with

broad applications in the study of differential, integral, and functional integral equations, as well as in optimization theory.

Within operator theory, they enable the identification of significant operator classes, such as those satisfying Darbo’s

condition or acting as condensing mappings, which generalize the notion of compact operators and play a crucial role

in establishing existence results for equations in infinite-dimensional spaces. Therefore, numerous studies have been

dedicated to various aspects of the nonlinear fractional Cauchy problem in Banach spaces, as evidenced by [3, 4, 19, 20].

Based on a thorough examination of the existing literature, a notable gap has been observed concerning the theoretical

exploration of the hybrid proportional–Caputo fractional Cauchy problem. This recognition of an absence in current research

highlights the need for additional scholarly investigation. In response to this need, our study employs the methodology of

hybrid proportional fractional calculus to develop and prove new existence theorems, specifically for instances where the

nonlinearity is defined by operators within infinite-dimensional Banach spaces.

Let (T, ‖ · ‖) be a real Banach space. In this paper, we consider the following problem:


pcDκ

0 r(ϑ) = Ω(ϑ , r(ϑ)), ϑ ∈ L : = [0, b],

r(0) = r0,

(1)

where pcDκ
0 denotes the hybrid proportional-Caputo fractional derivative of order 0 < κ < 1, Ω : L ×T→ T is a function

satisfying certain hypotheses to be specified later.

To the best of our knowledge, this work provides the first analysis of Cauchy problems driven by hybrid proportional–

Caputo derivatives in infinite-dimensional Banach spaces. The main contributions of the paper are threefold.

(1) The unique solvability of the considered problem is established without requiring extra conditions.

(2) A new existence criterion is obtained under a Nagumo-type condition on the Carathéodory forcing term.

(3) An illustrative infinite system is analyzed within the framework of tempered sequence spaces to support the

theoretical findings.

The paper is organized into five sections. Section 2 introduces the necessary background, notation, and preliminary

results used throughout the analysis. In Section 3, we establish new existence results by applying Weissinger’s fixed point

theorem and a fixed point theorem for convex–power condensing operators. Two illustrative examples are then presented

to highlight the applicability of the theoretical findings. The paper concludes with a discussion of possible directions for

future research.

2. Preliminaries

Throughout this paper, we consider the space C(L , T) of continuous functionals z : L → T with the norm

‖z‖= sup
ϑ∈L

‖z(ϑ)‖, ∀z ∈C(L , T).

Let L1(L , T) denote the Banach space of Bochner integrable functions z : L → T, equipped with the norm

‖z‖L1(L ,T) =
∫ b

0
‖z(ϑ)‖dϑ , ∀z ∈ L1(L , T).
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Furthermore, L∞(L , R+) denotes the space of all essentially bounded functions, normed by

‖z‖L∞ = esssup
ϑ∈L

‖z(ϑ)‖= inf{M > 0 : ‖z(ϑ)‖ ≤ M for almost every ϑ ∈ L } .

Definition 1 [21] The Mittag-Leffler (ML) function Eκ(·) is defined by

Eκ(z) =
∞

∑
k=0

zn

Γ(kκ +1)
, (κ > 0, z ∈ R),

where Γ(·) is the gamma function .

Definition 2 [13] The Hybrid Proportional-Caputo Fractional Derivative (HPCFD) of order κ ∈ (0, 1) of a

differentiable function f (ϑ) can be defined in one of two possible ways. The following general way:

pcDκ
0 f (ϑ) =

1
Γ(1−α)

∫
ϑ

0

(
η1(κ, τ) f (ϑ)+η0(η , τ) f ′(ϑ)

)
(ϑ − τ)−κ dτ

= RLI 1−κ

0
(
η1(κ, τ) f (ϑ)+η0(κ, τ) f ′(ϑ)

)
,

(2)

where RLI 1−κ

0 is the Riemann-Liouville fractional integral difined by for 1−κ > 0,

RLI 1−κ

0 f (ϑ) =
1

Γ(1−κ)

∫
ϑ

0
(ϑ − τ)−κ f (τ)dτ,

and η0, η1 : [0, 1]×R→ [0, ∞) are continuous with respect to the variable ϑ and the parameter κ ∈ [0, 1], and satisfy the
following conditions for all ϑ ∈ R.

lim
κ→0+

η0(κ, ϑ) = 0, lim
κ→1−

η0(κ, ϑ) = 1, η0(κ, ϑ) 6= 0, κ ∈ (0, 1],

lim
κ→0+

η1(κ, ϑ) = 1, lim
κ→1−

η1(κ, ϑ) = 0, η1(κ, ϑ) 6= 0, κ ∈ [0, 1).

Definition 3 [13] The inverse operator of the fractional proportional–Caputo derivative (2) is given by

pcI κ
0 f (ϑ) =

∫
ϑ

0
exp

(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
) RLD1−κ

y f (y)
η0(κ, y)

dy

where RLD1−κ
y stands for the Riemann–Liouville fractional derivative of order 1−κ , which is defined as

RLD1−κ
y f (y) =

1
Γ(κ)

d
dy

∫ y

0
(y− τ)κ−1 f (τ)dτ
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Definition 4 [22] Let F⊂ T denote a bounded set. The Hausdorff measure of noncompactness of F is given by

ϒ(F) = inf{ε > 0 : F has a finite ε −net in T} .

Lemma 1 [22] Let F, G⊂ T be bounded. Then ϒ satisfies

(1) ϒ(F) = 0 ⇐⇒ F is relatively compact.

(2) F⊂G=⇒ ϒ(F)≤ ϒ(G).

(3) ϒ(F∪G) = max{ϒ(F), ϒ(G)}.
(4) ϒ(F) = ϒ(F) = ϒ(conv(F)). Here, convF and Frefer to the convex hull and the closure of F, respectively.
(5) ϒ(F+G)≤ ϒ(F)+ϒ(G).

(6) ϒ(λF)≤ |λ |ϒ(F), for any λ ∈ R.
Lemma 2 [20] Assume that F⊂ T is bounded. Then, for each ε > 0, one can find a sequence {zn}∞

n=1 ⊂ F, such that

ϒ(F)≤ 2ϒ({zn}∞

n=1)+ ε.

A set F⊂ L1(L , T) is termed uniformly integrable if, for all ρ ∈ F, the condition below is fulfilled:

‖ρ(ϑ)‖ ≤ ς(ϑ), a.e. ϑ ∈ L ,

with ς ∈ L1 (L , R+).

Lemma 3 [23] Assume that {ρn}∞

n=1 involve L1(L , T) is uniformly integrable, the map ϑ 7−→ ϒ({ρn(ϑ)}∞

n=1) is

measurable, furthermore

ϒ

({∫
ϑ

a
ρn(s)ds

}∞

n=1

)
≤ 2

∫
ϑ

a
ϒ({ρn(s)}∞

n=1)ds.

We now recall, respectively, Weissinger’s fixed point theorem and the theorem on Convex–Power Condensing (CPC)

operators, which will be used in the sequel.

Theorem 1 ([24]) Let (X, ‖ · ‖) be a Banach space and Λn ≥ 0 for every n ∈ N with ∑
∞
n=0 Λn converges. If the

operator Z : X−→ X satisfies

d (Z nu, Z nv)≤ Λnd(u, v), u, v ∈ X,

for each n ∈N. It follows that Z possesses a unique fixed point u∗. Furthermore, for any v0 ∈X, the sequence {Z nv0}∞

n=1
converges to u∗.

Definition 5 Let G be a closed and convex set of a Banach space T. An operator Z : G→G said to be a Convex-

Power Condensing (CPC) operator with respect to v0 and n0 if it is bounded and continuous, and if there exist v0 ∈G and

n0 ∈ N∗ such that for every bounded, non-relatively compact subset G ⊂G, with

ϒ

(
Z (n0, v0)(G)

)
< ϒ(G),
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here

Z (1, v0)(G)≡ Z (G), Z (n, v0)(G) = Z
(

co
{

Z (n−1, v0)(G)
})

, n = 2, 3, · · ·

Theorem 2 [25] Consider a Banach space T and a bounded, closed, convex subset G ⊂ T. If Z : G → G is a

Convex-Power Condensing (CPC) operator, then there exists at least one fixed point Z in G.

3. Main results

In this section, we investigate the existence of solutions for the problem (1).

Theorem 3 Let’s impose the assumptions:

(H1) Ω : L ×T→ T is a continuous function.

(H2) There exists a positive constant ϖ > 0 satisfying

‖Ω(ϑ , x1)−Ω(ϑ , x2)‖ ≤ ϖ‖x1 − x2‖, for any x1, x2 ∈ T and ϑ ∈ L . (3)

There exists a unique solution to problem (1) on L .

Proof. According to [17, Lemma 4.1], let us introduce Z : C(L , T)→C(L , T) given by

Z r(ϑ) = exp
(
−
∫

ϑ

0

η1(κ, s)
η0(κ, s)

ds
)
r0 +

1
Γ(κ −1)

∫
ϑ

0

∫ y

0
exp

(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)

× (y− τ)κ−2

η0(κ, y)
Ω(τ, r(τ))dτdy, ϑ ∈ L .

(4)

It is clear that solutions of problem (1) correspond to fixed points of the operator Z . By invoking Theorem 1 and

introducing a suitably chosen equivalent norm, We show that Z possesses a unique fixed point.

Consider r, s ∈C(L , T). Hence, for each ϑ ∈ L for every n ∈ N, given that

0 < exp
(
−
∫

ϑ

0

η1(κ, s)
η0(κ, s)

ds
)
< 1,

we have

‖Z r(ϑ)−Z s(ϑ)‖=
∥∥∥∥ 1

Γ(κ −1)

∫
ϑ

0

∫ y

0
exp

(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)
(y− τ)κ−2

η0(κ, y)
(Ω(τ, r(τ))−Ω(τ, s(τ)))dτdy

∥∥∥∥
≤ 1

Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, r(τ))−Ω(τ, s(τ))‖dτdy.

Using (H2), one gets
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‖Z r(ϑ)−Z s(ϑ)‖ ≤
ϖNη

Γ(κ −1)
‖r− s‖

∫
ϑ

0

∫ y

0
(y− τ)κ−2dτdy ≤

ϖNη ϑ κ

Γ(κ +1)
‖r− s‖ , (5)

where Nη = supϑ∈L
1

η0(κ, ϑ) . Again, by (H2) and using (5), we obtain

‖Z 2r(ϑ)−Z 2s(ϑ)‖ ≤ ‖Z (Z r(ϑ))−Z (Z s(ϑ))‖

≤ 1
Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, Z r(τ))−Ω(τ, Z s(τ))‖dτdy

≤ ϖ

Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Z r(τ)−Z s(τ)‖dτdy

≤
ϖ2N2

η

Γ(κ +1)Γ(κ −1)
‖r− s‖

∫
ϑ

0

∫ y

0
(y− τ)κ−2

τ
κ dτdy.

It is easy to see that

∫ y

0
(y− τ)κ−2

τ
κ dτ =

Γ(κ −1)Γ(κ +1)
Γ(2κ)

y2κ−1. (6)

Hence

‖Z 2r(ϑ)−Z 2s(ϑ)‖ ≤
ϖ2N2

η

Γ(2κ)
‖r− s‖

∫
ϑ

0
y2κ−1dy ≤

ϖ2N2
η ϑ 2κ

Γ(2κ +1)
‖r− s‖ .

Extending the process to n = 3, 4, · · · , for any ϑ ∈ L , it remains to establish that

‖Z nr(ϑ)−Z ns(ϑ)‖ ≤
(ϖNη ϑ κ)n

Γ(nκ +1)
‖r− s‖ . (7)

Assuming, by induction, that (7) holds for a particular n, we proceed to establish it for n+1.
We have

‖Z n+1r(ϑ)−Z n+1s(ϑ)‖ ≤ ‖Z (Z nr(ϑ))−Z (Z ns(ϑ))‖

≤ 1
Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, Z rn(τ))−Ω(τ, Z ns(τ))‖dτdy
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≤ ϖ

Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Z nr(τ)−Z ns(τ)‖dτdy

≤
(ϖNη ϑ κ)n+1

Γ((n+1)κ +1)
‖r− s‖

Hence the inequality (7) holds.

Consequently, for every n ∈ N, it follows that

‖Z nr−Z ns‖ ≤
(ϖNη bκ)n

Γ(nκ +1)
‖r− s‖, r, s ∈C(L , T).

By putting

Λn =
(ϖNη bκ)n

Γ(nκ +1)
, (8)

we observe that

∞

∑
n=0

Λn =
∞

∑
n=0

(ϖNη bκ)n

Γ(nκ +1)
= Eκ (ϖNη bκ) .

Finally, Theorem 1 guarantees that Z has a unique fixed point, which is precisely the unique global solution of

problem (1).

We next prove another existence result, based on Theorem 2.

Theorem 4 We suppose:

(H3) Ω : L ×T→ T is Carathéodory type function.

(H4) There exists a continuous nondecreasing function Φ : R+ → R+ and Ψ ∈ L∞(L , R+) such that

‖Ω(ϑ , u)‖ ≤ Ψ(ϑ)Φ(‖u‖), u ∈ T

for all ϑ ∈ L .

(H5) There exists constant f> 0 such that for each ϑ ∈ L , we have

ϒ(Ω(ϑ , A(ϑ)))≤ fϒ(A(ϑ)),

where A⊂ T is a bounded and countable set.

Then the Equation (1) admits at least one solution.

Proof. Let us again consider the operator Z represented by (4) and define the ball

BT = {r ∈C(L , T) : ‖r‖ ≤ T},
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with

‖r0‖+
Nη‖Ψ‖L∞Φ(T )

Γ(κ +1)
bκ ≤ T. (9)

Step 1. We show that Z BT ⊂ BT .

By (H4), for each r ∈ BT and ϑ ∈ L , we have

‖Z r(ϑ)‖ ≤
∥∥∥∥exp

(
−
∫

ϑ

0

η1(κ, s)
η0(κ, s)

ds
)
r0

∥∥∥∥+ 1
Γ(κ −1)

∫
ϑ

0

∫ y

0
exp

(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)

× (y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, r(τ))‖dτdy

≤ ‖r0‖+
1

Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, r(τ))‖dτdy

≤ ‖r0‖+
Nη‖Ψ‖L∞Φ(T )

Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2dτdy

≤ ‖r0‖+
Nη‖Ψ‖L∞Φ(T )

Γ(κ +1)
ϑ

κ .

Using (9), one gets

‖Z r(ϑ)‖ ≤ ‖r0‖+
Nη‖Ψ‖L∞Φ(T )

Γ(κ +1)
bκ ≤ T.

Thus

‖Z r‖ ≤ T. (10)

This shows that Z maps BT into itself.

Step 2. We show the continuity of Z .

For this, let {rn} be a sequence satisfying rn → r in BT as n → ∞, since Ω is of Carathéodory, we have

Ω(·, rn(·))−−−→
n→∞

Ω(·, r(·)).

For each ϑ ∈ L , in view of (H4), we get
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(y− τ)κ−2

Γ(κ −1)|η0(κ, y)|
‖Ω(τ, rn(τ))−Ω(τ, r(τ))‖ ≤ 2Φ(T )Ψ(τ)

Γ(κ −1)|η0(κ, y)|
(y− τ)κ−2.

In conjunction with the Lebesgue dominated convergence theorem and the observation that the function

τ → 2Φ(T )Ψ(τ)

Γ(κ −1)|η0(κ, y)|
(y− τ)κ−2,

is Lebesgue integrable on L

‖Z (rn(ϑ))−Z (r(ϑ))‖ ≤ 1
Γ(κ −1)

∫
ϑ

0

∫ y

0
exp

(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)
× (y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, rn(τ))−Ω(τ, r(τ))‖dτdy

≤ 1
Γ(κ −1)

∫
ϑ

0

∫ y

0

(y− τ)κ−2

|η0(κ, y)|
‖Ω(τ, rn(τ))−Ω(τ, r(τ))‖dτdy.

Therefore

‖Z (rn)−Z (r)‖→ 0 as n → ∞.

Step 3. We show that Z (BT ) is equicontinuous.

On one hand, for all r ∈ BT , and 0 < ϑ1 < ϑ2 < b, we get

‖Z (r(ϑ2))−Z (r(ϑ1))‖ ≤ S0 +S1 +S2, (11)

where

S0 =

∥∥∥∥exp
(
−
∫

ϑ2

0

η1(κ, s)
η0(κ, s)

ds
)
r0 − exp

(
−
∫

ϑ1

0

η1(κ, s)
η0(κ, s)

ds
)
r0

∥∥∥∥ ,
S1 =

1
Γ(κ −1)

∥∥∥∥∫ ϑ2

ϑ1

∫ y

0
exp

(
−
∫

ϑ2

y

η1(κ, s)
η0(κ, s)

ds
)
(y− τ)κ−2

η0(κ, y)
Ω(τ, r(τ))dτdy

∥∥∥∥ ,
and

S2 =
1

Γ(κ −1)

∥∥∥∥∥
∫

ϑ1

0

∫ y

0

[
exp

(
−
∫

ϑ2

y

η1(κ, s)
η0(κ, s)

ds
)
− exp

(
−
∫

ϑ1

y

η1(κ, s)
η0(κ, s)

ds
)]

× (y− τ)κ−2

η0(κ, y)
Ω(τ, r(τ))dτdy

∥∥∥∥∥.
Now, let f (ϑ) = exp

(
−
∫

ϑ

0
η1(κ, s)
η0(κ, s)ds

)
. By Lagrange Mean value theorem, there exist ς ∈ [ϑ1, ϑ2]⊂ L , such that
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f (ϑ2)− f (ϑ1)

ϑ2 −ϑ1
≤ f ′(ς).

Thus

| f (ϑ2)− f (ϑ1)| ≤
∣∣∣∣η1(κ, ς)

η0(κ, ς)
exp

(
−
∫

ς

0

η1(κ, s)
η0(κ, s)

ds
)
(ϑ2 −ϑ1)

∣∣∣∣ . (12)

On the other hand, from (12) and (H4), one obtains

S0 ≤
∥∥∥∥η1(κ, ς)

η0(κ, ς)
r0

∥∥∥∥(ϑ2 −ϑ1) (13)

and

S1 ≤
Nη

Γ(κ −1)

∫
ϑ2

ϑ1

∫ y

0
(y− τ)κ−2 ‖Ω(τ, r(τ))‖dτdy

≤
Nη‖Ψ‖L∞Φ(T )

Γ(κ −1)

∫
ϑ2

ϑ1

∫ y

0
(y− τ)κ−2dτdy

≤
Nη‖Ψ‖L∞Φ(T )

Γ(κ +1)
(ϑ κ

2 −ϑ
κ
1 ) .

(14)

On the other side,

S2 ≤
1

Γ(κ −1)

∫
ϑ1

0

∫ y

0

∣∣∣∣η1(κ, ς)

η0(κ, ς)
exp

(
−
∫

ς

y

η1(κ, s)
η0(κ, s)

ds
)
(ϑ2 −ϑ1)

∣∣∣∣

× (y− τ)κ−2

η0(κ, y)
‖Ω(τ, r(τ))‖dτdy

≤
Nη‖Ψ‖L∞Φ(T )

Γ(κ +1)

∣∣∣∣η1(κ, ς)

η0(κ, ς)

∣∣∣∣ϑ
κ
1 (ϑ2 −ϑ1).

(15)

Equations (13)-(15) along with (11) imply
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‖Z r(ϑ2)−Z r(ϑ1)‖ −−−−→
ϑ2→ϑ1

0.

This proves that, Z (BT ) is equicontinuous.

Step 4. We show that Z : G → G is a CPC operator, where G = coZ (BT ).

Let r0 ∈ G. It remains to demonstrate that Z fulfills Definition 5. In order to do so, for each bounded subset

A⊂C(L , T), we define the Measure of Noncompactness (MNC) by

ϒC

(
Z (n, r0)(A)

)
= sup

ϑ∈L
ϒ

(
Z (n, r0)(A)(ϑ)

)
, n ∈ N∗. (16)

Next, fix ε > 0. Lemma 2 yields the existence of {rk}∞

k=1 ⊂ A such that

ϒ

(
Z (1, r0)(A)(ϑ)

)
= ϒ(Z (A)(ϑ))

≤ 2ϒ


∫

ϑ

0

∫ y

0

exp
(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)

Γ(κ −1)
(y− τ)κ−2

η0(κ, y)
Ω(τ, {rk(τ)}∞

k=1)dτdy

+ ε.

Lemma 3 and the hypothesis (H5) imply that

ϒ

(
Z (1, r0)(A)(ϑ)

)
≤

8fNη

Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

ϒ({rk(τ)}∞

k=1))ds+ ε

≤
8fNη ϒ(A)

Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2dτdy+ ε

≤
8fNη ϒ(A)

Γ(κ +1)
ϑ

κ + ε.

Given that ε > 0 was chosen arbitrarily, we conclude that

ϒ

(
Z (1, r0)(A)(ϑ)

)
≤

8fNη ϒ(A)
Γ(κ +1)

ϑ
κ . (17)

By applying Lemma 2 once more, let ε > 0 be fixed. Then, there exists a sequence {zk}∞

k=1 ⊂ co
{

Z (1, r0)(A), r0

}
such that
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ϒ

(
Z (2, r0)(A)(ϑ)

)
= ϒ

(
Z

(
co

{
Z (1, r0)(A), r0

})
(ϑ)

)

≤ 2ϒ


∫

ϑ

0

∫ y

0

exp
(
−
∫

ϑ

y

η1(κ, s)
η0(κ, s)

ds
)

Γ(κ −1)
(y− τ)κ−2

η0(κ, y)
Ω(τ, {zk(τ)}∞

k=1)dτdy

+ ε.

Another recalling of Lemma 3 and (H5), it yields

ϒ

(
Z (2, r0)(A)(ϑ)

)
≤

8Nηf
Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

ϒ({zk(τ)}∞

k=1)dτdy+ ε

≤
8Nηf

Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

ϒ

{
co

{
Z (1, r0)(A)(τ), r0

}}
dτdy+ ε

≤
8Nηf

Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

ϒ

(
Z (1, r0)(A)(τ)

)
dτdy+ ε.

By (17), (6) and since ε > 0 is arbitrary, it follows that

ϒ

(
Z (2, r0)(A)(ϑ)

)
≤

8Nηf
Γ(κ −1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

ϒ

(
Z (1, r0)(A)(τ)

)
dτdy

≤
(8fNη)

2
ϒ(A)

Γ(κ −1)Γ(κ +1)

∫
ϑ

0

∫ y

0
(y− τ)κ−2

τ
κ dτdy

≤
(8fNη)

2
ϒ(A)

Γ(2κ +1)
ϑ

2κ .

Proceeding by induction, we obtain

ϒ

(
Z (n, r0)(A)(ϑ)

)
≤

(8fNη)
n

ϑ nκ

Γ(nκ +1)
ϒ(A) , n ∈ N∗.

Now, we prove that the series ∑
∞
n=0

(
8fNη

)n
ϑ nκ

Γ(nκ+1) converges, and the ratio test yields

lim
n→∞

8fNη ϑ
κ Γ(nκ +1)

Γ(nκ +1+κ)
= 0.

(We note that (see Eq. (1) in [26])
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Γ(nκ +1)
Γ(nκ +1+κ)

=
1

((n+1)κ +1)κ

(
1− κ(κ −1)

2((n+1)κ +1)
+O(((n+1)κ +1)−2)

)
,

here, O denotes the Landau symbol.

It follows that there exists a positive integer n0 such that

(8fNη)
n0 ϑ n0κ

Γ(n0κ +1)
< 1. (18)

Therefore, Definition 5 is satisfied, verified, we conclude that Z : G → G is a CPC operator.

Then, Theorem 2 entails that Z admits a fixed point r ∈ G and it is the solution of (1).

4. Examples

In this section we introduce some examples that illustrate our theoretical results. Let c0 be Banach space with sup

norms,

c0 : =
{
r= (r1, r2, · · · , rn, · · ·) : lim

n→∞
rn = 0, ‖r‖c0 = sup

n≥1
|rn|

}

Definition 6 [27] Let ξ = (ξn) where each ξn is positive and nonincreasing sequence. Accordingly, ξ is termed a

tempering sequence. Consider the set K consisting of all real sequences r= (rn)
∞
n=1 for which limn→∞ ξnrn = 0. Clearly,

K a vector space over the real numbers. We denote the space by cξ

0 . Moreover, it can be seen that cξ

0 is a Banach space

with the norm

‖r‖
cξ

0
= sup

n≥1
{ξn |rn|} .

Next, consider the function spaces C
(
L , cξ

0

)
, where, L = [0, b] for b > 0 the spaces of all continuous functions on

L with values in cξ

0 . It follows that C
(
L , cξ

0

)
forms a Banach space under the norms defined in [6],

‖r‖
C
(
L , cξ

0

) = max
{
‖r(ϑ)‖

cξ

0
: ϑ ∈ L

}
, r ∈C

(
L , cξ

0

)
.

Example 1 Consider the following problem:


pcDκ

0 r(ϑ) =
{

e−nϑ−e−3nϑ

(1+e−2nϑ )(n+1)4 +∑
∞
r=n

rn(ϑ)
(r+1)2

}
n≥1

, ϑ ∈ L : = [0, b],

r(0) = (0, 0, · · · , 0, · · ·).

(19)
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Note that, the problem (19) is a particular case of (1), where: Ω : [0, b]× cξ

0 → cξ

0 given by,

Ω(ϑ , r) = {Ωn(ϑ , r)}n≥1 =

{
e−nϑ − e−3nϑ

(1+ e−2nϑ )(n+1)4 +
∞

∑
r=n

rn(ϑ)

(r+1)2

}
n≥1

, (20)

for ϑ ∈ [0, b], r= {rn}n≥1 ∈ cξ

0 .

It is clear (H1) is satisfied. Moreover, let ξn = 1/n2 for all n ∈ N, for any r, s ∈ cξ

0 and ϑ ∈ [0, b], we have

‖Ω(ϑ , r(ϑ))−Ω(ϑ , s(ϑ))‖
cξ

0
= sup

n∈N

{
ξn|Ωn(ϑ , r(ϑ))−Ωn(ϑ , s(ϑ))|

}

= sup
n∈N

{
1
n2

∞

∑
r=n

1
(r+1)2 |rn(ϑ)− sn(ϑ)|

}

≤ π2

6
‖rn(ϑ)− sn(ϑ)‖

cξ

0
.

So condition (H2) is satisfied with:

ϖ =
π2

6
.

Thus, by Theorem 3, problem (19) admits a unique solution r ∈C([0, b], cξ

0 ).

Example 2 Consider the following problem posed in cξ

0 :


pcDκ

0 r(ϑ) =
{

e−nϑ sin(nϑ)
θ

(
π2n2

24 +∑
∞
r=n

rn(ϑ)
4r2

)}
n≥1

, ϑ ∈ L : = [0, b],

r(0) = (0, 0, · · · , 0, · · ·),

(21)

where θ =
(Nη+13)bκ

Γ(κ+1) and Ω : [0, b]× cξ

0 → cξ

0 given by,

Ω(ϑ , r) = {Ωn(ϑ , r)}n≥1 =

{
e−nϑ sin(nϑ)

θ

(
π2n2

24
+

∞

∑
r=n

rn(ϑ)

4r2

)}
n≥1

, (22)

for ϑ ∈ [0, b], r= {rn}n≥1 ∈ cξ

0 .

Evidently (H3) holds and for ξn = 1/n2 for all n ∈ N, and r= {rn}n≥1 ∈ cξ

0 ,

‖Ω(ϑ , r)‖
cξ

0
= sup

n∈N

{
ξn|Ωn(ϑ , r)|

}
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≤ e−nϑ |sin(nϑ)|
θ

(
π2

24
+

1
n2

∞

∑
r=n

1
4r2 |rn(ϑ)|

)

≤ π2e−nϑ

24θ
(‖rn‖cξ

0
+1).

Hence, condition (H4) is satisfied with

Ψ(ϑ) =
π2e−nϑ

24θ
, ϑ ∈ [0, b] and Φ(u) = u+1, u ∈ [0, ∞).

On the other side, the Hausdorff measure of noncompactness in
(
c0, ‖ · ‖c0

)
is defined as follows (see [28])

ϒc0(T) = lim
n→∞

sup
r∈T

‖(I −Pn)r‖∞.

Here, Pn stands for the projection operator onto the linear span of the first n vectors forming the standard basis.

Since c0 and cξ

0 are isometric to each other [27], the Hausdorff MNC ϒ
cξ

0
is defined by the formula

ϒ
cξ

0
(T) = lim

n→∞
sup
r∈T

‖(I −Pn)ξ r‖∞ (23)

For any bounded set A⊂ cξ

0 , (see Example in [3, 4]) we obtain

ϒ
cξ

0
(Ω(ϑ , A))≤ π2

24θ
ϒ

cξ

0
(A), for any ϑ ∈ [0, b].

Hence, (H4) is verified. Now, we can choose T such that

Nη π2T +Nη π2

24(Nη +13)
≤ T.

We then choose T > 0 such that

T ≥
Nη π2

24(Nη +13)−Nη π2 .

Finally, since all assumptions of Theorem 4 are satisfied, problem (21) admits at least one solution r ∈C([0, b], cξ

0 ).
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5. Conclusion

This paper has investigated a class of nonlinear Cauchy problems involving hybrid proportional–Caputo fractional

derivatives in Banach spaces. By employing fixed point techniques and the theory of measures of noncompactness, we

established new existence and uniqueness results under mild assumptions. Our work extends and refines several earlier

contributions in the literature, notably those in [17, 18]. The applicability of the theoretical framework was illustrated

through a concrete infinite-dimensional system in the space of tempered sequences.

In addition to the analytical results presented, our study opens several avenues for further inquiry. First, the framework

developed here can be directly applied to more concrete models involving Partial Differential Equation (PDE) systems with

memory, demographic models with delays, or economic systems exhibiting hysteresis effects. Second, natural extensions

of this work include the study of associated control problems, the investigation of stability in the sense of Lyapunov, and

the analysis of related inverse problems. Finally, the development of suitable numerical discretisations for problems of this

type remains an important and challenging direction for future research.

Beyond these immediate prospects, qualitative properties of solutions, such as periodicity, attractivity, and other forms

of asymptotic behaviour, offer rich and promising areas for further investigation.
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