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Abstract: This paper studies a class of nonlinear Cauchy problems driven by hybrid proportional-Caputo fractional
derivatives in Banach spaces. The nonlinear source term is assumed to satisfy combined Lipschitz and Carathéodory
conditions. By employing Weissinger’s fixed point theorem together with a fixed point principle for convex-power
condensing operators, new quantitative results on existence and uniqueness are established. To illustrate the applicability of
the theoretical findings, two examples involving infinite-dimensional fractional systems in spaces of tempered sequences
are presented. Moreover, previously known results are recovered as special cases of the main theorems developed in this
work.
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1. Introduction

The advent of Fractional Calculus (FC), first introduced more than three centuries ago, represents a key milestone in
the transition from classical to modern analysis. Long regarded as a purely theoretical discipline, FC has since witnessed
remarkable advances and now plays a significant role across a wide range of scientific and engineering fields [1, 2]. In
recent years, research activity in FC has grown rapidly, leading to a substantial body of work addressing various classes
of fractional differential equations and inclusions under diverse analytical frameworks and assumptions [3—7]. Related
advances on existence, stability, and positive solutions for fractional models under nonlocal or integral boundary conditions
can be found in [8—12].

The need to accurately model nonlocal phenomena has motivated the development of various fractional derivative
operators, including the Riemann—Liouville, Caputo, and Hadamard definitions. A notable extension, known as
the proportional derivative, was proposed in [13] as an alternative to these classical operators, offering enhanced
modeling flexibility. This framework has demonstrated effectiveness in a wide range of applications, including building
thermodynamics [14], magnetohydrodynamic flows [15], and nanofluid dynamics [16]. Building on these advances,

Copyright ©2026 Abdelkader Moumen, et al.

DOI: https://doi.org/10.37256/cm.7320269181

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Contemporary Mathematics 3014 | Abdelkader Moumen, ef al.


https://ojs.wiserpub.com/index.php/CM/
https://ojs.wiserpub.com/index.php/CM/
https://www.wiserpub.com/
https://orcid.org/0000-0003-1080-3686
https://orcid.org/0000-0002-9761-1128
https://doi.org/10.37256/cm.7320269181
https://creativecommons.org/licenses/by/4.0/

Abbas [17, 18] established existence, uniqueness, and Ulam—Hyers stability results for Cauchy problems involving hybrid
proportional-Caputo derivatives via fixed point techniques. In the present work, we advance this direction by extending
the analysis to forcing terms defined in general Banach spaces, thereby broadening the applicability of the existing theory.

On the other hand, measures of noncompactness serve as a fundamental tool in nonlinear functional analysis, with
broad applications in the study of differential, integral, and functional integral equations, as well as in optimization theory.
Within operator theory, they enable the identification of significant operator classes, such as those satisfying Darbo’s
condition or acting as condensing mappings, which generalize the notion of compact operators and play a crucial role
in establishing existence results for equations in infinite-dimensional spaces. Therefore, numerous studies have been
dedicated to various aspects of the nonlinear fractional Cauchy problem in Banach spaces, as evidenced by [3, 4, 19, 20].

Based on a thorough examination of the existing literature, a notable gap has been observed concerning the theoretical
exploration of the hybrid proportional-Caputo fractional Cauchy problem. This recognition of an absence in current research
highlights the need for additional scholarly investigation. In response to this need, our study employs the methodology of
hybrid proportional fractional calculus to develop and prove new existence theorems, specifically for instances where the
nonlinearity is defined by operators within infinite-dimensional Banach spaces.

Let (T, || - ||) be a real Banach space. In this paper, we consider the following problem:

R gE(D) = QD (B)), D EL:=[0,b],
(1
t(0) = 1o,

where 7“7 denotes the hybrid proportional-Caputo fractional derivative of order 0 < k¥ < 1, Q: % x T — T is a function
satisfying certain hypotheses to be specified later.

To the best of our knowledge, this work provides the first analysis of Cauchy problems driven by hybrid proportional—
Caputo derivatives in infinite-dimensional Banach spaces. The main contributions of the paper are threefold.

(1) The unique solvability of the considered problem is established without requiring extra conditions.

(2) A new existence criterion is obtained under a Nagumo-type condition on the Carathéodory forcing term.

(3) An illustrative infinite system is analyzed within the framework of tempered sequence spaces to support the
theoretical findings.

The paper is organized into five sections. Section 2 introduces the necessary background, notation, and preliminary
results used throughout the analysis. In Section 3, we establish new existence results by applying Weissinger’s fixed point
theorem and a fixed point theorem for convex—power condensing operators. Two illustrative examples are then presented
to highlight the applicability of the theoretical findings. The paper concludes with a discussion of possible directions for
future research.

2. Preliminaries

Throughout this paper, we consider the space C(.Z, T) of continuous functionals z : . — T with the norm

lzll = sup [z(®)ll, VzeC(Z,T).
ve”
Let L' (2, T) denote the Banach space of Bochner integrable functions z : .2 — T, equipped with the norm

b
el m = [ I®)las, vzeL'(2,m).
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Furthermore, L*(.Z, R ) denotes the space of all essentially bounded functions, normed by
||z||z= = esssup||z(¥)|| = inf{M > 0 : ||z(®)|| < M for almost every ¥ € .Z}.
ve”

Definition 1 [21] The Mittag-Leffler (ML) function E(-) is defined by

Zn

]EK(Z):k;)m’ (K>O,Z€R),

where I'(+) is the gamma function .
Definition 2 [13] The Hybrid Proportional-Caputo Fractional Derivative (HPCFD) of order x € (0, 1) of a
differentiable function f (1) can be defined in one of two possible ways. The following general way:

FIEIO) = g o (e 0)+ ()7 (9) (8- 0) e
)

=K% (m(x, ) () + ok, T)f())

where RL_7! ¥ is the Riemann-Liouville fractional integral difined by for 1 — k > 0,

1 ¥
Regl = f(9) = m/o (0 —1) " f(r)dr,

and Mg, 1 : [0, 1] X R — [0, o) are continuous with respect to the variable ¥ and the parameter k € [0, 1], and satisfy the
following conditions for all ¥ € R.

lim nO(Ka ‘0) :07 lim 770(’(» 19) = 17 nO(K7 ‘0) 7é Ov K€ (07 l]a
K—0T

K—1—

lim n(x, ¥) =1, linl1 m(x, 9)=0, mni(k,¥)#0, xe€l0,1).
K—1~

Kk—0t

Definition 3 [13] The inverse operator of the fractional proportional-Caputo derivative (2) is given by

e k) >RL@;-Kf<y>
D)= | e""( L o)) Toley) @

where - @yl_" stands for the Riemann—Liouville fractional derivative of order 1 — x, which is defined as

1 d

A0 = g gy 0O e
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Definition 4 [22] Let F C T denote a bounded set. The Hausdorff measure of noncompactness of IF is given by
Y(F) =inf{€ > 0 : F has a finite € —netin T} .

Lemma 1 [22] LetF, G C T be bounded. Then Y satisfies

() Y(F) = 0 <= F is relatively compact.

Q)F C G = Y(F) < Y(G).

B)Y(FUG) =max{Y(F), Y(G)}.

(4) Y(F) = Y(F) = Y(conv(F)). Here, convF and Frefer to the convex hull and the closure of F, respectively.

(5) T(F+G) < Y(F) + Y(G).

(6) Y(AF) < |A|Y(IFF), for any A € R.

Lemma 2 [20] Assume that F C T is bounded. Then, for each € > 0, one can find a sequence {z,},,_; C F, such that

Y(F) <2Y({za},_;) + €.

AsetF C L'(Z, T) is termed uniformly integrable if, for all p € T, the condition below is fulfilled:

[p()] <g(¥), ae Ve,

with ¢ € L' (&, RT).
Lemma 3 [23] Assume that {p,}"_, involve L!(Z, T) is uniformly integrable, the map & — Y ({p,(®)};r_,) is
measurable, furthermore

r({/ '9pn<s>ds}::1) <2 [Mx(ipu(s)li)as

We now recall, respectively, Weissinger’s fixed point theorem and the theorem on Convex—Power Condensing (CPC)
operators, which will be used in the sequel.

Theorem 1 ([24]) Let (X, || -||) be a Banach space and A, > 0 for every n € N with ¥, A, converges. If the
operator Z : X — X satisfies

d(Z"u, Z"™) < Apd(u,v), u,veX,

for each n € N. It follows that 2 possesses a unique fixed point u*. Furthermore, for any v € X, the sequence { Z"vo},_,
converges to u*.

Definition 5 Let G be a closed and convex set of a Banach space T. An operator 2 : G — G said to be a Convex-
Power Condensing (CPC) operator with respect to vy and ny if it is bounded and continuous, and if there exist vo € G and

no € N* such that for every bounded, non-relatively compact subset G C G, with

Y (QFWVO)(G)) <Y(G),
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here
g(l,vo)(G) = 7(G), g(n,vo)(G) — o (@{g(nfl,m)(G)}) , n=2,3,--

Theorem 2 [25] Consider a Banach space T and a bounded, closed, convex subset G C T. If 2 : G — G is a
Convex-Power Condensing (CPC) operator, then there exists at least one fixed point 2 in G.

3. Main results

In this section, we investigate the existence of solutions for the problem (1).
Theorem 3 Let’s impose the assumptions:

(H1) Q:.Z xT — T is a continuous function.

(H2) There exists a positive constant @ > 0 satisfying

|Q(D, x1) — Q(D, x2)|| < @||x; —x2]|, foranyx;,x, € Tand e 2. (3)

There exists a unique solution to problem (1) on .Z.
Proof. According to [17, Lemma 4.1], let us introduce % : C(£, T) — C(.Z, T) given by

— ex _ 19711(’(,5) s nl( ) s
e = e (- [ s ek e (- )
4)
x Mg(r v(t))dtdy, O € L.
UO(K7Y) 7 ’

It is clear that solutions of problem (1) correspond to fixed points of the operator 2. By invoking Theorem 1 and
introducing a suitably chosen equivalent norm, We show that 2 possesses a unique fixed point.
Consider t, s € C(.Z, T). Hence, for each © € .Z for every n € N, given that

[
0<exp(— [ M N
0 Mo(k,s)

we have

0 D s _ \k—2
| Ze(8) — Zs(8)] = Hr(,j_l) [ [ew (— y Zj)gzzsids) (fm(gy) @, r(r))—sz(r,sm))drdyﬂ

L et ) -t s(e)asay

Using (H2), one gets
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““dtd
VST

|2+(8) ~ Z5(9)]] < s

( ) Ht 5|, ©)

where Ny = supyc o m Again, by (H2) and using (5), we obtain

12%e(0) — 22s(9)|| < || Z (Ze(8)) ~ Z(Zs(9))]

—1 / / |7701<y ”Q( Zv(7)) —Q(t, Zs(1))||dvdy

_1 / / mo” S | Ze(n) — Zs()|| dedy

>Ny
S CTSIN T | —5||/ / y— 1) *t¥ddy.
It is easy to see that
Y _ Nx—DI(k4+1) 5
K—2 K 2Kk—1
— d = - . 6
/0 (y—7) 7ttt o) (6)

Hence

Z(0 " — / < TN :
|225(0) = 2%s(0)] < sl [ty < TR sl
Extending the process ton =3, 4, ---, for any ¥ € .7, it remains to establish that

(@NyB¥)"

|27e(0) — 2"s(0)] < Fell

[[e—s]|. ™

Assuming, by induction, that (7) holds for a particular n, we proceed to establish it for n+ 1.
We have

127 e(9) — 2" s(0)]| < [|2(27(0)) - Z(2"s(8))|

|110 ) HQ( 29 (7)) —Q(1, 27s(1))|| ddy
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2 R 2 - 2vs(a)anay

(@Ny )"
NCESIES))

IN

[['e—s]]

Hence the inequality (7) holds.
Consequently, for every n € N, it follows that

O Ny b*)
27— 27s) < P e, esec(z,m)
By putting
@ON, )"
o= ONHD ®
I'(nk+1)
we observe that
= = (@Nyb*
Z _y (@MY = Ey (@Nyb").
= = T(nk+1)

Finally, Theorem 1 guarantees that 2 has a unique fixed point, which is precisely the unique global solution of
problem (1). O

We next prove another existence result, based on Theorem 2.

Theorem 4 We suppose:

(H3) Q: Z x T — T is Carathéodory type function.

(H4) There exists a continuous nondecreasing function ® : Ry — R and ¥ € L*(.Z, R, ) such that

1Q(8, w)[| <W()P([[ul)), wueT

for all ¥ € Z.
(HS5) There exists constant U > 0 such that for each ¥ € .Z, we have

T(Q(D, A(9))) <OY(A(D)),

where A C T is a bounded and countable set.
Then the Equation (1) admits at least one solution.

Proof. Let us again consider the operator Z represented by (4) and define the ball

Br ={reC(Z,T): [[t[| <T},
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Ny [|¥|| 1= D(T

vl =y 2=

Step 1. We show that Z By C Br.
By (H4), for each vt € By and ¥ € .Z, we have

o foo (- e ol + e o (< )
b= gz (o) sy
< ol + =y / / moKy (e, e(5) | dvdy
< Il M [ oo sy
< gl + IR

I'x+1)
Using (9), one gets

|26l < ol + 1y b <

Thus

|2 <T. (10)

This shows that 2 maps By into itself.
Step 2. We show the continuity of Z.
For this, let {v,} be a sequence satisfying v, — v in By as n — oo, since Q is of Carathéodory, we have

Q, tal") —= Q[ ¥())-

n—oo

For each ¥ € .Z, in view of (H4), we get
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-0 20(1)¥(x) .
Tl DimoCe, )] 2 o) = O F ey

In conjunction with the Lebesgue dominated convergence theorem and the observation that the function

20(T)¥(1) o
T e e T
is Lebesgue integrable on .Z
s _ A\Kk—2
12 0(00) - 260N = s [ [ e (= [ I as) w O I ae, o, (6) - s (o)) dey

K1) / I8 |7101<y —19(e. 5, (1)) — Oz, () dedy.

Therefore

|Z () —Z ()| =0 as n—oo.

Step 3. We show that Z(B7) is equicontinuous.
On one hand, for all v € By, and 0 < 9 < ¥ < b, we get

|2 (x(02)) — Z (x(Hh))]] < So+S1+ 52,

(11)
where
o2 nl(Ka S) % nl(Ka S)
So exp(/o T'()(K',S)ds to — exp 7/0 T’()(K',S)ds)to
2y i, s)  \ —1)<
527//e <—/ J d) Q(z, o(1))dzdy|| .
ey Lo (] ) Sy 9 ey
and
Oy % 1y (k, s) > </191171(K,s) )] (y—1)k2
S)=—— exp| — ds | —exp| — ds )| x ———Q(1, t(7))dtdy||.
=i b Lo (L ) o ([ ) | < Sy ot oy
Now, let (1) :exp( Jo v g(‘) ) By Lagrange Mean value theorem, there exist ¢ € [0, ¥2] C %, such that
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f(B) = f(B)

s <f'(s).

Thus

B m(x, ¢) <_ s m(x, s) ) B
00) 1) < [T ey (- [* M) (9 o). (12)
On the other hand, from (12) and (H4), one obtains
&<Vﬂmgm(m—m) (13)
~ {Imo(x, ¢)
and
si< M [ PG eta dtd
S et L, ) 0t ) vy
N ‘I—‘ w<I>
77” ||L Al / K szdy (14)
Nyl Pll=®(T) e ok
W(ﬁz—ﬁl)-
On the other side,
1 v mi(x, g) s Mk, s)
<l e g (- me ) e
(y—7)*?
WHQ(T: v(7))|dtdy (15)

< Ny ||| =®(T)
- T(x+1)

Uj! <K> G>
no(x, §)

B (D — ).

Equations (13)-(15) along with (11) imply
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| Z7c(%2) — Ze(%)]| m 0.

This proves that, Z°(Br) is equicontinuous.

Step 4. We show that 2 : G — G is a CPC operator, where G = 0% (Br).

Let vy € G. It remains to demonstrate that 2 fulfills Definition 5. In order to do so, for each bounded subset
A CC(Z,T), we define the Measure of Noncompactness (MNC) by

Yc (D@d"s ‘0>(A)) = sup T (95)("’ tO)(A)(ﬁ)) . neN. (16)

Next, fix € > 0. Lemma 2 yields the existence of {t;};._; C A such that

T (200 (4)(8)) = T(Z/(8)(9))

v S
<or //p< [ ey ><y—r>“9(

I(x—1) no(x, y) T, {t(7) }pzy JdTdy p +€.

Lemma 3 and the hypothesis (H5) imply that

SUN,,

v(209@)0) < ot [7 - 0 (@) ds e

SNY
U " //y )" 2dtdy+ ¢

8UN, Y (A)

SN K e
< T Ot

Given that € > 0 was chosen arbitrarily, we conclude that

T(fg(hto)(A)(g)) < 8GNy Y (A) (17

- T(x+1)

By applying Lemma 2 once more, let € > 0 be fixed. Then, there exists a sequence {3 };._; C €0 { 1 w)(4), to}
such that
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Y (ff@ tO)(A)(ﬁ)) . (f‘f (%{f('* %) (A), to}) (19))

o s)
o [,
<Y / I o Mlxy) 0 Q(, {3(2)}7y dedy o +e.

(K 1) 770(7(7 y)

Another recalling of Lemma 3 and (HY), it yields

8Nn

v(29)) < g0 [T - 0 A (o drdy e

SNn / / y— ’L’KzY co{f<1’t0)(A)(1),to}}d’vdy—l—s

SN,1

//y o)< 2r (200 (a)(c) ) dedy +e.

By (17), (6) and since € > 0 is arbitrary, it follows that

Y (2C08)()) 8N’7 //y o)< 21 (200 (4)(x) ) drdy
_ (8UNy) T (A) o
=T T2kr1)

Proceeding by induction, we obtain

T (g(”» ro>(A)(t9)) s m

—
s
S
m
Z

8UNy )" 9"% . .
Now, we prove that the series ), % converges, and the ratio test yields

T(nk+ 1
lim 8GNy 9L ED
n—yeo I'nk+1+x)

(We note that (see Eq. (1) in [26])
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Cnx+1) 1 (1_ k(k—1)

B 2((n+1)k+1)

Cakr1+6) (0 D+ 1)F FOn e 1)),

here, O denotes the Landau symbol.
It follows that there exists a positive integer ng such that

(ST, )"0 "0%

Tk 1) (18)

Therefore, Definition 5 is satisfied, verified, we conclude that & : G — G is a CPC operator.
Then, Theorem 2 entails that 2 admits a fixed point v € G and it is the solution of (1). O

4. Examples

In this section we introduce some examples that illustrate our theoretical results. Let ¢y be Banach space with sup
norms,

CO:_{t_(t17t27"'7tn7"'): r}glolotn:()a |t|CO_SuI1)|tn|}
n>

Definition 6 [27] Let & = (&,) where each &, is positive and nonincreasing sequence. Accordingly, & is termed a
tempering sequence. Consider the set K consisting of all real sequences t = (t,,);7_; for which lim,_. &,t, = 0. Clearly,

K a vector space over the real numbers. We denote the space by cg. Moreover, it can be seen that cg is a Banach space
with the norm

[ell & = sup{&alval}.
0 n>1

Next, consider the function spaces C (iﬂ , cg), where, .Z = [0, b] for b > 0 the spaces of all continuous functions on

& with values in cg. It follows that C (f , cg) forms a Banach space under the norms defined in [6],

HtHC(ﬂC@ - max{||t(19)cg e g} . tecC (.,s& cg) .

Example 1 Consider the following problem:

e

c _ —e~ 39 o Ta(d) -
P Dye(0) = {W T Lo }nzl’ veZ:=10,0b],

(19)
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Note that, the problem (19) is a particular case of (1), where: Q : [0, b] X cg — cg given by,

Q(Y,t) = {Qu(8, 1)}, -, = e e + i (D) (20)
Il (e ) (et )Y S (k)2 S
for 9 €[0,b], v ={r,}n>1 € cg.
It is clear (H1) is satisfied. Moreover, let &, = 1/n? foralln € N, for any t, s € cg and ¢ € [0, b], we have
196, €(8)) (. 59 ¢ = sup { £, (9. £(5)) = (0. 5(8))]}
ne
supl 5 ¥ gl (0) (01}
= SUu —_— _— —
neN n’ r=n (r+ 1)2 ! "
2
< 5 (@) —sa (D)l ¢
So condition (H2) is satisfied with:
o
r
Thus, by Theorem 3, problem (19) admits a unique solution v € C(][0, b], cg ).
Example 2 Consider the following problem posed in cg:
: _ [esinnd) (w202 |y ta(®) _
regge(o) = { TP (B4 x, a8} ve =0l
€2y
t(0)=(0,0,---,0,---),
where 6 = %7131);71( and Q : [0, b] x cg — cg given by,
e "sin(n®) [(*n? & tu(P)
Q0 v) = {Q(d = -5 22
( at) { n( at)}nzl { 0 < 24 +;;1 452 )}n>17 ( )

for © € [0, b], t = {t,}nz1 € 5.
Evidently (H3) holds and for &, = 1/n? foralln € N, and t = {t, },>1 € cg,

199, %)l 5 = sup { &l (0, )]}
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C

e ™sin(n®)| (7 1 & 1
< &ML Y (8
= 6 24+n2r§l4r2|t( )

n.2e7n13

< — .
< gl g+ 1)

Hence, condition (H4) is satisfied with

”2€—n19
Y(0) = , 0€]0,b] and P(u)=u+1, ue|0,c).
246
On the other side, the Hausdorff measure of noncompactness in (co, |- ||,) is defined as follows (see [28])

Yo, (T) = Jim sup (1 = P
T

Here, P, stands for the projection operator onto the linear span of the first n vectors forming the standard basis.
Since ¢g and cg are isometric to each other [27], the Hausdorff MNC ch is defined by the formula
0

Y 4 (T) = tim sup (7 — P&t 23)
=% LT

0

For any bounded set A C cg, (see Example in [3, 4]) we obtain

2

Y (Q(0,A) < LY :(A), forany O € 0,b].
(&) 240 <

Hence, (H4) is verified. Now, we can choose 7 such that

2 2
Nym“T +Npm <
24(Nn+13) -

We then choose T > 0 such that

Nym?
T > .
= 24(Ny + 13) — Ny

Finally, since all assumptions of Theorem 4 are satisfied, problem (21) admits at least one solution t € C(]0, b], cg ).
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5. Conclusion

This paper has investigated a class of nonlinear Cauchy problems involving hybrid proportional-Caputo fractional
derivatives in Banach spaces. By employing fixed point techniques and the theory of measures of noncompactness, we
established new existence and uniqueness results under mild assumptions. Our work extends and refines several earlier
contributions in the literature, notably those in [17, 18]. The applicability of the theoretical framework was illustrated
through a concrete infinite-dimensional system in the space of tempered sequences.

In addition to the analytical results presented, our study opens several avenues for further inquiry. First, the framework
developed here can be directly applied to more concrete models involving Partial Differential Equation (PDE) systems with
memory, demographic models with delays, or economic systems exhibiting hysteresis effects. Second, natural extensions
of this work include the study of associated control problems, the investigation of stability in the sense of Lyapunov, and
the analysis of related inverse problems. Finally, the development of suitable numerical discretisations for problems of this
type remains an important and challenging direction for future research.

Beyond these immediate prospects, qualitative properties of solutions, such as periodicity, attractivity, and other forms
of asymptotic behaviour, offer rich and promising areas for further investigation.
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