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Abstract: In the present study, the Holling Type-II functional response is integrated with additional harvesting and

toxicity parameters to investigate the overall dynamics of a Caputo fractional-order predator-prey model. In order to

capture the memory effects and nonlocal dynamics present in natural systems, the model incorporates fractional-order

derivatives. Incorporating harvesting and toxicity impacts into the system allows us to gain insight into their effects on

population stability and coexistence. The effect of functional response saturation on predator-prey interactions is also taken

into account by the interaction terms. For the numerical method validation neural network analysis is used. The results

provide novel insights regarding ecological system sustainability management by highlighting the significant effects of

fractional ordering, life cycle analysis, harvesting, and toxicity on predator-prey interactions.
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1. Introduction

In order to keep our environment safe in the modern day, environmental toxicology has become an important issue.

Many forms of industrial waste, as well as toxic gas emissions, smoke, and dangerous chemicals, contribute to environmental

pollution. Research into the potentially lethal impacts of man-made chemical, biological, and physical contaminants on all

forms of life is known as environmental toxicology. As a branch of environmental toxicology, eco-toxicology investigates

the ways in which toxicants impair ecosystems as a whole, as well as individual humans. Environmental toxicology was

established in 1962 by Rachel Carson’s seminal work “Silent Spring” [1], which established it as a distinct subfield of

toxicology. She addressed the consequences of pesticide use that is not regulated in this area of research. The toxin can

have an effect on predators, reducing their numbers and raising prey populations, or it can have the opposite effect, causing

predator populations to collapse as a result of food scarcity.

One of the main concerns for bioeconomic modelling is the presence of harmful substances in the environment. The

investigations of authors [2–6] and others established the foundation for the mathematical model incorporating toxic
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substances. Most of the models only take into account communities of one or two species in general, not considering

aquatic habitats specifically. When one species releases a toxin into the ecosystem, it impacts not only that species but also

its potential growth-limiting predators. The ever-increasing demands of human beings are driving industries to release

massive quantities of toxicants into the ecosystem on a daily basis. The species residing there are mostly impacted by

these toxicants. Considering that the appearance of various species results in the creation of hazardous chemicals by each

species, Maynard Smith [7] incorporated the consequences of poisonous compounds into a two-species Lotka-Volterra

competitive system. Environmentally harmful effects of toxicants emitted by marine species have recently attracted the

attention of researchers. When one species releases a toxin, it impacts not just that species but also its ability to grow.

However, Ordinary Differential Equations (ODEs) are typically used to create the models. Our focus is on mathematical

models derived from Caputo fractional order differential equation systems that are applicable to eco-toxicology. Since

fractional order systems have several benefits, such as an infinite amount of memory [8] and the ability to offer more

parameters for improved simulation, several researchers [9–12] are working in this area. Some intriguing results have been

found by studying the limited number of models [13, 14] that address toxic environments in a fractional order framework.

Inadequate discussion of toxicity, impacts of Caputo fractional order derivative, and harvesting in earlier models plagues

their examinations of population dynamics.

Our work expands upon previous studies by introducing a Holling Type-II functional response into a predator-prey

framework that does not use integer orders. For more accurate representation of predator consumption rates at densities of

prey, the Holling Type-II response common in ecological models introduces saturation effects. Two important elements

influencing population dynamics harvesting and toxicity are also included. Both the natural and human-caused exploitation

of species, known as harvesting, and environmental degradation and pollution, or toxicity, pose serious threats to the

long-term viability of ecosystems. Analysis of the impacts of toxicity, harvesting, and a non-integer order dynamics on

predator-prey interactions is the main goal of this work.

This study explores a two-species fractional-order system that incorporates harvesting and is influenced by a toxic

environment, as outlined in Section 2. Additionally, several key definitions and preliminary concepts have been addressed

within this section. The following is the outline of the remaining parts of the paper: Solutions to the system have been

proven to exist, be unique, and be bounded in Section 3. The stability of the system’s conceivable stable states is covered

in Section 4. Hopf bifurcation as a result of derivative order was covered in Section 5. Exciting evolutionary dynamics

based on Caputo fractional order variation, toxicity effects, and harvesting on the underlying system are demonstrated in

Section 6 using numerical simulations. The final section contains the conclusions.

2. Model description and preliminaries

The study of ecological habitats involves looking at places where predators and prey populations live and interact.

The populations of prey and predators are experiencing logistic growth, and their interaction adheres to a Holling type

II functional response. The assumption is that the predator functions as a generalist, meaning it does not rely solely on

a specific prey type. This indicates that when prey is not present, it can rely on alternative resources found within the

habitat for survival. Additionally, the capture for each unit effort assumption is often used to regulate prey and predator

populations. The following is one way of expressing this system’s behaviour:

dx
dt

= rx
(

1− x
k1

)
− axy

1+bx
−q1E1x,

dy
dt

= sy
(

1− y
k2

)
+

caxy
1+bx

−q2E2y. (1)
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We then present the impact of memory and toxic compounds on biological populations, assuming that external

toxic substances directly harm prey and that predators indirectly absorb toxic substances through prey consumption.

Consequently, the following is the reduced fractional prey-predator model:

Dα
t x = rx

(
1− x

k1

)
− axy

1+bx
−q1E1x−d1x2,

Dα
t y = sy

(
1− y

k2

)
+

caxy
1+bx

−q2E2y−d2y. (2)

In this context, d1x2 shows how poisonous compounds affect the prey, whereas d2y shows how they affect the predator

and signifies the memory effect (0 ≤ α < 1). The ecological importance of every component and parameter in framework
(2) is explained in Table 1.

Table 1. Variables and parameters used in model (2)

Variables Biological significance Units

x Size of prey population Amount per unit area (tons)

y Size of consumer population Amount per unit area (tons)

r Inherent rate of advancement of Prey per day

s Inherent rate of advancement of Predator per day

k1 Sustainable population limit of the prey Amount per unit area (tons)

k2 Sustainable population limit of the predator Amount per unit area (tons)

a Predator assault frequency on Prey per day

b Tackling period Per day

c Rate of transformation of y on x Constant & 0 < c < 1

q1 Catchability rate on prey population Per day

q2 Catchability rate on predator population Per day

E1 Extraction intensity directed against the prey Total number of vessels per day

E2 Extraction intensity directed against the predator Total number of vessels per day

Set X =
x
k1
, Y =

y
k2
, and τ = rt as the dimensionless variables. Based on this, system (2) in its non-dimensionalized

form is

Dα
τ X = X(1−X)− ãXY

1+ b̃X
− q̃1X − d̃1X2,

Dα
τ Y = s̃Y (1−Y )+

c̃ãXY
1+ b̃X

− q̃2Y − d̃2Y, (3)

involving the parameters are expressed in the form of dimensionless versions:
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Dα
t = rα Dα

τ , ã =
ak2

rk1
, b̃ = bk1, q̃1 =

q1E1

r
, q̃2 =

q2E2

s
, d̃1 =

d1

rk1
, d̃2 =

d2

s
, s̃ =

s
r
, c̃ =

ck2

k1
.

Preliminaries

Definition 1 [15] Considering an expression f ∈Cn ([t0, ∞], R), it is possible to symbolise and express the Caputo

fractional derivative of order α as follows: C
t0Dα

t f (t) =
1

Γ(n−α)

∫ t
t0

f (n)(ζ )
(t −ζ )α−n+1 dζ , in which Γ(·) is the Gamma function,

t ≥ t0 and n is a positive integer such that α ∈ (n−1, n).

Notably, given values of α ranging from 0 to 1, C
t0Dα

t f (t) =
1

Γ(1−α)

∫ t
t0

f ′(ζ )
(t −ζ )α

dζ .

Definition 2 [16] The description of both single as well as double parametric Mittag-Leffler functions is as follows:

Eφ (x) = ∑
∞
i=0

xi

Γ(φ i+1)
and Eφ , µ(x) = ∑

∞
i=0

xi

Γ(φ i+µ)
, where φ , µ ∈ R.

Theorem 1 [17] Let α > 0, α ∈ (n−1, n), n∈ N. The function f (t) is considered to be continuously differentiable
over (t0, ∞) up to order n−1 so that there exists an nth derivative of f (t) having exponential order. When C

t0Dα
t f (t) is

piecewise continuous on (t0, ∞), then L
[

C
t0Dα

t f (t)
]
= sα F(s)−∑

n−1
i=0 sα−i−1 f i (t0), in which F(s) = L [ f (t)].

Theorem 2 [18] For system Dα
t x(t) = f (t, x(t)), x(0) = x0, where the function f (t, x(t)) : R+ ×Rn → Rn and

α ∈ 0, 1, when the absolute value of the function arg(λi) is greater than
απ

2
, the system’s equilibrium point is locally

asymptotically stable, with λi denoting its latent values.

3. The distinctiveness and boundedness

Theorem 3 System (3) admits only one solution.

Proof. The presence and distinctive nature of the solution for the framework (3) within the domain [0, τ]×ϒ is

explored, in which ϒ =
{
(X , Y ) ∈R2 : 0 ≤ X , Y ≤ P

}
.

Assume G = (X , Y ), Ḡ = (X̄ , Ȳ ), F(G) = (F1(G), F2(G)) and

F1(G) = X(1−X)− ãXY
1+ b̃X

− q̃1X − d̃1X2,

F2(G) = s̃Y (1−Y )+
c̃ãXY
1+ b̃X

− q̃2Y − d̃2Y. (4)

For any G, Ḡ ∈ ϒ, it follows from (4) that

‖F(G)−F(Ḡ)‖

=
∥∥F1(G)−F1(Ḡ)

∥∥+∥∥F2(G)−F2(Ḡ)
∥∥

=

∣∣∣∣X(1−X)− ãXY
1+ b̃X

− q̃1X − d̃1X2 − X̄(1− X̄)+
ãX̄Ȳ

1+ b̃X̄
+ q̃1X̄ + d̃1X̄2

∣∣∣∣
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+

∣∣∣∣s̃Y (1−Y )+
c̃ãXY
1+ b̃X

− q̃2Y − d̃2Y − s̃Ȳ (1− Ȳ )− c̃ãX̄Ȳ
1+ b̃X̄

+ q̃2Ȳ + d̃2Ȳ
∣∣∣∣

≤
(

1+2P+2Pd̃1 + q̃1 +
Pã(1+ c̃)
(1+ b̃P)2

)
|X − X̄ |

+

(
s̃+2Ps̃+ q̃2 + d̃2 +

Pã(1+ c̃)
1+ b̃P

)
|Y − Ȳ |

≤ L‖G− Ḡ‖,

where

L = max

1+2P+2Pd̃1 + q̃1 +
Pã(1+ c̃)(
1+ b̃P

)2 , s̃+2Ps̃+ q̃2 + d̃2 +
Pã(1+ c̃)

1+ b̃P

 .

As stated in Lemma 2 of [19], F(G) adheres to the local Lipschitz criteria. Consequently, framework (3) offers a

distinct solution in ϒ.

Theorem 4 System (3) has a solution that is bounded, therefore

χ =

(X , Y ) ∈ R2 : 0 < X +
1
c̃

Y <
(1− q̃1 +σ)2

4
(

1+ d̃1

)


is absolutely unaltered over the system.

Proof. Let F(T ) = X(T )+
1
c̃

Y (T ), then one has

Dα
τ F(T )+σF(T ) = X(1−X)− ãXY

1+ b̃X
− q̃1X − d̃1X2

+
1
c̃

(
s̃Y (1−Y )+

c̃ãXY
1+ b̃X

− q̃2Y − d̃2Y
)
+σ

(
X +

1
c̃

Y
)
,

F(T )+σF(T )≤−
(

1+ d̃1

)X − (1− q̃1 +σ)

2
(

1+ d̃1

)
2

+
(1− q̃1 +σ)2

4
(

1+ d̃1

) . (5)

Let u =
(1− q̃1 +σ)2

4
(

1+ d̃1

) . It is possible to rewrite equation (5) as
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Dα
τ F(T )+σF(T )≤ u. (6)

Take either side through the Laplace transform,

sα F(s)− sα−1 f (0)+σF(s)≤ u
s
,

F(s)≤ sα f (0)+u
s(sα +σ)

,

F(s)≤ sα−1 f (0)
(sα +σ)

+
u

s(sα +σ)
. (7)

Make use of Laplace inversion

f (t)≤ f (0)L−1
[

sα−1

sα +σ

]
+uL−1

[
sα−(α+1)

sα +σ

]
. (8)

Another way to express equation (8) is as

f (t)≤ f (0)Eα, 1 (−σtα)+utα Eα, α+1 (−σtα) . (9)

One can ascertain that

Eα, β (x) = xEα, α+β (x)+
1

Γ(β )
. (10)

If we set β = 1, x =−σtα , then the result of equation (10) is

Eα, 1 (−σtα) =−σtα Eα, α+1 (−σtα)+1, (11)

tα Eα, α+1 (−σtα) =− 1
σ
(Eα, 1 (−σtα)−1) . (12)

The subsequent outcome arises from substituting expression (12) into (9),

f (t)≤ f (0)Eα, 1 (−σtα)− u
σ
(Eα, 1 (−σtα)−1) ,
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f (t)≤ u
σ
+
(

f (0)− u
σ

)
Eα, 1 (−σtα) . (13)

Based on the Mittag-Leffler function’s properties, Eα, 1 (−σtα)> 0, on every t ≥ 0. The result of (13) indicates that
once the initial value meets the condition f (0)≤ u

σ
, subsequently any value t ≥ 0, f (t)≤ u

σ
. Based on the non-negativity

of the framework (3), for every t ≥ 0, f (t)≥ 0, χ constitutes a positive unaltered set concerning the framework (3).

Since the Mittag-Leffler function has the property that lt
t→∞

Eα, 1 (−σtα) = 0, if f (0)>
u
σ
in the initial stage, hence

lt
t→∞

f (t)≤ u
σ
+
(

f (0)− u
σ

)
lt

t→∞
Eα, 1 (−σtα) =

u
σ
. As a result, system (3) has a bounded solution.

4. Steady states and stability analysis

The dynamical system (3) may stabilise in the manner described here: E0 = (0, 0), E1 =

(
1− q̃1

1+ d̃1
, 0
)
, for X =

1− q̃1

1+ d̃1
, it is essential that 1− q̃1 > 0, which guarantees a positive steady state for prey alone, and E∗ = (X∗, Y ∗), in which

Y ∗ =

(
1−X∗− q̃1 − d̃1X∗

)(
1+ b̃X∗

)
ã

, and X∗can be obtained from

A0X∗3 +A1X∗2 +A2X∗+A3 = 0, (14)

in which

A0 = s̃b̃2,

A1 = s̃b̃
(

2− b̃+ q̃1b̃+2d̃1 + d̃1b̃
)
,

A2 =
(

ãs̃b̃−2s̃b̃+ s̃+2s̃q̃1b̃+ s̃d̃1 − ãq̃2b̃− ãd̃2b̃+ c̃ã2
)
,

A3 = ãs̃− s̃+ s̃q̃1 − ãq̃2 − ãd̃2.

In order to analyse the local permanency of the framework (3), it is essential for determining the community matrix at

the fixed points that have been found below.

J =



(1−2X)− ãY(
1+ b̃X

)2 − q̃1 −2d̃1X − ãX

1+ b̃X

c̃ãY(
1+ b̃X

)2 s̃(1−2Y )+
c̃ãX

1+ b̃X
− q̃2 − d̃2


.

Volume 7 Issue 3|2026| 3125 Contemporary Mathematics



Theorem 5 The framework (3) confirms local asymptotic resilience near the trivial equilibrium point E0 = (0, 0), if
q̃1 > 1 and s̃ < q̃2 + d̃2.

Proof. Finding the community matrix at E0 is possible by J (E0) =

(
1− q̃1 0

0 s̃− q̃2 − d̃2

)
. The eigenvalues are

given by λ1 = 1− q̃1, λ2 = s̃−
(

q̃2 + d̃2

)
. By using Theorem 2, we can conclude that it is locally asymptotically stable if

q̃1 > 1 and s̃ < q̃2 + d̃2. A saddle point having stable manifold along the X-axis and unstable manifold along the Y -axis if
and only if q̃1 < 1 (> 1), s̃ > (<) q̃2 + d̃2. It is unstable for q̃1 < 1 and s̃ > q̃2 + d̃2.

Theorem 6 The framework (3) exhibits local asymptotic resilience near the equilibrium point E1 =

(
1− q̃1

1+ d̃1
, 0
)
, if

s̃ < q̃2 + d̃2 and
[(

1+ d̃1

)
+ b̃(1− q̃1)

]
<

c̃ã(1− q̃1)[
s̃−
(

q̃2 + d̃2

)] .
Proof. For E1, the community matrix as follows

J (E1) =


(1−2X)− q̃1 −2d̃1X − ãX

1+ b̃X

0 s̃+
c̃ãX

1+ b̃X
− q̃2 − d̃2

 .

The eigenvalues are given by λ1 = (1−2X)− q̃1 −2d̃1X and λ2 = s̃+
c̃ãX

1+ b̃X
− q̃2 − d̃2. At the equilibrium point the

eigenvalue λ1 < 0 always and λ2 < 0 for s̃ < q̃2+ d̃2 and
[(

1+ d̃1

)
+ b̃(1− q̃1)

]
<

c̃ã(1− q̃1)[
s̃−
(

q̃2 + d̃2

)] . By using Theorem 2,

one can deduce that it exhibits local asymptotic stability. Alternatively, it constitutes a saddle point if λ2 > 0 for s̃ > q̃2+ d̃2.

Theorem 7The framework (3) exhibits local asymptotic stability around the equilibrium point E∗ = (X∗, Y ∗) provided

one of the subsequent criteria are met.

(i) Trace(J (E∗))≤ 0,
(ii) Trace(J (E∗))> 0, Trace2 (J (E∗))−4 |J (E∗)|< 0 and

sqrt
(∣∣Trace2 (J (E∗))−4 |J (E∗)|

∣∣)> Trace(J (E∗)) tan
(

απ

2

)
.

Proof. For E∗, the community matrix as follows

J (E∗) =


−X

(
1+ d̃1

)
+

ãb̃XY(
1+ b̃X

)2 − ãX

1+ b̃X

c̃ãY(
1+ b̃X

)2 −s̃Y


.

For above Jacobian matrix
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Trace(J (E∗)) =−X
(

1+ d̃1

)
+

ãb̃XY(
1+ b̃X

)2 − s̃Y

and

det(J (E∗)) = XY s̃
(

1+ d̃1

)
+

ãXY
[
c̃ã− s̃b̃Y

(
1+ b̃X

)]
(

1+ b̃X
)3 .

(i) When sum of latent values of (J (E∗))≤ 0 then there are three scenarios that we need to take into consideration.

In the scenario a), where sum of latent values of (J (E∗)) = 0, we find that |arg(λi)|=
απ

2
, i = 1, 2 indicating that

E∗is locally asymptotically stable.

In the scenario b), where sum of latent values of (J (E∗))< 0 along with Trace2 (J (E∗))−4 |J (E∗)| ≥ 0, subsequently
each latent value is not positive together with |arg(λi)|= π, i = 1, 2. Therefore, E∗ exhibits local asymptotic stability.

In the scenario c), where sum of latent values of (J (E∗))< 0 as well as Trace2 (J (E∗))−4 |J (E∗)|< 0, subsequently

the two latent values are complex conjugates with a negative real part along with |arg(λi)|>
απ

2
, i = 1, 2. Consequently,

E∗ exhibits local asymptotic stability for any α .

(ii) If Trace(J(E∗)) > 0, Trace2(J(E∗))− 4det(J(E∗)) < 0 and sqrt
(∣∣Trace2(J(E∗))−4det(J(E∗))

∣∣) > Trace

(J(E∗)) tan
(

απ

2

)
then we obtain Img(λ1) = −Img(λ2) = 4det(J (E∗))−Trace2 (J (E∗)) and Re(λi) = sum of latent

values of J (E∗)> 0, i = 1, 2.

Given these, it is easy to see that |Img(λi)| > tan
(

απ

2

)
(Re(λi)), i = 1, 2. Therefore, it can be shown that E∗ is

locally asymptotically resilient given the condition that |arg(λi)|>
απ

2
, i = 1, 2.

5. Hopf bifurcation

In the presence of two complementary latent values of the linearised system’s community matrix, the system undergoes

Hopf bifurcation close to any coexistence equilibrium. Periodic solutions are either generated or destroyed in this situation.

When the bifurcation parameter crosses the critical value, the state of equilibrium transitions via a stable condition to an

unstable one, or vice versa.

According to the earlier findings, the model system’s resilience is significantly impacted through the derivative order.

The bifurcation parameter of the framework (3) is possible to designated as order (α). Hopf bifurcation conditions in

non-integer order systems are, with a few exceptions, very analogous to those in integer order frameworks. Take into

account the fractional order scheme below.

C
t0Dα

t x = f (µ, x),

where α ∈ (0, 1), x ∈ R2.

Assuming E is a system equilibrium point, a Hopf bifurcation occurs at µ∗ of µ when all of these criteria are satisfied

[20]:

(i) The system’s Jacobian matrix at the equilibrium includes two complex conjugate eigenvalues, λ k
1, 2 = ϕk ± iψk

which turn entirely imaginary at µ = µ∗.
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(ii) ϑk (α, µ∗) = 0, k = 1, 2.

(iii)
∂ϑk

∂ µ
|µ=µ∗ 6= 0, where ϑk(α, µ) =

απ

2
−mini=1, 2 |arg(λi(µ))|.

Upon selecting α as the transition parameter, the non-integer order framework experiences a Hopf bifurcation closest

to the equilibrium point at the crucial value α = α∗.

6. Numerical simulations

The fractional order systems were solved by Diethelm [21, 22] using the Adams-Bashforth-Moulton approach, which

relies on the predictor-corrector methodology. The following simulations were conducted using MATLAB R2024a.

For this study, we used three distinct system (3) scenarios, each with its own set of parameters, including order of

differentiation (α), toxicity effect (d̃1, d̃2), and harvesting effect (q̃1, q̃2). As demonstrated in Figure 1 and Figure 2, one

can alter the stability of the coexistence equilibrium point by modifying the order of the derivatives (α), while keeping all

other parametric values constant. When (α) is close to 0.92, the periodic solutions in system (3) emerge, and at the same

time, the Hopf bifurcation system occurs.

Figure 1. Time series and phase portrait for framework (3) are associated with α values of 0.92, 0.96, and 0.98, other parameter values are ã = 3.564,
b̃ = 5.015, q̃1 = 0.0381, d̃1 = 0.381, s̃ = 0.065, c̃ = 4.452, q̃2 = 0.000295, d̃2 = 0.58
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Figure 2. Using α to indicate the bifurcation variable, the system (3) bifurcation diagram shows that Hopf bifurcation takes at α = 0.92

Our numerical simulations of model (3) have shown that the model’s qualitative properties can be changed by varying

the intensities of harmful compounds produced by the two species. When a species goes extinct, toxicity could be the cause.

As can be seen from the numerical simulations, Figure 3 illustrates how a slow increase in d̃1 results in a decline in the first

species’ population and a decline in the other species’ population as a consequence of less prey being available. Similarly,

Figure 4 shows that a little increase in d̃2 results in a drop in second species and an increase in first species. Additionally,

Figures 5 and 6 illustrate Hopf bifurcation in relation to the impact of toxicity parameters d̃1 and d̃2. Based on the results,

it seems the scenario for the system’s resilience could change based on the intensity of the toxin release by the two species.

Figure 3. Multiple portraits for system (3) when d̃2 = 0.2 and d̃1 = 0.5, 0.9, 1.2, other parametric values are ã = 0.6138, b̃ = 3.6074, q̃1 = 0.4191, s̃ =
0.5, c̃ = 0.78652, q̃2 = 2.95E −4
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Figure 4. Multiple portraits for system (3) when d̃1 = 0.312 and d̃2 = 0.4, 0.5, 0.6, other parametric values are same as in Figure 3

Figure 5. System (3)’s bifurcation diagram with respect to d̃1, all other parameters remain the same that are illustrated in Figure 1 with α = 1

Figure 6. System (3)’s bifurcation diagram with respect to d̃2, all other parameters remain the same that are illustrated in Figure 1 with α = 1
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We can now observe that when q̃1 is increased for a fixed q̃2, the prey population declines, which in turn causes the

predator population to decline because there is less prey available. Furthermore, as Figure 7 illustrates, an excess of q̃1

may cause the system to become unstable, resulting in the extinction of both prey and predators. In the same way, when

q̃2 is increased for a fixed q̃1, the predator population declines and the prey population rises as a result of less predation

pressure. Additionally, as illustrated in Figure 8, an excess of q̃2 may cause prey overpopulation and predator extinction,

destabilising the system. Furthermore, Hopf bifurcation in connection to the influence of harvesting parameters q̃1 and

q̃2 is depicted in Figures 9 and 10. Both populations stabilise above a critical value of q̃1, suggesting that excessive prey

harvesting removes the oscillatory dynamics between predators and prey. In a similar way a critical q̃2 is probably where a

Hopf bifurcation is seen. While larger values stabilise the system, smaller values permit oscillatory behaviour.

Figure 7. Multiple portraits for system (3) when q̃2 = 0.05 and q̃1 = 0.2, 0.5, 0.7, other parameters are ã = 0.6138, b̃ = 3.6074, d̃1 = 0.312, s̃ = 0.5, c̃ =
0.78652, d̃2 = 0.2

Figure 8. Multiple portraits for system (3) when q̃1 = 0.05 and q̃2 = 0.2, 0.3, 0.4, other parametric values are same as in Figure 7
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Figure 9. System (3)’s bifurcation diagram with respect to q̃1, all other parameters are identical to those in Figure 1 with α = 1

Figure 10. The bifurcation diagram of the system (3) about q̃2 other parametric values are same as in Figure 1 with α = 1

7. Neural networking analysis

The provided MATLAB code leverages a feedforward neural network to recreate the dynamics of the system and

incorporates a classical prey-predator model that includes harvesting effects for both species. Growth rates, sustaining

capacities, predation level, handling time, harvesting levels, and self-limitation terms are among the model components

that have been carefully selected to reflect actual interactions involving prey and predator populations. By considering the

prey class “y” for the neural network analysis. Numerical data taken from the numerical method used and the datasets are

distributed for training = 375, validation = 75, and testing = 75. For instance, the predator growth rate is slightly smaller

at 0.7, revealing a slower increase in comparison to prey, while the prey growth rate is set at 0.8, showing a relatively

quick growth process. Prey and predators have carrying capacity of 10 and 8, thereby, which limit population levels and

cause expansion of logistics behaviour. With a dealing time factor of 0.4 and a predation rate of 0.5, the predation term

reveals a Holling type II functional response which catches the saturation effect at large prey populations. For both species,

harvesting terms with indices of 0.02 and harvesting attempts of 0.1 are considered, denoting outside factors like fishing or

human activity. In addition, the model is stabilised and unlimited growth is impeded by self-limitation and natural death
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rates, which are 0.03 for prey and 0.04 for predators. The Figure 11 showing neural network procedure. For further details

of neural networking one can study [23–27].

Figure 11. Neural networking analysis of Eq. (2) pre-predator model

The numerical simulation is employed for effectively determining the prey and predator communities over a 50-unit

time span using the classical fourth-fifth order Runge-Kutta approach. There is an inherent disproportion between the two

species in the starting scenario with 2 prey and 1 predator. A feedforward neural network is developed using the time-series

data donated by the corresponding numerical solution for both species.

Figure 12. Best validation of Eq. (2) pre-predator model

Prediction, control, and evaluation of sensitivity can all benefit from the neural network’s smooth and continuous

illustration, from which it learns by estimating the populations at any given time and incorporating their fundamental

dynamics. For the aim of approximation, a feedforward neural network is implemented, which has one hidden layer and

ten neurones.
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Figure 13. Error histogram of pre-predator model

When training, the network is subjected to the Levenberg-Marquardt technique, whichmerges the benefits of downward

gradient descent and the Gauss-Newton methodology for enabling rapid convergence for challenges of small to medium

scale. To prevent overfitting, the training method is set up to run for 150 epochs, which is enough iterations for guaranteed

convergence. In order to train the network to minimise the mean squared error over its outputs and the numerical outcome,

the network constantly adjusts its weights. After the training completes, the network obtains a performance of about

5.19×10−6, suggesting that the calculated populations are quite near to the numerical result. The great degree of accuracy

of the neural network estimation is shown by this low performance metric. Providing a measure of how sensitive the

performance indicator is to the network weights at the last step, the gradient value is recorded at 0.000326. Considering the

network has found its near-optimal configuration, a modest gradient demonstrates that modifying the weights has minimal

impact on the reduction of error. The Levenberg-Marquardt technique’s damping factor, mu, governs the step size when

adjusting the weights and is set to 1.0×107. Gradual contraction provides fast convergence as the network approaching

the perfect outcome, while a large mu initially stabilises the learning and eliminates divergence. It is common practice for

assessing the trained neural network’s forecasts to the initial numerical estimate after training. The network accurately

demonstrates the delicate harvesting and self-limitation behaviours as well as the rhythmic prey-predator connections.

The plots show that the numerical and neural network results are very congruent, which indicates that the approximation

is accurate. The Figure 12, Best validation of Eq. (2) pre-predator model, Figure 13, Error Histogram of pre-predator model

and Figure 14, Performance of pre-predator model. In order to accomplish such a high level of accuracy, it is essential

for using 150 epochs, carefully manage the performance objective, and establish the network design correctly. When

employed together, computational modelling and neural network approximation form a solid foundation for describing

intricate ecological interactions, permitting rapid scenario-specific response prediction.
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Figure 14. Performance of pre-predator model

8. Conclusions

Exploring the effects of toxicity and harvesting on the evolutionary mechanisms of a non-integer order pair of species

system is the main emphasis of this paper. System (3) has been examined for its distinctiveness and boundedness. The

equilibria have been shown to be locally stable. Numerical simulations of model (3) presented in Figure 1 indicate that

fractional order significantly influences population dynamics. Changing the order of the derivatives, while holding all

other parametric values constant, changes the stability condition of the equilibrium point. Specifically, a Hopf bifurcation

for the framework (3) has been identified at a particular derivative order. For the numerical method validation neural

network analysis used for error analysis.

Additionally, we can observe from simulations that the predator population is indirectly impacted by rising prey

toxicity d̃1, although the toxicity term d̃2 remains constant. Predator famine, decreased reproduction, and ultimately

population collapse can result from lower prey abundance, as Figures 3 and 4 illustrate. Furthermore, Hopf bifurcation is

depicted in Figures 5 and 6 along with the influence of toxicity factors d̃1 and d̃2.
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We also found that both prey and predator populations are decreased by rising prey harvesting q̃1, which may lead

to extinction at high harvesting rates. Figures 7 and 8 illustrate how excessive harvesting destabilises the system, while

increasing predator harvesting q̃2 lowers predator populations and permits prey to increase. The Hopf bifurcation in relation

to the harvesting parameters is also depicted in Figures 9 and 10. Careful management of q̃1 and q̃2 is essential to maintain

ecosystem stability and prevent species extinction.
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