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operators can easily be reduced to classical operators by giving certain specific values to the parameters.
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1. Introduction

Fractional calculus (FC), which has applications in many scientific and technical fields, has made extensive use of
fractional derivatives. Remarkably, the Riemann-Liouville derivative (RLD) and the Caputo derivative (CD) are the most
often utilized derivatives. These derivatives have been shown to be highly effective in precisely characterizing complex
dynamics found in physics, biology, engineering, and other domains [1-3].

Because memory effects are frequently observed in real-world scenarios, choosing the right non-local model is
essential when working with a range of data types.

Thus, there has been a lot of research on the investigation of novel fractional operators with various properties, such
as singular, non-singular, local, and non-local kernels [4-6].

Recent advances in FC have greatly simplified the use of different fractional operators to solve nonlinear functional
integral problems. An investigation into the solvability of the Erdelyi-Kober fractional operator by Pathak et al. [7]
provided additional information about the mathematical approaches that are effective in these circumstances. Paul et
al. [8] presented an efficient method for solving nonlinear fractional integral problems. Additionally, Paul et al. [9]
examined mixed-type nonlinear Volterra-Fredholm Erdelyi-Kober fractional integral equations. Bhat et al. [10] claimed
that computer methods for heat and fluid flow issues were enhanced by the precision and effectiveness of an interpolation
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methodology to weakly singular integral equations. Farid et al. [11] proposed fractional Hadamard and Fej’er-Hadamard
inequalities related to exponential (¢, h-m)-convexity and Riemann-Liouville fractional versions of Hadamard inequality
for strongly m-convex functions, respectively, in an attempt to offer new tools for mathematical exploration. Rathour et al.
have used fractional calculus to analyze convex functions [12]. For highly exponentially (¢, #-m)-convex functions, they
have specifically included k-fractional integral inequalities of Hadamard type. Sadek [13] investigated the application of
the fractional backward differentiation formulas (FBDF) approach to fractional differential matrix equations to address
these difficult problems. For conformable fractional partial differential equations, Sadek et al. [14] devised a specific
conformable finite element method. As a result, there was a significant increase in processing capacity available for these
tasks. The work of Sadek on the stability of conformable linear infinite-dimensional systems provided important insights
into their behavior and control [15].

In an attempt to expand the range of approaches for solving fractional differential equations, Sadek [16] looked at
two-term fractional differential Sylvester matrix issues. It was discovered that fractional BDF equations were a helpful
strategy. Sadek [17], working with Sami Bataineh, employed mathematical functions in fractional calculus in an innovative
way to solve ¥-fractional differential equations using the general Bernstein function. Last but certainly not least, Sadek et
al. [18] developed the Galerkin-Bell technique to address fractional optimum control problems, demonstrating its efficacy
and adaptability.

Collectively, these works improve our knowledge of fractional calculus and our ability to use it to solve a variety
of challenging mathematical and control problems. The conventional FC method is probably not going to be able to
provide the foundation needed to make intelligible inferences from such systems. An essential problems then arises: Is it
possible to extend the fractional Riemann-Liouville integral (RLI) to incorporate RLD, Hadamard derivatives (HD), and
other fractional derivatives [19, 20]? Determining the differentiation operator to use as the foundation for the iterative
process is the work’s challenge. The Cauchy formula, which allows us to substitute any integer value w € C for the
standard integral, is used in FC to produce the standard integral of a function. In [21], it was suggested that the CFI be
fractionalized correctly. Interestingly, an integral resemblance was originally utilized in [22] to illustrate a propensity for
discounting in economic settings using mathematical economics. Furthermore, these integrals capture the behavior of
nonlinear dissipative systems [23]. Classical fractional and integral operators, such as the Riemann-Liouville and Caputo
operators, are widely used in various fields, including physics, engineering, and finance, to model phenomena characterized
by non-local behavior and memory effects. Their applications range from control theory to viscoelasticity and anomalous
diffusion. To solve fractional differential equations (FDEs) effectively, several numerical methods have been developed,
including finite difference methods, fractional Adams-Bashforth and Adams-Moulton methods, and spectral methods. The
introduction of new operators, like the (k,?)-CFD and (k, ®)-CFI, offers a fresh perspective and potential advantages over
classical methods. These new operators may facilitate more accurate modeling of complex systems by providing improved
convergence properties and stability in numerical solutions. Additionally, they can lead to more efficient algorithms,
enabling the handling of fractional equations in broader contexts and enhancing the applicability of fractional calculus in
real-world problems.

The main objective of this paper is to define the generalized (k,?)-conformable fractional derivative (CFD),
conformable fractional integral (CFI) and Caputo fractional conformable derivative operators. Also, we study their
various properties.

1.1 Preliminaries

In this section, we consider the following some known results.
In [24], the left and right CFDs are defined by:
Let 0 <w <1, then
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The left and right fractional integrals can be expressed as follows:

Z b
W) = [ 0= v and (@ 1)) = [ f0)b=)""av
a z
Let » € R and m = [#] + 1, the left RLI of order » > 0 is defined by

WO = [ = e m

The right RLI for order # is defined by

1 b _
G0 =5 [ =07 o) @
The equation for the left RLD of order r is given below:

d

W@ne=(2)" W .

The right RLD of order # is defined by

d

0= (-37) Gn0.

The form of left CD of order > 0 is given by
D" 1)) =" f) (). (3)
The right CD is:
(D) (@)= (T (=1 f) (o). @

Take into consideration the increasing function © € C!([a, b]) such that for every ¢ € [a,b], O (¢) # 0. As per [7], the
left ¥-RLI of order » > 0, is as follows:

1

W PO =g [ (0= 20 9'y) f(y)ay ©)
“ I'(#) Ja

and the right ¥-RLI of order » > 0 is defined by
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WO =15 [ (@) =m)) " 10)
and the right HI is:
G 90 = 1 [ () -y 2.

C

02 N0 = s [} (00— 9™ ) 15y

The equation for the left 3-RLD of order 7 > 0, is given below:

1 d

D250 = (grmag) W),

The right 3-RLD of order #, is follows:

O ) (2) = (—

The left ¥-CD is

The right ¥-CD of order # is given by:

o n0- G ((gimae) 1)@

The left Hadamard fractional integral (HI) [25] is defined as

The Left HD of order # is:

W= (" ) e,

The right HD of order # is:

iporary Math tics

(6)
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)

(10)

(11)

(12)
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@)= (e )@ oe (13)

The left and right Caputo-HD [27-29] are defined respectively by
(0" N(2) =9 lf(t) -

Let the space C”[a,b] = {f: [a,b] = C: ((—i‘%)mil [f ()] € Cla,b] } , then the left and right Caputo-HD,
respectively, are

(0N = (9"" (fdd{)mf) (7). (14)
and
(D110 =95 [f(t) -% DT IO 1y 1n<r>>"] (0
in C"[a, b] equivalentaly by
o500 = (5 (-e35) 1) (@) (15)

Let the function space be defined by

Y7 (a,b) = {f: [a,b] 5 R: | £ o = (/abw(my <w},

where 1 < ¢ <, a <b, and ¢ € R. The norm |f|ys in the case of g = o is defined as the essential supremum over
a <1 < b of the equation [t¢ | f(¢)]].

The left and right Katugampola Fractional Integrals (KFI) [19] can be represented in the following way within the
context of the function space mentioned:

o no = [ (552 o

and

Volume 7 Issue 4]2026| 4241 Contemporary Mathematics



w_ w71
G0 - [ (555) o (16)

respectively.
The fractional derivatives of left and right Katugampola [20] are defined by

@wrpe = [ ()T g

'(m—») yl-w
and
_Al-wdN”* oy s ow w77
W (=) / Yy —x dy
respectively.

Based on the framework established by Katugampola [20], Jarad et al. [30] proposed modified Caputo-type versions
of the left and right generalized fractional derivatives. These definitions are given by:

T ;V“W)Wl ()" o,

and

A Y I C A N

The left and right FI were presented by the authors of [25] by using the concept of [21]. The following are the
formulations for these integrals:

1 z _aW_ —(lW 7—1 d
Z?fwf(f)zr(#)/a (({ ) W(g ) > (gfg)lgw (17)
and
w 1 b b— W b— wy 7#—1 d
TN = [ () (bfg)fw- (1)

By using the idea of [21], the authors in [25] introduced the FD as follows:
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F(m,7; w g_a)l w (19)
and
s DT /" (b—4)"—(b=g)"\"" _f(g)ds
where
7 = T, ... ,T" (722 times) and 7T} = T}, T} ... T} (7 times)
With ,T" and T} are the left and right CFD.
The CFD in Caputo type are;
Coyrm ! /’f (¢ —a)" — (¢ —a)"\"" ' TV f(5)dg
aD f({)_ F(m_?() p w (g_a)17W (21)
and
. 0" (=) = (b= g)"\ T T (9)ds
Cor W pigy = / ( —pJ18)ds 2
b f( ) F(ﬂZ—?‘) - W (b—g)liw ( )

left and right respectively.
Definition 1 [26] Let » € C, R (#) > 0. The left 9-CFI is

ST () 1#) /j(ﬂ‘—a)w—(c—a)w)zl (gffgjj'gw

and

ew L =) = (b—¢)"\ T flg)ds
TN = g0 | (FERE) T L

Definition 2 [27] Let ¥ an increasing function and ® € C![a, ] such that ¥ # 0.
The left ¥-CFD is given by:
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and the right ¥-CFD is given by

mTW~19 z %(;) "
IO ooy |

If 9 (¢) = ¢, we get the left and right CFD see [18].
Definition 3 [27] Let the function ® € C'[a,b] be an increasing with ¥ () # 0.
The left ¥-CFI is defined by:

and the right #-CFI is given by:

2 (@) = [ (90) =9 (@) 1)’ ().

If ¥ () = u, we get the left and right CFI see [21]. From Definition 3, we have
Z u|
I L() = [09 (0) = 9(@)" O (wn)daer x [ (9 (w2) = 9(@)" O ()
a a

« /auz (0 (e03) — D (@) & (w3) 3. /u1 (O () — 0(a)" 1 0 (10, )dtt e

SINf(2) =

Ly ((ﬂ(f)—ﬁ(a))W—w(u)—ﬂ(a))W)’”—‘ f(2)¥ (w)du
') Ja (9(e) = ()™

Definition 5 [28] Let » €C, R (#) > 0. The right 9-CFI is

(23)
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w wy #—1 /
r T f(7) = 1 /{”((M@—Mﬂ) —(ﬁ(b)—ﬁ(G))> (f(G)l9 (6)ds (24)

I w B (b) - 0(g)) ™

Recently, the development and application of conformable fractional integral and derivative operators have attracted
a lot of attention. Salah et al. [29] used conformable fractional-order models to study the dynamics of Human
Immunodeficiency Virus/Acquired Immunodeficiency Syndrome (HIV/AIDS) transmission, providing new insights into
the disease’s spread and prevention strategies. By employing extended CFI to give additional midpoint-type inequalities
for coordinated convex functions, Kiris et al. [31] expanded the mathematical tools available for handling these types of
functions. The concept of fractional inequalities and their applications was expanded by Ying et al. [32], who provided
conformable fractional Milne-type inequalities. Hezenci and Budak [33] refined classical inequalities by establishing Bullen-
type inequalities for twice-differentiable functions using CFI. Wang and Yuan [34] explored the existence, uniqueness,
and Ulam stability of solutions to the fractional conformable Langevin system on the ethane graph, demonstrating the
sophisticated application of fractional calculus to complex systems analysis.

In the last few decades, the field of fractional calculus has gained more recognition due to wide application in diverse
domains. Many researchers have developed distinct generalizations of fractional operators cited in literature. In this paper,
our aim is to define further generalization of conformable fractional integral and derivative operators inspired by the work
done by [25, 26, 28].

The structure of the paper is as follows: Section 1 and 2 provide a brief history and results of conformable fractional
integrals and derivatives. In addition, we provide a few further findings in section 1. Definitions and notations for left
and right (k, ¥)-conformable fractional integrals (k,)-CFI are provided in Section 3. In this section, we also present
(k,1)-CFD for functions in certain spaces, as well as establish the properties of (k,)-CFD in these spaces and calculate
(k,)-CFD of functions in provided spaces. The concept, characteristics, and Caputo-type (k,)-CFD are covered in
section 4. The concluding remarks are given in section 5.

2. The (k,9)-CFD and (k,9)-CFI

In this section, we define the novel (k,®)-CFI (conformable fractional integral) and (k,)-CFD (conformable
fractional derivative) operators. We also address their different characteristics.

Definition 6 Let the function ¥ be an increasing and ® € C![a,b], such that ¥ # 0.

The left ¥-CFD is defined by

y g0\
a T f(2) =k -
(3(2) — 0 (@) T
and the right ¥-CFD is defined by
. df(2) "
me:k f({) — K dt

(B(b) — ()" G

Next, we define (k,¥) conformable fractional integrals.
Definition 7 Let » € C, 93(») > 0 and k > 0. The left (k, ©)-CFl is
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W YN 71 /
r D (1) l(#) /;((19(5)—19(61)) (B(s) — 0( ))) f(<)5)19(€)d€ . (25)

Tk,

Remark 1 We have,

* Applying (25) for & (¢) = ¢, we get the operators defined by Mubeen et al. [26].
* Applying (25) for k = 1, we get left ¥-CFI (23)

* Applying (25) for ¥ (Z) = ¢ and w = 1, we obtain (1).

* Applying (25) for w = 1, we obtain (k, ©¥)-RLI (5).

* Applying (25) for ¥ () = ¢, we have k-RL fractional integral (17).

* Applying (25) for ¥ (Z) = InZ and w — 0, we obtain (11).

Definition 8 Let » € C, 53 (») > 0 and k > 0. The right (k, )-CFI is

) 1 b (8(b)—(2))" — (9(b) — ()" F ! ¥ (¢)d
St~ g [ (PO v ) side o6
T(7) Je w (B(b) —(5))
Remark 2
* If we consider k = 1, then (26) reduces to the right ¥-CFI (24).
« If we consider ©¥ () = Z and w = 1, then (26) reduces to the k-RL fractional integral (2).
* If we take w = 1 in (26), then we have (k, ¥)-RLI (6).
* If we take ¥ (¢) = ¢ in (26), then we obtain k-RL fractional integral (18).
* If we choose ¥ (¢) =1InZ and w — 0 in (26), we obtain (16).
In Definition 8, we present the (k, )-CFD.
Definition 9 Let 7 € Cand9R (») > 0 and k > 0. The left and right (k,®)-CFD, are defined as follows:
7 B m mk—r W0
aD\IQIﬂf({) ~a TkW’l9 a ¢ o’ f({)
mk—r_
_ 2T /f ((ﬂ(i‘)ﬂ(a))w(l‘/‘(g)l‘/‘(ﬂ))w> el f(g) ¥(g)dg @7
ki (mk —7) Ja w (B(g)— V(a))' ™
and
» ) W8 mk—r W0
O f(2) =" Ty ™" Ty f (2)
G [ (=2 ot o) 096 o
kL (mk—7) Je w (B(b)—(g) )™

where m =R (») + 1 and
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m W, __ w, ¥ w,% w,%
2T = T WO, T WY T,

a
m-times
72 W, O W, W, 8 W,
Tbk _Tb,k Ty - T

with 72T, "? and ’”TZ”,? are presented in Definition 5.
Remark 3 We have
* If we choose k =1, ¥ (¢) = Z and w = 1, then (27) becomes (7).
* If we choose w = 1, then (27) becomes (19).
* If we choose ¥ (¢) = ¢ and w — 0, then (27) reduces to (12).
* If we choose W = 1, then (27) reduces to (6).
* If we choose ¥ (£) = ¢ and w = 1, we get (8).
* If we choose W = 1, then (27) reduces to (20).
* If we choose ¥ (¢) = ¢ and W — 0, then (28) reduces to (13).
Next, we present properties of the (k, 9)-CFD and (k, ¢)-CFL
Theorem 1 Let »,»* € %1, we have

ey (7" ) p ) =i f (@)

(29)
(if) 7 (’**fz,”f) F)=""700 1)
Proof
i) Let us consider
T () 1)
(@) — (B(v) — B(@)"\ F ' [ (B(v) — (@) — (5(¢) — 9(a))*\ T
T kLe(#)kLe(7%) krk / / ( W ) ( w )
f()¥'(g)dg ¥ (v)dv
(8(g) — 0(a)' ™" (8(v) — B(a))' ™"
1

LK w2 / i /:(“9(”—1‘f‘<a>>w—(19<v>—1s<a>>“”>?—1
k(7))L (77 )WET & a .

9 _ Sa W B _da w %71 f(g) ﬂ’(g)dg ﬁ’(v)dv ]
< ((0(V) = 8(0)" = (8(6) =) T B e T

Substituting
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w(d(v) —8(a)" " ¥ (v)dv
—(B8(4) = 0(a)" — (8(5) — B(a)"

and

in above integral, we get
» B (% WO
aj\liv (a szk )f({)

1

KTy (#) kg () W 25

.l 7 7’*
></ (1—y)F ' (y) & 'dy
0

- ! /{ <(19(f)—zs*(a))w—('t‘}(G)—19(a)>w>Z+ T f(e) ¥(9)ds
k(Fk(f)l—l‘c(f*» a

1 /1 r_ 7
X;/ (1—=y)& ' (y) T 'ay.
0

By using k-Beta function, we get

() r )

1 /f<<zs<z>zs<a>>“”<zs<g>zs<a>>W>f+’f‘ 1(5) ¥'()dg
kL (7 +7*) Ja

gt WO
:a+ jk f(f)v

which completes the proof of (i).
ii) Now, consider

A () 1)

L (BB =80 = (3() — )™\ T (3(8) = D))"~ (9(b) = B(e)" ) T
kL (#)kT i (7*) /{ /v ( w ) ( )
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Substituting

w((b) — (V)" ' (v)dv

Y= 50) - 9(0)" — (0(@) ()"

and
L (B0) =9~ (0(6) - D))"
(©(b)—5(2)"— (3(6)— (3))"

in above integral, we get

k(I (7) Ik (#7)) w
1 1
< ) =9k Yy) " dy

By using k-Beta function, we get
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« W0
=" jb,k f({),

which proves the desired proof. O
Lemma 1 We have

) LB - 0) T = —
@ A m) -9 )T Y=

with »*€ %, .
Proof (1). Consider

Z QUCR (UGS SR

Substituting

S CIGETIC) A (0(2) - (@)
and
|-y (P0) = B(@)" — (3(5) ~ B(a)"
(0(2)— ()"

in above integral, we get
i [ l 1 » ¥
Z‘]\liv’ﬁ (3 (7) =) © "= ———y (ﬁ({)fﬁ(a))w<k+ k l) 7/0 (1—y) 5Ly 7 Lay.

Using k-Beta function, we get
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wrt 1 L(»)
R AL YEA T e . A
T ) o) =

which completes the proof of (1). O
Proof (2). Consider

Substituting

and

in above integral, we get

Using k-Beta function, we get the desired proof as follows

A0 -0 () = o ) (o) - oo,

O
Example 1 For visualization we choose ¥ (¢) = #2, 0 < Z < 100, k=0.5, 1.5, w=1, » =1, »* = 0.5 in (30), we
have
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50001 — k=05
—k=15
4000+

3000+

2000+

Function value

1000+

0 20 40 60 80 100
81

Figure 1. Graphical representation of equation (30) for different values of k = 0.5, 1.5

Example 2 For visualization we choose ¥ (¢) = #%, 0 < # < 100, k=0.5,, w=1, » =1, »* = 0.2, 0.8 in (30)

lel2
—r'=02
1.44 =08

1.24

1.04

0.8

0.6

Function value

0.4

0.2

0 20 40 Y 60 80 100

Figure 2. Graphical representation of equation (30) for different values of »* = 0.2, 0.8

Example 3 For visualization we choose ¥ () =72, 0 < Z < 100, k=0.5, 1.5, w=1, » =1, »* =0.5in (31)
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lel5

Function value

— k=05
—k=15

20

40

X 60

80 100

Figure 3. Graphical representation of equation (31) for different values of k = 0.5, 1.5

Example 4 For visualization we choose ¥ () =72, 0< 7 <100, k=0.5, w=1, » =1, »* =0.2, 0.8 in (31)

lel2

1.4

1.2

1.0

0.8 1

Function value

0.6

0.4

0.2

—r"=02
=038

2

0 40

< 60

80 100

Figure 4. Graphical representation of equation (30) for different values of »* = 0.2, 0.8

Lemma 2 Let —we 9%1 , we have

[:;Df’ﬂ (9 (¢)— 0(a)) "

and

w, %

|:7‘Db.,k
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Proof. To prove (32), we have

Wrt m W, 0 _ a W _ a w A
ZDZv,ﬁ(ﬂ(Z)iﬂ(a))TfW (%) a Tk )/;((6({) B( )) (¥(5) 79( ) )

where
2T = TP T TP (0-times)
and
W, w_k_adf@)”
IS ()= | (000)  0(a) s
Substituting
Y= (8(5) — v(a))" dy - w(B(g) — d(a)" ¥ (g)dg
(8(¢) - 0(a))"” (8(¢) - 0(a))"
and
I —y— (8(¢) — 9(a)" — (9(g) — ¥(a))"
(8(¢) = 0(a))”

in above integral, we have

;of’ﬂwm—ﬂ(a»f@ (¢)= (9(2) — (a7 )

Using k-Beta function, we have

wr

;‘DZ“'Wﬂ(f)ﬁ(a))k—W} (0)
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L(#7)

)w(m%+%—l> Ii (")
I (mk — 7+ #%)

W I (mmk — 74 #%) ¢

L (»7)

2T (0(2) — 0(a) ()

Cwrk Ly (mk—»+#»*)

L (")

Wk Ty (mk —#+#*)

Differentiating, we have

wr*

ZOPY (9(2)—0(a) © M| (£) =

Again differentiating, we obtain

f)—@(a))lwﬁ,’(‘{)di] (3(2) — V(a) w(er + 1)
—olay | sz @)oY
I (»7) 1-w 1
W Ty (mk—rr ey T

wt I; (%) mk »
rDW,l? 8(2) — (a)) ¢ w:| 7) = . k Wz(_+_1>
0L 00) @) T (0= o e (BT ]
mk 7 (ﬁ({)—ﬁ(a))‘”(m_%’L%_z’)
kK k k
Continuing up to 7z-times and using I} (x) = k¥ I" (%), we get

Thus, we obtain
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which completes the desired result (32). O

Now, to prove (33), we consider

mk—»
|

wz* —1 ” mTWﬂs b — w_ — w
FOMD (8 (£) — (@) "] (£) = (kl“k)(mk—[;,; /f <<z9(b> ()"~ (9(b) — 9(5)) >

Substituting

and

in above integral, we obtain

(_l)m m']r\[’:,kﬂ

)
d
I (e — 7)W=~ 1H1

"Op (8 (£) — (@)

1 mk—» 1

L aeymE )

;v-“
|
N
5
~

Using k-Beta function, we have

(O3 (9(4) = B(@) ] ()

B (1) 7Ty w(mez 5 I (%)
- Wmi% 19(b>_19({)) (_ )I—ic(mk_#_i_#*)
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I (#* mk—r 4 #*
- Byt a(s) — o) ()
W”*TE I} (mek—»—+7*) ’

. he
W”E Ty (rk—r+r*)

I (") +1 m—mWw |: k d :|m w(m—&-ﬁ—l)
= a )7 (8(b)— V(¢ — v(b) — V(¢ koK
L T @O =@y || 0= 0()
Differentiating 7z-times, we get
wrt I; (%) a mk » #*
OV (9 (2) - B(a)) W] 1) = - k’"—l’”‘wm<—+—1>
b (B(2) = 0(a)) )= = Iy (ks s ) (=1 P

Thus, we obtain

i T w(5 1)
=W 1';{(7‘*_7‘) (ﬁ(b) 19({)) )

which proves the desired result given in (33).
Example 5 For visualization we choose ¥ () =72, 0 < #Z < 100, k=0.5, 1.5, w=1, » =1, »* = 0.5 in (32)

—k=0.5
k=15

1204

100+

804

60+

Function value

40

204 |

0 20 40 ) 60 80 100

Figure 5. Graphical representation of equation (32) for different values of k = 0.5, 1.5
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Example 6 For visualization we choose ¥ () =72, 0< Z <100, k=0.5, w=1, » =1, »* = 0.2, 0.8 in (32)

—2000

~4000

—6000

—8000+

Function value

—10.0001
—12,000

—14.,000- — =02

0 20 40 60 80 100
Figure 6. Graphical representation of equation (32) for different values of »* = 0.2, 0.8

Example 7 For visualization we choose ¥ () =72, 0 < Z < 100, k=0.5,, W= 1, » = 1, »* = 0.2, 0.8 in equation
(33)

Function value
(]
o

0.51

0.0

0 20 40 ‘ 60 80 100

Figure 7. Graphical representation of equation (33) for different values of k = 0.5, 1.5

Example 8 For visualization we choose ¥ () =72, 0 < Z < 100, k=0.5, 1.5, w=1, » =1, »* = 0.5 in (33)
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[8=)
th
A

Function value
[
o

0.51

0.0

0 20 40 . 60 20 100

Figure 8. Graphical representation of equation (30) for different values of »* = 0.2, 0.8
Lemma 3 The following results hold true:
w, % —r gW, D w, — gW, D
aOp f(2)=,"T" f(Z)and rDb,k f)= f'jb,k ().
Proof. Consider

SO () =T T ()

(34)

__aT? /f<<6<f>—ﬂ<a>>W—w<g>—6<a>>w T A(6) ¥'()ds

KL i(mk=r) Ja W (8(c)—0(@)"™"

e [ (BO=9@)" = (3(e)=8@)"\ T f(e) ¥(5)ds

_kl—'k(mk—f‘)aTk /L,( w ) (B(g)—B(a)) "
! e |k d "

T ke (mk—r Wk (9(7)=5a)) {ﬁ’(f) df}

[ (0= vt~ o(e) - oy LELEENE

_ 1 W I (mmek—#)
N i Ii(—7)

T k(W F
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_ ! /‘f((ﬁ(f)—ﬂ(a))”“—w(g)—ﬁ(a))W)"f?—l £(5) ¥'(c)dg
K(=7) Ja W (3(e)—(a))™"
=7 @),
which completes the first part of Lemma 3.
To prove the second part of Lemma 3, we have
ro\lly\{}{ﬁf ({) _ mTZ\I,}(ﬁm—Vj‘;\t}{ﬂf ({)
_ 0y /b((@(b)—ﬂ(f))““—w(w—ﬁ(g))“” T H(g) 9'(9)dg
KL (mk=r) Je W (3(6) = ()"
L [P ((BB) =) — () - 3()"\ T (o) ¥ (c)dg
_kl"k(mk—r)( b T”J‘/g ( w ) (9(b)—(g)) "
1 ” memw |k d 1"
:ka(mkf#)W’”_% P (U7 (80)=5() [ﬁ/(i‘)df]

Tk (=)
=7y f(2),

which proves the desired result.

3. (k, ¥)-CFD on the spaces Cv’%.a,k and Cv’ffﬂ.b.k

In this section, (k, ¥) -CFD of functions inside the spaces defined by the following definitions are examined.
Definition 10 Let w > 0, 2 € /" and an interval [a, b] define
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Sivasleb) = {zﬂﬂr“”@a,ebzi([a,bn } >
and
Citoa (b)) = {mlwﬁ;ﬁf’j o } 36)
with
wo ([a,6)) = { fila,b] = B2 £(2) = (") (£)+ f(a). for some g = Liuo(a)}
and the right ©#-CFI of order w is:
1 ([ab]) = { fila,b] = % £ (2) = (1" 2 (£))) (£) +F(b). for some ¢ = L (b) |
Fuo(a) = { filab] = % (a]IW"’ f) (£) exists forall f € [a,b]}
and
Fus(b) = { f:la,b] = R+ (G F) (¢)exists forall f € [a,b]}
Lemma 4 Forw >0, f € C, , (la,b]) If and only if £ may be stated as follows:
0= gy [ ({0 L) e
YD o) o, @)
i=0 Wk !

where ¢ («) = 77T"? f(w).
Lemma 5 Let f € C7y ,, ([a,b]) if and only if

mk R

1 /b ((ﬁ(b) BN — (0(b) — ﬁ(g))‘”) () (T f)ds
4 (9(b)—(g)) "
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C

(38)

The proof of Lemma’s 4 and 5 are similar to the proof of Lemma’s 3 and 4 given in [25].
Next, we prove the following results based on Lemma 4 and 5.

Theorem 2 Let € R ,772 =[]+ 1 and k > 0. We have

L. Let f € Cf .« ([a, b)), the left (k,9)-CFD is given by

i o1y Ly (k) £ LB(2) ~ 3(@)" — (8(6) — (@)™ T T (g)) 9 (6)dg
a Oy f({)*k(m—l)!rk(m—f) /a ( w ) (9(c)—0(a) )™
7”m— m w, % i w(i—#»
N A 1C) LA WP (39)
5 wi- TIG (mk + i+ k—7) i!
2. Let f € CYy ,([a,b]) and k > 0, the right k, 9-CFD is given by
pows o TRERTEE o (9(0) = 9(2)" — (8(6) - 9()"\ T f(6) ¥(e)ds
Db-kf({)*k (772 —1)T"; (772 — 7) /{ ( w ) (0(b)—0(c) )™
oW,
il Gtk (ST, f() wi_r)
+ ,;)W ik i ) e (O (b) — ¥ (2)) ) (40)

Proof. To prove 1, we have
Since f € C .« ([a,b]), from Lemma 4, we have

1 /‘ ((19@‘) —9(a)" = (8(¢) — 19(a))w) T (T f) 9 ()dg

IO =G w (3(¢)~ 0@
m—1 iTkaﬂf(a) wi
+ Y et LD w(z) - vt
i=0 Wk i!
Therefore, we have
W S 8(a)" — (B(v) - 9(a)"\ !
oDk F0)= (7 —1) kL") (72k—#) / / ( w >
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(72T fa)) ¢ Li(i+k) wir)
i lgo w ! " 17<(mk+i+k—f)(ﬁ({)*ﬁ(“))
mT w, % y ka*,I
:(m V)KL, (rrek—7 )W~ &7~ 2/ / < —(B(v) —9(a)) )

m—1 (ZnTkW,é‘f(a))W% I(i+k) oo Wii—r’)
i=0 il wk Li(mk+i+k—7) :

Substituting

w(d(v) —8(a)" " ¥ (v)dv
—(0(2) = 8(a)" — (3(5) — ¥(a)"

and

_ ., (®WV)
1l—y=1- 5

in above integral, we get

N 7 L() = 3(@)" = (8(5) = (@)™ T @ TN (6) ¥ (6)dg
O )= (e — 1)\ (12k—7°) /a < w ) (ﬂ(g)fﬁ(a))l_w
m—f—l 7_1 m—1 (ZZTkW,ﬁf(a)) 1’1‘((1+k) _ (a w(ik—r)
k/ (=) dy+,zo Wk kG (mk + i+ k — ) )= da) T
By using k-Beta function, we get
S CLB()=9@)" = (B(g) = (@)™ ET (T £(6)) ¥ (g)dg
O f(0) = (772 — 1) T\ (m72k—7") /a ( w ) (®(¢)—Ba)'™™
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Lk —m)Li(mk) | 7St (T f(a)) Ti(i+k) £)— o) "
[y (2mk—7) 5 ik kI (mk+ i+ k—7)

_ &I Telonk) /fCawwwM@W—ux@—amWU’fil
" m— )T 2mk—7) Ja w

T £(5) ®'(g)dg A @TMR@) TR
(¥(g)—V(a))' " =0 iWETE TG (mk + i 4 k—7)

L TR T (0() = 0(@)" — (9(6) — @)\ T
(m )ll"k(kak ) / < W )

@TUA(9) ¥'(9)dg |t (T F@) BUHE) gy gy

' Y a)) ¥
(9(e)—(@)'"™ 5wkt (mk+ i+ k—r) 7)= %)
_ Fk(mk) _ S(a 1—-w k i ”
(= )G 2mk =) w2 {(ﬁ({) B(a) ¥(2) dl}

‘ W w2k e (2T £(9) 0 (6)dg
9(2) = 9(a)" = (9(g) — O(a)V) * F 1k
/a ((9(¢) = B¥(a)" = (B(g) — ¥(a))") 30 —0(@) "

e @ TM S (@) Ti(i+k) wi—r)
HZ)—1(a)) * . 41
; Wi~ FF(mk+i+kf¢)( () = %)) “1)

Differentiating the first part of (41) 7z-times, we get
7 0
dOPCf ()

_ Li(72k) L Qmk—7) kg
7(777/—1)!/61“]((2],(777,/{—7/‘) 2m———1 I_]‘c mk — 7( / (‘0(;) 6(“)))

GTHEDY (s | A TS (i
@ @) T wTir1— 00 P@)
+m71 ‘(T;ﬂ:,ivwf(a)) 1}(i+k) (0(5)—19(61))“”“7’
i=0 iWk™ KT} (mk +i+k—7)

B [i(rk) ‘ (e atany—i -1 @ T (S)) ¥ (6)dg
I e T, (9@~ (906 - o)y E RS
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m—1 (mp W0 . i
N .(a T () BHR) (o )5
i=0 iIWK™ KT} (mk +i+k—7)

R ((W) — ()" - (8(5) —ﬁ(a))““)’”?‘ (2T, (g)) ¥'(5)ds
k(mfl)’l"k(mfr) a w (ﬁ(g)_ﬁ(a))lfw

= i L(i+k (i-r)
S i ()R G PR TR
i=0 {WE kI (mk+i+k—7)

which is the required proof.
Now, to prove the second part of the theorem, we have
Since f € CJ .« ([a,D]), from Lemma 5, we have

L (0(B) = 0(2) — (9(b) — () E T ()T f)dg
0=t . w ) Geet
e (—1)TL () .
+Y = (¥(b)—O(¢)) *
i=0 Wk !

Therefore, we have

, el D" Ty (ﬂ(b)—ﬂ(v))"" s
Db’kﬁf({):(m L, ( mk #) / / ( )
((Wb)_ﬂ(v»”“—(ﬁ(b)—ﬁ(sﬂw)’”“x VRTINS ¥ (v
w (90)—0(c))" " (9(b)—0(v)) ™
1 (TP LGii+k i
g TRV RO (e

i=0 t'W%_kH((mk—i—l—i—k #)

(7 )mmTW 0

(72 — 1)K, (72k — #) w7~ %~ 17~ l//( (ﬁ(b)—ﬁ(v))"">

"Nl f(2) =

7l () (T f)dg ¥ (v)dv
(B(b)—0(c))' ™ (v(b)—(v))' "

x <(,9<b> 9"~ (8(b) —z»(g))““)

=1 (T2 fla)) Gi(i+k i
+ (T o) TG+ () — 0(2)) "

5 itwt T (mk + i+ k—7)
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Substituting

. (B(b) = B(v)" = (3(b) — ¥(¢))" dy= (B (b) = B (V)" ¥'(v)dv
(0(b) = ()" = (3(b) — 0(g))" (3(b) = 8(£))" — (¥(a) — B(5))"
and
I —y—1- (B(b) = B(vV)" — (9(6) =¥ ()" _ (9(b) — 0(£))" — (8(b) — B(V))"
(3(b) = 0())" = (3(b) = 0(5))" — (3(b) = ¥(£))" = (3(b) — ¥(g))"

in above integral, we obtain

(—1)m+1 mT\;v}(ﬂ /b ( 2111k—r71
7

O f () = :
i (7) (r—1)V kI'g (172 — ) W27~ £ =241

)Ty S (1w
(3(b) o) " (/0 1=y F70) dy)

net (TR f(@)) TG +K) i)
+ i 13 -
i=0 IWET R (mk+i+k—7)

1\t W, ~
S ) [ (o)~ 000"~ (o) - o)

(=)} (172 — ) W2~ T

P TLLNAS (1 1t
(3(b)d(c) ™ <k/o(1 YD) dy)

s (7m0 £()) B+h) e

55 ik R I (mk i+ k—r)

By using k-Beta function, we have

1 m+1 L (m2k mTW,ﬂ
- O L R [ (w00 0000 o061

(m—1)IT, (2mk—»)W?” = %!

P () (M f)d
(9(b)=(5))" "

m=t (("TYY fla)) Gi(i+k wi—r
. (T f(@)) Tili+) 0(5) ()"

5 itwt T (mk + i+ k—7)
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_ I (k) e
B 2m—7—1 (_1) Tb,k
(m—1)\T", 2mk—r )W "%

2mk

R () (M )d
(8(b) - 0(g))' ™"

/{b <(ﬁ(b) — ()" = (8(b) - ﬁ(g))w)

+m—l ((mT\;V}?f(Cl)) G(l"‘k) o w(i—7)

i=0 i!wi—%rk(kariJrki#)

= (m—1)IT g(”;k) )Wszlfl(_l)mﬂ (9(b) — B(2))" ™" [
m—1)d \enRk—# 13

2m—%—1 ﬁl(g)(mT\li\(}(ﬂf)dg
(9(b)—B(g)) ™"

./: ((19(19) _ ()Y — (9(b) — ﬁ(g))w>

et (VT @) T o
! = O (b)—0(2)) F
=0 iWETE I (mk+ i+ k—7)

(T Conk—r @ 51" TyCk—r)

7=E1 9(g) (" Thy f)dg
(B(b)—B(g)) ™"

/{b <(l9(b) — ()" — (8(b) — ﬁ(g))"")

7 — mTW719 a Ltk »
. 1(( b S )) k(i )(ﬂ(b)_ﬁ({))%

i=0 i!W£7%E(mk+i+k_f)

7 —

Eah

QT )
(B(b)—0(c))" ™

_ T3 (k) e
e == | (00~ 90"~ 00)-3()"

= mTW’ﬁ a)| I;(i+k W(i—r
) 1(( pi f( )) i(i 4 )(ﬁ(b)fﬂ({)) n

i=0 ”W%_%Fk(kariij,#)

_ Hc(mk)m'ﬂ‘\g,}? /b (w(b)_6(£))W_(19(b)—19(g))w)k’—
_k(ﬂz—l)‘rk(m_#) / w

et (T2 @) T +H) "
+ — S(b) — |
i=0 I\WE R (mk i 4 k—7)
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which completes the desired proof. O
Theorem 3 Let R (#) > 72 > 0 with 2 € . We have

CTMOr T f(e) = 1 T f(2) and PTEE TN f(2) =R F(2). (42)

Proof. Consider
T f(2)

_mp W0
_a’]rk

KTy

1 L (O(2)—B(a)" = (9(g) —0(@)\ ' flg) ¥ (¢)dg
L ) Gl

Ctmws [ 1 *((9(2) = 0(a)" = (9(5) —B(@)"\ T ' f(g) ¥'(¢)dg
—a T )/( ) (9(5) ]

KTl W B(g) D))"
e B() @)~ (B(g) ~ @)\ T ' f(g) ¥'()ds
= T _krk(#—Zk)/a< w ) (9(g)— V()"

s | L1 (9(2) — 9(a)" — (9(5) —B(a)"\ 1) ¥'()dg
=0T _ka(#—?)k)/[l( ) (9(g)

Continuing in this way, we get

kaWﬁZ*]Z\/’ﬁ f(Z)

m—mrp WO
= a Tk

ka(fl_ k) /; <(19({) —8(a)" — (8(¢) ﬂ(a))w> ok _

1 /‘ ((19(5) —¥(a)" — (8(g) — ﬁ(a))w> el f(g) 9'(g)dg
k[ (7 —mk) Ja )

_ K
=k g (),

which proves the first part of Theorem 3.
Now, to prove the second part of Theorem 3, we have

K O
mT;{k ’”JZ")k f(?)
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g |1 /b((ﬂ(b)—ﬁ(f))W—w(b)—ﬂ(g))W)?‘ £(5) ¥'(5)ds
Rk e w (B(b)—0(g))" ™"

e /b((ﬁ(b)—ﬂ(f))W—ww)—ﬂ(g))W)’k“l £(5) 9'(5)ds
S N w (B(b) - 0(c))' ™"

s /b((ﬁ(b)—ﬂ(f))W—wa))—ﬁ(gnw T f(9) 9'(9)ds
bk _ka(f*Zk) ¢ w (9(b)—(g)) "

e /b<<6<b>—z9<f>>“”—w<b>—ﬁ<g>>w T f(9) 9'(9)ds
Pk | KTy(r—3k) Jr w (B(b)—(g) ) ™"

T T i £ (2)

ey . /b<w<b>—ﬂ(f))W—ww)—é(g))W) P (o) 9'(e)ds
PR =) Je w (9(b)— ()"

kI (7 — mek)

1 b () —0(@)" = (8(b)— ()" * f(g) ¥'(¢)dg
/' ) |

_ w, %
=7 T f(2),

which proves the second part of Theorem 3. O
Corollary 1 Let R (#*) <fR (#), we have

COU (A r @) =i A p ey and Ty (Pl r () ) = 1 (@), 3)
Proof. By utilizing Theorems 1 and 3, we obtain
SO (At r)) = ame (i (G 1))
_ ZnTkw,ﬁ (Z+mk—;f* JZ"-" f(f))

» —*— w, %
— aerk mk jk f(i‘)
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ek w,9
=i T [(2),

which proves the first part of Corollary.
To prove the second part, we have

Copk (P ) = i (el (F @)
= (1 (7 Y g ()
= 1y (e S ()
_ rbmkrt=mk g0 £ (1)

gt WO
=" Jb,k f({)a

which completes the second part of Corollary 1. O
Theorem 4 Let » >0 and f € C , ([a,D]), (f € Cisp ([a,b])), we have

200 (T ()) = £ (2) and "D ("I RE 1 () = £ (0). (44)

Proof Consider

(o (s ()

T kk( ﬁjkaiﬂka //( v_vww)_ﬁ(a))w)k_

mk—7» _
m'I[‘kW,ﬂ 13 1

- ka(mk_,/;krk(,e)Wmf%Jrffz /j /: ((19(5) —a)" — (¥(v)— ﬁ(a))w>

Substituting
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w(d(v) —8(a)" " ¥ (v)dv
—(B8(4) = 0(a)" — (8(5) — B(a)"

and

in above integral, we get

P ("7 (0)

m W% mk—r 4 74
a Tk . .

= kg (rmk—r) kL g (7) w7

f(5) ¥'(5)dg : mhor Ly, e
el CXSTRE)

[ (00-o@r- w6~ v

_ Z T L) = (a)" — (9(g) — ¥(@)\ "
N k(Fk(mk—#)Fk(r‘))/g ( w )

19/ d 1 1 mk—» _ 7
<JZZ§)_J8> g, 1)

By using k-Beta function, we have

op (n @)

T kg (mk—r w

2 Te"™? (@)= B(@)" — () —¥(@)"\ " f(e) ¥'(5)ds
L )

_ o /‘((ﬁ(i‘)—ﬂ(a))w—(ﬁ(G)—ﬁ(a))W>ml f(¢) ¥'(5)dg
kT () Ja w (

w 7 gW 1 mm W, 72 W, . x_
ngﬁ( ja,’/?f@)) = ma T, v (a I ’ﬂf(f)) = f(¢), (using I}(x) = k* 11“(%))’

this completes the first part of Theorem 4.
To prove the second part of Theorem 4, we have

?D\liv,}cﬂ (szv,’kﬂf(fv
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" T (9(8) =By
ka (rek—» ka / / ( )
(100 B(v))" — (3(b) — 0@))“”) e () o' (v)dv
w (96)=0(c) " (8(B)— ()"

W,
_ (_l)m me,k
K i (rk—7 kD ()W~ &+ 52

"1 (00) - 000" - (36) - D))"
L

w w) o ¥ (g)d & (v)d
(e
Substituting
(ﬁ(b)—ﬁ(v))w_(ﬁ(b) ﬁ(g w = W(ﬂ(b)—ﬁ(v))wil ﬁ’(v)dv

—(B3()-9(2)" = (8(a) - 5(9))"

and

in above integral, we get

(_l)erl mT\l’)V}?

fgg}{ﬂ (ij\i)cﬁf([)) = kr"k (mk—#)kl"k (?’)Wm_l ‘/{b <(19(b) - ﬂ({))w - (‘0(1)) - ﬁ(G))W>

(e /b((ow)—ﬂ(f))W—(zs(b)—zs(g))“”)’”1
k([ (mk—7)T; (7))

f(g) ¥ (¢)dg 1 /1 e
(0(b)—d(g)" " <k/0<1y> ') ldy).

By using k-Beta function, we get

(—1y /b ((ﬁ(b) —0(2)" = (9(b) — 19(9‘))””)’”‘1 f(g) ¥'(g)dg
(B(b) - R

72 W, [ W, o
Op ( bk f(f)) KLy (mk—»4#) J¢
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o /b((ﬁ(b)—ﬂ@»”v—w(b)—ﬁ(g))W)’”* 1(0) ¥'(¢)de
kL y (72k) ¢ w (0(b)—

_ ey /b((@(b)—ﬁ({))”“—w(b)—ﬁ(g))W)’”1 £(5) ¥'(5)dg
kT (m) y w (9(b) -

= (T (MR (0) = £ (2),

km
which completes the proof. O
Theorem 5 Let R () > 0,72 = — [-R(#)], f € Z(a,b) and .7\ f € Ty, labland .70 f € TPy, [a.b).
Then
m f—iDWvﬂ f(Cl) .o
(A (GO0 1)) = (1) - Y ok (0(1) - v(a)"(H) 45)
i—OWE "k k[ p(»—ik+k)
and
7 W, [ 7 W, s "_ZD\l,)v,’kﬂf(b) W(Ffiv)
T (oR @) =1 ()=} —— ———(9(h) - 0(¢))"\ 7). (46)
i—1 WEk kI (#—ik+k)

Proof. To prove (45), we have

(70 (Lol 1))

1(#) /; ((@(i) —(a))" ~(3() - 19<a>”“> o (7o (7 p(g)) ) 216

K w (9(e)— D@
M T (8 = 8(@)Y = (9(9) = 3@\ F (e s (ks Wb 9'(g)dg
=i |1 ( w ) (e (el 19) oo™

Using integration by parts 77z times, we get

(e (7000 1(0))

. ) (/a{ ((19({) —9(a)" = (8(¢) — l‘/‘(a))w> ¢ (aﬂzk*’ff’ﬂf(g))

_ IT w, %
Tatk kL (7 — mk+ k
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' (C)de 2 ((zm™ r@) (247 1(5) )

(0(g) - (@)™ B k(4 2k—ikywE

(9(2) —ﬁ(a))w(’ii+1)]

$ ((zm" @) (272" 1)) )

W, 0 | w, % e WD
=T, a Mijk (Zlk Tk f(€)> N
= ki (7 +2k —ik)W'F

(3(¢) 19<a>>w<’ki*1>] .

Now by using Theorem 1, we get

wo o w e (7 ) (s )
= [ﬁjkﬁﬂ{)i; (( kkrk(fjgk(— ik)wzki+1 € >>

(9(2) ﬂ(a))w(rkiH)]

—@0)-¥ (0(¢) - 0(a)" (),

SwWE kT (#—ik 4 k)

a0 fla)

which completes the first part.
To prove (46), we have

rj\;\t}cﬂ (ygg}(ﬁf({))

:mlw /{b((ﬂ(b)—z»(f))“”—ww)—ﬁ(g))W)?‘1 ((Cry s (miorrpd)) L) 2 (6)ds

W, w w % !
kl"lkr]iik—i—l) /{b((ﬁ(b)—ﬁ(i‘)) &(0(17)—19(@)) ) (o e (mr i) £(5) ¥'(g)dg

Using integration by parts 77z times, we get
w, % w,
yjbk (#Db,k f({))

»—mk

b _ w_ _ wy\ w
krk(#_lmﬂk)/{ ((ﬁ(b) B(2)) W(ﬂ(b) 3(5)) ) ((_1)m (m,fjbkﬂf(g)))

w, %
=T,

(8(6) - ()" (T

£(5) ¥'()dg & <(_1)mmﬁff (b)> (i 19))
(ﬁ(b)_ﬁ@))liWiigi KLy (7 + 2k — ik) w'E 1
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e (Cor e w) ()
=1 KTy (7 + 2k — k) wE' ¥

(9(b) ﬂ(f))w(’k’*”] .

Now by using Theorem 1, we get
»
I (rolr 1)

i i WD (ke WD
kT (7 + 2k — ik)w'T 1

iy ["fbk £ )’f (9(b) —ﬁ(f»w(’k'*‘)]

LT (®)

(o) — ()" (7).
W kL (7—ik + k)

s

Il
—

= f{4)-

14

which completes the proof. ]

4. The (k,19)-CFD with the Caputo type

In this section, we present (k, ©¥)-CFD (Caputo Fractional Derivative) and its properties.
Definition 11 Let w > 0, R (») > 0 and 772 = [R(»)] + 1

a. If € C’ , ([a, b]). The left Caputo (k,9)-CFD of f is
7 — l aﬁ .
Eo ™ p(e) = oy [ Z T o)~ ﬂ(a)"i’] (2). )
i=0 i!
b If f € CF 5, ([a,b]). The left Caputo (k,9)-CFD of fis
o o el (<) Ty £ () f
Opr fE)="9p |f(6) = X Wf’,‘(ﬁ(b)—ﬁ(i‘))" (7). (48)
i=0 i!

Theorem 6 Let R (#) >0, 72 = [R(#)|+ 1, f € CYy , [a,D], (f € Cissp ([a,b])). Then we have the left and right
k, 3-CFD in the Caputo type are

ol gy L[ (R0~ (0(8) ~0(a)") T T () o)
O A w ) ey
Lo gy =k (e £ () (49)
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and

oWt (1) b/ (9(b) — 0(£))" — (8(b) — 9 ()" T T £() ¥ (¢)dg

th f({)ikrk@?’ék—?‘)/{ ( w ) (ﬁ(b)—ﬁ(g))l_w

SO ey = el (T () (50)
respectively.

Proof. By using (47), we have

7.W, (O ’T w,3
lEok' P rey=rom? pe)- Y e _S@

i,
i=0 Wk !

(0(2)— ()t | (2)

w 72—1 iT w, % w
=0 ri0-'g wzok*’ww)—ﬂ(a))

wi
k

(¢).
Using Lemma 2 and Theorem 2, we get

mLim WY LGi+k
AN IOR W LU P e
= ww i Li(mk+i—»+k)

R fl@) Gk
:rDW,’I& { _ a k k
O () ,;) Wi i L(mk+i—r+k)

! /: ((19(5)—ﬁ(a))w—(ﬁ(s)—ﬁ(a))w) f

= kL i(rmk—7) w

LT (g) 9 (g)dg
(0(g)— ()™

oW
=g (rm £ (),

which proves the first part of Theorem 6.
Next, to prove (50), we employ (48)

="op

m1 (—1)i o0 Wi
ro-% (1) Ty ) ]({).

L,
Wk !

By applying Theorem 2 and Lemma 2, we obtain
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7 W, %

(1) S6)

=g

o e =roi ) =L TR o o) - o) )
e WY
m=1(=1)"T,] b i w(i_z
o o=y ST SO0 ) g g)(E )

= wE i I; (mk +i—»+k)

=700 f(£) - )y

R N o <<ﬁ<b> —9(£)" — (B(b) - ﬁ<g>>w> T (S) 9 (6)ds
Dbk f({)_kl—‘k(mk—#) /{ w (ﬂ(b)*ﬂ'(g) )l—W
_ mkffj\;\i}{ﬁ (mrl[wzl’kﬂf({)> ,
which is the desired proof. O
Remark 5
We have

« If we take k=1, ¥ () = ¢ and w = 1, then (49) reduces to (3).

* If we take W = 1, then (49) reduces to (9).

* If we take ¥ (¢) = ¢ and w — 0, then (49) reduces to (14).

« If we consider © (¢) = Z, then (49) becomes (21).

* If we take ¥ (¢) = ¢ and w = 1, then (50) reduces to (4).

* If we consider w = 1, then (50) becomes (10).

* If we consider ¥ (¢) = ¢ and w = 1 in (50), we get (8).

« If we take ¥ (¢) = InZ and w — 0, then (50) reduces to (15).

* If we consider ©¥ (¢) = Z, then (50) becomes (22).

Lemma 5 Let R () > 0 with 7z = [R ()] + 1,8 (») ¢ A and € Cla,b]. We have

Y D
1k fla) =0,

and

forc=0,1,2,--- ,m— 1.
Proof. We have
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w((R(Z)-¢
fokjf,ﬂf({)‘ - Ifllc (0(2) — V(a)) (%=(%) ))'

| K[y (# — k) (%R (5)—¢) wh(%) -
Replacing # by a
_ w((9%2(%)-7))
g (o) < £l (o) ~o(a)C
kI (»— k) (93(2) —¢) wH
=0.
To prove, the second part, we have
w. 8(b) — v (2N (F)-2))
r—z,’kjb",kﬁf({)’ < Il (v(b) m()z))—f .
kI (# — k) (m(%)—f) wHE
Replacing Z by b
w, 3 (b) — 0 (b)) (R(E)-7))
f_fkjb,ff({)‘ < HfH(C ( ( ) ;()2)71//
kI (» — k) (%(%)—f) wHE
=0.

Lemma 6 Let R (») >0, 72 = [R(»)] + 1, and 7 T;"? € Cla, b] (”Z’JI‘}Q”’,(19 € (C[a,b]). We have

7 W, 0
to, " fla)=0
and
7,W, %
oL f(b)=0.

Proof. We have
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ED,’:’W’ﬂ £(2) ’ < 17T £l (0(2) -9 aQV(VETD‘(Z))
kT (mk—7) |( s (2) A
k
Replacing 7 by a
S sy | < 7" flle (91a) ~ D(a))"" (5
- kI (rr2k—7) ‘(m {)%(r)) w—R(%)
RAav3
=0.
For the second part, we have
72 mW, O )
Cori s )| < [ (9(b) = (1)) E)
p ka (mk—?”) ‘( fﬁ(’”)) Wm—fﬁ(?)
Tk
Replacing Z by b
mW, 8 I
Cor s < |51, (9(b) — ® b)m(f) %(7))
) ka (mk—?‘) ‘( —9{(5)) w7 A%
k
=0.

O
Theorem 7 Let R(») > 0, R(»*) <0, 7 —1 <R(») <7z and 7 — 1 <R(»*) <m, [ € CYyh, lab],

(fE (Cv’fg’;k[a,b]) We have

7,W, 1% 7% W, (7477) W, 8
bl (8o o)) <80l st 51)
and
7, W, 75 W, % (74+7"), W, 0
Lo (Eob’k f(i‘)) =Lo,, f(2). (52)
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Proof. Consider

“DZM<DZ W”f(f))

mk—» __ 1

- kl—‘k(mk—y)]ld"k(nk_#*) /; /av ((19(5)—19(0))Wv—v(19(v) —@(a))w> :

(ww)—0<a>>W—<ﬂ<g>—ﬁ<a>>W)"kk’*‘ ETUF() D(e)de T o (v)dv
(9(6)—v@)™ (9(v)~ (@)

_ 1 e
- ka(mk—#)ka(nk—f W’”*kJr”f***2 / / (19(‘/)719(@) )

ety f T f() O'(6)dg T ¥'(v)dv
(8(g)=v(@)' ™" ((v) =)™

< ((B(v) = 0(a)" = (¥(g) —0(a)") *

Substituting

w(B(v) —8(a))" ' ¥ (v)dv
C(0(2) = 8(a)" — (3(5) — ¥(a)"”

and
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m+ﬂT W19 (g) 1_9/( )dg 1 /1 ”’kk*"_l #_1
(0(c)—V(a))' ™" X(z/ (1=y) y dy).

By using k-Beta function, we get

ol (S0 ™ sie))

_ ! [ (w(f) —9(@)" — (3(6) - ﬂ(a»W) S gm0 () 9 (6)dg
Gy —— w (9(g)—B(a))' ™"

:Zlkﬁ’ﬂk*f‘f?‘*j:”ﬂ (ZL+,ZT](W719 f({));

this completes the proof of the first part.

To prove Eth (EDZkWﬁf( )) ED Hf Wﬂf(i‘).Aswe know that
Y N o V "((0(b)—19(z‘))w—(z9(b)—ﬁ(G))W>Mkky LY £() O (6)dg
0 FO= ik . _ s

Therefore, we have

mk—7 |

_ 1 bt ((B(b) = ()" = (®(b) —d()"
kL (72k—2 )k i (r2k—#") /{ /v ( w )

((@(b)—ﬁ(v))w—w(b)—ﬁ(g)wyk’*—lX( DT £(6) 9/ (5)dg (1) Ty o' (v)dv
(B(b)—(g)) " (B(b)—v(v))' "

mk—7
mher

1 b b W B w
R T PR e ——— L /g ((ﬁ(b)—ﬁ(z)) (0(b) ﬂ(v))>

B (1) T £(6) ¥ (9)ds (—1) T 9 (v)dy
(B(h)—0(5)" " (B(b)—v(v)' ™

y ((ﬂ(b)ﬂ(v»ww(b) ﬂ<g>>W>

Substituting
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w(d(b) — (V)" ¥ (v)dv
—(B8(b) - 0(£))" — (8(a) - 0(¢))"

and

in above integral, we get

7,W, 0 7* w9

CDb,k <E53b,k f(f))

1 b W_ _ w
e / ((mb)—a(z)) () z‘}(g))>

(—1)7te Y f(g) 0/(g)dg 1
/0 (1-y)

X
(B(b)—0(c)) "

- I b ((BB) =)~ (3(b) =B\ T
N ka(mk—#)Fk(nk—#*))/g < )

()7 () S 1 it
(3() —(g)) " th =)

By using k-Beta function, we get

_ ! [ (- 9()" = (B(b) =)™\ !
k[ (mk+ 7k —»—2*) Jy w
(=pmt Tl £ (o) ¥ (g)dg
(B(b)—0(c))" ™"
kA rk—r—p* W0 m+n m+nmW,0
= ek Tk ((—1) et T\I’;v,k f(i‘)),
which completes the proof of the second part of Theorem. O
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5. Discussion

Figures 1 and 2 present the left-handed (HD) visualizations of equation (30) corresponding to different values of
k, and different fractional orders. Figures 3 and 4 present the right-handed (HD) visualizations of equation (31) for
different values of k, and different fractional orders. Figures 5 and 6 present the left-handed (HD) visualizations of
equation (32) corresponding to different values of k, and different fractional orders. Figures 7 and 8 present the left-handed
(HD) visualizations of equation (33) for different values of k, and different fractional orders. In both the left-handed and
right-handed cases, the behavior is the same. When the value of & is large, the result becomes very small, almost zero.
When the value of k is small, the graph changes smoothly and steadily. Also, when the fractional order is small, the output
stays near zero. But when we increase the fractional order, the output starts to go down.

6. Conclusion

In this work, distinct fractional derivatives and integrals that were generated by an iterative procedure using
conformable integrals with respect to another function are presented and analyzed. We were able to generate both
left and right fractional (k, ¥)-conformable derivatives and infer both left and right fractional (k, 9 )-conformable integrals
based on the Riemann-Liouville and Caputo definitions. Rigorous mathematical analysis indicates that the features shown
by these fractional operators are consistent with those of their classical counterparts. In an effort to clarify the connection
between these unique fractional differential operators, we also suggested fractional derivatives for functions inside certain
spaces.

We believe that these new fractional operators could provide new perspectives on optimum control problems, fractional
variational problems, and complex system modeling. One major advantage of these operators is their dependence on two
factors, including the (k, ¥)-conformable operator parameter that improves the detection of memory effects. Overall, this
work lays the groundwork for future research into these generalized fractional operators and how they could be used to
comprehend complicated system dynamics.
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