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1. Introduction

Convexity theory constitutes a critical framework across diverse areas such as optimization, economics, finance, and
approximation theory. Recent advances in error estimation for quadrature formulas and the construction of generalized
integral inequalities reflect the continued interest in and applicability of convexity-based methods (see [1-12]).

Over recent decades, considerable effort has been devoted to generalizing the classical notion of convexity. Among
these developments convex functions introduced by Hanson [13] represent a significant class of generalized convex
functions. Their foundational properties and applications have been extensively studied by Noor [14, 15], Pini [16], Yang
and Li [17], particularly in the contexts of optimization, variational inequalities, and equilibrium problems.

Recall that function ¢ is considered preinvex, if

¢ (x+vn (,x) < (1=v)o(x) +ve(y) (1)

is true for every x,y € K and all v € [0, 1], where K is the invex set (see [18]) and satisfies x+vn (y,x) € K forall x,y € K.
We note that if we take 1 (y,x) =y —x, (1.1) recapture the classical convexity i.e. @ (vx+(1—v)y) <ve(x)+

(1=v)(y).
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Yan and Liu [19] introduced a novel class of generalized convex functions called strong preinvex function

¢ (x+v1 (3.0) < (1=v) @ () +vo(y) —cv(1 =) 1 (3x)

holds for all x,y € K and all v € [0, 1].

In recent years, scientists have become more interested in fractional calculus. It has been successfully incorporated
and used in many technological and scientific fields (see [20-27]). Its main strength is its ability to describe the memory
and genetic properties of different materials and processes, which has piqued the curiosity of researchers from a wide range
of domains.

In recent years, many researchers have shown increasing interest in the emerging field of fractional calculus, particularly
due to its ability to characterize the memory and hereditary properties of various materials and processes. The development
of accurate numerical schemes for fractional differential equations has been strongly motivated by this capability. In
particular, the Finite Difference Method (FDM) and the 3-fractional FDM enable accurate discretization of nonlocal
operators. Furthermore, spline-based techniques, such as the Rational Non-Polynomial Spline Method, the Fractional
Non-Polynomial Spline Method, and the Logarithmic Non-Polynomial Spline Method, enhance accuracy by combining
polynomial and non-polynomial basis functions tailored to the behavior of fractional models. Among these approaches, the
Hyperbolic Non-Polynomial Spline Method provides improved stability and flexibility when approximating solutions with
boundary layers or sharp gradients.

However, the literature concerning fractional integral inequalities is rich and varied, and several generalizations,
extensions, and variants can easily be found (see [28—41]).

It is worth recalling the definition of right and left Riemann-Liouville fractional integrals of order &« > 0, which are
defined as follows:

o _ o1
I;Lr(p(x) ) x=v)""o(v)dv, x>,
M
1
« _ ol
I)Lz,(p(x) =T a)/(v )" e(v)dv, Ay > x,

oo

respectively, where T'(at) = [e™*v*~'dy, is the gamma function with ¢ € L'[A1,42] and I, @(x) = I ¢ (x) = ¢(x) (see
1 2

0
[42]).
Corrected dual Euler-Simpson is the quadrature that follows (see [43]).

- A —N 30+ A M+A A +34;
[rman= 2 (s0 () —o (B ) reo (572)).

Lakhdari et al. [44] gave some corrected dual Simpson type inequalities for functions whose local fractional derivatives

are generalized convex, among the obtained results we have

o () o (B12) e (2) 8 (o)
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Recently, Munir et al. [45], established some corrected dual Simpson type inequalities for functions whose derivatives
are s-convex via Caputo—Fabrizio fractional integral operators, among the obtained results we have

i g 3M+A B M+ 43 A +34;
A ?{ ?{ 3

s [ re) ok (o) W]+ 25 o)

- =AM AT 1T 15X 22T 4 15 x 2372 — 43 x 31T 4 (—1 4319 5
X
— 240 (s+1)(s+2)

(J¢' (A)]+ 0" (R)]).

In this study, we propose to study the corrected dual Euler-Simpson type inequalities in the class of strongly preinvex
functions, which allows us to establish error bounds for both convex and nonconvex functions. It also allows for better
error control by manipulating the constant c¢. To do this, we first establish a new fractional integral identity. By using this
identity we derive some corrected dual Euler-Simpson type inequalities for functions whose first derivatives are strongly
preinvex. Particularly cases are discussed. Applications are provided.

2. Main results

In what follows, we assume that 1 (A,4;) > 0 where 11 : K X K — R is a bifunction and we set K =
A1, M +1 (A2, A1)
Lemma 1 Let ¢ : K — R be a differentiable function on K°, and ¢’ € L! (K), then the following equality holds

47 A2, A 2A A, A 42 +31(A,4
8(P< 1+TIA£ 25 1)>_¢( 1+712( 2, ‘))+8(p< 1+ Z(z 1)) _40’7]1—‘(06—%1)
15 (n(A2,41))*

B ALVIWIN )

1
A, A 1-—
:77(126 1) /(l_va)(p/ (ll‘i‘ 4vn(12,)q)>dv
0

N / ((1—#"—12) o (mﬁ"n(wl)) v
0
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1
17 o\ 3—v
"1‘{(15 % )(P <11+4 n(ﬁ,z,ll))dv

where
42 +1n (A1, 4) 40 +1(A,42)
5 hnn) =1, 0 (Y s (7
2
4/11 +3T](2,1,)Lz) 42,1 +3T](},1,)~2)
a o
“(uﬁnzuz,xl))*"’ <4 oanoaany P\ — 4 )
Proof. Let

! 1

I = /(1 —Va) (p’ <)~1 + ;Vn ()‘2,11)> dv,
0
! 17 2

o oo / «—V

B[ (003 ) 0 (0t 2 n Gat) ) s
0
! 17 3

—v

I% = / (15 — V(X> (Pl (/’L] =+ TT[ (/12,7(«])) dV,

0
and

1
3
I4:/(va—])(p/ ()Ll—FIVT]()Q,ll)) dv.
0

Integrating by parts I, we get

= (1 1=v
= n(lz,ll)(l V><P(7Ll+ 2 n(lz,kl))dv

Volume 7 Issue 3]2026| 3481 Contemporary Mathematics



C

1

4a a—1 1—v
_77(/12711)/‘} 90()»1-5-477()*2711)) dv

0

1

4o ol 2
_n(lz,ll){‘) (P<M+ 1 n(lz’ll))dv

_ 4 (p<4ll—|—n(127ll)>
n(A2,A1) 4

! (,,<4M+n<zz,xl>>

n(A2,41) 4
4/11“74 2:M) |
4o+ g 41 +n (A, A o
( }L 2' Ot+] / ( 1 n : l) I/t) (p(u)du
77 25 1 4
_ 4 <4/11+n(/12,/11)> 4 (o 4-1) <4/11+17(/11,/12)> )
n(12’211> 4 ( (2{ l ))(X+1 A’l>+ 47 .
Similarly, we get
3 4 o 17 2— =
b= (5o (e B )|
b 2
_t% [ et v
_n()LZ,/’Ll)Z(l V) (P<A’1+ 4 77(%@1)) dv
_ 68 4 +n M, M)\ 8 241 +1 (A2, A1)
151 (A2, 41) 4 151 (A2, A1) 2
2)Ll+112(22 ll |
qotly / ( 411 +n(7tl,;\,2))a
_ _— =/ o (u)du
a2 o+l 4
(n(A2,44)) M1 (2p.4)
—a
_ 68 0 4;{1-1-17(},2,11) B 8 0 211—}—7](}{2,&1)
151] (12,2,1) 4 157] (12,},1) 2
4a+11—~(a+1 1a 42 +1n(ALA) 3)
n(A2,A1)) (2}“1*’7 Y.h) > 4 ’
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1
4a a1 3—v
_71(7%/11){‘/ (9(114-47](12711))611/

_ 8 22,14-1](&2,11) n 68 421 +3n (2,2,)&1)
15n(AL M) 2 151 (A2, A1) 4
30 )
o+1 a—1
_4; )Laoﬁ—l / <4M+3Z(M’ll) u) o (u)du
CIEREID A
_ 8 20+ 1 (A, A) " 68 421431 (2.2,),1)
T T ) 2 151 G, A ¢ 4
4‘”11“(05—1-1 2 40 +3T](ﬂ,1,)~2)
n(A2,41)) <Ml+’7 M) ) 4 ’ @)
and
4 3+v =1
L= ———— (-1 M+ A2, A )
= oo (ne )|
1 3+
a—1 v
lz,ll 4\’ ¢ (M +m (MJM)) dv
B 4 0 (4&1 +317(7Lz,11))
N (A2, 41) 4
A A2,A1)
40+ o et 47Ll —|—31‘[ (2,27)4) ol
_( o) a+1 u—f o (u)du
M) 1430 (%4)
Y
4 421 +31 (A2, A1) _ 4““1"(06—&— 1) Iz 421 +31n (A1, A) )
71(12,/11)(p 4 (n(lz,/ll))a“ (Mi+n(A2,4))" 4 ‘
Adding (2)—(5), and then multiplying the resulting equality by ( M) , we get the desired result. O

Theorem 1 Let ¢ be as in Lemma 1. If |¢'] is strongly preinvex, then we have
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15 (A2, 41))”

ja ()Ll 5127 (p)

2
8 16<3ff>’?&)+2> (m L2 (9! )|+ (141 (2. 2) )

42 +31n (A2, A
—I—(p’( 1+ Z( 2, 1))‘)

221 +1 (A2, A 1310 4 6960 +901 o + 66
"’l< : nz(2 1))‘ 2880 (0 + 3) C'"(’IZ’MZ)'

502+ 120+ 1
e

(AA 1 (A, )
¢ 4

N 1702 +31la+4
20

Proof. From Lemma 1, modulus and strongly preinvexity of |¢’|, we have

15 (n (A2, A1))*

fa (117127()0)

dv

1—
¢ (zl+4vn(az,xl))

1
0

dv

2 —
¢ (zl+4vn<az,xl>)

dv

3 —
o (zl+4”n(az,xl>)

dv)

1
N (A2,41) / o 3+v, , 1—v
S 0(1 VOl [+ e

3+
¢ (al+ 4Vn<xz,al))

+ ](1 —v%)
0

4

,<4M+n(/12,7tl)>‘

+C(1_V2)5<63m|n(127/11)|2> dv
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1
v/
0

2—vy
4

17\ /14v],
(15_V)<4 ¢

(p,<4/11+311(lz,7tl))‘+ (1+vz)5(6 )|n(7tz,ll)|) ’

(3-0-r) (2l

24 . A 4 —
(p'( 1+n2( 2, 1))‘+

<4M+n4(/12,11)>‘

(A2, A1)] ) v

256

1
o/
0

3—v
4

+/1<1—v“>(14” o
0

(2/11 +n2(7tz,7u))‘

4

<4M+377(/12,7tl)>‘

£ 20 m (a2 4P 1, 2002 ) ) )

(A + @' (A +7 (A2,41))])

¢ ()

224 +1 (A2, A1) 13103 + 69602 + 901X + 66
2 2880 (ot +3)

_ 7‘[(12,)»1) 7o + 130
16(a+1)(a+2)< s (e

502+ 1200+ 1
e o

42,1 +n (12,2,1)
(),

N 1702 +31a+4|
20 P

c|n<xz,m2),

where we have used the facts that

1

1
g 3 1 g
/(l—v“) :vdvzz/ (3+v—3v* 3" ) dy

0

702 +13a

" 8(a+1)(at2)’ ©
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= = (7

= —/(372v7v273va+2v0‘+1+v’x+2) dv
0

507 +300% + 430

768 (a+1) (a+2) (o +3)’

@®)

1
1 17 17 a | o+l
= 4{(5 15v 3+ dv

1704390 +4
- 24 (a+1)(a+2)’

)

170 +3la+4
C40(a+1)(a+2)’

(10)

and

/:). (g - —v)“> 42_5g2dv - ] (g —v“) G-y +V2>5(63 gy
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1
1 /17 34 17,
= - v _3 a_2a+l o+2 d
256{<5+15V A ’

18707 + 94202 + 115700+ 132
O 11520(a+ 1) (o +2) (@ +3)

(11)

The proof is completed. O

Corollary 1 If we take o = 1 in Theorem 1, we get

Bp (IR ) g (Pl ) 1 g (b)) e (u)d
_ ujau
5 1 (o hr) Y
A
Mo 24 +1 (A2, A
< 1hah) (zs(|<p/<m!+\<p’<al+n<xz7zl>>|>+26 4 (1172(“))‘
40 +1 (A, A 421 +3n (A2, A 299
e 0[or (FEnled) | (Bl () 29 g 50

Corollary 2 If we choose 1 (A2,A1) = A, — A; in Theorem 1, we get

1 34+ A AL+ M +30 405711—‘(064—1) o
(2o () a2 D

A — A 2 / /
= 16(a4i1)(;c+2) <7a lea ([0" (0] +]¢" (22)])

(3t A (A +34
<p< )| (T

(M AF A 1310 + 696> +901 o 4 66
P\ 2880 (. +3)

5a2+12a+1(
+

17a?+3la+4
N + +
20

c(Ar— 11)2> ,
where

. o 3A +A2) o 341 +A2)
I (ll,/lz,w)—l(,ll)+¢(4 “(@)*‘p 4

M +3A, M +34
“?W*“’( ) it e (F2).
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Corollary 3 In Corollary 2, if we use the strongly convexity of |@'|, we get

1 3211+)~2 A«l—‘r)uz ),1_}32(2 4(171F(a+1) "
’15(8(p< 4 )—(p< 2 )+8(p< 4 ))‘W/ (A1, 22, 9)

A=A
T 1920(a+1) (a+2) (

2560 + 5280 +32) (|@' (M1)] + ]9’ (A2)])

B 138103 + 711602 +9251 0ot +906
24 (a+3)

C(}Lz — )q )2) .
Corollary 4 In Corollary 1, if we make ¢ tend towards 0, we get

8¢ (W) _¢(w>+g(p (W) { A+ (A1)

15 TN ¢ (u)du

< Nk, )
- 960 2

Moreover, if we choose 1 (A2,41) = A, — Ay, we get

7%
1 3M+ A M+A M +31 1
5 (10 (7)o (P57 o (572) ) - [t
1
/ / / A+
o (2509 Gl +lo ) 26 (B2

ol (52 ()0 @

Corollary 5 Using the convexity of |@’|, inequality (4) becomes

)
1 30+ A M+A M +34 1
i (b0 (572 o (57 e (2572 ) - [ oo
1

<25(|<p’(ll)!+\<p’(7tl+n(lz7/h))|)+26 ¢

,(2/11+n(lz,kl))‘

,<4kl+n4(/12,7u)>‘+

< L -
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(=)

_T(Vp/(ll”‘*“q’/(b)”- (14)

Remark 1 The result of Corollary 5 can be obtained by Theorem 5 from [16], by letting o« — 1 and using the
convexity of |/|. Also it represent a refinement of Corollary 2.1 from [25], when o = 1.
Theorem 2 Let ¢ be as in Lemma 1. If |¢’|? is strongly preinvex function where g > 1 with 5 + % =1, then we have

41 A, A 2A Ay, A 401 +31 (A,
8(p( 1+77‘§2 1))—(P( 1+T72(2 1))+8(p( 1+ 2(2 1)) 40— IF(OC—I—I)
15 (n(22,11))"

< N, h) ((B(éul’ﬂ‘l));
- 16 o
x ((;wl)m; o (B BRI L )

4
1|, (44 +30 (A2, Ay) g
q
+ ( o' (1?‘2’1” |‘P (M +1 (A, A)) |q+768|77(/12,7tl)| > >

fa (117127()0)

1

l

2Fl paaaf‘i’l:%;)
o

+

3
+ =

411 +n (}Lz,)L])>
2

2h 41 (da M)\ [, 11
A o (PR L 2 2R

_|_

()
(Gl
(

1
% 211%—7](/12,1]) § ' 47L]—|-3T](12,11) 7 1lc q
o (BB R (Gt B 2 e ) ) ).

where B and , F; are beta and hypergeometric function, respectively.

Proof. From Lemma 1, modulus, Holder’s inequality and strongly preinvexity of |¢@’|?, we have

41 A, A 2A A, A 401 +31n (A,
8‘P< 1+774§2 1))_(p( 1+112(2 1J)—|—8(p( 1+ Z(z 1)) 40— IF(OH—I)
15 (N (A2, M1))"
1

1
1 P 1 q q
S 12711 (/ l_V pdV) (/ (p/ dv)
0 0
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(mﬁn(ﬂu,xl))




RS1E
~/

+ (1—v*)Pdv

[Jo-rre)
_na ) <<B<;m+1>>f’ ( /
- 16 a |

(A1 (A, M) |
¢ 4

1 3+ 1 %
[lo (zl +4vn<zz,xl)) dv)
0

3+
( 4v|‘Pl(ll)|q

1

+C(1—V2)5(63+V)n(3,2,/11)|2> dv>q

1—v
4

1

17
T E p2Fl (7177%’%4»1’%) r / 2+V ’
5 a 4 ¢

2—v
4

<4}1,1 +T‘[()L2,ll)) 4
4

1
, 2%«1-1-77(127)“1) g 4— q
o (2L + A P
1
( <1+v
|/
0

n C(3‘V2)5(61+V)|n@2,/11)|2) dv>q>

1

+<B(é,§+1)>" (Z<l4v o

3+v"P (M +n (A2, 4)|"+ 3+V)()|n(lz,/11)|) )q>

Jr3—v
4

(211 +n (lz,)q)) q
2

, <4}L1 —|-3T] ()»2,11)) a
4

(411 +3T] (ﬁ,z,)bl)) g
4

256
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- n(d,A) ((B(éulﬂ'l));
16 a
x <(;|(p’(l1)|q+é o

1
1 40 +3n (A, M)\ |* | 7 a
+ (o (PR L Lo Ga ) [+ g In(a 2P )

1

ﬁln(lz,/h)l )

(4)4 +n (2@11)) ’q
4

8 4 768

1

15
+ 2Fl paaa+l’l7)>

o

4 2 768

< 4%%(127;“)) 3 ¢,(%+’7M)‘q+1l"|n(xz,zl)| )1
“(

1
g 211%—7’[ (A2, A1) é (44 431 (A2, A1) gl & q
o (BB R (Gt B 2 e ) ) ).

which is the requested result. The proof is completed. O

Corollary 6 In Theorem 2, if we take a = 1, we obtain

8¢ (W) - (M) + 8¢ (W) | A+n(A2,A) ]
15 () ? () du
A
(A2, M) 1| (4h 40 (A, M) 1
q
fW((! ol g o (B S o,
16(p+1)7
4201 +31 (A2, M) 7 1
1 71 2,1
+<8 ( )‘ 8|‘P’<M+’7<12»M>>!"+m|n<xz,m)
1720t INT (5 (AR (o, ) [
o 15pHL 3 o' n
31 (20 +n (R, M)\ |* 11 :
! 17N, c 2\ 4
T3l (2>’ +ﬁ| n(A2, A1) )
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1
3, /24 +1n (A, ) 5 (44 431 (A2, A1) 7 1lc X

Corollary 7 In Corollary 6, if we take 11 (A2,A1) = Ay — A1, we obtain

)
1 3M+A M+A M +31 1
s (0 () o (M) oo (M ))‘Mﬁ(“)d“
1

1
3Sm+M\|?, 5 a
o) )

= ((7 1
e mped (OIS
16(p+1)r

(1
8
1
17p+1_2p+1 7
()
o é (3 + A
8P\ 4
3],/ M+ A q
“ (5l (*57)

Moreover, if we tend ¢ towards 0, we find

%)
1 30+ A M+ M +31, 1 i
() o252 o (52)) 1y oo
1

q 1 q i
rama [ (710G +e (2E2) [\ (o (22)] 1710 ()7 !
< T +
16(p+1)7 8 8

1
5 g
o )]+ 2 (a1

M+30\]1 7
/ —
o (252 51

i
4 q

", e
768

/ 2,14—}\,2
P\
M+30N\]7 11 i
(M 2 e 5 02\?
(P< 1 )‘ +768(12 l])) ))

+ % (A —M )2>

>
8

==

(e <))
8

17p+] _ 2p+]
()
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5t ()l 4ol (W)q);

Theorem 3 Let ¢ be as in Lemma 1. If |@'| is strongly preinvex function where g > 1, then we have

40 Ay, A 24 A2, 4A1+31(A,A
s (PT) o () (S iy
15 (A2, A1))" b

N (A2, 41) a \'a 702 + 13 )
= 1261<(a+1> ((8(a+1)(a+2)|"’(’l‘)|q

1
o’ +30 (A A1 (A, AN [T e (50 3002 +430) [ (A2, A1)\
8(a+1)(a+2) 4 768 (a+ 1) (0 +2) (ot +3)
o +3a o (42 430 (A2, A1) | |7 7% + 130 ) .
(8(a+1)(a+2) ¢ ( 4 8(at+1)(at2) 0" (M +1 (A2, 4))]

¢ (503 43002 +43a) (A2, A1) 7
768 (a+1) (ot +2)(a+3)

q

<17a+2 =0 /(17024390 +4
)

ere /(4)»1-5-7?(127)»1))
15(a+1 24(o+1) (0t +2)

4

1

9 (18703 +9420% + 115700 +132) (A2, A1) > | /
11520 (a+ 1) (a+2) (a+3)

1702 +31a+4
40(o+1) (x+2)

/<2/11+77(/12,7L1))
2

7 17a*4390+4 q

24(a+1) (0 +2)

17024+ 31a+4
40(a+1)(a+2)

, <4l] —|-3T' (12,1,1))
4

,(2&14—11(12,11))
2

1
¢ (18703 +94202 + 1157a +132) [n (A2, A1)\ /
11520 (o +1) (¢ +2) (. +3) '

Proof. From Lemma 1, modulus, power mean inequality and strongly preinvexity of |¢’|, we have

g (i) g (AL g (Hiihl) STt o (a0, 0)
— 1,742,

15 (n(A2,M))*
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3+v

1
L—v| , (44 +1n A A)\ [T (1—=v)(3+v) 5 q
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where we have used (6)—(11). The proof is completed. O

Corollary 8 In Theorem 3, if we take @ = 1, we obtain

8(p (411‘1’1];2,2,2,1)) —¢ <211+T]2(2,2,1,1)) +8(p (411‘#37‘]‘(},2,},1)) 405*11"((1_;'_ 1)
15 (A2, A1))*

ja (z'17)’27(p)

Volume 7 Issue 3]2026| 3495 Contemporary Mathematics



1

q+13cn<xz7m|2>q

00 (500wl
= 619 M)l"+ ¢l 4 1536

L4041 (A, A1)
32

1
L) (44 +3n (2, 4)\|* 5, ¢, BBeln(a, M)

1

q+403c|n(zz,zl)2>q

q+9
38 29184

4 2

/<4/11+n()~2,11)) (P/<2/11+77(/12,)»1)>

L2
51| 138]?

1
13 , 22,14-7](12,11) 4 25 , 411—&-37] ()Lz,ll) g 403C|Tl(12,11)‘2 7
+ (38 ¢ < 2 T 4 + 29184 '

Moreover, if we choose 1 (A2,41) = A, — A; and we tend ¢ towards 0, we find

X
1 3M+ A M+ AM+32 1
o (272) (55 (252 . o
1

q 1 q ll
domin [ (5100l +|of (Z2) [\ (o (22| +sle a)” ) !
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(e o
15 38

, (13 o () nlo () )

3. Applications

Let & be the partition of the points A} < A +11 (A2, A1) < A1 +561 (A, A1) < ... <t = A1 +1 (A2, 41) of the
interval [A1, A1 +1 (A2, A1)] with0 =19 < #; <1 < ... <t = 1, and consider the quadrature formula

M+n(22,41)

¢ (u)ydu=Q(@,2)+6 (9, 7),
M
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where

180 (A + 870 (2, 20) ) — 9 (M + 555m (A2, A1) ) + 89 (A + 250 (22, 40) )
15 ’

0(9,2)=

n=0

and the corresponding approximation error is shown by & (¢, Z).
Proposition 1 Letn € N and let @ be as in Lemma 1. If the function |@'| is strongly preinvex, we get
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Proof. Applying Corollary 6 on the subintervals [A; +#,1 (22,A1),A1 + 1,011 (A2,41)] (n=0to (k—1)) of the
partition &, we get

(p(?L +t,+1 ‘n(lz,ll)) ¢<M+Wn(kz,?u))+8(p(/l + t,+1 fzn(lz,ll))
15
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Multiplying the previous inequality by (z,4+1 —,) N (A2, A1), summing the result across n = 0 to (k — 1), then applying
the triangle inequality yields the required inequality. O

Now, we propose some applications to inequalities involving means.

Given arbitrary real numbers 41,4, we have: The arithmetic mean: A (1;,4;) = . The weighted arithmetic
"”1”11712’12. The harmonic mean: H (A1,4;) = ifﬁé The geometric mean: G(41,4) = VA2,

A1, A2 > 0. The logarithmic mean: L (4;,4;) = %, A1, A2 > 0 with A; # A,. The p-logarithmic mean: L, (A1,42) =

M+A
2

mean: A (m,n,A1,A2) =

1p+171p+1 %
(MM) s 11,12 >O,7Ll 752,2 and p ER\{—],O}.

Proposition 2 For 1 < A; < A, with A;,4; € R, we have

84% (31,41, M1 + G (A2, 1)) —A* (A1, A1 + G (A2, A1)
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+ 8A3 (1,3, A1, A1 + G (A2, A1) — 1513 (A1, Ay +G (A2, M)

< 3MVA A

< (54411 +544\/,1112+20112) .

Proof. When applied to the function ¢ (1) = %u3 with 17 (A2,41) = G (A1, A2), the claim is derived from inequality
(12). O
Proposition 3 For 1 < A; < A, with A;,4; € R, we have

16H (301, 2) — 3H (A1, 4) + 16H (A1,35)
3

—15G? (ll,/lz)L71 ()Ll,lz)

_170a—h)

< 3 Gz(ll,lz)Hil(llz,kzz).

Proof. When inequality (14), applied to the function ¢ () = % on {%2, )H , yields the claim. O
4. Conclusion

This paper introduces a new integral identity based on Riemann-Liouville fractional operators. By applying this
identity to functions with strongly preinvex first derivatives, we establish a series of fractional corrected dual Euler-Simpson
inequalities. Specific cases are discussed to illustrate the general framework, and applications to inequalities involving
different types of means are provided. The findings are expected to stimulate continued exploration in fractional analysis
and inequality theory.
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