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Abstract: This manuscript is related to investigating a mathematical model for the evolution of virulence by using Deep
Neural Networks (DNNs) and fractional order derivative with powerlaw kernel. Sufficient conditions are deduced for
the existence and uniqueness of solution to the mentioned model. For the required results, fixed point theory is used.
Also, some conditions related to local and global stability are established. Sensitivity analysis has also studied by using
the direct method for the computed reproductive number. For the numerical analysis, we use the Euler’s numerical tool.
Further, DNNs is used to classify some probabilistic results including Mean Squared Error (MSE), Root Mean Squared
Error (RMSE), and regression coefficient. We use the Levenberg-Marquardt algorithm to simulate the results. Several
graphical illustrations have been given to to demonstrate the evolution process by using different values for fractional
orders. Also, for all compartments, we have elaborated different graphical illustration to highlight the applicability of
DNNs.
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1. Introduction
Mathematical models are the powerful tools to study various real world problems. The idea of mathematical model

was point out by Bernoulli’s in 1776. Later on a formal mathematical model to address the epidemiological problem was
given by Mekendrick and Karmark in 1927. With the help of mathematical models, we can understand the transmission
dynamics of an infectious disease [1]. In the last century, significant contribution has been made by researchers in the
field of mathematical epidemiology. In addition, physical and chemical as well as problems related to cosmology were
investigated by using the concept of modeling. Infectious diseases have had a great impact on human life in history [2]. As
various outbreaks due to viral infection have taken place in which millions of people have died. Some historical examples
include Spanish influenza pandemic, first and second plague pandemic in Europe, Severe Acute Respiratory Syndrome
(SARS), and Coronavirus Disease 2019 (COVID-19) in recent times [3]. Also, malaria has caused hundreds of millions
of deaths throughout human history. For all mentioned diseases researchers have constructed mathematical models and
they were studied comprehensively [4]. In recent times, mathematical models have implemented to addresses various real
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world problems related to cyber security [5]. Turkyilmazoglu [6] studied solution of Susceptible-Infected-Recovered (SIR)
and Susceptible-Exposed-Infected-Recovered (SEIR) type models. Turkyilmazoglu [7] studied an extended mathematical
model with vaccination for weak immune system.

Due to selection of pressure in the environment, microorganism continually evolve. Pathogenic bacteria are
frequently subject to selection pressure from antibiotics and the emergence of antibiotic resistant species poses a significant
health challenge to medical research. Additionally, viruses directly compete with one another to reproduce, which leads to
the evolution of virulence. Here, we investigate the potential evolution of virulence using the SIR endemic illness model.
Consider a population which is initially in equilibrium in the presence of endemic disease due to wild type virus. Let the
under the natural mutation process the virus mutates randomly. Now we want to investigate the conditions under what
conditions the wild type virus be replaced by mutant virus in the population. The mentioned situation was formulated by
Chasnov [8] and deduced how the mutant virus replace the wild type virus to maintain the equilibrium in the population.
Let the original infected rate be β and the natural death rate of virus be µ and disease related death rate is δ . The
corresponding rates for mutant virus can be represented by β ′, µ ′ and δ ′. In addition, let assume that individual infected
due to wild type or mutant virus gains immunity at the same time to both kind of viruses. Chasnov obtained the following
formulation with two types of infections one denoted by I due to wild type virus and other I′ due to mutant virus with one
susceptible class S and the recovered class be R. The model is given by

Ṡ(t) = Λ−dS− (β I +β ′I′)S, S(0)> 0,

İ(t) = βSI − (r+d + c)I, I(0)≥ 0,

İ′(t) = β ′SI′− (r′+d + c′)I′, I′(0)≥ 0,

Ṙ(t) = rI + r′I′−dR, R(0)≥ 0.

(1)

A schematic diagram for model (1) is given in Figure 1.

Figure 1. Schematic diagram of proposed model (1)

Recently, fractional calculus has received much attention from researchers. Because differential operators with
fractional orders have the ability to describe dynamical behaviors of real world process with more comprehensive ways.
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The concerned area has been utilized to investigate various real world applications. For instance, fractional calculus has
been used to study epidemic models of infectious diseases [9] and [10]. The mentioned area has been used to study
physical problems [11]. Also, in rheology and cosmology, fractional order derivatives were used to study related problems
[12] and [13]. In biomedical engineering, the applications of fractional calculus can be easily read [14]. Researchers
have extensively used differential and integral operators for investigating fluid mechanics problems very well [15] and
[16]. Here, it is remarkable that there are numerous definitions for fractional derivatives which have been extensively
used. These operators can be classified on the basis of kernel in two main types including singular and non-singular.
Those differential operators involving power law kernels are considered singular operators like the Reimann-Liouville
and Caputo operator [17]. On the other hand, those involve exponential or Mittag-Leffler kernel are called non singular
differential operators [18]. Each operator has its own merits and demerits. The Liouville Caputo differential operator has
been used by many researchers to investigate various real world problems [19]. Keeping in minds its merits like modeling
real world problems with memory or nonlocal effects more excellently, we use this operator to investigate model (1). The
extended form of model (1) becomes

CDp
t S(t) = Λ−dS− (β I +β ′I′)S, S(0)> 0,

CDp
t I(t)(t) = βSI − (r+d + c)I, I(0)≥ 0,

CDp
t I′(t) = β ′SI′− (r′+d + c′)I′, I′(0)≥ 0,

CDp
t R(t)(t) = rI + r′I′−dR, R(0)≥ 0,

(2)

where p is the fractional order 0 < p ≤ 1 and CDp
t is Liouville-Caputo derivative [20] defined for a function g ∈C[0, T ]

as

CDp
t g(t) =

1
Γ(1− p)

∫ t

0
(t −ω)−pg′(ω)dω.

Also, the Riemann-Liouville integral operator for p > 0 is defined by

Ip
t g(t) =

1
Γ(p)

∫ t

0
(t −ω)p−1g′(ω)dω.

Also, the following relation holds

CDp
t [I

p
t g(t)] = g(t).

Further, one has for 0 < p ≤ 1, that

Ip
t [

CDp
t g(t)] = g(t)−C0,
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where C0 is a real constant. We study the positivity and boundedness of model (2). Also, the existence theory together
with numerical analysis has been investigated by using the Runge-Kutta method of order 4 (RK4). For existence theory
fixed point tools have been utilized.

In recent time, Artificial Intelligence (AI) based tools like Artificial Neural Networks (ANNs) and Deep Neural
Networks (DNNs) have attracted the attention from researchers very well. Here, we note that ANNs are computer
programs designed to mimic biological processes and then train to process information similarly to the human brain.
There are numerous ANN tools available, some of which are well-known, such as Neural Networks (NN) and DNN
tools. The use of the aforementioned AI technologies has been the subject of numerous types of research recently. Here,
we highlighted the work of scholars [21] who have provided comprehensive details on the fundamentals of AI tools.
Auto progressive training of NNs constitutive models has been studied in depth by researchers [22]. Authors [23] have
used DNNs to investigate infectious disease model of COVID-19. However, DNN-based AI models and differential
equation-based epidemic compartmental models have recently studied in many research works, we refer to [24, 25]. For
example, in AI models, the biological pattern is not explained, whereas in compartmental models, parameter estimation
is limited. Nonetheless, AI models are being used more and more as effective instruments for examining epidemic
simulations. Here, we demonstrate that the large scale networks needed for deep learning can now be trained because
to recent advancements in processing power, particularly specialized hardware like Graphics Processing Units (GPUs)
and Tensor Processing Units (TPUs), and the abundance of training data. These developments have made it possible for
DNNs to transition from theoretical models to useful real-world applications. Researchers [26] have used AI tools to
investigate Human Immunodeficiency Virus/Acquired Immunodeficiency Syndrome (HIV/AIDS) disease model. Also,
Uranium decay process and Zika virus disease was studied by using AI based NNs recently in [27] and [28]. DNNs are
consisted on multi hidden layers between input and output layers which learn complex features and pattern from the data
through input and processes for various applications. Also, in simple words, a DNN is a function which take input say x
and process them to produce out put y. We define the processes as follows [29]:

Gu = v, u ∈ Rm, v ∈ Rn,

where m, n are dimensions of input and output respectively. An input u ∈ Rm is feed to DNN which produce output v ∈ Rn.
The process is expressed mathematically as follows:

v = µa(Wu+b), W ∈ Rm×n, b ∈ Rn,

here µa stands for activation function. A DNN with four inputs which processes through multiple hidden layers to create
out put can be diagrammatically described as in Figure 2.

Here, we remark that recently, researchers have used the AI based NNs to investigate various dynamical problems,
we refer few to [30–32]. With the help of DNNs, we investigate the model (2) and classify various results including
Root Mean Squared Error (RMSE), Mean Squared Error (MSE), and regression coefficient etc for all data, validation of
data, test and train data. The mentioned results are displayed graphically by using Matlab 2023 following the Levenberg-
Marquardt algorithm. From the above discussion, we found that DNNs together with fractional derivative have not used
to investigate the mathematical model of evolution of viruses in a community. Because mutation of viruses is a serious
problem during the spread of infectious diseases. For instance during COVID-19, various form of viruses appeared which
caused new wave of infection due to mutation. Therefore, to fill this gap we have conducted this research on evolution of
viruses to understand the procedure which will help researchers in further research on mentioned area.
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Figure 2. Diagram of DNN

2. Fundamental results related to model (2)
Some fundamental results on positivity and boundedness have given in Appendix A. Now, we compute the

equilibrium points. If the population is in equilibrium with both types of viruses, that is I = 0, I′ = 0, then S = Λ
d and

R = 0. Therefore, disease free equilibrium point is E0 =
(Λ

d , 0, 0, 0
)
. Further, let the population is in equilibrium with

wild type of virus, then I = 0, I′ ̸= 0, and

S∗ =
r′+d + c′

β ′ , I
′∗ =

β ′Λ−d(r′+d + c′)
β ′(r′+d + c′)

, R∗ =
r′

d

[
β ′Λ−d(r′+d + c′)

β ′(r′+d + c′)

]
.

On the other hand if population is in equilibrium corresponding to virus I, that is I′ = 0, I ̸= 0, then the corresponding
equilibrium points are given by

S∗ =
r+d + c

β
, I∗ =

βΛ−d(r+d + c)
β (r+d + c)

, R∗ =
r
d

[
βΛ−d(r+d + c)

β (r+d + c)

]
.

To compute the reproductive number (numbers), we proceed as follows.
From third and second equations of model (2), we have

CDp
t I′(t) = β ′SI′− (r′+d + c′)I′.

CDp
t I(t)(t) = βSI − (r+d + c)I. (3)

We see from (3),
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f =

 β ′SI′

βSI

 , v =

 −(r′+d + c′)I′

−(r+d + c)I

 .

The Jacobian matrices of f , v at disease free equilibrium are computed as follows:

F =

 β ′Λ
d 0

0 βΛ
d

 , V−1 =


−1

(r+d+c) 0

0 −1
(r′+d+c′)

 .

Hence, we have

FV−1 =


β ′Λ

d(r+d+c) 0

0 βΛ
d(r′+d+c′)

 .

Therefore, the basic reproductive number is given by

R1, 0 =
β ′Λ

d(r+d + c)
, or R2, 0 =

βΛ
d(r′+d + c′)

.

We do some analysis, by using S = S∗, we have from second equation of model (2)

CDp
t I′(t)(t) =

[
β ′ r+d + c

β
− (r′+d + c′)

]
I.

We see that I′ is increases if β ′ (r+d+c)
β − (r′+d + c′)> 0 that is

β
(r+d + c)

<
β ′

(r′+d + c′)

which shows that endemic viruses will goes to evolve when β ′ > β , and infection will survive more rapidly if r′ < r. Also,
dead ratio will be less if c′ < c. In the same way, if we replace S = S∗ in second equation

CDp
t I′(t) =β ′SI′− (r′+d + c′)I′,

we have β
(r+d+c) >

β ′

(r′+d+c′) . In this case β > β ′, r < r′ and c < c′.
Theorem 1 The disease free equilibrium is locally asymptotically stable if R1, 0 < 1, R2, 0 < 1.
Proof. The Jacobian matrix of model (2) at disease free equilibrium is given by
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JE0 =



−d −βΛ
d

−β ′Λ
d 0

0 βΛ
d − (r+d + c) 0 0

0 0 β ′Λ
d − (r′+d + c′) 0

0 r r′ −d


. (4)

Then, we have

det[JE0 −λ I] = 0, (5)

where I is identity matrix of order 4×4. We get

λ1 =−d, λ2 =
βΛ
d

− (r+d + c), λ3 =
β ′Λ

d
− (r′+d + c′), λ4 =−d.

Since, λ1, λ4 have negative real parts, while from λ2 = (r+d+c)
[

βΛ
d(r+d+c) −1

]
= (r+d+c) [R1, 0 −1] , and λ3 =

(r′+d + c′)
[

β ′Λ
d(r′+d+c′) −1

]
= (r′+d + c′) [R2, 0 −1] , we see that λ2, λ3 have negative real parts if R1, 0 < 1, R2, 0 < 1.

Thus proved.
Sensitivity analysis is an important tool to determine how much the impact be produced by varying the parameters

in the reproductive number. For the computation of sensitivity analysis, three methods are usually used including direct
method [33], the method given by Chitnis et al. [34] by linearizing the model (1) and Latin hypercube sampling technique
[35]. Here, we follow the direct method based on the following formula with respect to the parameters q:

S
Ri, 0
q = q

∂
∂q

log |Ri, 0| , i = 1, 2.

Hence, we have by using the given values for parameters Λ = 0.01456; β ′ = 0.01234; d′ = 0.00000139; r′ =
0.0019; c′ = 0.09.

S
R1, 0
β ′ =β ′ ∂

∂β ′ log
∣∣∣∣ β ′Λ
d(r+d + c)

∣∣∣∣= 1 > 0,

S
R1, 0
Λ =Λ

∂
∂Λ

log
∣∣∣∣ β ′Λ
d(r+d + c)

∣∣∣∣= 1 > 0,

S
R1, 0
d′ =d

∂
∂d

log
∣∣∣∣ β ′Λ
d(r+d + c)

∣∣∣∣= −(2d + r+ c)
r+d + c

=−1.00000136406 < 0,
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S
R1, 0
r′ =r

∂
∂ r

log
∣∣∣∣ β ′Λ
d(r+d + c)

∣∣∣∣= −r
r+d + c

=−0.0186454768 < 0,

S
R1, 0
c′ =c

∂
∂c

log
∣∣∣∣ β ′Λ
d(r+d + c)

∣∣∣∣= −c
r+d + c

=−0.9813408826 < 0.

In the same way, we can find for the other reproductive number by using values of parameters as Λ = 0.01456; β =

0.0533; d = 0.00000139; r = 0.0035; c = 0.1.

S
R2, 0
β =β

∂
∂β

log
∣∣∣∣ βΛ
d(r′+d + c′)

∣∣∣∣= 1 > 0,

S
R2, 0
Λ =Λ

∂
∂Λ

log
∣∣∣∣ β ′Λ
d(r′+d + c′)

∣∣∣∣= 1 > 0,

S
R2, 0
d =d

∂
∂d

log
∣∣∣∣ βΛ
d(r′+d + c′)

∣∣∣∣= −(2d + r′+ c′)
r′+d + c′

=−1.0000148661,

S
R2, 0
r =r′

∂
∂ r′

log
∣∣∣∣ βΛ
d(r′+d + c; )

∣∣∣∣= −r′

r′+d + c′
=−0.0374325986,

S
R2, 0
c =c′

∂
∂c′

log
∣∣∣∣ βΛ
d(r′+d + c′)

∣∣∣∣= −c′

r′+d + c′
=−1.069502817 < 0.

From the sensitivity relation, we see that 100% increase in the values of Λ, β , β ′ will produce 100% increase in
the values of Ri, 0, i = 1, 2. In the same process 100% decrease in the values of d causes 100% decrease in the values
of Ri, 0, i = 1, 2. Also, if we decrease 100% the values of r, r′ which will cause 1% and 3% decrease in the values of
Ri, 0, i = 1, 2. But the 100% decrease in values of c, c′ cause 98% and 100% decrease in the values of Ri, 0, i = 1, 2.
These demonstrate that Λ, β , β ′, c, c′ are the most sensitive parameters.

2.1 Some qualitative results

To establish some qualitative results, let define a Banach spaceX=C[0, T ]×C[0, T ]×C[0, T ]×C[0, T ] with norm

∥ϕ∥= max
t∈[0, T ]

|ϕ(t)| , where ϕ =
(
S, I, I′, R

)
.

In addition, we write the model (2) as follows:


CDp

t ϕ(t) = F (t, ϕ(t)),

ϕ(0) = ϕ0,

(6)
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where

F (t, ϕ(t)) =



Λ−dS− (β I +β ′I′)S

βSI − (r+d + c)I

β ′SI′− (r′+d + c′)I′

rI + r′I′−dR,


,

and ϕ0 = (S0, I0, I′0, R0).
Then system (13) is equivalent to the integral equations given by

ϕ(t) = ϕ0 +
1

Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ(ω))dω. (7)

Further, we state some data dependence results as:
(H1) For constants CF > 0, and DF > 0, we have

|F (t, ϕ(t))| ≤CF |ϕ |+DF .

(H2) For real value LF > 0, and ϕ , ϕ̄ ∈X, one has

∣∣F (t, ϕ(t))−F (t, ϕ̄(t))
∣∣≤ LF

∣∣ϕ − ϕ̄
∣∣ .

Theorem 2 The model (2) has at least one solution under the assumption (H1) and if CF T p

Γ(p+1) < 1. In addition, if the
condition T pLF

Γ(p+1) < 1 holds, then the mentioned model has a unique solution.
Proof. Let us define a closed bounded set Q of X, such that

{ϕ ∈X: ∥ϕ∥ ≤ ρ},

where r ≥
|ϕ0|+

DF T p

Γ(p+1)

1− CF T p

Γ(p+1)

. In addition if P: Q →X is defined by

P(ϕ) =ϕ0 +
1

Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ(ω))dω (8)

SinceF is continuous, therefore, the operatorP is also continuous. Now we show thatP is bounded. Let take ϕ ∈ Q,
and consider
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|P(ϕ)|=
∣∣∣∣ϕ0 +

1
Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ(ω))dω

∣∣∣∣
≤|ϕ0|+

1
Γ(p)

∫ t

0
(t −ω)p−1|F (ω, ϕ(ω))dω|

≤|ϕ0|+
1

Γ(p)

∫ t

0
(t −ω)p−1[CF |ϕ(ω)|+DF ]dω

≤|ϕ0|+
[CF ρ +DF ]

Γ(p)

∫ t

0
(t −ω)p−1dω

=|ϕ0|+
[CF ρ +DF ]T p

Γ(p+1)

≤ρ,

which shows that |P(ϕ)| ≤ ρ . Hence P is bounded also continuous so is uniformly continuous. Therefore, ∥P(ϕ)∥ ≤ ρ
implies that P maps bounded set to bounded. Next we prove that P is equi-continuous. Let t < τ , and consider

|P(ϕ)(τ)−P(ϕ)(t)|=
∣∣∣∣ 1
Γ(p)

∫ τ

0
(τ −ω)p−1F (ω, ϕ(ω))dω − 1

Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ(ω))dω

∣∣∣∣
≤ 1

Γ(p)

∫ t

0
[(τ −ω)p−1 − (t −ω)p−1]|F (ω, ϕ(ω))|dω +

1
Γ(p)

∫ τ

t
(τ −ω)p−1|F (ω, ϕ(ω))|dω

≤ 1
Γ(p)

(CF ρ +DF )

[∫ t

0
[(τ −ω)p−1 − (t −ω)p−1]dω +

∫ τ

t
(τ −ω)p−1dω

]

=
(CF ρ +DF )

Γ(p+1)
[τ p − t p]dω. (9)

The right side of (9) becomes zero at t → τ . Hence left side is also becomes zero at t → τ . Since P is uniformly
continuous, therefore at t → τ , we get

∥P(ϕ)(τ)−P(ϕ)(t)∥→ 0

which demonstrate that P is equi-continuous. Hence P is completely continuous. In view of Schauder’s fixed theorem
[36], the model (2) has at least one solution. Further, let ϕ , ϕ̄ ∈X, taking
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∥P(ϕ)−P(ϕ̄)∥= max
t∈[0, T ]

∣∣∣∣ 1
Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ(ω))dω − 1

Γ(p)

∫ t

0
(t −ω)p−1F (ω, ϕ̄(ω))dω

∣∣∣∣
≤ max

t∈[0, T ]

1
Γ(p)

∫ t

0
(t −ω)p−1 ∣∣F (ω, ϕ(ω))−F (ω, ϕ̄(ω))

∣∣dω

≤ T pLF

Γ(p+1)

∥∥ϕ − ϕ̄
∥∥ ,

which shows that P is a contraction operator and hence model (2) has a unique solution.
Researchers have extensively established the Lyapunov stability theory for fractional derivatives. For these purposes,

they have extended the classical stability theory to systems described by fractional differential equations. Numerous
theoretical results have been established on the mentioned topic. Here, we follow the results deduced by authors [37] to
construct some results for the proposed model.

Theorem 3 The disease free equilibrium is globally asymptotically stable of model (2) if Λ < dN + cI + c′I′.
Proof. Consider a Lyapunov function described by

Ψ(t, S, I, I′, R) =a1(S−S0)+a2(I − I0)+a3(I′− I′0)+a4(R−R0), (10)

where ai, i= 1, 2, 3, 4 are real values to be determined later. We follow [37] to conduct stability result. Applying derivative
to (10), we have

CDp
t Ψ(t, S, I, I′, R) =a1

CDp
t S(t)+a2

CDp
t I(t)+a3

CDp
t I′(t)+a4

CDp
t R(t)

=a1[Λ−dS− (βSI +β ′SI′)]+a2[βSI − (r+d + c)I]

+a3[β ′SI′− (r′+d + c′)I′]+a4[rI + r′I′−dR]. (11)

Setting ai = 1, ∀ i = 1, 2, 3, 4, we have from (11)

CDp
t Ψ(t, S, I, I′, R) =Λ−dN − cI − c′I′ < 0.

HenceCDp
t Ψ(t, S, I, I′,R)< 0, whileΨ(t, ., ., ., .)≥ 0. ThusΨ is negative definite. Thus the disease free equilibrium

is globally asymptotically stable.

3. Numerical interpretation
Here, we deduce the numerical scheme for the concerned model. We write the model (2) as bellow:
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CDp
t S(t) = Λ−dS− (β I +β ′I′)S = F1(t, S, I, I′, R),

CDp
t I(t) = βSI − (r+d + c)I = F2(t, S, I, I′, R),

CDp
t I′(t) = β ′SI′− (r′+d + c′)I′ = F3(t, S, I, I′, R),

CDp
t R(t) = rI + r′I′−dR = F4(t, S, I, I′, R).

(12)

We divide the interval of solution [0, T ] in to m sub interval [t j, t j+1] with uniform width of h = T−0
m , j =

0, 1, 2, ..., m− 1, and t j = jh. Let S(t), I(t), I′(t), R(t), CDp
t S(t), CDp

t I(t), CDp
t I′(t), CDp

t R(t) are continuous, then
using t0 = 0 and apply Taylor formula to the considered model in the form of (13) by ignoring higher power of h that is
h2p, etc, we get [38]

S(t j+1) = S(t j)+
hp

Γ(p+1)
F1(t j, S(t j), I(t j), I′(t j), R(t j)),

I(t j+1) = I(t j)+
hp

Γ(p+1)
F2(t j, S(t j), I(t j), I′(t j), R(t j)),

I′(t j+1) = I′(t j)+
hp

Γ(p+1)
F3(t j, S(t j), I(t j), I′(t j), R(t j)),

R(t j+1) = R(t j)+
hp

Γ(p+1)
F4(t j, S(t j), I(t j), I′(t j), R(t j)),

(13)

for j = 0, 1, 2, ..., m− 1. We use (S(0), I(0), I′(0), R(0)) = (10, 4, 3, 1), and the parameters values were selected as
Λ = 0.01456; β = 0.0533; β ′ = 0.01234; d = 0.00000139; r = 0.0019; r′ = 0.0035; c = 0.1; c′ = 0.09. We present the
numerical results graphically by using various fractional orders in Figures 3, 4.
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Figure 3. Graphical illustrations for various compartments of model (2) using various fractional orders in (0, 0.5]. (a) susceptible individuals class (b)
infected class due to wild type virus (c) infected class due to mutant virus (d) recovered individuals

Figure 4. Graphical illustrations for various compartments of model (2) using various fractional orders in (0.5, 1.0]. (a) susceptible individuals class
(b) infected class due to wild type virus (c) infected class due to mutant virus (d) recovered individuals

3.1 DNNs analysis of model (2)

In this part, we perform the computational analysis based on DNNs following the Levenberg-Marquardt algorithm.
We compute MSE, RMSE and regression coefficient for each class and compute it graphically. For the mentioned
quantities, we use the following formulae:
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MSE=
n

∑
i=1

|X̂i −Xi|2

Xi
, µ =

n

∑
i=1

[X̂i −Xi]
2

n−1
,

RMSE=
n

∑
i=1

|X̂i −Xi|2

n
, σ =

√
n

∑
i=1

[X̂i −Xi]2

n−1
.

Further, the structure of the DNN can be presented graphically with hidden layers in Figure 5.

Figure 5. DNN structure

The best validation performance is achieved for class S is 2.8625e− 08 at epoch 1,000. We use total of 38 neuron,
maximum epoch upto 1,000 and the activation function ac = tanhx. We have presented in Figures 6, 7, 8, and 9 each
compartments details respectively. In Figure 6, we have presented the results graphically. In sub Figure 6 (a), we have
presented theMSE= 1.6988e−06,RMSE= 0.0013034 and here the regression coefficient is 1 which shows the accuracy
of our simulation. In the sameway, in sub Figure 6 (b), the train data has been tested, whereMSE= 1.6798e−06,RMSE=

0.0012961. Also, in sub Figure 6 (c), and sub Figure 6 (d), we have presented the validation and test data for the class S.
Here, MSE = 1.7782e−06, RMSE = 0.0013335 and MSE = 1.708e−06, RMSE = 0.0013069 respectively represents
the respective errors analysis of validation and test data. In sub Figures 6 (e), (f), (g) and (h), we have demonstrated
the graphical presentations of absolute error analysis, comparison, performance and best function fit for class S. The
maximum absolute error is bounded by 10−2.
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Figure 6. Graphical demonstration of susceptible class using DNNs (a) all data, (b) train data, (c) test data (d) validation of data (e) Error analysis (f)
comparison of numerical results with DNNs results (g) best performance analysis (h) best validation of function fit for class S

Here, in Figure 7, we have presented various probabilistic results graphically. In sub Figure 7 (a), we have presented
the MSE = 1.5612e − 06, RMSE = 0.0012495 and here the regression coefficient is 1 which shows the accuracy of
our simulation. In the same way in sub Figure 7 (b), the train data has been tested, where MSE=MSE = 1.5643e−
06, RMSE = 0.0012507. Also, in sub Figure 7 (c), and sub Figure 7 (d), we have presented the validation and test data
for the infected class I. Here, MSE= 1.5304e−06, RMSE= 0.0012371 and MSE= 1.5772e−06, RMSE= 0.0012559
respectively represents the respective errors analysis of validation and test data. In sub Figures 7 (e), (f), (g) and (h), we
have demonstrated the graphical presentations of absolute error analysis which is bounded by 10−2, comparison between
the Numerical Plot (NP) and DNN plots at various fractional order, performance and best function fit for class I. For the
best validation p of class I performance is 8.2955e−08 at epoch 100.
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Figure 7. Graphical demonstration of infected class due to wild type virus using DNNs (a) all data, (b) train data, (c) test data (d) validation of data (e)
Error analysis (f) comparison of numerical results with DNNs results (g) best performance analysis (h) best validation of function fit for class I

Here, in Figure 8, we have presented various probabilistic results graphically for the infected class due to mutant
virus. In sub Figure 8 (a), we have displayed the MSE = 3.1209e− 09, RMSE = 5.5865e− 05 and here the regression
coefficient is 1 which shows the accuracy of our simulation. Also, in sub Figure 8 (b), the train data has been presented,
where MSE = 3.2409e−09, RMSE= 5.6929e−05. Also, in sub Figure 8 (c), and sub Figure 8 (d), we have displayed
the validation and test data for the infected class I′. Here, MSE = 2.6585e− 09, RMSE = 5.1561e− 05 and MSE =

3.0233e− 09, RMSE = 5.4985e− 05 respectively represents the respective errors analysis of validation and test data.
In sub Figures 8 (e), (f), (g) and (h), we have presented the graphical presentations of absolute error analysis which is
bounded by 10−3, comparison between the Numerical Plot (NP) and DNNs plots at various fractional orders, performance
and best function fit for class I′. Here, we remark that the best validation performance for I′ is 5.8424e−09 at epoch 100.
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Figure 8. Graphical demonstration of infected class due to mutant type virus using DNNs (a) all data, (b) train data, (c) test data (d) validation of data
(e) Error analysis (f) comparison of numerical results with DNNs results (g) best performance analysis (h) best validation of function fit for class I′

Figure 9 presents various probabilistic results graphically for the recovered class. We have displayed the MSE =

3.1209e−09, RMSE= 5.5865e−05 in sub Figure 9 (a) and here the regression coefficient is 1 which shows the accuracy
of our simulation. Also, in sub Figure 9 (b), the train data has been presented, where MSE = 3.2409e− 09, RMSE =

5.6929e−05. Additionally, in sub Figure 9 (c), and sub Figure 9 (d), we have displayed the validation and test data for the
infected class I′. Here, MSE= 2.6585e−09, RMSE= 5.1561e−05 and MSE = 3.0233e−09, RMSE= 5.4985e−05
respectively which demonstrate the respective errors analysis of validation and test data. In sub Figures 9 (e), (f), (g)
and (h), we have presented the graphical presentations of absolute error analysis which is bounded by 10−4, comparison
between the Numerical Plot (NP) and DNNs plots at various fractional orders, performance and best function fit for class
R. The best validation performance for class R is 5.8424e−09 at epoch 1,000.
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Figure 9. Graphical demonstration of recovered class due to mutant type virus using DNNs (a) all data, (b) train data, (c) test data (d) validation of data
(e) Error analysis (f) comparison of numerical results with DNNs results (g) best performance analysis (h) best validation of function fit for class R

4. Conclusion
Using fractional calculus to study virus evolutionmodel together with DNN can enhance themodeling capabilities for

real world complex problems with memory dependent systems. Also, the combination of both mentioned tools increases
the computational efficiency and robustness of used methodology. The fractional order system has the capabilities to
address the memory and hereditary characteristic more precisely. Motivated by these outcomes, we have investigated
the mentioned model by using the fractional derivative in the Liouville Caputo sense. Existence theory and numerical
simulations were performed by using fixed point theory and Euler numerical method. In addition global and local stability
analysis has been conducted. We have extended our study to involve DNNs to perform some computational analysis.
Various results including all data, train data, test and validation of data for all compartments have been demonstrated where
MSE, RMSE, and regression coefficient were presented graphically. Performance and comparison between numerical
results and those due to DNNs were also presented graphically. We have presented the absolute errors for all four classes
graphically. DNNs is a powerful tools which are consisted on multi hidden layers which take data through input and
compile it understand its pattern and produce output. Since in data always uncertainty exists and accurate data also not
always exist, therefore perfect DNN still is investigation. In the future, the mentioned tools can be used to investigate
other types of models.
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Appendix A
Some fundamental results are given here.
Theorem 4 The solution of model (2) is bounded and lies in the given feasible region:

Θ =

{
(S, I, I′, R) ∈ R4

+: |S+ I + I′+R| ≤ Λ
d

}
.

Proof. Let N be the total population such that N(t) = S(t)+ I(t)+ I′(t)+R(t), with N(0) = N0 is initial population,
then we have

CDp
t N(t) = CDp

t [S(t)]+
C Dp

t [I(t)]+
C Dp

t [I
′(t)]+C Dp

t [R(t)]

=Λ−dN − cI − c′I′

≤Λ−dN, (14)

on using Laplace transform, we have from (14)

spL [N(t)]− sp−1N(0)≤ Λ
s
−dL [N(t)],

which yields

N(t)≤ N0t pEp(−dt p)+
Λ
d
Ep(−dt p), (15)

where Ep(−dt p) denotes one parameter Mittag-Leffler function. In (15), when we use t → ∞, we get

N(t)≤ Λ
d
.

Hence the solution is bounded and lies in the given feasible region.
Theorem 5 The solution of model (2) is positive with non-negative initial condition for all t > 0.
Proof. From first equation of model (2), we have

CDp
t S(t) = Λ−dS− (β I +β ′I′)S >−dS,

on using Laplace transform, we get

spL [S(t)]− sp−1S(0)>−dL [S(t)].
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On solving, we get

S(t)> S(0)t pEp(−dt p)> 0, for all t > 0,

hence, one has S(t) > 0, for all t > 0. With the same process, we can easily show that I(t) > 0, I′(t) > 0, and R(t) > 0
for all t > 0.
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