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Abstract: In order to systematize statistical analysis in interactive Multi-Attribute Decision Making (MADM) models, the
concept of “Monotone Expectation” is considered for the extension of classical statistics in the p, g-Rung Orthopair Fuzzy
(p, ¢-ROF) environment, concretely, the probability mean (expectation), variance, covariance, and correlation coefficient.
In the classical view, the operations of subtraction and division are not defined in p, g-ROF values. The operations of
pseudo-subtraction and pseudo-division are introduced to define the covariance and correlation coefficient. Based on
the Choquet finite integral, extensions of monotone statistics such as F-associated expectation, variance, covariance and
correlation coefficient for the p, ¢-ROF environment are presented. The fuzzy measure Associated Probabilities Class
(APC) of a fuzzy measure and the classes of associated statistics: probability averaging class, variances class, covariances
class and correlation coefficients class are considered. The relationship between monotone and associated statistics is
studied. It is established that monotone statistics can be represented by unique corresponding associated statistics if there
is a partial ordering between the arguments of the statistics, as between the p, g-ROF values. That is, the remaining
(n!' —1) associated statistics of the corresponding associated class, where # is the number of interacting attributes, become
useless in the definitions of monotone statistics. In the interactive MADM environment, in decision-making modeling, the
aggregations of monotone statistics cannot fully reflect all possible degrees of interaction of attributes. In more detail:
the aggregations with monotone statistical parameters under p, g-ROF environment used in interactive MADM models
take into account interactions of the focal elements of only one consonant structure from the n! consonant structures of
attributes. The extensions of monotone statistics, called F-associated statistics, which take into account the degrees of
interaction of elements of all n! consonant structures of attributes in aggregations are defined. The issue of the correctness
of the extensions is discussed. The values of monotone and F-associated statistics coincide if there is a partial ordering
between the arguments of the statistics and the Choquet second-order extreme capacities are taken in the role of a fuzzy
measure. A calculation scheme for monotone and F-associated statistics is constructed for a simple interactive MADM
model under p, g-ROF environment. A simple numerical example is presented to illustrate the obtained results.
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Abbreviation

MADM Multi-Attribute Decision Making
MCDM Multi-Criteria Decision Making
FSs Fuzzy Sets

q-ROF g-Rung Orthopair Fuzzy
q-ROFSs g-Rung Orthopair Fuzzy Sets
q-ROFNs g-Rung Orthopair Fuzzy Numbers
p, q-ROF p, g-Rung Orthopair Fuzzy

P, ¢-ROFSs P, g-Rung Orthopair Fuzzy Sets
P, ¢-ROFNs P, ¢-Rung Orthopair Fuzzy Numbers
CcC Correlation Coefficient

APC Associated Probabilities Class
AEC Associated Expectations Class
ACC Associated Covariances Class
ACCC Associated Correlation Coefficients Class
IFSs Intuitionistic Fuzzy Sets

PFSs Pythagorean Fuzzy Sets

OWA Ordered Weighted Averaging

ME Monotone Expectation

MVar Monotone Variation

MCov Monotone Covariation

MCor Monotone Correlation

E Expectation

AsPA Associated Probability Average
AsCov Associated Covariance

AsCor Associated Correlation

F-As-p, ¢-ROFPA  F-Associated p, g-Rung Orthopair Fuzzy Probability Averaging
F-As-p, ¢-ROFVar  F-Associated p, g-Rung Orthopair Fuzzy Variance

F-As-p, ¢-ROFCov  F-Associated p, g-Rung Orthopair Fuzzy Covariance

F-As-p, ¢-ROFCor  F-Associated p, g-Rung Orthopair Fuzzy Correlation

S1I Statistical Independence Index

1. Introduction
1.1 Problem discussion and research motivation

Today, the role of MADM models in the analysis problems of complex systems or processes is well known. It is
also known that often in MADM modeling of such problems, fuzziness is introduced, when the expert’s knowledge and
assessments of possible alternatives in relation to the attributes of the decision are the only source of information. In such
cases, reducing the degree of uncertainty in expert assessments is an important problem in modeling reliable and credible
decision-making. Fuzzy mathematics and fuzzy logic tools play a crucial role in overcoming this problem. Thus, the
development of fuzzy modeling approaches is an important problem of MADM [1-3]. Our approach in this study concerns
the creation of statistical parameter constructions for the aggregation of fuzzy-probability models in order to reduce the
uncertainty of decision-making in various types of fuzzy semantic environments.

Without loss of generality, we consider a relatively simple fuzzy MADM model, which we will conventionally
denote by (D, S), where D = {d,, d3, ..., dy} are possible alternatives, and S = {s1, s2, ..., s, } are the set of attributes that
affect the decision-making. Monotone elements {ni j} in the decision matrix D X S represent the expert assessment of the
alternative d;, its rating and other with respect to attribute s;. Often in MADM problems it is important to rank alternatives
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{d;}, i =1, ..., m, by comparing their evaluation vectors 1; = {1, N2, ---» Min}, L = 1, 2, ..., m. For this purpose, we
use monotone aggregation tools (schemes and operators), which we will conventionally denote by F, and which map the
vectors 1;, i = 1, 2, ..., m to scalar values, where it is possible to use the ranking relation. Simply put, we will say that a
decision d; is no less dominant (worse) than an alternative d; if F (11, Ni2, ..., Nin) > F(Nj1, Nj2, -, Njn). Therefore, the
possibility of obtaining a Pareto optimal solution is created [4].

Often, MADM models allow for the interaction between attributes [5—8]. It is necessary to take this phenomenon into
account in F-aggregation tools. In such cases, it is assumed that the role of the uncertainty index on the set of attributes .S
is played not by additive, but by monotone, fuzzy measures [9-11]. In general, the use of additive and linear aggregation
operators in such MADM is not recommended. As usual, fuzzy integral operators are used, in which fuzzy measures play
an important role. In practical problems, Choquet [10] or Sugeno [9] type aggregation operators are often used. In this
study, we consider monotone statistics based on the Choquet finite integral aggregation operators, such as expectation,
variance, covariance and correlation coefficient [12, 13]. The p, g-ROF environment was chosen because it is the most
general for orthopair fuzzy sets. It contains fuzzy sets such as Atanassov intuitionistic fuzzy sets [14], Yager Pythagorean
[15], and g-rung orthopair fuzzy sets [16].

Similar aggregation statistics, but for arguments of Zadeh’s Fuzzy Sets (FSs) agreement levels from [0, 1], are
discussed in [17, 18]. In [19, 20], an extension of the so-called “monotone expectation” concept in the case of intuitionistic
fuzzy information is presented. Aggregation operators, which are formed using fuzzy measures in MADM models [21-34],
are known for their use to reduce the risks of uncertainty in aggregated values, especially when there is interaction between
attributes [5—7]. The probabilistic interpretation of the Choquet integral aggregation is related to population expectations
[35-37]. Additive probabilistic aggregations are often effective in MADM problems, except for interactive MADM
models. Here, the theory of fuzzy measure, as an index describing the uncertainty of data, is not a systematized theory
like the theories of probability and statistics, and, therefore, the theory of fuzzy statistics based on fuzzy measure will
not be well-structured for interactive MADM models. This applies to the so-called “monotone statistics” based on the
fuzzy measure and the Choquet finite integral, in the definition of which the additive probability measure is replaced by a
non-additive, but monotone measure (fuzzy measure).

In this study, our objective is to create probabilistic interpretations of monotone statistics with new F-associated
statistical aggregation operators, which will facilitate the systematic representation of fuzzy measure-based statistics in the
P, ¢-ROF environment. As we have noted, this problem has been discussed in [17] for arguments of Zadeh’s compatibility
levels from [0, 1]. A generalization of the concept of “monotone expectation” developed here is presented for the p, g-ROF
environment.

1.2 A brief overview of fuzzy statistics based on the Choquet integral

As already mentioned, systematic statistical analysis is not designed for g-rung orthopair fuzzy data, of course, due to
the complex nature of the data source. Because these data are characterized by interaction/interdependence and at the same
time, additive and linear analogs of classical statistics cannot be used for their aggregation. The development of g-rung
orthopair fuzzy statistics is mainly in the direction of correlation analysis, where the degree of proximity and their similarity
between two or more g-Rung Orthopair Fuzzy Sets (g-ROFSs) or samples is measured. In this regard, we will highlight the
following studies. Correlation Coefficients (CCs) have been widely used to measure relationships between FSs and have
found applications in data analysis, pattern recognition, machine learning, and Multi-Criteria Decision-Making (MCDM)
in the literature. Numerous researchers have employed CCs to facilitate MCDM in fuzzy environments and to analyze
the interrelations among FSs extensions. The new CC for g-ROFSs is demonstrated in [38], where bits versatility by
showcasing real examples for two special cases, intuitionistic and Pythagorean Fuzzy Sets (PFSs) is presented, and the
results with existing methods to highlight its superiority is compared. Examples of the CC formula for Intuitionistic Fuzzy
Sets (IFSs) are included in [39], the CC for PFSs is presented in [40], the CC for g-rung orthopair fuzzy sets is described
in [41], the two novel A-CCs for g-ROFSs [42] and a partial CC technique for IFSs applied to pattern recognition are
presented in [42, 43].

The difficulty of systematizing fuzzy data and fuzzy set statistics is the integration of expert data and their uncertainty
index—the fuzzy measure—into the corresponding population statistics. This is related to the constructions of non-additive,
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but monotone aggregation statistics. It is known that the Choquet finite integral is distinguished among these integration
tools. In this study, based on the Choquet integral, we tried to understand the extensions of classical statistics (expectation,
variance, covariance and correlation) for g-ROFSs data, which forms a certain orderly statistical analysis for researchers
and practitioners working in the g-ROFSs data environment.

The Choquet integral, or monotone expectation, as it is called in MADM schemes [35-37], has many interesting
statistical properties. One of them, based on our research presented here, is its ability to take into account attribute
interactions in the decision process [5—7]. This phenomenon has been described in many works for various fuzzy
environments [27-34]. However, it should also be noted that the Choquet integral in aggregations takes into account only
a certain number of attribute interactions, and not the full set of attribute interactions [27—34] for various types of fuzzy
arguments.

It should be noted that the mathematical statistical foundations of fuzzy uncertainty modeling have been developed for
a long time. There are mainly two directions: 1) the theory of imprecise probabilities [44, 45], where extreme (upper and
lower) expectations are built, and which have a deep semantic interpretation in their applications; 2) the Dempster-Shafer
belief structure [46, 47], which is later interpreted as a special case of imprecise probabilities. Later, fuzzy probabilistic and
fuzzy statistical approaches [48, 49] took an important place in the problems of statistical modeling of complex phenomena.
These approaches developed mainly in two directions. The first includes methods that develop classical data analysis
methods within the framework of modern fuzzy set theories. For example: fuzzy clustering [50], multiple fuzzy linear
regression [51], fuzzy hypotheses under non-fuzzy population [52], fuzzy logic-based time series prediction problems
[53], fuzzy utility based statistical theory of decision-making [54], control’s problems in fuzzy metric spaces [55, 56]
and others. The second direction includes such approaches as: maximal confidence approach under fuzzy information
[57], methods of classification and identification for the Dempster-Shafer Belief Structure (DSBS) [58], the approach
of statistical hypotheses for fuzzy data [59], discrimination analysis [33, 34, 60], fuzzy data cluster approaches [61] and
others.

As mentioned, in this study, our interest lies in constructing classical statistical extensions for interactive MADM under
P, g-ROF information, when the uncertainty index is described by a fuzzy measure. We share the concept of the so-called
“Monotone Expectation” of such an approach, which was developed in a number of studies [17, 18, 27-34, 62, 63].

We especially highlight the concept of “Monotone Expectation” developed in [17] for L. Zadeh’s compatibility levels
from [0, 1]. Here, the authors developed monotone aggregation operators, in which the associated probabilities of the fuzzy
measure are used instead of the values of the fuzzy measure [35, 36, 64]. The studies [17, 18, 27-34, 62, 63] are good
examples of the modern direction of imprecise probabilities. In [27] the concept of “Monotone Expectation” is developed
for different fuzzy environments. In [28] the concept is presented for immediate associated probabilities and triangular
fuzzy arguments. The same concept is discussed for intuitionistic fuzzy arguments in [29-31]. The concept is developed in
the extensions of the Yager Ordered Weighted Averaging (OWA) operator for intuitionistic fuzzy arguments in [32, 33],
where the concept of “Monotone Expectation” is developed for the g-ROF environment. In [17] the concept is developed
not for any known operator and not for any fuzzy environment, but for the environment of arguments of real numbers from
[0, 1], but for the expectation, variation and moments of the k-order and covariance of classical statistical parameters. For
these parameters, the corresponding monotone parameters are defined based on the Choquet integral. In the same way
are defined the so-called F-associated statistical parameters, in which the class of associated probabilities of the fuzzy
measure is used in the aggregations instead of the fuzzy measure. It should be noted that, unlike the case of monotone
statistical parameters, in the definitions of which only one associated probability participates, all possible n! number of
associated probabilities participate in F-associated statistical parameters, which ensures that all attribute interactions are
taken into account in the aggregations. The relationship between monotone and F-associated statistics is studied. The
issue of extension’s correctness is also discussed, and a practical example of interactive MADM for ranking alternatives by
aggregating monotone and F'-associated statistics is given.

In this study, we will limit ourselves to a finite universe, since in real MADM problems the set of attributes is finite.
The study presented here develops the concept of “Monotone Expectation” for the p, g-ROF environment, but for such
classical statistics as expectation, variance, covariance and correlation coefficient. The obtained results can be considered
as a matter of systematization of p, g-ROF statistical theory. The proof is given for the correctness of the extension of
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F-associated statistics as monotone statistics. It is proved that for a rather wide class of fuzzy measures, for second-order
extreme capacities, min-associated and max-associated statistics coincide with the corresponding monotone statistics.

The first part of the second section presents the connection of the fuzzy measure and its associated probability class
with the Choquet finite integral. The main principles of the concept of “Monotone Expectation” are given. The second
part of the second section presents fundamental issues of the theory of orthopair fuzzy sets. The third section presents the
definitions and properties of pseudo-subtraction and pseudo-division operations for p, g-Rung Orthopair Fuzzy Numbers
(p, ¢-ROFNSs). The fourth section presents the definitions and properties of monotone and corresponding associated
statistics based on the Choquet integral for the p, g-ROF environment. The relationship between these statistics is presented.
The fifth section presents the concepts of F-associated statistics and their relationship to monotone statistics. Proofs are
presented regarding correct extensions. Binary relations for ranking alternatives with F-associated and monotone statistics
are constructed. Section 6 presents a practical example of MADM using the new aggregation statistics. A comparative
analysis is performed. Section 7 discusses conclusions and future perspectives.

2. Preliminary and notations
2.1 Fuzzy measure and “Monotone Expectation” principle

As we have noted, the fuzzy measure is an index of the uncertainty of expert data in decision-making analysis.
Therefore, its identification and generation are important problems. We will consider only certain aspects of the fuzzy
measure. Based on our problems, we present a definition of the fuzzy measure for the finite case [3-5, 11].

Definition 1 Let S = {s1, 52, ..., s, } be some finite set and g: 25 — [0, 1] be some function. We say that g is a fuzzy
measure if it satisfies the following conditions:

g(2)=0, g(§)=1, VM,NCS if M CN then g(M) < g(N). €]

A fuzzy measure is considered as a probability measure extension where additivity is replaced by a weaker property,
monotonicity.

Let us denote by S,, the group of all possible permutations of the indices {1, 2, ..., n}. Consider the class of probabilities
associated with a fuzzy measure g on the group S,,.

Definition 2 [35] Probability function Asps: 25 — [0, 1] by definition

Aspe( So(1 {Sc }
Aspe( So(j {sa } g {SG vy So(jm 1)}
Aspo (o) =1-¢ {sc vy sc,(,,,l)}, Asps(ss(0)) =0, 2)

for each permutation ¢ € S, is called the associated probability, while class

(Asps = {Aspc(so'(l))7 cery ASPG(SG(n))}>GESn

is called Associated Probability Class (APC).
Definition 3 [35]LetS = {51, 52, ..., 5, } be some finite set, and let g: 25 — [0, 1] be some fuzzy measure with its APC
{Aspo}ses,- Letn: S — (0, +o0) be some function, n; = n(si), i =1, 2, ..., n,and let T = {7(1), 7(2), ..., T(n)} € S, be
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a permutation such that 7;(1) > 7¢(2) > ...M¢(»)- The Choquet integral of the function i) with respect to the fuzzy measure
g is called

(CH)/Sn ©g() & /Omg({s €S/n(s)>p})dp = ilAspr (52()) * Me(j)- ®)

Clearly (CH) [¢n ®g() = Easp. (), where E4qp, (1) is the expectation of the value 1 with respect to the associated
probability Asps.

Definition 4 [35] Let S = {51, 52, ..., 5,} be some finite set, and let g: 25 — [0, 1] be some fuzzy measure with its
APC {Aspes }5es,- Let : S — (0, +oo) be some function. The Monotone Expectation (ME) of 1 with respect to the fuzzy
measure g is called the value of the Choquet integral of 1

ME, (1) 2 (CH) /S nog). @)

It becomes clear that the monotone expectation coincides with the probabilistic expectation with respect to some
Aspe, T € Sy, associated probability

ME, (1) = Easp. (1) = ¥ Aspe(se(j) - ey ®)
j=1

where 1 (s(1)) = N(s7(2) = - 2 N (Se())-

Unlike a single probability distribution describing the uncertainty of a random experiment, the uncertainty index of
experimental data—the fuzzy measure is associated with a class of probability distributions, and hence a class of associated
expectations.

Definition 5 [17] For each permutation ¢ € S,,, the expectation—Eys,. (1) is called the associated expectation, and
the class { Easp, () } 5. 5, i called the Associated Expectations Class (AEC).

The general relationship between the AEC class and ME is as follows.

Proposition 1 [35] Let us say there is some finite set S = {s1, 52, ..., 5, }, some fuzzy measure g: 25 — [0, 1] with its
APC and AEC classes. Then for any function 17: S — (0, +-o0) it is valid

ggSI}lEAsm;(n) <ME,(n) < gné’:EASpa(n)- (6)

There is a certain class of fuzzy measures for which the equalities in (6) are achieved.
Definition 6 [35] Let us say that there is some finite set S = {sy, 52, ..., s,} and there are two fuzzy measures
g+, &1 25 — [0, 1] such that for any set YM C §

g«(M)=1-g"(M). @)

Then g, and g* fuzzy measures are called dual measures, M = S\M.
It is not difficult to prove that APCs of dual fuzzy measures g, and g*coincide. Denote this APC with {Aspe } ;¢ S,
We now consider one important class of fuzzy measures, which plays an essential role in our future presentations.
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Definition 7 [35] The dual g, and g* fuzzy measures on 2° are called the lower and upper second-order Choquet
capacities, respectively, if for the pair of sets VM, N C S it is valid the following

g«(MUN) +g.(MNN) > g.(M) +g.(N),
g (MUN)+g"(MNN) <g"(M)+g"(N). ®)

Proposition 2 [35] Let g, and g* be some dual Choquet second-order lower and upper capacities on 25, then
(1) for any function 71: S — (0, +o0)

ME,, (1) = min Exy,, (N),

CEsy

ME,: (1) = max E4,p, (1); 9

GEsy

(2) forany set N C S

g+(N) = minAsps(N),

GEsy

g"(N) =maxAsps(N). (10)

oEsy

The concept of “Monotone Expectation” presented here was first introduced by Campos and Bolanos [35] and has
been developed in a number of papers [8, 17, 18, 27-34, 64] for various fuzzy environments, but only for population
expectation. For population variance, the concept is introduced in [17, 18], but for arguments of Zadeh consistency from
[0, 1]. In [17], the concept was also developed for the k-order moment and covariance, but again for arguments from [0, 1].

2.2 Orthopair fuzzy sets and p, q-orthopair fuzzy sets

L.A. Zadeh’s FSs and fuzzy logic-based decision-making modeling approaches are well known. This applies to
cases when the objective data included in MADM models are small or do not exist at all. In such cases, as always,
expert knowledge and its evaluations are the only source of MADM input data formation. Fuzzy decision-making models
are today a successful tool in the analysis and synthesis of complex and difficult phenomena. Expert assessments, his
intellectual activity determine the formation of reliable input structures. The formation of expert data in modern semantic
forms is a rapidly developing direction today, which implies the creation of new extensions of Zadeh’s fuzzy sets. We
will consider one of the extensions, which is called the concept of orthopair fuzzy sets [16]. Atanassov extended Zadeh
FSs to intuitionistic fuzzy sets [14]. Each element of this set (u, v)—the intuitionistic fuzzy number—denotes the level of
compatibility # and the level of incompatibility v of the element in the set. Obviously, the tool of IFSs is more useful for
better representation of uncertainty in expert evaluations. These levels have the requirement # + v < 1. But in many cases
this condition is violated and the problem goes beyond the IFS environment. Yager [15] introduced Pythagorean orthopair
fuzzy sets, the pair (u, v) of which satisfies the condition u? +v? < 1. And if this condition is also violated, then we use
again Yager’s g-ROFN [16]. (u, v) is g-ROFN, if u?+1v7 < 1, g > 1. And finally, the extension of g-ROFN numbers are
P, ¢-ROFN numbers [12, 13]. We say that the pair (u, v) is p, g-ROFNs, if u? +v4 < 1, p, g > 1. It is clear that it includes
IFNs, PFNs, g-ROFNs numbers.
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Let us briefly review the definitions of p, g-ROFNs.
Definition 8 [12] Let Z be any set. A set M is called a p, g-rung orthopair fuzzy subset of Z if

M:{<MM(Z)7VM(Z)>7Z€Z}3 (11)
where uy(z) denotes the degree of belonging of the element z to the set M, and vy(z) of not belonging to M, where
up(z) € [0.1], v (2) € [0.1], [uns (2)]7 + [m ()] < 1, p, g = 1. (12)

Here for each z, N = (z, uy(z), vy (z)) is called p, g-ROFN and is denoted by n = (uy, vy).
Here we give the definitions of arithmetic operations introduced on p, ¢-ROFNs [12, 13].
Definition 9 [12] Let & = (ug, vg) and n = (uy, vyy) be some two p, g-ROFNs. Then

ne=(vy, uy);

1/p
neé —<(uf,+ug—u§;u§> ,vn-v§>;

1
nef= <un~u5, (v%+v'éfv%~v’é) /q>;
nAE = <min{un,u§},max{vn,v5}>;

NV & = (max {uy, ug }, min{vy, ve }):
AN
ren=((1=(1=up)*) " Vh ), A0

n)“<u%, (1(1v%)l)l/q>, A>0. (13)

Definition 10 [12] Let n = (uy, vy) be some p, g-ROFN.

(1) A score function of 1 is Score(n) = uh, —v;

(2) An accuracy function of 1 is Accuracy(n) = uf, + v%.

Definition 11 [12] Let n = (uy, vy) and & = (ug, v¢) be some two p, g-ROFNs, then

(1) The partial ordering relation < on p, g-ROFNs is defined as
pt
If Score(n) > Score(&) and Accuracy(n) < Accuracy(€) then & < n;
pt

(2) The complete ordering relation < on p, g-ROFNs is defined as
t
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a) if Score(n) > Score(&) then & < 1n;
t

b) if Score(n) = Score(&) then

if Accuracy(n) > Accuracy(&) then £ < n;
t

if Accuracy(n) = Accuracy(&) then & =1 (14)

6 = (0, 1) is a zero element, and e = (1, 0) is a unit element. Note that the addition @ and multiplication ®
operations are implemented by the bivariate functions ki (x, y) = (x° +y°' —x'y*)'/5, s € {p, ¢}, and k2 (x, y) = xy defined
on [0, 1]2. As is known, functions k; and k; are Archimedean t-conorm and t-norm on [0, 1], respectively, and are defined
by the additive dual generators ¢ (x) = —In(1 —x*) and £2(x) = —In(x*), s € {p, ¢} [16]. We get important inclusions:
neé S{ nAE Sz n, & §t nvé Sz naeé&,vn, & € p, g-ROFNSs. It is also easy to check that the functions k; and k; are

p p p p

dual to the function N;(x) = (1 —x*)'/% x € [0, 1], s € {p, q}:
N5<k1(NS<x)a kl(NS(y)) =Xy = k2(xa y)7 X e [Oa l]a s e {pa q}

3. Pseudo-operations of subtraction and division in p, g-ROFNs

To develop correlation analysis on p, g-ROFNs data, it is necessary to have the arithmetic operations of subtraction
and division. As can be seen, the operations of subtraction and division are not generally defined on p, g-ROFNs due to the
nature of these numbers. Since there are no opposites and inverses in the classical sense. In this section, we will introduce
pseudo-definitions of these operations and use them in the calculations of the distributions of the statistics of variation,
covariance, and correlation coefficient for the p, g-ROFNs environment.

Let a = {ug, v4) and b = (uyp, vp) be p, ¢-ROFNs. Then

MZ+VZ<17M§+VZS I,OSMa,Vmu[,, vp < 1aP7‘]2 1.

As we noted in previous paragraph, generation of the addition & and multiplication ® operations in p, g-ROFNs
is based on Archimedean t-conorm and t-norm—the bivariate functions ki (x, y) = (x* +y* — x*y*)!/%, s € {p, ¢}, and
ky(x, y) = xy defined on [0, 1]>. Their dual generators are functions ; (x) = —In(1 —x*) and £ (x) = —In(x*), s € {p, ¢}.
This was the motivation for introducing subtraction and division operations into p, g-ROFNs.

Formula (13) presents the basic arithmetic operations on p, g-ROFNs numbers. Let us introduce the operations of
subtraction © and division @ on p, g-ROFNs numbers in such a way that the basic properties of these operations are
fulfilled, such as

bob=6,bc0=>b,eSb=e, (bda)Ob=a,

boe=bbob=c, 00b= 0, (boa)0b=a. (15)
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It is not difficult to show the following proposition.
Proposition 3 The following operations satisfy the properties (15), preserving the results in p, g-ROFNs and with
additional conditions bGa=c<=b=a®c,ba=c&b=a®c,b#0,0/0=1:

up—uf; l/p Vp Vp l—up 1/q
bOa= b = if0< 2 < b <1
©a <(1—u5) "V ! _va_<l—ug> -

q_ a\1/4 1\ /P
boa= {2 (2 V; ifo< < V{; <L (16)
Uy 1—v; Ug 1—vg

A similar proposition of this proposition is given in [65], but for g-ROFNs numbers. When p = ¢, then the definitions
of the subtraction and division operations given here and in [65] coincide. Therefore, we will not give the proof here.

Obviously, the operations defined by formulas (16) are not valid for all p, g-ROFNs numbers. Therefore, let us make
extensions of the subtraction and division operations for any p, g-ROFNs numbers. Let us extend the subtraction and
division operations to the real numbers by the following principle:

b—a= \{a+c>b} and bla= \/ {axc<b}. (17)

ceR! ceR!

Then this principle extends to p, g¢-ROFNs numbers as follows: if a, b € p, ¢-ROFNs, then

bSa= N\ {a®c>b} and boa= \/ {a®c<b}, (18)
c€p, ¢-ROFNs ! c€p, ¢-ROFNs !
where
eCe=0, ecCb=e,Yb#e and 6000 =e, 600b=6,Yb+0. (19)

Proposition 4 Properties (18) and (19) are possessed by the following extended operations of subtraction © and
division @, with the additional condition 0/0 = 1

p_ PN\ /P p\ 1/q
~ U, —Ug Vp 1 —u,
b@a<(0\/<l_u5)> an(2)a(1=5) >
~ 1\ /P AN
b@a:<1/\<zh>/\(l_:2> ,(ov<vlb_vvq>) . (20)

We will not give a proof of this proposition, due to its simplicity. Equalities (20) are correctly related to operations
(16) by the following proposition (for simplicity, the proof is also not given).
Proposition 5
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P
1—uy

1/q -
If0< % < (Hp) < 1 then aSb = a S b;

= u, =

1\ /P ~
If0<”—”<(ﬁ> < 1thena®b=a®b.
Note that when p = ¢, the extensions (20) coincide with the analogous extensions for g-ROFNs numbers given in
[65].
It is not difficult to show the following algebraic properties of the extended pseudo-operations:
Proposition 6 Let a = (u,, v,), b = (up, vp) and ¢ = (u, v.) are p, ¢-ROFNs numbers, 8, i, B> > 0 and f3; > fB,.
Then some following equalities and inequalities are valid:

1. B(bSa) = BbSPa;

[\

- (Bi = B2) b = B1bSPabs

bR opPr = phr=hB

w

s

N

bPOaP = (b0a)P;

5.a@® (bSa) > b;
pt

6. a® (boa) < b;
pt

7. (b®a)Sa = b;
8. (b®a)Da=b;

9.b®a>cecob<a;
pt pt

10. b®a < c¢< cOb > a;
pt pt

11. cS(b®a) = cEbSa;
12. cO(b®a) = cObOa;

13. cS(cOa) < a;
pt

14. co(cOa) > a;
I
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15. cdbSa < cSad®b;
pt

16. c®boa > coa®b. (21)
pt

In order to systematize statistical analysis in interactive Multi-Attribute Decision Making (MADM) models, the
concept of “Monotone Expectation” is considered for the extension of classical statistics in the p, g-Rung Orthopair Fuzzy
(p, ¢-ROF) environment. In the classical view, the arithmetic operations of subtraction and division are not defined in
P, g-ROF values. The operations of pseudo-subtraction and pseudo-division are introduced to define the covariance and
correlation coefficient. The analytical properties of the new operations were also presented.

4. Monotone statistics based on the Choquet integral and corresponding associated
statistics in the p, ¢-ROFNs environment

As we have already noted, in statistics of expert data, including statistics of p, g-ROFNs data, there are no
transformations of additive and linear aggregations [66, 67]. In classical statistics, the expected value of the population,
i.e., the probability mean, is defined by the Riemann integral aggregation for a finite sample, which is a linear sum along
the probability distribution of the data. We, according to the “monotone expectation concept”, consider a monotone mean
as an extension of the probability mean for a sample of expert data, which is defined by the Choquet integral and actually
coincides with the probability mean with respect to one of the associated probability distributions of the fuzzy measure.
Specifically, this can be formulated as follows.

Let g: 25— [0, 1], S = {s1, 52, ..., s, } be a finite fuzzy measure with its associated probabilistic class {Asps} e, ;
n: S — {p, ¢-ROFNs}be some variable with values n = {n, M2, ..., M}, Ni=1N(si),i=1,2, ...,nand n; € p, ¢-ROFNs.
Let us expand the Choquet finite integral for variable 1 with respect to fuzzy measure g.

Definition 12 The p, g-rung orthopair fuzzy Choquet integral (The monotone expectation) of 1 with respect to the
fuzzy measure g is called the expression

ME(n) 2 [ g({s€S|n=n() > ah)da
= ;‘9’770«) g ({seqrys s 52w }) =8 ({s21)s - S26-1) )]
=1

=D e - AP T (s21) 2)
k=1

where 7 € S, is a permutation such that 7;(1) > Nz2) = ... = ()
t t t
Definition 13 Letn, &: S — {p, ¢-ROFNs} be some variables, n = (11, ..., M), mi=n(s;) and & = (&, ..., &), &=
& (si)

(a) We say that the variables 1) and £ are comonotone with respect to partial ordering < if there exists a permutation
pt

T € S, such that Ny 1% N(2) ’% % Ne(n) and &1y ]% S2) ]% % Se(n);

(b) We say that the variables 1) and & are comonotone with respect to complete ordering < if there exists a permutation
t

T € Sy, such that Ne(n) ? Nz(2) ? ? Ne(n) and ér(l) ? 57(2) ? ? g‘:(n)-
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It is clear that if 1 and & are comonotone with respect to partial ordering <, then they are also comonotone with
pt
respect to complete ordering <.

If there is a class of asséciated probabilities {Asps } ces, Of a fuzzy measure g, then we introduce the following
notions of associated classes. A class of associated probabilities induces the classes of associated probability averages
(expectations), the associated covariances, associated variations and associated correlation coefficients.

Definition 14 Letn = (N1, ..., Mu), Ni = N(s;) and & = (&, ..., &), & = E(s;) be variables on S.

(a) The class of associated probability averages (expectations) { AsPA } ;. s, of variable 1 (APAC) is called the class
of expectations of 1, where Vo € S,

ASPAG(T[) = @T[c(k)AS[JG (SG(k)) ; (23)
k=1

(b) Vo € S, permutation the associated covariance of the variables & and 7 is called the probabilistic covariance of
the values &g = (& (55(1))s - & (S(n))) and Ng = (n (S6(1))» -+ M(So(n))) With respect to the associated probability Asps

AsCove(1, §) = AsPAG (1 ©§)O (AsPAG(1) © AsPAG(§)), (24)

where n® & = <n0(1) ®&s(1)s -+ No(n) @ Ea(n) ), and the class {AsCove }4cg, is called the Associated Covariances Class
(ACC);

(c) Vo € S, permutation, the associated variation of a variable 1 is called the probabilistic variation of the value
No = (N(s5(1))s - N(Sa(x))) With respect to the associated probability Aspg:

AsVarg(n) = AsPAg (nz) o (AsPA(;(n))2 , (25)

and the class {AsVarg } ;¢ is called the Associated Variations Class (AVC);

(d) Vo € S, permutation the associated correlation coefficient of the variables & and 7 is called the probability
correlation coefficient of the values &5 = (& (So(1))s -+ é(sc(,z)» and N = <n(sc,<1)), s n(sa(,,))> with respect to the
associated probability Asps

AsCorg (1, &) = AsCovo (1, §)3 | (AsVare(n)' > @ (AsVaro (&))" (26)

and the class {AsCorg } g, is called the Associated Correlation Coefficients Class (ACCC).
We have the following proposition for the extension of the Choquet integral for variables 1, &: S — {p, ¢-ROFNs}.
Proposition 7 The monotone expectation ME, (1) of a variable 1 with p, g-ROF values coincides with one of the
associated probability average of 1:

ME, (1) = AsPA:(7). (27)

Proof. This proof becomes clear by comparing formulas (23) and (24). O

Co iporary Math tics 3862 | Gia Sirbiladze, et al.




Using the principle of the “monotonic expectation concept” for expert data, we derive monotone extensions of basic
classical statistics with respect to the fuzzy measure. Now let us introduce the extensions based on the Choquet integral for
monotone statistics in the p, g-ROF environment.

Definition 15 Let g: 25 — [0, 1], S = {51, 52, ..., s, } be a finite fuzzy measure with associated probability class
{Aspc}ses, ; let be given some variables 17, &: S — {p, ¢-ROFNs}, then

(a) the monotone variation of 11 with respect to fuzzy measure g is called

MVar, (1) = ME, (n?) & (ME,(n))*; (28)

(b) the monotone covariance of variables 1 and & is called

MCov,(n, &) = ME;(n ® §)E (ME,(n) © ME,(&)); 29)

(¢) the monotone correlation coefficient of variables 17 and € is called

MCory(1, &) = MCov,(n, £)0 | (MVarg(n))"/> ® (MVar,(&))"/? (30)

Now let us establish the connection between monotone statistics and associated statistics in the form of proposition.
Proposition 8 If ) and & are variables with values from p, g-ROFN on S, 1, &: S — {p, ¢-ROFNs} and they are

comonotone on some permutation T € S, with respect to partial ordering <; and g is some fuzzy measure on 25, then
pt

a) ME,(n) = AsPA:(7),

b) MVar() = AsVarz(1),

¢) MCov(n, &) = AsCov¢(1, &),

d) MCor(n, &) = AsCor¢(n, &). €20

Proof. The proof of a) is analogous to the proof of the proposition for environment g-ROF given in [17]. Therefore,
we will not consider the generalization to numbers p, g-ROFNss.
Consider b). Since 7 in the variation MVar(n) = ME,(n?)S[ME,(n)]? takes only positive values, therefore 7

and n? are comonotone variables. That is 37 € Sy, N¢(1) > Ne2) = - = Neg) = nrz(l) > n§<2> > > ng(n). Thus,
pt pt pt pt pt pt

ME,(n?) = AsPA;(1?) and ME,(n) = AsPA;(1). Then we have

MVar;(n) = AsPA;(n?)S[AsPA;(n)]* = AsVar,(n). (32)

I.e. the monotone variation coincides with one of the associated variations of 7.
Consider ¢). Since 1 and & are comonotone and take positive values, then 1, & and 1 ® € will also be comonotone.
Therefore
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ME, (1 ® &) = AsPA-(N ® &), MEg(n) = AsPA;(1]), ME,(&) = AsPA(&)

and

MCov(n, &) = AsPA;(n ® &)S[AsPAL (1) ® AsPAL(E)] = AsCov. (7, &). (33)

That is, the monotone covariance between comonotone variables coincides with one of the associated covariances on
P, g-ROFNSs.

d) This can be proven similarly. O

Now let us consider issues such as the properties of monotone and associated statistics in the p, g-ROFNs environment.

Proposition 9 Let n: S — {p, ¢-ROFNs} be a variable; n; = n(s;) € {p, ¢-ROFNs}, i=1, ..., n; g: 25 — [0, 1]
be some fuzzy measure with its APC class {Aspe }5cg,» then MEg(7) is also p, ¢-ROFN number with the following
expression

N

1/
(1-} )A”’f(““‘))] p,flv?}ifg(s“”)>, (34)

ME,(n) = AsPA<(11) = D Mo, - Aspo (sow) = < [1 )
k=1 =1

where 7 € S, is a permutation such that (1) > N¢2) > ... > Ny(n)-
pt pt pt
The proof is equivalent to the analogous proof presented in [32], but for the g-ROFNs environment, and we will not

repeat it here.

Now let us consider analogous propositions for other monotone statistics. The proofs are by induction and for
simplicity we will not present them here.

Proposition 10 Let n: S — {p, g-ROFNs} be a variable, n; = 1(s;) € {p, ¢-ROFNs},i=1, ...,n,and g: 25 — [0, 1]
be some fuzzy measure with its APC {Asps } ;¢ s,- Then monotone variance MVarg(n) is p, ¢-ROFN number with the
following expression:

MVar(n)
= AsVar¢(1)

= AsPA; (n?) S [AsPA:(n)]?

2p » 1/p 1/q 1/p
l_Alfun . l_Alfun 2 2P
T T A‘T’_n Af‘”n
0V AN ——— A

1—ub 2 vl 2 1—ul 2 >7 (35)
1—(1—AT "> 1—(1—AT") 1—(1—AT ”)

where
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A‘ T "‘L'
AF =TT (%)™ (o) (36)

and 7T € S, is such permutation that M) > Ny2) > ... = Nep)-
pt pt pt

Proposition 11 Assume that 17, &: S — {p, ¢-ROFNs}, n; = n(s;), & = &E(s;), i =1, 2, ..., n are comonotone
variables on some permutation T € S, with respect to partial ordering <; g: 25 — [0, 1] is some fuzzy measure with its
pt

APC {Aspc} scs,- Then monotone covariance between variables 17 and £ is also p, ¢-ROFN number with the following

expression

MCov(n, &) = AsCov,(n, &)

where

A‘;?ié = H (1 _ (1 _ V%‘r(k)) . (1 . vgr(k)))mpr(sr(k)) 7 (38)
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and 7 € S, is such a permutation that 1) > N¢(2) > ... > Ny and Eo(1) > Erp) > oo > Erpy)-
pr pt pr pt pt pt
There are similar proofs for the monotone correlation coefficient (formulas (26) and (30)), when 1 and & are

comonotone with respect to some permutation 7 € S, under partial ordering <. The value of MCor is also a p, ¢-
pt
ROFN number, and its expression is not given here because of its very large size. Note also that AsPA;(n) =

1—ub q
-y, e,
To achieve reduction and minimization of decision-making risks, statistics based on the finite Choquet integral for
P, ¢-ROF numbers are considered: monotone probability average, monotone variance, monotone covariance, and monotone

correlation coefficient. Their analytical properties are considered. Connections between monotone and associated statistics
are derived. Efficient formulas for calculating monotone statistics are also derived.

5. F-associated statistics in interactive MADM under p, g-ROF environment

We have already noted that, unlike the principle of classical statistics, which can consider samples of independent
trial results for statistical analysis, this principle does not apply and does not work for expert data, due to the expert nature
of the data source. Here, additive aggregations are replaced by non-additive, but monotone aggregations. For example,
in MADM models, expert assessments of alternatives to attributes have interdependencies, since the relevant attributes
interact in the decision process. The development of systematic statistical analysis on expert data involves the creation
of aggregation tools that take into account all possible interactions of attributes as much as possible. This is not entirely
possible with the monotone statistics explained in the previous section. This also applies to p, g-ROF data aggregations. In
this section, one approach to solving this problem is developed for the p, g-ROF environment. The correct extension of
monotone statistics to the so-called F-associated statistics will be introduced, which take into account all the interactions of
attributes. The correctness of the distribution implies the following. F-associated statistics coincide with the corresponding
monotone statistics if in the definition of F-associated statistics, we take the so-called second-order extreme Choquet
capacities as the fuzzy measure. This class of fuzzy measures is well known to researchers and practitioners. This class is
one of the main basic classes in the fuzzy measure theory (Def. 7, [35])

As we discussed in the introduction, the results of the aggregation of monotone statistics in MADM models, when
interactions between attributes are observed, imply the use of non-additive aggregation tools for ranking decision alternatives.
For example, with the Choquet integral type aggregations, when the index of uncertainty arising in expert evaluations of
attributes is represented by some fuzzy measure. It should be noted that the monotone expectation, variance and other
operators of extended aggregations built on the Choquet finite integral take into account the interaction of attribute groups
with only a certain single consonant structure of attributes:

{seybs {521y 2@ b o oo {521) S22)s oos 2y } (39)

which leads to unsatisfactory and less reliable rankings in cases of strong interactions. The authors in [8, 17, 27-34, 64, 66,
67] developed an approach whose aggregation operators take into account all n! number

{so)}s {56(1): 562 }» s {S6(1)s 56(2) s So(n) } ) » O € S, (40)

interactions between attribute groups of consonant structures. In particular, the differences in fuzzy measure values of
neighboring elements of these structures,

g({sa(l), ceey S(;(i)}) —g({sa(l), ceey S(F(ifl)})v = 1, 2, ey 15 g{sc(o)} = 07
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as the degree of impact obtained when adding a new element {sc(i)} to any set {sc(l), e s(,(i_l)} of this structure.

We will extend this concept for the p, g-ROF environment.

Definition 16 Let be given a finite fuzzy measure g: 25 — [0, 1], S = {s1, 52, ..., s, } with associated probability class
(Aspz,) = {Asps} e, Some averaging operator

F: {p, ¢-ROFNs}" — {p, ¢-ROFNs} (41)

and two p, g-ROFN values variables: 1, £: S — {p, ¢-ROFN}; n; =1(s;), & =E&(si), i =1, 2, ..., n. Then
(1) F-Associated p, g-Rung Orthopair Fuzzy Probability Averaging (F-As-p, g-ROFPA) operator is called

F-As-p, ¢-ROFPA(n) = F(AsPA (1), ..., AsPA;  (1)); 42)

(2) F-Associated p, g-Rung Orthopair Fuzzy Variance (F-As-p, g-ROF Var) operator is called

F-As-p, ¢-ROFVar(n) = F(AsVarg, (1), ..., AsVarg, (1)); (43)

(3) F-Associated p, g-Rung Orthopair Fuzzy Covariance (F-As-p, g-ROFCov) operator is called

F-As-p, ¢-ROFCov(n, &) = F(AsCovy, (0, §), ..., AsCove, (1, &)); (44)

(4) F-Associated p, g-Rung Orthopair Fuzzy Correlation coefficient (F-As-p, g-ROFCor) operator is called

F-As-p, ¢-ROFCor(n, &) = F(AsCor, (1, §), ..., AsCorg, (1, §)), (45)

where {AsVarc} g, {AsCovr} g and {AsCorc}, . classes are respectively associated variance, covariance and
correlation coefficient classes of a fuzzy measure g.

In this article, for operator F we will consider only two values F € {max, min}. For them, we will define specific
new F-associated operators for the probability average, variance, covariance, and correlation coefficient.

max-As-p, ¢-ROFPA(1) = \/ AsPAs(n),

cES,

min-As-p, g-ROFPA(n) = A AsPAg(n),

cES,

max-As-p, ¢-ROFVa(n) = \/ AsVarg(n),

oESy

min-As-p, g-ROFVar(n) = /\ AsVars(n),

oeS,
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max-As-p, ¢-ROFCov(n, &) = \/ AsCovg (7, &),

oesS,

min-As-p, ¢-ROFCov(n, §) = /\ AsCovg (7, &),

cES,

max -As-p, ¢-ROFCor(n, &) = \/ AsCors(n, &),

cES,

min-As-p, g-ROFCor(n, &) = /\ AsCors(n, &). (46)

cES,

Based on the mathematical induction method, it is simple to prove the proposition:
Proposition 12 Let be given some fuzzy measure g: 25 — [0, 1] and some p, ¢-ROFNs valued variables 1 and &,

N, &: 8 — {p, g-ROFNs}. Then values of new operators from (46) are p, ¢-ROFNs and have the following expressions:

1_u17 l/p vq 1/‘]
max-As-p, ¢-ROFPA(1) = { \/ (IAG ") A (AG”) ,

OES, oES,

17#/7 1/p N 1/q
min-As-p, g-ROFPA(n) = ( (1—AG "> V (AU”) ;

oESy cES,

o »12\ /P
EAEE
max-As-p, ¢-ROFVar(n) = < \/ ov 5 ,
oES) - {1 —Al,‘ﬂ
1/q 1/p
1— 2q 1— 2
N |1IA As " A Ag "
TES, 1= ? 1y ?
" 1—|1-Ag 1-|1-Ag
17u2p 1—u? 2 l/P
[1_/1(, n ] - [1_A(, }
min-As-p, g-ROFVar(n) = < N |ov 5 ,
oES - {1 Ai,“ﬂ
1/q 1/p
1-vd 1-up?
V| 1A Ag " A Ag :
oES 1-v ? 1-up ’
n 1—|1-A, 1-|[1-Ag
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1—u? P —uP1\ UP
[I—AG "”5} - {1—A; ”"} X [1—Acy "‘5}
max-As-p, ¢-ROFCov(n, &) = < \/ ov p — ,
oES, 1— [1 —Aﬁ,”n} % {1 —Ag 5]
. 1/q
v
A né
A 1A z -
v Ve
oeS,s 1— [1-A0| x |[1-Ag
) 1/p
Al—un5
A z 5
1—ub 1_“5
1{1AG ”}X{IAG ]

P oy l—u? 1/p
o
min-As-p, g-ROFCov(n, &) 1

Il
T
>
[e]
<

1—uf *ug
oES, 1—|1—Ag | x [1-Ag
. 1/q
1%
Ané
\V 1A = .
oes, 1— [1—AZ,"] X [1—A4
L 1/p
—Uu
A né
A g > > 47)
1—ub 1—”‘5
1{1AG "] [1Acy }

Note that we do not include the expressions of the operators max -As-p, g-ROFCor and min-As-p, g-ROFCor due to
their very large size.
It is not difficult to show the following connections between the new operators:

AsVar;(n) = AsCov¢(1, M), TES,,
F-As-p, g-ROFVar(n) = F-As-p, ¢-ROFCov(n, 1),
AsVar;(A-n) =A% AsVars(n), A>0,7€S,,

F-As-p, ¢-ROFVar(A -n) = A% F-As-p, ¢-ROFVar(n), 1 >0,

Volume 7 Issue 3]2026| 3869 Contemporary Mathematics



AsCor(1, M) =e,
F-As-p, g-ROFCor(n, n) =e. (48)
The proofs of these formulas are simplified if we note the following identities:

2p
l—u,7

2
1—ub vl vl
A nmm _ A A nn _ A n
T T ) T T -

There are connections between monotone statistics and F-associated statistics, which is a matter of the extension

correctness:
Proposition 13 If g: 25 — [0.1] is some fuzzy measure; S = {5y, ..., s, }, & and 11, €&, n: S — {p, ¢-ROFNs}, are

comonotone on some permutation 7 € S, with respect to partial ordering <, then
pt
a) If g is the upper capacity of the second order, then

max-As-p, ¢-ROFPA (1) = ME,(n),

max -As-p, ¢-ROFVar(n) = MVar, (1),

max-As-p, ¢-ROFCov(n, &) = MCov,(n, &),

max-As-p, ¢-ROFCor(n, £) = MCor,(n, &). (49)

b) If g is the lower capacity of the second order, then

min-As-p, g-ROFPA(1) = ME,(1),

min-As-p, g¢-ROFVar(1n) = MVar,(n),

min-As-p, g¢-ROFCov(n, &) = MCov,(1, £),

min-As-p, ¢-ROFCor(n, §) = MCor,y(n, &). (50)

Note that if p = g and we have g-ROF environment, then the proofs of the first equations of formulas (49) and (50) of
this proposition are given in [17]. Since the technique for proving the remaining formulas is almost the same, we will not
give the rest of the proof here.

At the end of this section, we will present binary relations for ranking MADM alternatives, which are constructed with
new operators. Consider the model (D, S) of MADM, where D = {d, ..., d, } are possible alternatives, and S = {s, ..., s, }
is a set of attributes. For each alternative d; € D, the corresponding row in the decision matrix {1;;} corresponds to some
ratings, utilities, or other evaluations, and which correspond to a variable 7; with values in p, g-ROFNs:
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i = (Mits Ni2s - Min)s Nij = Ni(sj) € p, g-ROFNs, i=1,2,..m; j=1,2,.. n (51)

Definition 17 a) We say that d; is no worse alternative than the alternative d; according to monotone expectation if
di 2 dj < MEg(n;) > ME,(n;); (52)
ME 1
b) We say that d; is no worse alternative than the alternative d; according to monotone variation if

d;i > dj< MVarg(n;) < MVar,(n;); (53)
MVar t

c) We say that d; is no worse alternative than the alternative d; according to the F-associated probability average,
F € {max, min}, if

di > dj< F-As-p, ¢-ROFPA(1))) > F-As-p, ¢-ROFPA(n;); (54)
F-PA t

d) We say that d; is no worse alternative than the alternative d; according to the F-associated variance, F' € {max, min},
if

di > dj< F-As-p, ¢-ROFVar(n;) < F-As-p, ¢-ROFVar(n;). (55)
F-Var t

Determining the degree of statistical independence between possible alternatives in MADM models is an essential
and important problem in practical problems. A certain solution to this problem is presented in the analysis below for the
P, g¢-ROFNs environment.

Definition 18 We say that there is a statistically high degree of dependence between the alternatives d; and d;, if
MCor(n;, ;) = e = (1, 0), that is, umcor — 1 and vmcor — 0.

As we have already mentioned MCor(n;, 1;) = e.

Definition 19 We say that there is a statistically high degree of independence between the alternatives d; and d; if
MCOI’(T],', T],’) ~0= (0, 1) < upcor — 0, vmcor — 1.

Note that if 1); and 7); are comonotone variables on some permutation T € S, with respect to partial ordering < and the
pt
probability covariance for the permutation 7 € S, is equal to 0, then we will have a high degree of independence between

the alternatives d; and d;, since MCor(n;, nj) = AsCorz(n;, 1) = 6.

Based on the definitions given here, it is possible to rank all alternatives {d;}, i =1, ..., m, from high to low statistical
independence in relation to the remaining alternatives. For this, the concept of a Statistical Independence Index (SII) is
used, which ranks all d; alternatives accordingly:

Tl Y [Large (vwicor (1, 1)) + Small (uncor (M 1)) (56)
J#i
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Where Large, Small: [0, 1] — [0, 1] are fuzzy consistency functions. In the future we will use the following specific
functions: Large(x) = (¢*—1)/(e— 1) and Small(x) = (e —€*)/(e—1).

Definition 20 We say that an alternative d; is no worse an independent alternative than an alternative d; according to
the monotone correlation coefficient if

SII

Similarly, we introduce the relation of ordering of independence with respect to F-associated p, g-ROF correlation
coefficient.

Definition 21 Let F € {min, max}. We say that an alternative d; is not a worse independent alternative than an
alternative d; according to the F-associated correlation coefficient, if

d; > d; < Sllp(d;) > Slip(d;), (58)
STiF
where
1
Slr(d;) = m=1) Y [Large(ve-as-p, g-roFCor(Mi; 1)) + Small (up-s-p, ¢-ROFCor (i M7))]- (59
J#i

Note that the alternatives ranked by the indices SII and SII¢ indicate their degree of statistical independence in relation
to the other alternatives.

Since the aggregations obtained by the monotone statistics cannot fully reflect the degrees of interaction of attributes
in MADM decision process, their extensions are introduced: F-associated probability average, F-associated variance,
F-associated covariance, and F'-associated correlation coefficient. In F-aggregations, they take into account all possible
variants of consonant structures of attributes—that is, they combine all variants. This creates fewer risks in the rankings of
alternatives obtained through relatively monotone statistics and aggregations. Extension correctness implies that if the
second-order extremal Choquet capacities are taken as a fuzzy measure and the F-aggregation function is a max or min,
then the F-associated statistics and monotone statistics values coincide.

6. Illustrative examples of aggregations of F-associated and monotone statistics in
MADM under the p, g-ROF environment

Quite different statistics for ranking alternatives have been constructed for different practical problems in the p, ¢-
ROFNs environments. A certain orderly form has been given to the p, g-ROFNs statistical analysis. To demonstrate the
obtained results, we present a numerical example. Now let us consider a specific example of MADM a model (D, S),
where the elements in the decision matrix are p, g-ROFNs numbers. Suppose we have 3 attributes S = {s1, 52, s3} and 4
possible alternatives D = {d, d», d3, d4}. Let the decision matrix has the following form.
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Table 1. Decision-making p, ¢-ROF matrix

S
D S1 52 53
di (0.6, 0.4) (0.6, 0.3) (0.8,0.4)
dy 0.4,0.7) (0.8,0.4) (0.6, 0.4)
ds (0.7, 0.4) (0.6, 0.3) (0.7, 0.3)
di (0.8, 0.6) (0.9, 0.5) (0.9,0.4)

Note that the evaluations of alternatives d;, i = 1, 2, 3 with respect to attributes S will be represented by a p, g-ROF
vector 1; = (11, N2, Ni3) from Table 1, e.g. 1 = ((0.6, 0.4), (0.6, 0.3), (0.8, 0.4)).

In order to better imagine the process of aggregation calculations with the operators constructed in the article for
ranking alternatives D, we present a MADM scheme for the given data.

Table 2. Fuzzy measure g and its associated probability class

Be2S g(B) Aspg, (B) Aspe, (B) Aspg,(B) Aspg, (B) Aspeos(B) Aspg,(B)
1 0.25 0.25 0.25 0.40 0.55 0.30 0.55
52 0.15 0.30 0.30 0.15 0.15 0.35 0.10
53 0.35 0.45 0.45 0.45 0.30 0.35 0.35
S1, 52 0.55 0.55 0.55 0.55 0.70 0.65 0.65
S1, 53 0.65 0.70 0.70 0.95 0.85 0.65 0.95
52, 53 0.45 0.75 0.75 0.60 0.45 0.70 0.45
S1, 52, 83 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 3. Permutations

Permutation G € § (1,2,3) (1,3,2) (2,1,3) 2,3, 1) 3,1,2) (3,21

Notation o; € S3 O] (o)) 03 Oy O5 O

Calculation scheme 1.

Step 1: Create a MADM model (D, S) and a decision-making matrix;

Step 2: Form the variables with 1);; € p, ¢-ROFNs of expert evaluations in decision matrix (Table 1); Let us fix the
numerical values of the parameters p and g;

Step 3: Create an uncertainty index for the MADM model, forming a fuzzy measure g defined on the attributes S;

Step 4: Construct a class of {Asps} ces, -associated probabilities with the associated fuzzy measure g (here S, = S3);

Step 5: Construct a class of {AsPAs } ;g -associated probability averages;

Step 6: Construct a class of {AsVarg } ;¢ -associated variances;

Step 7: Construct a class of {AsCove } ;g -associated covariances;

Step 8: Construct a class of {AsCorg } 5.5 -associated correlation coefficients;

Step 9: For each alternative d; calculate ME,(7;), MVar,(n;)-monotone statistics;

Step 10: For each pair of alternatives (d;, d;) calculate MCov,(1;, 1;) and MCor,(1;, 11;) monotone statistics;

Step 11: For each alternative d; build F-As-p, g-ROFPA(1);), F-As-p, ¢-ROFVar(n;) statistics (F € {max, min};

Step 12: For each pair of alternatives (d;, d;) construct F-As-p, g¢-ROFCov(n;, 1;), F-As-p, ¢-ROFCor(n;, 1)
statistics (F € {max, min};
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Step 13: For each alternative d; calculate Statistical Independent Indexes-SII(d;) and SII¢ (d;) (F € {max, min};
Step 14: Construct binary relations >; > ; > ; > ; >and > (F € {max, min}, for ranking alternatives;

ME MVar F-PA F-Var SII Sl
Step 15: Rank the alternatives D of the MADM model using the binary relations of Step 14.

Now let us continue to implement this scheme for the data given in Table 1, when the numerical values of p and
g are fixed. We proceed to Step 3. Suppose we are given some g fuzzy measure on 25, its values are presented in the
second column of Table 2. The next 6 columns in this table are given to the associated probabilities of g. Note that since
S ={s1, 52, s3}, then we have 3 attributes and the number of permutations will be 3! = 6. Let us introduce the conditional
notations of these permutations (Table 3).

Based on the steps 412 we calculate the respect values of new aggregation statistics:

Associated probability averagings and monotone expectations for p = 4, g = 3 are given in Table 4.

Table 4. Associated probability averagings and monotone expectations (formulas (23) and (34)) for p =4, ¢=3

D ASPAO-1 (T]l) ASPAO-2 (T]l) ASPAO-3 (T]l) ASPA0-4 (T],) ASPAO-5 ('I],) ASPAO-6 (T]l) MEg (T},)
di~m 0.720, 0.367 0.720, 0.367 0.720, 0.383 0.689, 0.383 0.700, 0.362 0.700, 0.389 0.700, 0.389
dy~mM 0.671, 0.460 0.671, 0.460 0.613, 0.500 0.596, 0.544 0.680, 0.473 0.575, 0.544 0.596, 0.544
dz ~ 13 0.676, 0.322 0.676, 0.322 0.688, 0.337 0.688, 0.351 0.671, 0.327 0.692, 0.351 0.671, 0.327
dy~ M 0.882,0.473 0.882, 0.473 0.870, 0.486 0.856, 0.517 0.878, 0.488 0.856, 0.511 0.856, 0.511

Associated variances and monotone variances for p =4, ¢ = 3 are given in Table 5.

Table 5. Associated variances and monotone variances (formulas (25), (28), (35), (36)) forp=4,¢=3

D AsVarg, (1) AsVarg, (1;) AsVarg, (1) AsVarg, (1) AsVarg, (1) AsVarg, (1) MVar(n;)
dy~m 0.359, 0.994 0.359, 0.994 0.359, 0.994 0.349, 0.995 0.354, 0.995 0.354, 0.995 0.354, 0.995
dy ~ M 0.379, 0.993 0.379, 0.993 0.351,0.99 0.360, 0.989 0.39, 0.992 0.335,0.989 0.351, 0.990
dz ~ 13 0.216, 0.992 0.216, 0.989 0.192, 0.999 0.194, 0.979 0.221, 0.949 0.174, 0.989 0.216, 0.989
dy~MNa 0.314, 0.997 0.314, 0.997 0.337, 0.996 0.344, 0.995 0.324, 0.996 0.344, 0.995 0.337, 0.996

Associated covariances and monotone covariances for the pairs of alternatives for p = 4, ¢ = 3 are given in Table 6.

Table 6. Associated covariances and monotone covariances for the pairs of alternatives (Formulas (24), (29), (37), (38)) forp=4,¢=3

(di,dj)  AsCove (M, 1) AsCove,(1i,M;) AsCove, (10i,1;) AsCove,(Mi,n;) AsCove, (1, 1)) AsCove (Mi,1;) MCov(n;, 1)

(dy, da) 0.002, 0.975 0.005, 0.996 0.001, 0.976 0.005, 0.985 0.002, 0.952 0.001, 0.938 0.001, 0.938
(dy, d3) 0.207, 0.999 0.207, 0.998 0.003, 0.958 0.002, 0.918 0.201, 0.999 0.005, 0.962 0.207, 0.998
(dy, da 0.234, 0.999 0.234, 0.999 0.303, 0.997 0.301, 0.997 0.227, 0.999 0.318, 0.997 0.318, 0.997
(da, d3 0.004, 0.985 0.001, 0.896 0.001, 0.976 0.003, 0.974 0.004, 0.982 0.002, 0.944 0.001, 0.976

)
)
(da, da) 0.267, 0.998 0.267, 0.998 0.288, 0.998 0.309, 0.997 0.294, 0.998 0.297, 0.997 0.309, 0.997
(d3, da) 0.004, 0.985 0.001, 0.896 0.318, 0.997 0.006, 0.987 0.005, 0.993 0.003, 0.974 0.318, 0.997

Associated correlation coefficients and monotone correlation coefficients for the pairs of alternatives for p =4, g =3
are given in Table 7.
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Table 7. Associated correlation coefficients and monotone correlation coefficients for the pairs of alternatives (Formulas (26), (36)) for p =4, g =3

<d,~7 dj> AsCorg, (1;,m;) AsCorg,(n;,1m;) AsCorg,(n;,1m;) AsCorg,(n;,1n;) AsCorg(n;,1;) AsCorg(n;,1n;) MCor(n;, n;)
(dy, da) 0.006, 0.875 0.007, 0.896 0.004, 0.973 0.005, 0.925 0.006, 0.932 0.002, 0.941 0.002, 0.941
(dy, d3) 0.067, 0.986 0.214,0.939 0.047, 0.858 0.021, 0.921 0.041, 0.991 0.065, 0.992 0.047, 0.858
(dy, da) 0.134, 0.899 0.034, 0.792 0.103, 0.897 0.203, 0.984 0.182, 0.968 0.038 0.938 0.182,0.968
(da, d3) 0.002, 0.935 0.004, 0.796 0.003, 0.771 0.004, 0.984 0.014, 0.972 0.006, 0.947 0.014,0.972
(da, da) 0.043,0.923 0.036, 0.831 0.225, 0.899 0.015,0.973 0.043, 0.996 0.012,0.938 0.043,0.923
(d3, da) 0.023,0.976 0.036, 0.887 0.145, 0.988 0.054, 0.996 0.015, 0.992 0.024, 0.975 0.024, 0.975

Max and Min-associated and monotone statistics for p =4, g = 3 are given in Table 8.

Table 8. Max and Min-associated and monotone statistics (formulas (42)-(45) and (47)) p=4,¢=3

D max-p, g-AsPA(n;) min-p, g-AsPA(n;) ME, (n;) max-p, g-AsVar(n;) min-p, g-AsVar(n;) MVar(n;)

di 0.720, 0.367 0.689, 0.383 0.700, 0.389 0.359, 0.995 0.349, 0.995 0.354, 0.995
dy 0.680, 0.473 0.575, 0.544 0.596, 0.544 0.360, 0.989 0.379, 0.993 0.351, 0.990
d3 0.688, 0.337 0.671, 0.327 0.671, 0.327 0.221, 0.999 0.174, 0.999 0.216, 0.989
dy 0.882,0.473 0.856, 0.517 0.856, 0.511 0.344, 0.995 0.314, 0.997 0.337, 0.996

(di, dj) max-p,g-AsCov(n;,1;) min-p, g-AsCov(n;,1;) MCov(n;, 1))

max-p, g-AsCor(1;, 1;)

min-p, g-AsCor(1;,1;)  MCor(n;, 1)

di, dy

Y
XU

1, d3

=
&=

S
2

)

d

)
& B

( )
( )
( )
(d2, d3)
(d2, da)
( )

U

35

0.001, 0.976
0.003, 0.958
0.227, 0.999
0.004, 0.985
0.267, 0.998
0.005, 0.993

0.005, 0.985
0.201, 0.999
0.303, 0.997
0.004, 0.982
0.309, 0.997
0.318, 0.997

0.001, 0.938
0.307, 0.998
0.318, 0.997
0.001, 0.976
0.309, 0.997
0.318, 0.997

0.004, 0.973
0.041, 0.991
0.038, 0.938
0.004, 0.984
0.015,0.973
0.015, 0.992

0.007, 0.896 0.002, 0.941
0.214, 0.939 0.047, 0.858
0.034, 0.792 0.182, 0.968
0.003, 0.771 0.014, 0.972
0.225, 0.899 0.043, 0.923
0.145, 0.988 0.024, 0.975

According to Step 13, calculate indices SII and SII¢ for all alternatives (Table 9).

Statistical independent indexes SII and SIIr for p =4, ¢ = 3 are given in Table 9.

Table 9. Statistical independent indexes SII and SIIf (formulas (56), (59)) for p=4, g =3

D SII(d;) STlmax (di) STliin (d;)
dp 0.9735 0.9856 0.996
dy 0.6667 0.8656 0.9656
d3 0.8971 0.9767 0.9062
dy 0.6467 0.8553 0.8793

We go to on the ending steps (14, 15) of the scheme. We rank MADM alternatives D = {d|, d», d3, da} be the
> ;>and > F € {max, min}.

constructed by the order relations: >; > ;

> .
Me MVar F-PA’ F-Var SII

STl

Ranking of alternatives by the binary relations for p = 3, ¢ = 3 are given in Table 10.

Ranking of alternatives by the binary relations for p = 4, ¢ = 3 are given in Table 11.
Ranking of alternatives by the binary relations for p =5, ¢ = 4 are given in Table 12.
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Table 10. Ranking of alternatives by the binary relations (formulas (52)—(55), (56)—(59)) for p =4, g =3

Ranking binary relations

Ranking of alternatives

>
Me
>
MVar
>
max-PA
>
min-PA
>
max -Var
>
min-Var
>
SII
>
SHmax

>
Slpin

dy>dy >ds > dp
dy>dy >dy > dp
dy>dy>dy > dp
dy>dy >dy > d
3 >dy>dy > dp
d3>dy>dy > dp
dy>d3 >dy > dy
dy>dy>dy > dy

dy>dy>dy > dy

Table 11. Ranking of alternatives by the binary relations for p =3, g =3

Ranking binary relations

Ranking of alternatives

>
Me
>
MVar
>

max-PA

min-PA
>
max-Var
>
min-Var
>
N
>
SIlmax

>
Sliin

dy>dy >2d3 > d
dy>dy>dy > dy
dy>dy>dy > dp
dy>dy>dy > dp
dy>dy >d > dp
d3>dy >dy > dy
dy>dy>dy > dy
dy>dy>dy > dy

dy>dy>d; > dy

Table 12. Ranking of alternatives by the binary relations for p =5, g =4

Ranking binary relations

Ranking of alternatives

min-PA
>
max -Var
>
min-Var
>
SII
>
SHmax

>
STlpin

dy>dy >dy > d
d3>dy >dy > dy
dy>dy>dy > dp
dy>dy>dy > dp
d3>dy >dy > dy
d3>dy >dy > dp
dy>dy>dy > dy
dy>d3 >dr > dy

dy>dy>dy > dy
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6.1 Comparative analysis

The example considers the case of three values of a pair (p, ¢). To compare the results obtained by ranking, it is
natural to divide the new aggregation operators into three groups. 1). Averaging operators with the corresponding ranking

binary relations: >, > ,and > . Ifwe compare the rankings with these relations from Tables 1012, it is clear that
. . Me max-PA min-PA . . . . .
a kind of stability is observed with d4-optimal alternative. However, the subsequent ranking alternatives for the relations

> and > are partially different from the corresponding ranking for the relation >. This should be due to the
max -PA min-PA Me

sufficient degree of interaction of the attributes; 2). Decision risk operators with the corresponding ranking binary relations:

>, > ,and > . For these relations the optimal alternative is d3, except for one case, which is replaced by d; and
MVar max-Var min-Var . . o . L . .
which is the second ranking alternative in the remaining two cases; 3). Aggregation operators statistically taking into

account independence with the corresponding ranking binary relations: >, > ,and > . For these relations the optimal
SI SlImax STpin

alternative is d;. The next ranking alternatives are d» and dsz. This difference must be due to the phenomenon of attributes
interaction.

In conclusion, we can say that:

1. With the change of the pair (p, ¢) values, with the increase of their values, the rankings remained essentially
unchanged, which indicates the sensitivity of our approach.

2. For three different groups of aggregation operators, three stable different optimal solutions are observed.
Accordingly, for the first, second and third groups, we get alternatives dy4, d3 and d;. This was expected. However,
there are differences in the aggregations of the second group of ranking, which is caused by the phenomenon of the
interaction of attributes.

3. The large spectrum of new aggregations indicates that, depending on the decision-making mood of the decision-
maker, the appropriate aggregation group should be selected. In addition, there is the possibility of selecting pessimistic
(min) and optimistic (max) aggregation operators in the group.

4. As for the different results for the aggregated results of monotone and F-associated statistics. As it was said in
the research part, monotone statistics take into account the phenomenon of interaction of attributes of MADM partially,
while F-associated statistics take into account this phenomenon completely. Therefore, conducting this analysis in specific
MADM practical problems would be of essential importance. Since this example is created only for the calculation scheme
built in the article, there is no substantive side to this problem.

7. Conclusions

Obviously, the construction of aggregation tools for minimal decision-making risks or independent optimal alternative
selection in interactive MADM models is an important problem. In fuzzy interactive MADM modeling, the main problem
is the handling of the dual conflict phenomenon of uncertainty-imprecision caused by expert assessments. The presented
study is concerned with this problem. Specifically, with the problem of systematizing statistical analysis for p, g-ROF
values, which are quite common in interactive MADM models when the uncertainty index of interacting attributes is
described not by an additive (probability) measure, but by a monotone (fuzzy) measure. It is known that in such cases,
non-additive and nonlinear instruments and operators should be used for data aggregation. On the other hand, in order
to systematize statistical analysis in interactive MADM models, the concept of “Monotone Expectation” is considered
for the extension of classical statistics in the p, g-ROF environment. In the classical view, the arithmetic operations of
subtraction and division are not defined in p, g-ROF values. The operations of pseudo-subtraction and pseudo-division
are introduced to define the covariance and correlation coefficient. The analytical properties of the new operations were
also presented. To achieve reduction and minimization of decision-making risks, statistics based on the finite integral
of Choquet for p, g-ROF information are considered: monotone probability average, monotone variance, monotone
covariance, and monotone correlation coefficient. Since the aggregations obtained by these statistics cannot fully reflect
the degrees of interaction of attributes, their extensions are introduced: F-associated probability average, F'-associated
variance, F'-associated covariance, and F-associated correlation coefficient. In their aggregations, they take into account
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all possible variants of consonant structures of attributes—that is, they combine all variants. This creates fewer risks in the
rankings of alternatives obtained through relatively monotone statistics and aggregations. Extension correctness implies
that if the second-order extremal Choquet capacities are taken as a fuzzy measure and the F-mean aggregation function is
a max or min, then the F-associated statistics and monotone statistics values coincide. Quite different statistics for ranking
MADM alternatives have been constructed for different practical problems in p, g-ROFNs environment. A certain orderly
form has been given to p, g-ROFNs-statistical analysis. To illustrate the obtained results, a numerical example of a simple
fuzzy interactive MADM is presented. Comparative analysis of the attribute rankings obtained with constructed statistics
is performed. A limitation of the application of our new approach in interactive MADM problems of practical value is that
it will be necessary to solve a rather difficult fuzzy measure identification problem. For the development of future research,
we will extend the class of monotone and F-associated statistics considered for p, g-ROF and other fuzzy environments.
The concept of “Monotone Expectation” will be extended in the presence of new fuzzy information. The obtained results
will be illustrated in high value decision-making problems.
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