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Abstract: This research introduces a novel class of distributions termed the inverse Weibull-X (IW-X) family, derived

from the broader T-X family of distributions. We systematically develop and describe several expanded sub-models within

this newly proposed family, focusing on their unique characteristics and advantages. A particular emphasis is placed on the

extended model known as the Inverse Weibull-Rayleigh (IW-R) distribution. This model is explored in depth, detailing

its distributional properties, inferential methods, and practical applications. We provide a comprehensive theoretical

framework for the IW-R distribution, including derivations of its moments, reliability functions, and other key statistical

properties. Additionally, we discuss estimation techniques for the model parameters, utilizing the maximum likelihood

estimation. The practical utility of the IW-R distribution is demonstrated through application to real-life data sets. These

examples illustrate the model’s enhanced adaptability and robustness in fitting data across various domains. The results

indicate that the IW-R distribution offers significant improvements in flexibility and accuracy over traditional models,

highlighting its potential as a valuable tool for statistical analysis and inference in diverse applications.

Keywords: family of distributions, T-X family, inverse Weibull-X (IW-X) family, Inverse Weibull-Rayleigh (IW-R)

distribution, reliability function, order statistics, maximum likelihood estimation (MLE)
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1. Introduction

The process of modeling lifetime and reliability data needs distribution systems that provide researchers with multiple

options to study various hazard rate patterns, data asymmetry, and extreme value distributions. The inverse Weibull
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distribution and other classical models are popular because they provide easy mathematical analysis and match the

requirements of decreasing hazard functions, but these models cannot represent complex aging patterns and multiple hazard

states and extreme right-tail distributions that occur in actual data. The constraints of inherent baseline distributions impact

both reliability assessment activities and statistical sample collection procedures and simulation methods because the fixed

baseline distributions create synthetic samples that fail to capture actual population diversity, which leads to incorrect

parameter estimations and diminished effectiveness of maximum likelihood estimation and Monte Carlo simulation

methods. The IW-X family and IW-R distribution allow researchers to generate authentic random samples for their studies

by incorporating additional shape parameters and flexible hazard patterns, leading to improved study outcomes, enhanced

simulation work, and more practical applications of their findings, which motivated us for this study.

Multiple generalized classes of distributions have been created and used to cover a range of events due to the desire to

create more adaptable statistical distributions. According to the density function y = f (x) of the Pearson distribution [1],
each correct answer to the differential equation qualifies as a legitimate distribution of continuous probabilities. Twelve

distinct solutions to the differential equation

dF = F(1−F)g(x)dx,

where 0 ≤ F ≤ 1 and g(x) is a non-negative function over x, were given by a set of continuous distributions provided
by Burr [2]. Johnson [3] presented a normalizing transformation-based approach to producing distributions. The new

univariate and multivariate Burr type II distributions developed by Fry [4] are an extension of the Logistic Regression

Model.

Ramberg and Schmeiser developed the generalized lambda distribution (GLD) [5, 6] as well as Ramberg et al. [7],

where the lambda distribution was initially introduced by Tukey [8]. The skew-normal family of distributions, a novel

class of density functions first described by Azzalini [9], is based on a shape parameter where zero corresponds to the

conventional normal density. The generalization approach addresses the shape parameter started by Marshall and Olkin

[10]. Gilchrist [11] provided a method for statistical modeling with the quantile function, who also referred to sample

transformation maps (STMs) and rank transformation maps (RTMs) as Q-transformations and P-transformations.

A general class of distributions known as beta-generated distributions, as introduced by Eugene et al. [12], are formed

from the logit of the beta random variable. Several beta-generated distributions have previously been created, including the

beta-Gumbel distribution [13], beta exponential distribution [14], beta-Weibull distribution [15], beta-gamma distribution

[16], beta-Pareto distribution [17], and others. A well-known popular method for generalizing probability distribution

termed a quadratic transmuted family of distributions was introduced by Shaw and Buckley [18], which has the following

cd f

F (x) = (1+λ )G(x)−λG(x)2; x ∈ R,

where λ ∈ [−1,1] is the transmutation parameter and G(x) is the base distribution function of any standard probability
model. Some contributed research work over this family are transmuted extreme value [19], transmuted Weibull [20],

transmuted Log-logistic [21], transmuted Lomax [22], etc.

An extended version of the beta-generated family of distributions provided by Jones [23], Cordeiro, and de Castro [24]

of Kumaraswamy distribution [25], introduced a generalized family of distributions called Kw-G family of distributions.

Several generalized distributions related to Kw-G have already been developed, like the KumaraswamyWeibull distribution

by Cordeiro et al. [26], the Kumaraswamy generalized gamma distribution by de Castro et al. [27], and the Kumaraswamy

generalized half-normal distribution by Cordeiro et al. [28]. Therefore, beyond the 0 to 1 range, the produced distributions

from Beta and Kumaraswamy generated families of distributions are least capable of handling the increasingly complicated

data.
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To get over the drawback of employing other distributions with various supports as the generator to derive new classes

of distributions and increase the regions of application of the produced distributions, a fascinating technique named the

T-X family of distributions for generating a continuous family of distributions was introduced by Alzaatreh et al. [29],

which has the following cd f

FT−X (x) =
∫ W (G(x))

c
r(t)dt = R [W (G(x))] , (1)

where T ∈ [c,d], for−∞ ≤ c < d ≤ ∞ be a continuous transformed random variable with density and distribution functions

r(t) and R(t) respectively as well as the transformerW (G(x)) be a function of the cd f G(x) of any random variable X so

thatW (G(x)) satisfies the following conditions:

W (G(x)) ∈ [c,d]

W (G(x)) is differentiable and monotonically non-decreasing

W (G(x))→ c as x →−∞ and W (G(x))→ d as x → ∞.


Then the corresponding pd f associated with the equation (1) can be given as

fT−X (x) =
[

d
dx

W (G(x))
]

r [W (G(x))] . (2)

Several distributional family, such as Weibull-X [30], logistic-X [31], exponential-X [32], Pareto-X [33], exponent

power-X [34], and others, have previously been generated using the method of the T-X family.

Despite the extensive development of the family of distributions, there are still limited contributions from researchers

in constructing an inverse Weibull-centered family construction under this framework that can accommodate diverse fields

of data with different tail behaviors, degrees of skewness, and hazard rate shapes. This gap can limit the flexibility of the

inverse Weibull-generated modeling in accommodating varying lifetime data sets. To address this gap, this paper proposes

a new IW-X family of distributions.

The specific objectives of this paper are to derive the properties of the proposed family of distributions along with a

method for estimation and statistical inference, to generate new probability distributions utilizing the proposed family, and

to show the superior flexibility of the IW-X family with some numerical results and graphical representation after applying

real-life data sets over a selected generated distribution, the IW-R distribution.

The rest of this paper is organized as follows: The derivation and distributional characteristics of the IW-X family

of distributions, order statistics, parameter estimates, and simulation procedure have all been covered in Section 2.

The generated IW-R distribution from the proposed family is shown in Section 3, along with all of this distribution’s

fundamental statistical characteristics, order statistics, estimation, simulation study, and real-life applications to demonstrate

the dominating flexibility of the resulting distribution. Finally, in Section 4, some concluding remarks have been bestowed.

2. IW-X family of distributions (new)

This section provides the development of the proposed IW-X family of distributions along with some special cases

of the family as well as distributional properties. The order statistics, estimation, and process of simulation of the IW-X

family are further discussed.
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2.1 Development of the IW-X family

According to the technique of the T-X family as equated in (1), W (G(x)) depends on the support of the random
variable T . For differentW (G(x)), we will obtain a new family of distributions like if T ≥ c, c is non-negative. Now, with
the assumed zero value of c, without loss of generality there will be four choices ofW (G(x)) can be defined as

− log(1−G(x)),
G(x)

(1−G(x))
, − log(1−Gα(x)), and

Gα(x)
(1−Gα(x))

,

where α > 0. However, for producing the proposed IW-X family of distributions, here we considerW (G(x)) =− log(1−
G(x)), then the cd f of the new family (a special case of the T-X family) of distributions using (1) will be

FIW−X (x) =
∫ − log(1−G(x))

0
r(t)dt = R [ − log(1−G(x))] . (3)

Then the pd f of the proposed IW-X family corresponds to equation (3) will be

fIW−X (x) =
g(x)

1−G(x)
r [− log(1−G(x))] = h(x)r [− log(1−G(x))] , (4)

where h(x) is the hazard function for the random variable X with pd f g(x) and cd f G(x) as well as r(t) and R(t) are the
transformed density and distribution functions of Inverse Weibull distribution introduced by Keller and Kamath [35] and

further used by Okasha et al. [36] defined as

r(t) = αθ t−(α+1)e−( θ

tα ); t ∈ [0,∞),

R(t) = e−( θ

tα ),

where α,θ > 0 are the shape and scale parameters, respectively. After that, with the substitution of r(t) and R(t) in equation
(3) and after some simplification, the new IW-X family of distributions can be defined as

FIW−X (x;α,θ) = e
− θ

[− log(1−G(x))]α ; x ∈ R, (5)

where α and θ are the positive shape and scale parameters respectively. Then, with the idea of equation (4), the pd f of the
new IW-X family of distributions can be obtained by differentiating (5) with respect to x as

fIW−X (x;α,θ) =
αθg(x)
[1−G(x)]

e
− θ

[− log(1−G(x))]α

[− log(1−G(x))]α+1 ; x ∈ R. (6)

Now, several extended flexible distributions (for several base distributions G(x)) can be generated as a special case of
the proposed IW-X family of distributions.

Contemporary Mathematics 4690 | Md Jakir Hossen, et al.



2.2 Special cases of the IW-X family

This subsection lists some members of the proposed IW-X family of distributions based on different base distributions,

which are displayed in Table 1. The plots of density functions for these distributions are drawn by using the R-package

“ggplot2” (Wickham et al. [37]) and are exhibited in Figure 1.

Table 1. List some special cases of the IW-X family of distributions

Generated Distribution pd f Support

Inverse Weibull-Uniform αθ

1−x
e
− θ

[− log(1−x)]α

[− log(1−x)]α+1
x ∈ (0,1)

Inverse
Weibull-Kumaraswamy

αθbsxs−1

1−xs
e−θ

[
− log

{
(1−xs)b

}]−α[
− log

{
(1−xs)b

}]α+1
x ∈ (0,1)

Inverse Weibull-Arcsine α

4
√

(x2−x)ArcCos(
√

x)
e
−θ

[
log
(

π

2ArcCos(
√

x)

)]−α

[
log
(

π

2ArcCos(
√

x)

)]α+1
x ∈ [0,1]

Inverse Weibull-Gompertz
αθbη

e

[
−θ

{
− log

(
eη−ηebx

)}−α

+bx

]
[
− log

(
eη−ηebx

)]α+1

x ∈ [0,∞)

Inverse Weibull-Lomax αθβ

λ+x
e
−θ

[
− log

{(
λ+x

λ

)−β
}]−α

[
− log

{(
λ+x

λ

)−β
}]α+1

x ∈ [0,∞)

Inverse Weibull-Exponential
αθλ

e
− θ

(λx)α

(λx)α+1
x ∈ [0,∞)

Inverse Weibull-Weibull αθk
x

e
−θ

[(
x
λ

)k
]−α

[( x
λ

)k
]α

x ∈ [0,∞)

Inverse Weibull-Inverse
Weibull

αθbsx−s−1
(
− log

(
1−e−bx−s

))−α−1
e
−θ

(
− log

(
1−e−bx−s

))−α

ebx−s−1

x ∈ [0,∞)

Inverse Weibull-Pareto αθβkβ

xβ+1
( k

x

)β

e
−θ

[
− log

{(
k
x
)β
}]−α

[
− log

{( k
x

}β
}]α+1

x ∈ [k,∞)

Inverse Weibull-Burr XII αθckxc−1

xc+1
e−θ

[
− log

{
(xc+1)−k

}]−α[
− log

{
(xc+1)−k

}]α+1
x ∈ R+

Inverse Weibull-Gumbel

αθ

β

(
1−e−e

µ−x
β

) e

−
x+βe−x−µ+βθ

−e
µ−x

β

−α

β


(
−e

µ−x
β

)α+1

x ∈ R

Inverse Weibull-Logistic
αθ

s
(
eµ/s+ex/s

) e

x
s −θ

− log

1− 1

e
µ−x

s +1

−α

[
− log

(
1− 1

e
µ−x

s +1

)]α+1

x ∈ R
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Figure 1. Plots illustrating the pd f for the members of the IW-X family
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2.3 Specific properties of the IW-X family

The qualities or measurements that characterize the distribution of data points in a data set or population are known as

the distributional properties of a distribution. Important details about the distribution of the data, the distribution’s shape,

and other significant characteristics are revealed by these qualities. Some specific distributional properties of the proposed

IW-X family are described below:

2.3.1Moments

The rth moment of the IW-X family of distributions can be obtained in the context of probability-weighted moments.

The probability-weighted moment (pwm) of the IW-X random variable is defined as

Mr,l,s = E
[
X r {G(x)}l {1−G(x)}s

]
=
∫

∞

−∞

xr {G(x)}l {1−G(x)}s g(x)dx. (7)

We have to find the rth moments of the IW-X family using the following formula

µ
′
r = E (X r) =

∫
∞

−∞

xr f (x)dx, (8)

where f (x) is equated in equation (6). Using f (x) from (6) to (8), the rth moment becomes

µ
′
r =

∫
∞

−∞

xr αθg(x)
[1−G(x)]

e
− θ

[− log(1−G(x))]α

[− log(1−G(x))]α+1 dx. (9)

We know from the exponentiated expansion,

e−x =
∞

∑
i=0

(−1)i xi

i!
.

Hence the expression

e
− θ

[− log(1−G(x))]α =
∞

∑
i=0

(−1)i

i!
θ i

[− log(1−G(x))]iα
. (10)

Then using (10), the expression

e
− θ

[− log(1−G(x))]α

[− log(1−G(x))]α+1 =
∞

∑
i=0

(−1)i

i!
θ i [− log(1−G(x))]−iα

[− log(1−G(x))]α+1

=
∞

∑
i=0

(−1)i

i!
θ

i [− log(1−G(x))]−α(i+1)−1 . (11)

Volume 7 Issue 4|2026| 4693 Contemporary Mathematics



But we know from the logarithm expansion,

log(1− x) =
m

∑
j=1

−x j

j
.

Using the logarithm expansion in (11) and after some simplification, the expression

e
− θ

[− log(1−G(x))]α

[− log(1−G(x))]α+1 =
∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i jα(i+1)+1 {G(x)}− jα(i+1)− j . (12)

Now, the distribution and density functions of the IW-X family of distributions can also be written in equations (13)

and (14), respectively, as

FIW−X (x;α,θ) =
∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i jiα {G(x)}−i jα , (13)

and

fIW−X (x;α,θ) = α

∞

∑
i=0

m

∑
j=1

(−1)i g(x)
i!{1−G(x)}

θ
i+1 jα(i+1)+1 {G(x)}− jα(i+1)− j . (14)

After that, substitute the expression from (12) to (9), the rth moment becomes

µ
′
r = α

∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i+1 jα(i+1)+1
∫

∞

−∞

xr {G(x)}− jα(i+1)− j {1−G(x)}−1 g(x)dx. (15)

Therefore, using the pwm from equation (7) and substitute in equation (15) , the rth moment of the proposed IW-X

family of distributions is

µ
′
r = α

∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i+1 jα(i+1)+1Mr,− jα(i+1)− j,−1, (16)

where,

Mr,− jα(i+1)− j,−1 =
∫

∞

−∞

xr {G(x)}− jα(i+1)− j {1−G(x)}−1 g(x)dx.

Now, the moment-generating function (MGF) of the proposed IW-X family can be expressed as
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MX (t) = α

∞

∑
i,r=0

m

∑
j=1

(−1)i tr

i!r!
θ

i+1 jα(i+1)+1Mr,− jα(i+1)− j,−1. (17)

2.3.2Quantile function and median

The inverse of a distribution function, which specifies the value of the chance variable is the quantile function. The

quantile function of the proposed IW-X family of distributions can be obtained by inverting the distribution of the IW-X

family as equated in equation (6) and expressed as

X = GI

[
1+ ep(u)

]
, (18)

where, GI(.) = G−1(.), p(u) =
{
− log(u)

θ

}−1/α

, and u ∼U(0,1).
Similarly, the median of the proposed family can be obtained just by the replacement of X and u in equation (18),

through M and 1
2 respectively, and other terms remain the same. Hence the expression of the median of the IW-X family

can be expressed as

M = GI

[
1+ ep( 1

2 )
]
. (19)

2.4 Distribution of the order statistics for the IW-X family

Order statistics are a fundamental concept in statistics that deals with the arrangement or ordering of a set of random

variables or data points. Let, X1:n ≤ X2:n ≤ . . . ≤ Xn:n be the order statistics of the independent and identically distributed

(iid) random variables X1, X2, … , Xn. Then, the pd f of the kth order statistic Xk:n for the proposed family can be defined

as follows

fXk:n(x) =
n!

(k−1)!(n− k)!
[F(x)]k−1 [1−F(x)]n−k f (x), (20)

where the expanded F(x) and f (x) of the proposed family are equated in equations (13) and (14), respectively. Hence the
equation (20) will be

fXk:n(x) =
n!

(k−1)!(n− k)!

[
∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i jiα {G(x)}i jα

]k−1[
1−

∞

∑
i=0

m

∑
j=1

(−1)i

i!
θ

i jiα {G(x)}−i jα

]n−k

×

[
α

∞

∑
i=0

m

∑
j=1

(−1)i g(x)
i!{1−G(x)}

θ
i+1 jα(i+1)+1 {G(x)}− jα(i+1)− j

]
. (21)

Now, the other order statistics of the proposed IW-X family can be get-at-able through the pd f of the kth order statistic

Xk:n as equated in equation (21).
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2.5 Model parameter estimation of the IW-X family

The estimation of parameters of the IW-X family of distributions through maximum likelihood estimation (MLE) is

discussed here. Let x1,x2, . . . ,xn represent the random sample of size n drawn from the proposed family { f (.;ϑ)|ϑ ∈ Θ},
with vector of parameters ϑ = (α,θ)′. Then the corresponding log-likelihood function can be expressed as

l (ϑ) = n log(αθ)+
n

∑
i=1

log
[

g(xi)

1−G(xi)

]
−

n

∑
i=1

[
θ

{− log(1−G(xi))}α

]

− (α +1)
n

∑
i=1

log [− log(1−G(xi))] . (22)

Finding the model parameter values that maximize the likelihood function is the aim of MLE. Gradient-based

optimization methods like gradient descent or specialized algorithms like the Newton-Raphson method are commonly

employed to find the values of the parameters (ϑ ) that maximize the log-likelihood function. In order to do this, take the

derivatives of (22) with respect to the unknown parameters and continue as follows:

∂ l (ϑ)

∂α
=

n
α
+

n

∑
i=1

[
θ log{− log(1−G(xi))}
{− log(1−G(xi))}α

]
−

n

∑
i=1

log [− log(1−G(xi))] ,

∂ l (ϑ)

∂θ
=

n
θ
−

n

∑
i=1

[
1

{− log(1−G(xi))}α

]
.

Setting the above partial derivatives equal to zero and solving the nonlinear equations analytically yields the maximum

likelihood estimates (MLEs) ϑ̂ =
(
α̂, θ̂

)′
. After that, the “bbmle” [38] package can be implemented to solve the ensuing

equations numerically, as they could not be solved analytically.

2.6 Simulation study of the IW-X family

The procedure of simulation analysis (see details in [39]) has been carried out in this subsection for the developed

models of the proposed IW-X family of distributions. The steps are explained below:

1. Using equation (18) and with the set initial values of the model parameters, random samples of several arbitrary

sample sizes have to be generated first for the developed model.

2. Then, the generated model’s parameters must be obtained through MLE.

3. The above process has to be repeated n times to calculate these estimators’ mean and mean square error (MSE).

3. IW-R distribution (new)

This section introduces a new generalization of the Rayleigh distribution named the IW-R distribution, utilizing the

proposed IW-X family of distributions. To develop it, let’s consider the density and distribution functions of the Rayleigh

distribution, which was named after Lord Rayleigh [40],

g(x) =
x

σ2 e−
x2

2σ2 , x ∈ [0,∞), (23)
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G(x) = 1− e−
x2

2σ2 , (24)

where σ ∈ R+ is the scale parameter. The cd f of the IW-R distribution can be obtained by substituting G(x) from equation

(24) to (5), which can be given as

F (x;α,θ ,σ) = e
− θ(

x2
2σ2

)α

; x ∈ [0,∞), (25)

where α,θ ∈ R+ are the shape and scale parameters respectively. Then, the corresponding pd f of the IW-R distribution

can be given as

f (x;α,θ ,σ) =
αθx
σ2

e
− θ(

x2
2σ2

)α

(
x2

2σ2

)α+1 ; x ∈ [0,∞). (26)

Some special sub-models of the IW-R distribution are listed in the following Table 2.

Table 2. List of some special cases of the IW-R distribution

Value of Parameters Special Sub-models

α = α

2 and σ =
√

1
2 Inverse Weibull

α = 1
2 and σ =

√
1
2 Inverse Exponential

α = 1, θ = 1, and σ =
√

σ

2 Inverse Rayleigh

Now, some possible shapes of the density and distribution functions of IW-R distribution for various chosen values

of the model parameters (α , θ , and λ ) are displayed in Figure 2. The derived IW-R distribution clearly can manage the

various behaviors of the complicated data because the majority of the density function’s forms are positively skewed and

one is exponential.

Figure 2. Plots illustrating the density and distribution functions of the IW-R distribution
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3.1 Distributional properties of the IW-R distribution

Some basic distributional properties include moment, quantile, reliability, and hazard functions of the IW-R distribution

have been discussed in this subsection.

3.1.1Moments

The rth moment of IW-R distribution can be expressed as follows

µ
′
r = 2

r
2 σ

r
θ

r
2α Γ

(
1− r

2α

)
; α >

r
2
. (27)

Then, the mean and variance of the IW-R distribution can be easily obtained through the rth moment in (27) by

substituting r = 1,2 respectively, which are

Mean= µ1 = 2
1
2 σθ

1
2α Γ

(
1− 1

2α

)
; α >

1
2
, (28)

and

Variance= µ2 = 2σ
2
θ

1
α

[
Γ

(
1− 1

α

)
−Γ

(
1− 1

2α

)2
]
, α > 1. (29)

Different possible values of the model parameters of the IW-R distribution are shown in Table 3, which presents the

mean and variance (in parentheses) charts as well as the possible shapes demonstrated in Figure 3. It has been observed

from the table and figure that with the increasing values of the shape parameter (α), both the values of the mean and

variance have decreased, and they grow with the rising values of the scale parameter (σ ).

Table 3. Mean and variance (in parenthesis) chart for the IW-R model

σ = 1 σ = 1.2 σ = 1.4 σ = 1.6 σ = 1.8

θ = 1

α = 1.1
2.304 2.765 3.225 3.686 4.147

(14.976) (21.566) (29.353) (38.339) (48.523)

α = 1.2
2.162 2.594 3.027 3.459 3.891

(5.889) (8.480) (11.542) (15.075) (19.080)

α = 1.3
2.058 2.469 2.881 3.292 3.704

(3.199) (4.606) (6.269) (8.188) (10.363)

α = 1.4
1.978 2.373 2.769 3.165 3.560

(2.007) (2.891) (3.935) (5.139) (6.504)

α = 1.5
1.915 2.298 2.681 3.064 3.447

(1.372) (1.976) (2.689) (3.513) (4.446)
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Figure 3. Plots illustrating the mean (left) and variance (right) of the IW-R distribution

Similarly, the skewness and kurtosis of the IW-R distribution can be obtained with the higher value of r(> 2) in (27)
and expressed as

Skewness=

[
2Γ
(
1− 1

2α

)3 −3Γ
(
1− 1

α

)
Γ
(
1− 1

2α

)
+Γ

(
1− 3

2α

)]2

[
Γ
(
1− 1

α

)
−Γ

(
1− 1

2α

)2
]3 ; α >

3
2
, (30)

and

Kurtosis=
6Γ
(

α−1
α

)
Γ
(
1− 1

2α

)2 −4Γ
(
1− 3

2α

)
Γ
(
1− 1

2α

)[
Γ
(
1− 1

α

)
−Γ

(
1− 1

2α

)2
]2

+
Γ
(
1− 2

α

)
−3Γ

(
1− 1

2α

)4[
Γ
(
1− 1

α

)
−Γ

(
1− 1

2α

)2
]2 , α > 2. (31)

Now, the moment generating function of the IW-R distribution can be expressed as

MX (t) =
∞

∑
r=0

tr

r!
2

r
2 σ

r
θ

r
2α Γ

(
1− r

2α

)
; α >

r
2
, (32)

where t ∈ R. From here different moments can be obtained.

3.1.2Quantile function and median

The quantile function of IW-R distribution can be expressed as
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X =

√
2σ2

[
− log(q)

θ

]− 1
α

. (33)

This function can be easily obtained either by substituting the cd f G(x) of the Rayleigh distribution in the quantile
function of the proposed family in (18) or solving the distribution function of the IW-R model equal u(∼ Uniform

distribution in (0,1), in terms of x. The median of the IW-R model can be obtained similarly to the quantile function or we

have to just replace u with 0.5 from equation (33). Hence the median becomes

M =

√√√√2σ2

[
−

log( 1
2 )

θ

]− 1
α

Or, M =

√
2σ2

[
0.3010

θ

]− 1
α

.

3.1.3Reliability analysis

A key idea in survival analysis and reliability engineering is the reliability function, abbreviated as R(t). It measures
the likelihood that a system, component, or entity will continue to operate without malfunction or degradation beyond a

given time point, t. Then, the reliability function of the IW-R distribution can be defined as

R(t) = 1− e
− θ(

t2
2σ2

)α

.

The hazard rate function is denoted as h(t) of the IW-R distribution can be obtained by the ratio of density and

reliability function of the IW-R distribution, which given as

h(t) =
f (t)
R(t)

=
2α+1αθ

(
t2

σ2

)−α

t

e

θ(
t2

2σ2

)α

−1

 .

Now, the mean residual life (MRL) function of the IW-R distribution denoted by m(t), which measures the expected
remaining lifetime given survival until time t, can be expressed as

m(t) =
(2σ2)1/2 θ 1/α

R(t)
Γ

[
− 1

α
, θ

(2σ2

t2

)α

]
, t > 0.

Tail behavior is particularly applicable in the domain of actuarial science, where accurately modeling extreme lifetimes

or rare events affects risk assessment, insurance policies, and maintenance scheduling are the crucial tasks. The IW-R

distribution’s flexible hazard and tail structures allow it to accommodate heavy-tailed or skewed data, enabling realistic

random sample generation and improving both inference and simulation studies. To demonstrate these, here Figure 4

has been considered with various combinations of the model parameters (α , θ , and σ ), which exhibit different possible

forms for the reliability (monotonically declining), hazard rate (reducing, increasing and decreasing) and mean residual
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life (esclating, dropping and growing) functions. These results indicate that the proposed IW-R distribution can capture

different behaviours of the datasets of diverse reliability scenarios.

Figure 4. Plots illustrating the reliability, hazard rate, and mean residual life functions of the IW-R distribution

3.2 Distribution of the order statistics for the IW-R distribution

By the definition of the pd f of the kth order statistic for the IW-R distribution and with the assumed random variables,

the density of lowest and highest order statistics X1:n and Xn:n respectively, can be given as

fX1:n(x) =
nαθx

σ2
e
− θ(

x2
2σ2

)α

(
x2

2σ2

)α+1

1− e
− θ(

x2
2σ2

)α

n−1

,

and

fXn:n(x) =
nαθx

σ2

e
− θ(

x2
2σ2

)α

n

(
x2

2σ2

)α+1 .

Then, the density function of the kth order statistic for the proposed IW-R distribution can be obtained by using the

following formula

E(X r
k:n) =

∫
∞

0
xr

k fXk:n(x) dx,

where,

Volume 7 Issue 4|2026| 4701 Contemporary Mathematics



fXk:n(x) =
n!

(k−1)!(n− k)!

αθx
σ2

e
− θ(

x2
2σ2

)α

(
x2

2σ2

)α+1


e

− θ(
x2

2σ2

)α

k−11− e
− θ(

x2
2σ2

)α

n−k

.

3.3 Model parameter estimation of the IW-R distribution

Considering the proposed IW-X family’s estimation method (MLE), the log-likelihood function of the generated IW-R

distribution can be expressed as follows

l(ϑ) = n log(α)+n log(θ)−2n log(σ)+
n

∑
i=1

log(xi)

− (α +1)
n

∑
i=1

log
(

x2
i

2σ2

)
−θ

n

∑
i=1

(
x2

i
2σ2

)−α

, (34)

where the parameter vector is ϑ = (α,θ ,σ)′. According to the rules of MLE, we have to take derivatives (34) with the

respective parameters α , θ , and σ for maximizing l(ϑ). Hence, proceed as follows.

∂ l(ϑ)

∂α
=

n
α
−

n

∑
i=1

log
(

x2
i

2σ2

)
−

n

∑
i=1

[
2α

θ log(2)
(

x2
i

σ2

)−α

−2α
θ

(
x2

i
σ2

)−α

log
(

x2
i

σ2

)]
,

∂ l(ϑ)

∂θ
=

n
θ
−

n

∑
i=1

(
x2

i
2σ2

)−α

,

and

∂ l(ϑ)

∂σ
=

2(α +1)n
σ

− 2n
σ

−
n

∑
i=1

2α+1αθx2
i

(
x2

i
σ2

)
−α−1

σ3

 .

However, it can be challenging and occasionally impossible to solve the three nonlinear equations analytically after

setting
∂ l(ϑ)

∂α
= 0, ∂ l(ϑ)

∂θ
= 0, and ∂ l(ϑ)

∂σ
= 0,. Additionally, there is a possibility of invalid estimated values of the parameters

that can exceed the support of the parameters. As a result, we can apply logarithmic reparametrization here to ensure that

the estimated parameters remain within their bounds, i.e.,

α = exp(α ′), θ = exp(θ ′), λ = exp(σ ′),

where (α ′,θ ′,σ ′) are the unconstrained real numbers and α ′ = logα , θ ′ = logθ , and σ ′ = logσ . Now, one can use the

R package to solve the nonlinear equations numerically quickly, as discussed in the estimation part of the IW-X family,

where the estimates of the original parameters were then recovered by back-transformation. The maximum likelihood

Contemporary Mathematics 4702 | Md Jakir Hossen, et al.



estimates (MLEs) for the IW-R distribution are therefore ϑ̂ =
(
α̂, θ̂ , σ̂

)′
of ϑ = (α,θ ,σ)′. Also, as n → ∞, the asymptotic

distribution of the MLE is given by

 α̂

θ̂

σ̂

∼ N


 α

θ

σ

 ,

 V̂11 V̂12 V̂13

V̂21 V̂22 V̂23

V̂31 V̂32 V̂33


 .

Here, V is produced by inverting the Hessian matrix and represents the asymptotic variance-covariance matrix (see

Appendix) of the estimates α̂ , θ̂ , and σ̂ . Then, for these three parameters, an estimated 100(1−α)% two-sided confidence

interval is provided as

α̂ ±Z α
2

√
V̂11, θ̂ ±Z α

2

√
V̂22, and σ̂ ±Z α

2

√
V̂33,

where Zα is the α percentile of the standard normal distribution.

3.4 Simulation study of the IW-R distribution

This subsection has carried out the Monte Carlo simulation analysis for the IW-R. distribution in accordance with

the method of simulation analysis for the IW-X family. With different sample sizes (50, 100, 200, and 500), random
samples have been produced using the equation (33) for the initial values of the parameters α = 1, θ = 0.80, and σ = 0.50.
After obtaining the MLEs, the procedure was repeated n = 1000 times. The computed results for mean and mean square
error (MSE) for these 1000 times values are then provided in Table 4, which demonstrates that the estimated values of
the parameters are almost identical to the values of the original parameters and that the MSE reduces with increasing

sample sizes, displayed in Figure 5. Therefore, from the Monte Carlo simulation results, it can be confirmed that the MLE

estimators for the generated IW-R distribution are consistent and efficient.

Table 4. Descriptive statistics for the chosen data sets

Sample size Parameter True value Estimate MSE

50

α 1.00 1.028 0.014

θ 0.80 0.675 0.091

σ 0.50 0.570 0.016

100

α 1.00 1.016 0.006

θ 0.80 0.637 0.080

σ 0.50 0.580 0.013

200

α 1.00 1.004 0.003

θ 0.80 0.616 0.063

σ 0.50 0.583 0.011

500

α 1.00 1.004 0.001

θ 0.80 0.613 0.049

σ 0.50 0.578 0.009
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Figure 5. Plot illustrating the MSE of parameters vs sample size for the IW-R distribution

3.5 Applications of the IW-R distribution

This section explores the performance of the IW-R distribution by applying four real-life data sets to the IW-

R model as well as some related comparable models, including Weibull-Rayleigh (W-R) from the Weibull-X family,

Logistic-Exponential (L-E) from the Logistic-X family, Exponential-Rayleigh (E-R) from the Exponential-X family,

Pareto-Exponential (P-E) from the Pareto-X family, Exponent Power-Weibull (EP-W) from the Exponent Power-X family,

Transmuted Rayleigh (T-R), Weibull (W), and Rayleigh (R). The sources of data sets are now discussed below:

Carbon Fiber Data: We are utilizing an actual data set that Bader and Priest [41] utilized for their data analysis and

recently used by Joshi and Kumar [42]. The information provided is the strength measured in GPA for single carbon fibers

with gauge lengths of 10 mm and 63 samples. The data set is:

1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454, 2.454, 2.474, 2.518, 2.522, 2.525, 2.532,

2.575, 2.614, 2.616, 2.618, 2.624, 2.659, 2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2.937, 2.977, 2.996, 3.030, 3.125,

3.139, 3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3.501, 3.537, 3.554,

3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5.020.

Relief Times Data: The second data set is taken from Gross and Clark [43] and further used by Afify et al. [44],

which gives the relief times of 20 patients receiving an analgesic. The data set is:

1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3, 1.7, 2.3, 1.6, 2.

Taxes Revenue Data: This data set was taken from Nassar and Nada [45] and further utilized by Owoloko et al. [46],

which represents the monthly real taxes revenue in Egypt between January 2006 and November 2010 (in 1000 million

Egyptian pounds). The data set is listed below:

5.9, 20.4, 14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 13.3, 8.5, 21.6, 18.5, 5.1, 6.7, 17, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10,

4.1, 36, 8.5, 8, 9.2, 26.2, 21.9, 16.7, 21.3, 35.4, 14.3, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9, 7, 8.6, 12.5, 10.3, 11.2,

6.1, 8.4, 11, 11.6, 11.9, 5.2, 6.8, 8.9, 7.1, 10.8.

Wind Speed Data: This data set was taken from Seguro and Lambert [47], which represents the wind speed per hour

of a day illustrated in time series formate.

3.3, 3.8, 4.2, 3.3, 2.8, 3.0, 4.0, 2.7, 5.2, 6.7, 6.8, 6.8, 5.7, 8.5, 8.9, 9.3, 6.5, 4.2, 4.3, 3.7, 4.0, 2.8, 3.7, 3.3.

The descriptive statistics of all four data sets are displayed in Table 5. From the tabulated value of skewness for these

data sets, it is obvious that all four data sets are skewed to the right.
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Table 5. Descriptive statistics for the chosen data sets

Data Sets Min Q1 Median Q3 Max Mean Skewness Kurtosis

Carbon Fiber 1.901 2.530 2.986 3.415 5.020 3.050 0.640 0.191

Relief Times 1.100 1.475 1.700 2.050 4.100 1.900 1.592 2.347

Taxes Revenue 4.100 8.450 10.600 16.850 39.200 13.490 1.568 2.079

Wind Speed 2.700 3.300 4.100 6.550 9.300 4.896 0.835 −0.6397

The values of MLE parameters and LL for the IW-R model, as well as the comparable models, are given in Table

6. The Akaike Information Criterion (AIC), the Second Order Estimate of the Akaike Information Criterion (AICc), the

Bayesian Information Criterion (BIC), log-likelihood (LL), -2log–likelihood (-2LL), and Kolmogorov-Smirnov (KS)

statistic, as well as the graphical illustration of the probability-probability (P-P) plot, Empirical Cumulative Distribution

Function (ECDF), and Empirical Probability Distribution Function (EPDF) (see [48, 49] for details) for the chosen data

sets, have been considered here to select the superior model and eventually displayed in Table 7 and Figures 6 and 7,

respectively.

Table 6. Estimated parameter values with log-likelihood (LL) for different models

Data sets Distribution Parameter estimates LL

IW-R α = 2.739, θ = 1.244, σ = 1.844 −59.291

W-R a = 2.513, k = 10.925 −62.967

L-E λ = 4.434, b = 0.226 −58.621

E-R a = 0.103, b = 2.855×10−8 −94.822

Carbon Fiber P-E l=1.500, a=1.385 −130.887

EP-W a = 0.015, b = 3.768, λ = 0.800 −59.450

T-R σ = 1.818, λ =−1.000 −76.818

W a = 3.305, b = 5.027 −62.967

R σ = 2.200 −94.822

IW-R α = 2.009, θ = 0.120, σ = 1.873 −15.409

W-R a = 1.394, k = 4.537 −20.586

L-E λ = 5.890, b = 0.571 −16.477

E-R a = 0.245, b = 2.242×10−8 −22.479

Relief Times P-E l = 1.500, a = 1.332, σ = 6.411 −31.556

EP-W a = 0.254, b = 2.215, λ = 0.822 −18.471

T-R σ = 1.164, λ =−1.000 −19.105

W a = 2.130, b = 2.787 −20.586

R σ = 1.428 −22.479

IW-R α = 1.123, θ = 2.837, σ = 4.069 −188.940

W-R a = 0.920, k = 234.324 −197.291

L-E λ = 3.365, b = 0.088 −190.632

E-R a = 0.002, b = 1.867 −194.953

Taxes Revenue P-E l=1.500, a=0.914 −212.547

EP-W a = 0.030, b = 1.406, λ = 0.768 −193.169

T-R σ = 13.131, λ = 0.642 −195.711

W a = 15.305, b = 1.840 −197.291

R σ = 11.084 −197.711
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Table 6. (cont.)

Data sets Distribution Parameter estimates LL

IW-R α = 1.653, θ = 1.125, σ = 2.595 −45.791

W-R a = 1.320, k = 30.573 −49.453

L-E λ = 4.434, b = 0.226 −47.880

E-R a = 0.036, b = 1.289×10−8 −50.903

Wind Speed P-E l=2626.900, aa=1.299 −60.450

EP-W a = 0.054, b = 1.951, λ = 0.617 −48.333

T-R σ = 3.033, λ =−1.000 −48.531

W a=5.530, b=2.641 −49.453

R σ = 3.734 −50.903

Table 7. Estimation of the criteria for choosing models

Data sets Distribution −2LL AIC AICc BIC KS A C-vM

IW-R 118.582 124.582 124.982 131.059 0.083 3.646 0.204

W-R 125.934 129.933 130.130 134.251 0.888 102.441 2.746

L-E 117.242 121.242 121.439 125.560 0.565 27.152 1.419

E-R 189.644 193.645 193.842 197.963 0.347 12.234 0.745

Carbon Fiber P-E 261.774 265.775 265.971 270.092 0.507 11.350 0.697

EP-W 118.900 124.899 125.299 131.376 0.095 4.006 0.215

T-R 153.636 157.636 157.833 161.954 0.227 9.269 0.530

W 125.934 129.933 130.130 134.251 0.084 4.833 0.263

R 189.644 191.645 191.709 193.804 0.347 12.232 0.745

IW-R 30.818 36.817 38.317 39.805 0.083 1.615 0.147

W-R 41.172 45.173 45.879 47.164 0.528 9.487 0.943

L-E 32.954 36.953 37.659 38.945 0.111 1.676 0.181

E-R 44.958 48.958 49.663 50.949 0.207 3.193 0.334

Relief Times P-E 63.132 67.133 67.839 69.124 0.444 4.176 0.461

EP-W 36.942 42.943 44.443 45.930 0.165 2.609 0.280

T-R 38.210 42.209 42.915 44.201 0.163 2.683 0.283

W 41.172 45.173 45.879 47.164 0.185 3.037 0.323

R 44.958 46.958 47.180 47.953 0.207 3.193 0.334

IW-R 377.880 383.879 384.316 390.112 0.048 0.744 0.039

W-R 394.582 398.581 398.795 402.736 0.825 21.168 0.707

L-E 381.264 385.263 385.478 389.418 0.072 1.298 0.078

E-R 389.906 393.905 394.120 398.060 0.102 1.749 0.097

Taxes Revenue P-E 425.093 429.093 429.308 433.248 0.391 4.570 0.294

EP-W 386.338 392.337 392.774 398.570 0.120 1.745 0.105

T-R 391.422 395.422 395.636 399.577 0.130 1.890 0.111

W 394.582 398.581 398.795 402.736 0.143 2.066 0.121

R 395.422 397.422 397.492 399.499 0.172 2.436 0.147
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Table 7. (cont.)

Data sets Distribution −2LL AIC AICc BIC KS A C-vM

IW-R 91.582 97.583 98.783 101.117 0.111 1.510 0.128

W-R 98.906 102.906 103.478 105.262 0.812 14.362 0.837

L-E 95.760 99.760 100.331 102.116 0.154 1.667 0.157

E-R 101.806 105.806 106.377 108.162 0.188 1.718 0.157

Wind Speed P-E 120.899 124.899 125.471 127.255 0.443 3.037 0.307

EP-W 96.666 102.667 103.867 106.201 0.204 1.966 0.187

T-R 97.062 101.062 101.633 103.418 0.223 2.224 0.211

W 98.906 102.906 103.478 105.262 0.223 2.027 0.193

R 101.806 103.806 103.988 104.984 0.188 1.718 0.157

After examining all of the above analyses from Tables 6 and 7, it is clear that the results of the goodness of fit for the

IW-R model are evident to have all the qualities of being the best-fitted model compared to the selected models for the

above applied data sets. Except for wind speed data, for the remaining three data sets, the proposed model’s some criterion

values are slightly bigger than the L-E model, a larger portion of criterion and test statistics values show better outcomes

than both L-E and other models. This can also be visually illustrated by the P-P plots from Figures 6–8, where all four

data sets’ empirical lines are significantly closer to the IW-R model’s line as compared to the other three selected models.

Therefore, the graphical illustration also agrees with the decision that the IW-R model captured the studied data sets more

effectively than the competing models.

Figure 6. Plots illustrating the ECDF for four different data sets
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Figure 7. Plots illustrating the EPDF for four different data sets

Figure 8. Plots illustrating the P–P plots for four different lifetime data sets
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4. Concluding remarks

Through this study, a new framework has been developed from which several extended IW-based models can be

generated. The proposed family has presented several distributional properties and characteristics suitable for modeling

varying complex phenomena. Within this framework, the IW-R model has been investigated with suitable statistical

properties along with estimation and simulation studies. Four real-world applications demonstrate the significance of

the IW-X family and the modeling capability of the IW-R model. Therefore, the proposed technique makes a valuable

contribution to the analysis and fitting of real-world data from various fields, including medicine, engineering, economics,

and so on.
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Appendix

The Hessian matrix is given as

H =


H11 H12 H13

H21 H22 H23

H31 H32 H33

 ,

where the variance-covariance matrix V is obtained by

V =


V11 V12 V13

V21 V22 V23

V31 V32 V33

=


H11 H12 H13

H21 H22 H23

H31 H32 H33



−1

,

with the elements of the Hessian matrix obtained as

H11 =
n

∑
i=1

{
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θ log(2)2
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x2
i
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i
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(
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(
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n
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∑
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(
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(
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H13 =
n

∑
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