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Abstract: Geometric numerical integration is a numerical algorithm that preserves the inherent geometric properties
of the system. However, most traditional numerical algorithms do not take into account the characteristic, resulting in
deviations in some properties during the long-term numerical discretization process. To overcome these issues, advanced
numerical algorithms with invariant properties are required. Thus, this work reports the area-preserving performance of
the Lie derivative geometric numerical algorithm in the Hamiltonian system. First, we propose a numerical discretization
scheme of two-dimensional Hamiltonian systems via the Lie derivative method, and the convergence of the proposed
algorithm is demonstrated. Then, the Jacobian matrix of numerical iterative algorithm is implemented, the absolute error,
the mean squared error and the cumulative total error of area mapping are derived, respectively. Four criteria of the
algorithm for area preservation are given. Furthermore, numerical calculation of two examples confirms that the solution
errors over long times is quite satisfactory. Moreover, the cat-face mapping is achieved to prove the quantitative area-
preserving.
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1. Introduction
Numerical algorithms are one of the key tools for the advancement of science. In the last some decades, the numerical

methods for general differential equations has achieved a certain level ofmaturity, and high-precision numerical algorithms
are developing rapidly [1–3], mainly including Runge-Kutta methods, linear multistep schemes, composition method,
splitting methods, and so on. In particular, with the emergence of new differential equation models, traditional numerical
algorithms did not consider the geometric property, which often fails to compute the correct physical characteristics. So
they are unable to provide satisfactory solutions. Therefore, developing structure preserving algorithms is needed.

Structure preserving algorithm is an important numerical computation method, which can preserve the inherent
geometric properties of the dynamical system. Therefore, a number of research devoted to the field [4–7], such as
symplectic methods [8–10], symmetric methods [11, 12], Lie group methods [13, 14], variational integrators [15–18],
Lie algebra variational integrator [19], Hamel’s field variational integrator [20–22]. These methods can preserve certain
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geometric properties of the system, such as energy, the first integral, area, volume, and so on. Recently, the Lie derivative
method as a new geometric numerical integration algorithm has been applied to the autonomous systems [23–25], chaos
synchronization [26], the non-autonomous systems [27–29], time-varying systems in fractional form [30], the aromatic
bicomplex [31], the variable mass systems [32] and maintain the geometric structure of the manifold [33]. Existing studies
demonstrate that the method produces numerical solutions consistent with exact solutions or Runge-Kutta approximations,
while offering advantages in larger time steps [34] and computational efficiency [24, 25]. Furthermore, it can also be
applied to the chaotic motion of amulti-dimensional Hamiltonian system [25], the four high-dimensional chaotic nonlinear
systems [35], and a four-dimensional reference space representing the Lagrangian variables [36]. However, prior literature
has focused primarily on numerical accuracy and computational performance, neglecting the intrinsic geometric structure
of dynamical systems, which critically governs global physical characteristics. The area-preserving is an important type of
structure-preserving algorithm which can provide visualized quantitative dynamic behavior. It has extensive applications
in fields such as signal processing, image processing, and cryptography. Thus, developing area-preserving properties of
the algorithm holds significant value.

In this paper, we address the issue of area preservation of the Lie derivatives algorithm. First, we give a discretization
numerical scheme of two-dimensional Hamiltonian systems, and then propose four criteria of the algorithm for area
preservation. Subsequently, two numerical examples demonstrate the area-preserving performance of the Lie derivative
algorithm under the corresponding conditions.

2. Lie derivative algorithm of Hamiltonian system
2.1 Lie derivative discretization algorithm

In this section, consider the area-preserving Lie derivative geometric numerical algorithm for the conservative
partitioned Hamiltonian system. The mathematical model can be described as

ṗ =−∂H
∂q

,

q̇ =
∂H
∂ p

,

(1)

where H = H (p, q) is the Hamiltonian function of the system, q is the generalized displacement, and p denotes the
generalized momentum.

And the discretization schemes can be implemented as

pk+1 = pk +
η

∑
n=1

hn

n!
Ln
−Hq(qk, pk),

qk+1 = qk +
η

∑
n=1

hn

n!
Ln

Hp(qk, pk),

(2)

where h is the step size, η is the order of Lie exponential expansion, and k is the discrete step.
Since the Hamiltonian Eq. (1) is partitioned into two different, separate parts. Hence, the Lie derivative is realized

via the following formula
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LHp(pk) = Hp
∂q
∂q

= Hp,

L−Hq(pk) =−Hq
∂ p
∂ p

=−Hq.

(3)

The higher-order derivatives can be recursively defined as

Ln
Hp(qk, pk) = LHp(L

n−1
Hp

(qk, pk))+L−Hq(L
n−1
Hp

(qk, pk)),

Ln
−Hq(qk, pk) = L−Hq(L

n−1
−Hq

(qk, pk))+LHp(L
n−1
−Hq

(qk, pk)).

(4)

Noth that due to the nonlinearity of the system, higher-order derivatives are no longer derivatives of the variables q
and p as in the first-order Lie derivative, but derivatives of the functions, that is,

LHp(y) = Hp
∂y
∂q

,

L−Hq(y) =−Hq
∂y
∂ p

,

(5)

where y = y(qk, pk).

2.2 Convergence for the Lie derivative algorithm

Suppose the exact solution of the system are p̄k and q̄k in integral interval [t0, tend], so the approximate solutions at
the point q̄k, p̄k are denoted as p̃k+1 and q̃k+1, which can be obtained by employing the Lie derivative algorithm Eqs. (2)
as

p̃k+1 = p̄k +
η

∑
n=1

hn

n!
Ln
−Hq(q̄k, p̄k),

q̃k+1 = q̄k +
η

∑
n=1

hn

n!
Ln

Hp(q̄k, p̄k),

(6)

then the global error is

ep
k+1 = |p̄k+1 − pk+1|

eq
k+1 = |q̄k+1 −qk+1|

(7)
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Subtracting Eqs. (2) and (6) into Eq. (7), and use exact solution, so that

|p̄k+1 − pk+1| ≤ |p̄k+1 − p̃k+1|+ | p̃k+1 − pk+1|

|q̄k+1 −qk+1| ≤ |q̄k+1 − q̃k+1|+ |q̃k+1 −qk+1|
(8)

At the same time, by leveraging the first-order truncated Lipschitz condition, one has

|p̃k+1 − pk+1| ≤ (1+hLp) | p̃k − pk|

|q̃k+1 −qk+1| ≤ (1+hLq) |q̃k −qk|
(9)

where the Lp and Lq are the corresponding Lipschitz constants of pk+1 and qk+1 in the first-order Lie exponential truncated.
So we have the crude estimate

ep
k+1 ≤ (1+hLp)e

p
k +Cp

k+1hn+1 ≤ ehLpep
n +Cp

k+1hn+1

eq
k+1 ≤ (1+hLq)e

q
k +Cq

k+1hn+1 ≤ ehLqeq
n +Cq

k+1hn+1

(10)

where Cp
k+1 and Cq

k+1 are the corresponding coefficients of the local truncation error of pk+1 and qk+1 in the n-order Lie
exponential truncated.

Iterating and evaluating the sum, one has

ep
k+1 ≤ (1+hLp)

kep
1 +

k+1

∑
m=1

(1+hLp)
k+1−m |Cp

m|hn+1 ≤ C̃P max |Cp
m|hn

eq
k+1 ≤ (1+hLq)

keq
1 +

k+1

∑
m=1

(1+hLq)
k+1−m |Cq

m|hn+1 ≤ C̃q max |Cp
m|hn

(11)

where the constants C̃p and C̃q depend on the interval size and the Lipschitz constants Lp and Lq.
It is easy to see that when h → 0, the global error ep, q

k+1 → 0. Therefore, the Lie derivative discretization algorithm is
convergent.

3. Area preservation
The definition of area preservation is that the phase flow of the Hamiltonian system remains unchanged after a

certain mapping transformation. Hence, the area-preserving of a numerical algorithm can be estimated by the value of the
determinant of the Jacobian matrix. Then, the discretization schemes of Eqs. (2) can be rewritten in the form
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 pk+1

qk+1

= Jk

 pk

qk

 (12)

where Jk is the Jacobian matrix

Jk =
∂ (pk+1, qk+1)

∂ (pk, qk)
=


∂ pk+1

∂ pk

∂ pk+1

∂qk

∂qk+1

∂ pk

∂qk+1

∂qk

 .

It is worth noting that the Jacobian matrix serves as a tool for representing local linear transformations and can
measure the degree of geometric deformation before and after the transformation [4].

Furthermore, the value of the determinant of the Jacobian matrix is

det(Jk) =

∣∣∣∣∂ (pk+1, qk+1)

∂ (pk, qk)

∣∣∣∣ (13)

So that we have the following result.
Criterion 1 If the value of Eq. (13) is equal to one, then the Lie derivative numerical algorithm Eqs. (2) exactly

preserves the area.
Unfortunately, the Lie derivative numerical algorithm does not possess a strict symplectic structure. It is usually

a function that depends on the step size h. In particular, the value of the step size h is selected to be greater than zero
and much smaller than 1. Meanwhile, due to the existence of local truncation errors, the value of the determinant cannot
always be equal to 1.

Thus, it is interesting to calculate the error at each step, so that the absolute error for every step is defined as

∆Jk = det(Jk)−1 (14)

Thus, the following result is obtained.
Criterion 2 If the absolute value of the absolute error Eq. (14) is a higher-order infinitesimal of the step size h, then

the Lie derivative numerical algorithm (Eqs. (2)) is a near area-preserving. Intuitively, ∆Jk → 0, when h → 0. Thus, the
discretization Eq. (12) is a near-identity mapping [37].

The absolute error reflects the difference at each step of the calculation process and is a local error. It can show the
evolution of each calculated value over time.

Moreover, of greater interest in understanding the accuracy of the numerical algorithm is the error that deviates from
the exact value. With this reformulation, the Mean Squared Error (MSE) is achieved in the integral interval [t0, tend] with
N steps by

MSE(J) =
1
N

N

∑
k=1

(∆Jk)
2 (15)
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Therefore, there is the following criterion.
Criterion 3 If the value of the mean squared error Eq. (15) is a higher-order infinitesimal of the step size h, then the

Lie derivative numerical algorithm (Eqs. (2)) is nearly area preserving.
The mean square error is the sum of the squares of the differences between the calculated values and the true values.

It is possible to quantify the accuracy of the algorithm’s calculated values within a certain computing time interval, and it
is an important evaluation metric used to assess the performance of data.

In addition, the mapping Jk produces errors in every transformation, which will lead to the accumulation of errors.
Therefore, the total error of the mapping will keep increasing. So the cumulative total error of area mapping is calculated
as

Λ =
N
Π

i=1
[det(Ji)]−1 (16)

Hence, we have the following criterion.
Criterion 4 If the value of the cumulative total error of area mapping Eq. (16) is an infinitesimal of the step size h,

then the Lie derivative numerical algorithm (Eqs. (2)) is an approximately area-preserving transformation.
It is worth noting that criterion 2 is a sufficient condition for criterion 3. Criterion 4 is different from criteria 2 and

3. There is no definite connection between it and criteria 2 and 3. However, it can be seen that criterion 4 is determined
from a global perspective and has stronger area-preserving performance compared to criteria 2 and 3.

4. Numerical examples
4.1 The duffing system

As a first numerical example, consider the Duffing system, which is a cubic nonlinear conservative Hamilton system,
and the equation is employed as

q̈+q+δq3 = 0, (17)

where the system has the Hamiltonian

H(p, q) =
1
2

p2 +
1
2

q2 +
1
4

δq4 (18)

And the Lie derivative geometric numerical algorithm is

pk+1 = pk −h
(
qk +δq3

k
)
− h2

2
pk

(
1+3δq2

k
)

qk+1 = qk +hpk −
h2

2
(
qk +δq3

k
) (19)

The Jacobian matrix of Eq. (19) is
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Jk =
∂ (pk+1, qk+1)

∂ (pk, qk)
=

 1− h2

2 − 3
2 h2δqk

2 −h−3hδqk
2 −3h2δqk pk

h 1− h2

2 − 3
2 h2δqk

2

 (20)

Since Eq. (20) is a matrix, the 2-norm is usually adopted as the Lipschitz condition, namely, Lp = ∥Jk∥2.

Then, the absolute error of the determinant for the area mapping can be deduced as

∆Jk = 3h3δ pkqk +O
(
h4) (21)

So the mean squared error of the determinant is

MSE(J) =
1
N

N

∑
k=1

[
3h3δ pkqk +O

(
h4)]2 (22)

Moreover, the cumulative total error of area mapping for the Duffing system is performed as

Λ =
N
Π

k=1

[
3h3δ pkqk +O

(
h4)+1

]
−1 (23)

Since the system is separable, the symplectic Euler method is the simplest symplectic algorithm and has been chosen
as the benchmark for comparison. The corresponding discrete algorithm is

pk+1 = pk −h
(
qk +δq3

k
)

qk+1 = qk +hpk+1

(24)

Obviously, the absolute error, the mean squared error and the cumulative total error of area mapping for the Duffing
system are all dependent on the step size h and the initial values q(0) and p(0). Therefore, we discussed the effect of the
step size h and the initial values on these errors.

Table 1. The mean squared error of the Duffing system for different different initial values and step sizes

h 0.001 0.002 0.004 0.006 0.008 0.01

lg(MSE(J )) -7.3010 -7.0000 -6.6990 -6.5229 -6.3979 -6.3010

Table 1 shows the mean squared error of the Duffing system for five different initial values ((q(0) = 0.1, p(0) = 0),
(q(0) = 0.5, p(0) = 0), (q(0) = 1.5, p(0) = 0), (q(0) = 1.5, p(0) = 1.5) and (q(0) = 0, p(0) = 1.5) ) and six different step
sizes (h = 0.001, 0.002, 0.004, 0.006, 0.008 and 0.01). The different initial values represent different initial displacements
and initial velocities in actual physical systems. It is seen that, as the step size increases, the mean squared error increases.
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Hence, as the initial values vary, the mean squared error hardly changes. In addition, when the step size is 0.01, the mean
squared error is in the order of 10−6.3010. According to criterion 3, this is a high-order small quantity that is much smaller
than 1 and meets the condition of preserving area.

Figure 1. Errors vs step sizes of Duffing system for different initial values: (a) cumulative total error of area mapping, (b) the ratio of the mean squared
error to the cumulative total error

Figure 1 displays the logarithmic form of the cumulative total error and the ratio of the mean squared error to the
cumulative total error under six different step sizes for different initial values. From the Figure 1(a), we can see that
under the same initial value, as the step size increases, the cumulative total error increases. When the initial values are
different, but the step size is the same, the cumulative total error fluctuates without any pattern. However, Figure 1(b)
illustrates that the ratio of the mean squared error to the cumulative total error decreases with the increase of the step size,
and the variation pattern is consistent regardless of the initial values. Meanwhile, as can be seen from Figure 1(b), the
mean square error is smaller than the cumulative error. Therefore, the system with a smaller cumulative error has a better
area-preserving characteristics. Especially when the step size is small, there is a very small cumulative total error. Thus,
a smaller step size has better area-preserving performance.

Furthermore, to check the accuracy of numerical results, the error estimate over long time intervals is plotted in
Figures 2 and 3 under two different step sizes h = 0.01 and h = 0.001. We observe that the absolute error is about 10−11

and the cumulative total error of area mapping is about 10−5 over long time intervals [0, 20,000] for the step size h= 0.001,
which satisfies the criteria 2 and 4, and has the property of maintaining area preservation.
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Figure 2. Results of Duffing system over long times with the step size h = 0.01: (a) determinant value, (b) absolute error, (c) cumulative total error of
area mapping

Figure 3. Results of Duffing system over long times with the step size h = 0.001: (a) determinant value, (b) absolute error, (c) cumulative total error of
area mapping

Moreover, the flow over time is observed by the cat-face mapping. Figures 4 and 5 show the three iterations of
exact flow and numerical flow with two different step sizes, where the exact flow is plotted from the invariant Eq. (18),
and the numerical flow is computed from the Lie derivative scheme (Eq. (19)), in which the nonlinear coefficient δ = 1
(Its physical meaning is the coefficient of cubic nonlinear restoring force). From these figures, we can see that the exact
flow of the system (17) is area-preserving. At the same time, the numerical flow of Lie derivative maintains the dynamic
behavior of the exact flow and possesses the geometric property of area preservation.
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Figure 4. Flow of Duffing system with the step size h = 0.01: (a) exact flow, (b) numerical flow

Figure 5. Flow of Duffing system with the step size h = 0.001: (a) exact flow, (b) numerical flow
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Figure 6. Comparison of flow of the system (17) for multi-step mappings with the step size h = 0.01: (a-c) Lie derivative scheme, (d-f) symplectic
Euler method

Figure 7. Comparison of flow of the system (17) for multi-step mappings with the step size h = 0.001: (a-c) Lie derivative scheme, (d-f) symplectic
Euler method

In order to investigate the long-term area-preserving performance of the Lie derivative numerical algorithm, we also
calculated multi-step mappings (N = 5,000, 10,000, and 20,000) and compared them with the symplectic Euler method.
Figures 6 and 7 show the comparison of the flow of the system (17) for multi-step mappings with two different step sizes.
It is seen that the numerical solution obtained from this method is very consistent.
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4.2 The pendulum system

Let us consider another typical example of a Hamiltonian system, namely, the mathematical pendulum. The
differential equation is determined as

q̈+ sinq = 0 (25)

where the system has the Hamiltonian

H(p, q) =
1
2

p2 − cosq (26)

And the Hamilton equations of the system under the proposed discretization numerical scheme are written as

pk+1 = pk −hsinqk −
h2

2
pk cosqk

qk+1 = qk +hpk −
h2

2
sinqk

(27)

The Jacobian matrix of Eq. (27) is

Jk =


1− h2

2
cosqk −hcosqk +

h2

2
pk sinqk

h 1− h2

2
cosqk

 (28)

Then the absolute error of the determinant of the Lie derivative numerical algorithm for the pendulum system is

∆Jk =
h4

4
cos2qk −

h3

2
pk sinqk (29)

Similarly, the mean squared error is

MSE(J) =
1
N

N

∑
k=1

[
h4

4
cos2qk −

h3

2
pk sinqk

]2

(30)

Naturally, the cumulative total error of area mapping is

Λ =
N
Π

k=1

[
h4

4
cos2qk −

h3

2
pk sinqk +1

]
−1 (31)
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Similarly, the symplectic Euler method was chosen as the comparison algorithm is

pk+1 = pk −hsinqk

qk+1 = qk +hpk+1

(32)

Note that the errors not only depend on the step size h, but also on pk and qk. Then a careful discussion will be
considered. Table 2 shows the mean squared error of the pendulum system for different initial values and step sizes. The
results shown here have the same characteristics as Table 1.

Table 2. The mean squared error of the pendulum system for different initial values and step sizes

h 0.001 0.002 0.004 0.006 0.008 0.01

lg(MSE(J )) -7.3010 -7.0000 -6.6990 -6.5229 -6.3979 -6.3010

We also plot the cumulative total error of area mapping, the ratio of the mean squared error to the cumulative total
error of the the pendulum against the step size in Figure 8, in which the five different initial values are (q(0) = 0.1,
p(0) = 0), (q(0) = 0.5, p(0) = 0), (q(0) = 1.5, p(0) = 0), (q(0) = 1.5, p(0) = 1.5) and (q(0) = 0, p(0) = 1.5) and the six
different step sizes are h = 0.001, 0.002, 0.004, 0.006, 0.008 and 0.01). Moreover, Errors of the pendulum over long times
are plotted in Figures 9-10 for different step sizes, respectively. As shown in these figures, the proposed Lie derivative
scheme gives disappointing error. Meanwhile, the numerical algorithm obtains a considerably satisfactory result over
long times.

Figure 8. Errors vs step sizes of the pendulum for different initial values: (a) cumulative total error of area mapping, (b) the ratio of the mean squared
error to the cumulative total error of area mapping
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Figure 9. Results of the pendulum over long times with the step size h= 0.01: (a) determinant value, (b) absolute error of the determinant, (c) cumulative
total error of area mapping

In addition, we also plot the exact flow and numerical flow (see Figure 11 and Figure 12) for the pendulum system
with different step sizes, where the exact flow is obtained from the Hamiltonian Eq. (26), and the numerical flow is from
the proposed method. Clearly, the flow of both methods almost coincides with each other.
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Figure 10. Results of the pendulum over long times with the step size h = 0.0001: (a) determinant value, (b) absolute error, (c) cumulative total error
of area mapping

Figure 11. Flow of the pendulum with the step size h = 0.01: (a) exact flow, (b) numerical flow

Figure 12. Flow of the pendulum with the step size h = 0.001: (a) exact flow, (b) numerical flow
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To demonstrate the discussion further, we choose the symplectic Euler method to illustrate the efficiency of the
proposed method for multi-step mappings (N = 5,000, 10,000, and 20,000). Figures 13-14 display the variation of the
flow calculated by the two numerical methods for multi-step mappings. This is because the symplectic Euler method
possesses a strict property of preserving area. It is clear from that the proposed Lie derivative scheme can qualitatively
obtain the same results as the symplectic Euler method. Therefore, the Lie derivative geometric numerical algorithm is
effective in preserving the area.

Figure 13. Comparison of flow of the pendulum for multi-step mappings with the step size h = 0.01: (a-c) Lie derivative scheme, (d-f) symplectic
Euler method
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Figure 14. Comparison of flow of the pendulum for multi-step mappings with the step size h = 0.001: (a-c) Lie derivative scheme, (d-f) symplectic
Euler method

5. Conclusion
This paper proves that the Lie derivative geometric numerical algorithm is for maintaining the area under suitable

conditions. And four criteria of the algorithm for area preservation are proposed. The absolute error, the mean squared
error, and the cumulative total error of area mapping were calculated by two numerical examples, and the remarkable
efficiency of the algorithm were checked. It has been observed that the method preserve the area of cat-face.
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