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Abstract: In this work, we present a comprehensive analytical investigation of the fractional Whitham-Broer-Kaup

Equations (WBKEs), which model nonlinear oscillatory behavior in shallow water wave phenomena. The equations are

formulated using the Atangana-Baleanu-Caputo (ABC) fractional derivative to capture nonlinear oscillations and the

dynamics of tsunami-induced shallow water waves. Within the framework of Banach spaces endowed with the compact-

open topology, the existence, uniqueness, and Hyers-Ulam stability of the fractional WBKEs are rigorously established via

fixed point theorems. Furthermore, a hybrid analytical technique combining the double Laplace transform and theAdomian

decomposition method, referred to as the Double Laplace Transform Adomian Decomposition Method (DLADM), is

developed to obtain approximate series solutions. This method effectively handles nonlinearities and fractional-order

effects, yielding rapidly convergent solutions that agree well with exact analytical results. The findings also demonstrate

the robustness of the fractional model under small perturbations and its effectiveness in describing nonlinear shallow water

wave dynamics.

Keywords: fractional Whitham-Broer-Kaup Equations (WBKEs), double Laplace transform, Atangana-Baleanu-Caputo

(ABC) operator, stability

MSC: 44A10, 35B35, 26A33

1. Introduction

Fractional calculus (FC) is an extension of classical calculus that permits derivatives and integrals of arbitrary,

non-integer orders. The origin of this concept can be traced back to the 17th century, when mathematicians such as

Leibniz and L’Hôpital discussed the possibility of fractional-order differentiation. Its systematic development, however,

took shape in the 19th century through the contributions of Liouville, Riemann, and Grunwald, who independently

formulated definitions for fractional integrals and derivatives [1, 2]. Since then, the theoretical framework of FC has
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evolved considerably, unifying various forms of differential and integral operators and providing a rigorous mathematical

foundation for analyzing systems that exhibit nonlocal and hereditary behavior. In recent decades, FC has garnered

increasing attention, with researchers exploring new applications and properties of fractional integrals and derivatives.

The advancement of numerical techniques in fractional calculus has significantly enhanced the ability to solve fractional

differential equations (FDEs), thereby broadening its applicability across engineering and various scientific disciplines

[3, 4]. Fractional operators, such as those defined in the sense of Caputo, Riemann-Liouville, Atangana-Baleanu, and

Caputo-Fabrizio, have been proposed to model various physical phenomena with nonlocal kernels. These operators have

been instrumental in bridging the gap between integer order models and experimental observations. The rise of modern

computational algorithms has also accelerated the practical use of FC in complex simulations, supporting developments in

modeling viscoelastic materials, electromagnetic systems, biological population dynamics, and diffusion processes with

memory effects [5]. partial differential equations (PDEs) are fundamental tools for describing a wide range of physical

and scientific phenomena, such as plasma physics, fluid flow, quantum mechanics, and electromagnetic processes. A

significant extension of this field is the study of fractional systems of PDEs, which generalize classical integer-order

derivatives to derivatives of non-integer order. In recent years, this fractional framework has drawn considerable attention

due to its superior ability to represent complex processes that cannot be sufficiently modeled using standard integer

order equations [6, 7]. The incorporation of fractional derivatives allows for the accurate representation of systems with

memory effects and spatial heterogeneity. As a result, fractional partial differential equations (FPDEs) provide a more

comprehensive modeling approach for nonlocal interactions, anomalous diffusion, viscoelastic behavior, and chaotic

dynamics in nonlinear systems [8]. Fractional PDE systems are widely applied across diverse disciplines, including

biology, geophysics, finance, engineering, physics. Some notable applications in applied sciences involve electrodynamics,

economic and accounting systems, chaos modeling, biological population dynamics, and fluid mechanics [9]. Mursaleen,

[10] introduced blending-type q-Baskakov operators based on wavelet transformations and studies their approximation
and convergence properties. In [11], proposed quadratic function preserving wavelet-type Baskakov operators to improve

accuracy in function approximation. FDEs are increasingly recognized for their applicability and versatility in various

scientific domains. They are particularly relevant when describing systems governed by hereditary laws or memory effects,

such as charge transport in disordered media, groundwater flow in porous rocks, and heat conduction in heterogeneous

materials. The rapid growth in this field has also stimulated extensive research on the mathematical properties of FPDEs

which ensure that models maintain both physical relevance [12]. In recent years, the investigation of nonlinear PDEs has

emerged as a significant focus of research. Numerous authors have developed various mathematical methods to analyze

approximate solutions to these equations. For instance, Kumar [13] developed a powerful method for solving nonlinear

problems. Yang [6] introduced a new integral method to address the steady heat transfer problem, Mohyud Din et al. [8]

utilized perturbation methods. Xie et al. [14] explored solutions using hyperbolic techniques. Biazar and Aminikhah [9]

worked on coupled Burgers equations, employing perturbation techniques. Ahmad et al. [15] employed both the Adomian

decomposition method and He’s polynomial to solve the Whitham-Broer-Kaup Equations (WBKEs). Mohyud Din et

al. [16] explored several integer-order PDEs using homotopy perturbation techniques. Yuzbasi and Sahin [17] presented

solutions for one-dimensional parabolic convection-diffusion model problems. Ahmad et al. [18] proposed a perturbation

method for the Caputo-Fabrizio PDE. Additionally, these diverse analytical methods highlight the continuous effort to

obtain efficient, stable, and convergent solutions to nonlinear and fractional PDEs, which often arise in practical scientific

modeling. Studies have shown that the nonlinear evolution of physical waves phenomena can be effectively captured by

the coupled WBKEs [19], which are expressed in their classical form:


ωξ (κ, ξ )+ω(κ, ξ )ωκ(κ, ξ )+ψκ(κ, ξ )+β ωκκ(κ, ξ ) = 0,

ψξ (κ, ξ )+
[
ω(κ, ξ )ψ(κ, ξ )

]
κ
−β ψκκ(κ, ξ )+β

′
ωκκκ(κ, ξ ) = 0,

(1)
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where ψ represents the fluid’s height velocity, and ω denotes its horizontal velocity, both of which exhibit significant

deviations from their equilibrium states. The parameters β and β ′ correspond to different diffusion powers. These equations

describe nonlinear wave propagation, incorporating both dispersive and convective effects, and have been successfully

applied to model shallow water dynamics, plasma oscillations, and nonlinear acoustic waves. A number of works have

also concentrated on the nonlinear WBKEs (1). Within the broader framework of fractional differential equations, various

fractional integral and derivative operators have been developed to model hereditary characteristics of physical processes.

Consequently, many efficient analytical and numerical approaches have been designed to obtain approximate solutions

for physical and biological fractional PDEs. Notable examples include the Laplace transform method [20], the fractional

Newton method [21], the extended direct algebraic mapping approach [22], the homotopy perturbation method [23], the

sine-Gordon technique [24], the Laplace residual power series method (RPSM) [25], the reproducing kernel Hilbert space

method applied to the Fornberg-Whitham type equation [26], nonlocal fractional equations [27] which are applied to

the variational iteration method [28], the telegraph equation [29], the monotone iterative method for reaction-diffusion

equations [30], the expansion method [31], and a modified Adams-Bashforth method [32]. More recently, Nadeem et

al. [33] combined the Yang transform with the residual power series method to establish the Yang residual power series

scheme, which was successfully applied to a two-dimensional fuzzy fractional-order heat problem.

Consider the Atangana-Baleanu-Caputo (ABC) fractional WBKEs [34] in shallow water wave phenomena:



ABCDα

0, ξ
ω(κ, ξ )+ω(κ, ξ )ωκ(κ, ξ )+ψκ(κ, ξ )+β ωκκ(κ, ξ ) = 0,

ABCDα

0, ξ
ψ(κ, ξ )+ [ω(κ, ξ )ψ(κ, ξ )]

κ
−β ψκκ(κ, ξ )+β

′
ωκκκ(κ, ξ ) = 0,

ω(κ, 0) = h0(κ), ψ(κ, 0) = ĥ0(κ),

(2)

where ABCDα

0, ξ
is the ABC fractional derivative of order 0 < α ≤ 1, κ is spatial dimension of wave, ξ denotes the time, ω

represents the depth averaged horizontal velocity of wave, ψ denotes free surface elevation, and the parameters β , β ′ are

coefficients controlling dissipation and dispersion. This fractional model captures the influence of memory and hereditary

properties on nonlinear wave propagation and extends the applicability of the WBKEs to systems where dissipative and

dispersive effects coexist with long-term temporal dependence. The behavior of the fractional WBKEs (2) is influenced by

time and model parameters. The time variable ξ describes the evolution of the wave profile, while the fractional order α

reflects memory effects in the system. The parameters β and β0 control the dispersive properties, where β governs wave

smoothing and spreading, and β0 affects higher-order oscillatory structures. Thus, variations in these parameters lead

to different wave dynamics and enhance the physical relevance of the model. A wide range of analytical and numerical

methods has been introduced for obtaining solutions to the ABCWBKEs (2). Among these are the residual power series

method [35], the redefined quintic B-spline basis with the Von Neumann technique [36], the Adomian decomposition

method [37], the Yang transformation combined with the Adomian technique [38], the q-Homotopy Analysis Transform

Method (q-HATM) [39], the Yang residual power series method (YRPST) [40], the Sumudu decomposition method [41],

the Laplace transform coupled with the Adomian method [42], the natural decomposition method [39], and the scaling

transform method [43]. These studies collectively emphasize the flexibility and accuracy of hybrid analytical numerical

schemes for fractional nonlinear PDEs.

This study is motivated by the need for more accurate models of nonlinear shallow water waves that exhibit memory

and nonlocal effects. The fractional WBKEs (2) provide a better framework for such dynamics. Using Banach spaces with

compact-open topology and a hybrid double Laplace transform Adomian decomposition method (DLADM), the work

ensures well-posedness and stability while yielding efficient analytical solutions. This paper begins with an introduction to

fractional calculus and its applications in modeling systems with memory and nonlocal effects, presenting the fractional

WBKEs (2) for shallow water wave dynamics. The second section introduces the ABC fractional operator and double

Laplace transform, forming the analytical foundation. In the third section, existence, uniqueness, and Hyers-Ulam stability
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of the fractional WBKEs (2) are rigorously established using fixed point theorems in Banach spaces endowed with the

compact-open topology. The fourth section focuses on solving fractional WBKEs (2) by applying a hybrid DLADM to

derive rapidly convergent approximate analytical solutions. The fifth section presents numerical and graphical comparisons

to validate the accuracy and convergence of the proposed method, while the final section concludes with remarks on the

efficiency and stability of the developed fractional framework. The proposed DLADM differs from existing methods by

combining the double Laplace transform with the Adomian decomposition method, which enhances its capability to handle

nonlinear fractional systems. Unlike standard Adomian decomposition method (ADM) or single Laplace approaches, the

DLADM provides faster convergence and reduces computational complexity. Moreover, it effectively treats both linear

and nonlinear terms without requiring discretization or perturbation, making it more efficient and accurate for solving

fractional WBKEs.

2. On double Laplace with ABC operator

Definition 1 [44] Let ω be any map on Ω× [0, ξ0], where ξ0 > 0. The ABC integral operator of ω(κ, ξ ) for order

α > 0 is given by

ABCI α

0, ξ
ω(κ, ξ ) =

1−α

Aα
ω(κ, ξ )+

α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ω(κ, σ)dσ , 0 < α < 1 (3)

where A· is a condition referred to as the normalization function with A0 = A1 = 1.
The normalization condition A0 = A1 = 1 ensures that the fractional operator is consistent with the classical cases. In

particular, for α = 0 the operator reduces to the identity, while for α = 1 it coincides with the standard integral operator.

This property preserves the physical and mathematical interpretation at integer orders.

Definition 2 [44] Let ω be any map on Ω× [0, ξ0]. The ABC derivative operator of ω(κ, ξ ) for order α > 0 is given

by

ABCDα

0, ξ
ω(κ, ξ ) =


Aα

1−α

∫
ξ

0
Eα

(
−α(ξ −µ)α

1−α

)
ω

(n)
µn (κ, µ)dµ, n−1 < α < n,

ω
(n)
ξ n (κ, ξ ), α := n ∈ N,

(4)

where Eα(·) is the Mittag-Leffler function

Eα(z) =
∞

∑
k=0

zk

Γ(αk+1)
, α > 0.

Recall [45], for ξ ≥ 0 and for n−1 < α < n we have ABCDα

0, ξ

ABCI α

0, ξ
ω(κ, ξ ) = ω(κ, ξ ).

Theorem 1 [46] Let ω be any map on Ω× [0, ξ0]. Then

ABCI α

0, ξ

ABCDα

0, ξ
ω(κ, ξ ) = ω(κ, ξ )−

n−1

∑
k=0

ξ k

k!
ω

(k)
ξ

(κ, ξ )
∣∣∣
ξ=0

. (5)
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Let ω be a map on Ω× [0, ξ0]. The Laplace transform Lκ [47] of ω(κ, ξ ) with respect to κ is defined by

Lκ [ω(κ, ξ )] =
∫

∞

0
ω(κ, ξ )e−ρκ dκ Re(ρ)> 0. (6)

The inverse L−1
κ of Lκ [ω(κ, ξ )] is given by ω(κ, ξ ) = L−1

κ [Lκ [ω(κ, ξ )]]. The double Laplace transform L [47] of

ω(κ, ξ ) is defined by

ωL(ρ, ρ) := L [ω(κ, ξ )] =
∫

∞

0
ω(κ, ξ )e−(ρκ+ρξ )dκdξ Re(ρ), Re(ρ)> 0. (7)

The inverse ω
−1
L of ωL(ρ, ρ) is given by

ω(κ, ξ ) = ω
−1
L [ωL(ρ, ρ)] =

1
2πi

∫ c+i∞

c−i∞
eρκ 1

2πi

∫ d+i∞

d−i∞
ωL(ρ, ρ)eρξ dρdρ. (8)

Recall [47] that the double Laplace transform and its inverse are linear maps and L [κnξ m] = m!n!
ρn ρm .

Theorem 2 [44] The transform L of ω
(m)
κm (κ, ξ ) is given by

L
[
ω

(m)
κm (κ, ξ )

]
= ρ

m
ωL(ρ, ρ)−

m−1

∑
j=0

ρ
m− j−1Lξ

[
ω

( j)
κ j (κ, ξ )

∣∣∣
κ=0

]
. (9)

Theorem 3 [44] The transform L of the ABC operator is given by

1. L
[

ABCDα

0, ξ
ω(κ, ξ )

]
=

Aα

(1−α)ρα +α

[
ρα ωL(ρ, ρ)−∑

n−1
j=0 ρα− j−1Lκ

[
ω

( j)
ξ j (κ, ξ )

∣∣∣
ξ=0

]]
;

2. L
[

ABCDβ

0, κ
ω(κ, ξ )

]
=

Aα

(1−α)ρα +α

[
ρβ ωL(ρ, ρ)−∑

m−1
j=0 ρβ− j−1Lξ

[
ω

( j)
κ j (κ, ξ )

∣∣∣
κ=0

]]
,

where n−1 < α < n and m−1 < β < m.

3. Fixed point framework for fractional WBKEs (2)

In this section, we develop a mathematical framework to analyze the existence, uniqueness, and stability of solutions

for the fractional WBKEs (2). Using Banach spaces equipped with the compact-open topology, we employ fixed point

theorems to establish the well posedness of the system. The approach ensures that the fractional WBKEs possesses

continuous, unique, and Hyers-Ulam stable solutions under suitable conditions.

3.1 On locally compact with continuity property

A subset Ω of a topological space C is said to be locally compact if every point x ∈ Ω possesses a neighborhood

N whose closure N is compact in C. Moreover, Ω is said to satisfy the Hausdorff property if, for every pair of distinct

points x, y ∈ Ω, there exist disjoint open sets G and E in the subspace Ω such that x ∈ G and y ∈ E. Define the operators
ω, ψ : [Ω× [0, ξ0]]×RΩ×[0, ξ0]×RΩ×[0, ξ0] → R by

ω(κ, ξ , ω, ψ) =−ω(κ, ξ )ωκ(κ, ξ )−ψκ(κ, ξ )−β ωκκ(κ, ξ ) (10)
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and

ψ(κ, ξ , ω, ψ) =−[ω(κ, ξ )ψ(κ, ξ )]κ +β ψκκ(κ, ξ )−β
′
ωκκκ(κ, ξ ) (11)

where RΩ×[0, ξ0] denotes the family of all functions from Ω× [0, ξ0] into R. Apply the ABC integral operator of the system

(2) and use (5) to get that

ω(κ, ξ ) = h0(κ)+
1−α

Aα
ω(κ, ξ , ω, ψ)+

α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ω(κ, σ , ω, ψ)dσ (12)

and

ψ(κ, ξ ) = ĥ0(κ)+
1−α

Aα
ψ(κ, ξ , ω, ψ)+

α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ψ(κ, σ , ω, ψ)dσ . (13)

Define the operators Rω , Rψ : RΩ×[0, ξ0]×RΩ×[0, ξ0] → RΩ×[0, ξ0] by

Rω(ω, ψ)(κ, ξ ) = h0(κ)+
1−α

Aα
ψ(κ, ξ , ω, ψ)+

α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ω(κ, σ , ω, ψ)dσ (14)

and

Rψ(ω, ψ)(κ, ξ ) = ĥ0(κ)+
1−α

Aα
ψ(κ, ξ , ω, ψ)+

α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ψ(κ, σ , ω, ψ)dσ . (15)

Consider the Banach space B :=CΩ0 ×CΩ0 with the norm

‖(ω, ψ)‖B = max
(κ, ξ )∈Ω×[0, ξ0]

{|ω(κ, ξ )| , |ψ(κ, ξ )|} .

We say ω has Lipschitz property if there is constant δω > 0 such that

|ω(κ, ξ , ω, ψ)−ω(κ, ξ , ω1, ψ1)| ≤ δω ‖(ω, ψ)− (ω1, ψ1)‖B

for all (κ, ξ ) ∈ Ω× [0, ξ0].

Theorem 4 If ω and ψ satisfies Lipschitz conditions, then Rω and Rψ satisfies Lipschitz conditions.

Proof. By the Lipschitz property of ω and ψ there are δω , δψ > 0 such that

|ω(κ, ξ , ω, ψ)−ω(κ, ξ , ω1, ψ1)| ≤ δω ‖(ω, ψ)− (ω1, ψ1)‖B
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and

|ψ(κ, ξ , ω, ψ)−ψ(κ, ξ , ω1, ψ1)| ≤ δψ ‖(ω, ψ)− (ω1, ψ1)‖B .

Hence

|Rω(ω, ψ)(κ, ξ )−Rω(ω1, ψ1)(κ, ξ )|

≤ 1−α

Aα
|ω(κ, ξ , ω, ψ)−ω(κ, ξ , ω1, ψ1)|

+
α

Γ(α)Aα

∣∣∣∣∫ ξ

0
(ξ −σ)α−1

ω(κ, σ , ω, ψ)dσ −
∫

ξ

0
(ξ −σ)α−1

ω(κ, σ , ω1, ψ1)dσ

∣∣∣∣
≤ 1−α

Aα
|ω(κ, ξ , ω, ψ)−ω(κ, ξ , ω1, ψ1)|

+
α

Γ(α)Aα

∫
ξ

0
|ξ −σ |α−1 |ω(κ, ξ , ω, ψ)−ω(κ, ξ , ω1, ψ1)|dσ

≤ (1−α)δω

Aα
‖(ω, ψ)− (ω1, ψ1)‖B +

ξ α
0 δω

Γ(α)Aα
‖(ω, ψ)− (ω1, ψ1)‖B .

Then we have

‖Rω(ω, ψ)−Rω(ω1, ψ1)‖ ≤
[
(1−α)δω

Aα
+

ξ α
0 δω

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B . (16)

Similarly, we have

∥∥Rψ(ω, ψ)−Rψ(ω1, ψ1)
∥∥≤

[
(1−α)δψ

Aα
+

ξ α
0 δψ

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B . (17)

Define the operators Hω , Hψ : B → RΩ×[0, ξ0] as

Hω(ω, ψ) =−ω ωκ −ψκ −β ωκκ (18)

and

Hψ(ω, ψ) =−[ωψ]κ +β ψκκ −β
′
ωκκκ (19)
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respectively, whereCΩ0 :=C (Ω× [0, ξ0])⊆RΩ×[0, ξ0] denotes the family of all continuous functions from Ω× [0, ξ0] into

R. For the Lipschitz continuity of the operators Hω and Hψ , note that if ω and ψ satisfies Lipschitz conditions, then we

have

|〈Hω(ω, ψ)−Hω(ω1, ψ1), (ω, ψ)− (ω1, ψ1)〉| ≤ δω ‖(ω, ψ)− (ω1, ψ1)‖2
B

and

|〈Hψ(ω, ψ)−Hψ(ω1, ψ1), (ω, ψ)− (ω1, ψ1)〉| ≤ δψ ‖(ω, ψ)− (ω1, ψ1)‖2
B .

It is known that in any metrizable topological space, the family of all open balls constitutes a subbasis for its topology.

Hence, in the metric space R equipped with the standard metric d(κ, ξ ) = |κ −ξ |, the collection of open balls B(κ0, r)
serves as a subbasis for the usual topology on R. Since Ω× [0, ξ0] is a Hausdorff subspace of the Euclidean space R2, the

family

CO = {〈Q, B(κ0, r)〉 : Q is a compact subset of Ω× [0, ξ0], κ0 ∈ R, r > 0}

forms a subbasis for the compact-open topology on CΩ0 , where

〈Q, B(κ0, r)〉= {ω ∈CΩ0 : ω[Q]⊂ B(κ0, r)}.

In the subsequent analysis, the function space RΩ×[0, ξ0] is considered with this compact-open topology.

Theorem 5 If ω is continuous, then the operator Hω is continuous.

Proof. We will show that H −1
ω (〈Q, B(κ0, r)〉) is open in B for every subbasic open 〈Q, B(κ0, r)〉 of RΩ×[0, ξ0] for

any compact set Q ⊂ Ω× [0, ξ0], κ0 ∈ R and r > 0. Note that

H −1
ω (〈Q, B(κ0, r)〉) =

{
(ρ, ρ

′) ∈ B : Hω(ρ, ρ
′)[Q]⊂ B(κ0, r)

}
=

{
(ρ, ρ

′) ∈ B : ω({(ρ, ρ
′)}×Q)⊂ B(κ0, r)

}
.

Fix (ρ0, ρ ′
0)∈H −1

ω (〈Q, B(κ0, r)〉). Then ω(ρ0, ρ ′
0, h)∈ B(κ0, r) for all h ∈ Q, i.e. {(ρ0, ρ ′

0)}×Q ⊂ ω
−1(B(κ0, r)).

Since

ω
−1(B(κ0, r))⊂ [Ω× [0, ξ0]]×CΩ0 ×CΩ0

is open and ω is continuous, then for each h ∈ Q there exist open neighborhoods Oh ⊂CΩ0 ×CΩ0 of (ρ0, ρ ′
0) and Vh ⊂ R2

of h such that

Oh ×Vh ⊂ ω
−1(B(κ0, r)).
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The family {Vh}h∈Q is an open cover of the compact set Q, so choose h1, . . . , hn ∈ Q with Q ⊂
⋃n

i=1 Vhi , and set

O :=
n⋂

i=1

Ohi .

Then O is an open neighborhood of (ρ0, ρ ′
0) in B and hence for any (ρ, ρ ′) ∈ O and any k ∈ Q, there exists i with

k ∈Vhi such that

(h, k) ∈ Ohi ×Vhi ⊂ ω
−1(B(κ0, r)).

Then ω(ρ, ρ ′, Q) ⊂ B(κ0, r); equivalently, Hω(ρ, ρ ′) ∈ 〈Q, B(κ0, r)〉. Hence O ⊂ H −1
ω (〈Q, B(κ0, r)〉), that is,

H −1
ω (〈Q, B(κ0, r)〉) is open. Therefore Hω is continuous.

Theorem 6 If the operatorHω is continuous andΩ is locally compact set inR then the restrictionω onΩ× [0, ξ0]×B

is continuous.

Proof. We prove directly that ω
−1(B(κ, r)) is open in [Ω× [0, ξ0]]×B for each open ball B(κ, r) ⊂ R. Fix an

arbitrary open ball B(κ0, r)⊂R and take a point (ξ ′
0, ξ ′′

0 , ρ0, ρ ′
0) ∈ ω

−1(B(κ0, r)); that is, Hω(ρ0, ρ ′
0)(ξ

′
0, ξ ′′

0 ) ∈ B(κ0, r).
Since Ω is locally compact in R and so its is Hausdorff, then Ω× [0, ξ0] is locally compact Hausdorff. Hence there exists

an open neighborhood V of (ξ ′
0, ξ ′′

0 ) such that V is compact containing (ξ ′
0, ξ ′′

0 ), where V is the clouser set of V . Set
Q :=V ; then Q is compact and (ξ ′

0, ξ ′′
0 ) ∈V ⊂ Q. Since Hω(ρ0, ρ ′

0)(ξ
′
0, ξ ′′

0 ) ∈ B(κ0, r) and (ξ ′
0, ξ ′′

0 ) ∈ Q, it follows that

Hω(ρ0, ρ ′
0)[Q]⊂ R intersects B(κ0, r) at least at (ξ ′

0, ξ ′′
0 ). Define the subbasic open set

〈Q, B(κ0, r)〉= {(ρ, ρ
′) ∈ RΩ×[0, ξ0]×RΩ×[0, ξ0] : Hω(ρ, ρ

′)[Q]⊂ B(κ0, r)}.

Since Hω is continuous and 〈Q, B(κ0, r)〉 is open set in RΩ×[0, ξ0], then there exists an open neighborhood O ⊂ B of

(ρ0, ρ ′
0) such that Hω(O)⊂ 〈Q, B(κ0, r)〉.
Equivalently, for every x ∈ O we have Hω(x)[Q]⊂ B(κ0, r). Now consider the product open set

V ×O ⊂ [Ω× [0, ξ0]]×B. (20)

If (ξ , ξ ′, ρ, ρ ′) ∈ V ×O and since (ξ , ξ ′) ∈ V ⊂ Q and Hω(ρ, ρ ′)[Q] ⊂ B(κ0, r), then we get ω(ξ , ξ ′, ρ, ρ ′) =

Hω(ρ, ρ ′)(ξ , ξ ′) ∈ B(κ0, r). Therefore O×V ⊂ ω
−1(B(κ0, r)). We have found, for the arbitrary (ξ ′

0, ξ ′′
0 , ρ0, ρ ′

0) ∈
ω

−1(B(κ0, r)), an open neighborhood V ×O of (ξ ′
0, ξ ′′

0 , ρ0, ρ ′
0) with O×V ⊂ ω

−1(B(κ0, r)); hence ω
−1(B(κ0, r)) is

open. Since B(κ0, r)⊂ R is arbitrary, then ω is continuous.

In theorems above (5, 6), similarly for the continuity of the operator Hψ with ψ .

3.2 Well-posedness of fractional WBKEs (2)

Here, we examine the well-posedness of the fractional WBKEs (2) by establishing the existence and uniqueness of its

solutions in a Banach space with the compact-open topology. Using fixed point theorems, the required conditions ensuring

that the system admits a unique and stable solution are derived. To achieve this, define the operator R : B → B as

R(ω, ψ)(κ, ξ ) = (Rω(ω, ψ)(κ, ξ ), Rψ(ω, ψ)(κ, ξ )) (21)
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for all (κ, ξ ) ∈ Ω× [0, ξ0]. To guarantee the existence and uniqueness of solutions for the system (2), we consider the

following set of assumptions:

C1: The domain of the system (2) is a space C3 [Ω× [0, ξ0]] with respect to compact-open topology, where Ω is

locally compact bounded set in R.
C2: ∃ constants ∆ω , ∆ψ > 0 such that |ω(κ, ξ , ω)| ≤ ∆ω and |ψ(κ, ξ , ω, ψ)| ≤ ∆ψ .

C3: ω and ψ satisfies Lipschitz conditions with Lipschitz constants δω , δψ > 0, respectively.
Lemma 1 If C1 is satisfied then the restrictions of the operators Hω and Hψ are continuous.

Proof. Since the operators ∂κ , ∂ 2
κ , ∂ 3

κ : C3 [Ω× [0, ξ0]]→C [Ω× [0, ξ0]] are continuous. Then easily to see that

Hω(ω, ψ) =−ω ωκ −ψκ −β ωκκ and Hψ(ω, ψ) =−[ωψ]κ +β ψκκ −β
′
ωκκκ

are continuous.

Theorem 7 If C1 and C2 hold then the system (2) has solutions.

Proof. To get this solution we will use Schaefer’s fixed point theorem. For any ε > 0, let

Dε = {(ω, ψ) ∈ B : ‖(ω, ψ)‖B ≤ ε} .

Firstly, for the continuity property of R, we will prove that ‖R(ωn, ψn)−R(ω, ψ)‖B → 0 for any convergent

sequence (ωn, ψn)→ (ω, ψ) in B. Let (ωn, ψn)→ (ω, ψ) in B. For any (κ, ξ ) ∈ Ω× [0, ξ0] we have

|Rω(ωn, ψn)(κ, ξ )−Rω(ω, ψ)(κ, ξ )|

≤ 1−α

Aα
|ω(κ, ξ , ωn, ψn)−ω(κ, ξ , ω, ψ)|

+
α

Γ(α)Aα

∣∣∣∣∫ ξ

0
(ξ −σ)α−1 [ω(κ, σ , ωn, ψn)−ω(κ, σ , ω, ψ)]dσ

∣∣∣∣
≤ 1−α

Aα
|ω(κ, ξ , ωn, ψn)−ω(κ, ξ , ω, ψ)|

+
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 |ω(κ, σ , ωn, ψn)−ω(κ, σ , ω, ψ)|dσ .

(22)

By Lemma (1), Hω is continuous. Since Ω is a locally compact Hausdorff, then by Theorem (6), ω is continuous.

Hence for any (κ, ξ ) ∈ Ω× [0, ξ0] we have

|ω(κ, ξ , ωn, ψn)−ω(κ, ξ , ω, ψ)| → 0.

By the boundedness of Ω, we have ωn → ω uniformly in Dε . Hence for all n ∈ N and for any (κ, ξ ) ∈ Ω× [0, ξ0],

|ωn|< Cω and |ω|< Cω for some constants Cω . So by using the dominated convergence theorem, we get
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sup(κ, ξ )∈Ω×[0, ξ0]
‖Rω(ωn, ψn)(κ, ξ )−Rω(ω, ψ)(κ, ξ )‖→ 0.

Similarly,

sup(κ, ξ )∈Ω×[0, ξ0]

∥∥Rψ(ωn, ψn)(κ, ξ )−Rψ(ω, ψ)(κ, ξ )
∥∥→ 0.

That is, ‖R(ωn, ψn)−R(ω, ψ)‖B → 0 and hence R is continuous.

Secondly, we prove that the boundedness of sets is topological property under the continuous mapR. Let (ω, ψ)∈ Dε .

Then

|Rω(ω, ψ)(κ, ξ )|

≤ |h0(κ)|+
1−α

Aα
|ω(κ, ξ , ω, ψ)|+ α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 |ω(κ, σ , ω, ψ)|dσ

≤ |h0(κ)|+
(1−α)∆ω

Aα
+

ξ α
0 ∆ω

Γ(α)Aα

(23)

and

∣∣Rψ(ω, ψ)(κ, ξ )
∣∣

≤
∣∣ĥ0(κ)

∣∣+ 1−α

Aα
|ψ(κ, ξ , ω, ψ)|+ α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 |ψ(κ, σ , ω, ψ)|dσ

≤
∣∣ĥ0(κ)

∣∣+ (1−α)∆ψ

Aα
+

ξ α
0 ∆ψ

Γ(α)Aα
.

(24)

Hence R(Dε)⊆ Dε ′ where

ε
′ = max

{
|h0(κ)|+

(1−α)∆ω

Aα
+

ξ α
0 ∆ω

Γ(α)Aα
,
∣∣ĥ0(κ)

∣∣+ (1−α)∆ψ

Aα
+

ξ α
0 ∆ψ

Γ(α)Aα

}
.

Since ε ′ is independent on (ω, ψ) then R(Dε) is uniformly bounded set.

Thirdly, for the equicontinuity property of R, let (κ1, ξ1), (κ, ξ ) ∈ Ω× [0, ξ0] be arbitrary points. Note that
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|ω(ω, ψ)(κ, ξ )−ω(ω, ψ)(κ1, ξ1)|

≤ 1−α

Aα
|ω(κ, ξ , ω, ψ)−ω(κ1, ξ1, ω, ψ)|

+
α

Γ(α)Aα

∫
ξ

0

[
(ξ −σ)α−1 − (ξ1 −σ)α−1] |ω(κ, σ , ω, ψ)−ω(κ1, σ , ω, ψ)|dσ

≤ 1−α

Aα
|ω(κ, ξ , ω, ψ)−ω(κ1, ξ1, ω, ψ)|

+
α

Γ(α)Aα

∫
ξ

0

[
(ξ −σ)α−1 − (ξ1 −σ)α−1] [|ω(κ, σ , ω, ψ)|+ |ω(κ1, σ , ω, ψ)|]dσ

≤ 1−α

Aα
|ω(κ, ξ , ω, ψ)−ω(κ1, ξ1, ω, ψ)|

+
2ε ′

Γ(α)Aα

∫
ξ

0

∣∣(ξ −σ)α−1 − (ξ1 −σ)α−1∣∣dσ .

(25)

Since the kernel functions are integrable, it follows that |Rω(ω, ψ)(κ, ξ )−Rω(ω, ψ)(κ1, ξ1)| → 0 as (κ, ξ )→
(κ1, ξ1). Similarly,

∣∣Rψ(ω, ψ)(κ, ξ )−Rψ(ω, ψ)(κ1, ξ1)
∣∣ → 0 as (κ, ξ ) → (κ1, ξ1). Therefore, ‖R(κ, ξ )−

R(κ1, ξ1)‖B → 0 as (κ, ξ )→ (κ1, ξ1) which implies that R possesses the equicontinuity property. Since boundedness

and uniform boundedness are preserved under continuous mappings, the Arzelà-Ascoli theorem guarantees that R is a

compact operator.

Finally, we prove that the set P = {(ω, ψ) ∈ B : (ω, ψ) = ςR(ω, ψ), ς ∈ [0, 1]} is bounded in B. let (ω, ψ) =

ςR(ω, ψ) for some ς ∈ [0, 1]. Then we have

|ω(κ, ξ )|= |ςRω(ω, ψ)(κ, ξ )|= ς |Rω(ω, ψ)(κ, ξ )|

≤ ς

[
|h0(κ)|+

(1−α)∆ω

Aα
+

ξ α
0 ∆ω

Γ(α)Aα

] (26)

and

|ψ(κ, ξ )|=
∣∣ςRψ(ω, ψ)(κ, ξ )

∣∣= ς
∣∣Rψ(ω, ψ)(κ, ξ )

∣∣
≤ ς

[∣∣ĥ0(κ)
∣∣+ (1−α)∆ψ

Aα
+

ξ α
0 ∆ψ

Γ(α)Aα

]
.

(27)

That is, P is bounded in B. Therefore, by applying Schaefer’s fixed point theorem, it follows that R possesses at

least one solution in Dε , which represents a solution of the system (2).
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Theorem 8 If C1-C3 hold and

(1−α)+
ξ α

0
Γ(α)

<
Aα

δω +δψ

then the system (2) has unique solution.

Proof. Form (C3) and Theorem (4) we get that for (ω, ψ), (ω1, ψ1) ∈ B,

‖ω(ω, ψ)−ω(ω1, ψ1)‖ ≤
[
(1−α)δω

Aα
+

ξ α
0 δω

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B

and

‖ψ(ω, ψ)−ψ(ω1, ψ1)‖ ≤
[
(1−α)δψ

Aα
+

ξ α
0 δψ

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B .

Hence

‖R(ω, ψ)−R(ω1, ψ1)‖ ≤
[
(1−α)δω

Aα
+

ξ α
0 δω

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B

+

[
(1−α)δψ

Aα
+

ξ α
0 δψ

Γ(α)Aα

]
‖(ω, ψ)− (ω1, ψ1)‖B

=

[
(1−α)+

ξ α
0

Γ(α)

]
δω +δψ

Aα
‖(ω, ψ)− (ω1, ψ1)‖B .

Therefore, when the inequality

[
(1−α)+

ξ α
0

Γ(α)

]
δω +δψ

Aα
< 1

(
i.e., (1−α)+

ξ α
0

Γ(α)
<

Aα

δω +δψ

)

is satisfied, the operator R qualifies as a contraction mapping. Accordingly, by invoking the Banach fixed point theorem,

we conclude that the system has unique solution.

3.3 The stability property

In this subsection, we examine the Hyers-Ulam stability of the fractional WBKEs (2) to evaluate the robustness

of its solutions under small perturbations in initial data or model parameters. This type of stability ensures that every

approximate solution remains close to an exact one within a bounded tolerance, thereby confirming the reliability of the

obtained analytical results. By employing integral inequalities together with the previously established existence and

uniqueness results, sufficient conditions are derived to guarantee the Hyers-Ulam stability of the fractional WBKEs (2).

Let (ω̂, ψ̂) denote an approximate solution of (2) satisfying
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
∣∣∣ABCDα

0, ξ
ω̂(κ, ξ )−ω(κ, ξ , ω̂, ψ̂)

∣∣∣≤ µ1,

∣∣∣ABCDα

0, ξ
ψ̂(κ, ξ )−ψ(κ, ξ , ω̂, ψ̂)

∣∣∣≤ µ2,

(28)

for all (κ, ξ ) ∈ Ω× [0, ξ0], where µ1, µ2 > 0. Following [48], we say the nonlinear system (2) is Hyers-Ulam stable if we

have a unique solution (ω, ψ) of (2) such that

‖ω̂ −ω‖ ≤ µ
′
1µ1 and ‖ψ̂ −ψ‖ ≤ µ

′
2µ2,

where µ ′
1, µ ′

2 > 0 are constants independent of µ1, µ2, and ‖ · ‖ represents the supremum norm on C[Ω× [0, ξ0]].

Theorem 9 If C1-C3 hold and

(1−α)+
ξ α

0
Γ(α)

<
Aα

δω +δψ

then the system (2) is Hyers-Ulam stable.

Proof. The proof is based on the interplay between the existence-uniqueness framework and integral inequalities.

Under the contraction condition, the operator satisfies a stability bound that guarantees the deviation between approximate

and exact solutions remains controlled, thereby ensuring Hyers-Ulam stability. Let (ω̂, ψ̂) be approximate solution and

(ω, ψ) be unique solution of (2). For the approximate solution (ω̂, ψ̂) with satisfying the inequalities (28), there are two

continuous functions g and g′ on Ω× [0, ξ0] such that

|g(κ, ξ )| ≤ ε1,
∣∣g′(κ, ξ )

∣∣≤ ε2,

ABCDα

0, ξ
ω̂(κ, ξ ) = ω(κ, ξ , ω̂, ψ̂)+g(κ, ξ ),

and

ABCDα

0, ξ
ψ̂(κ, ξ ) = ψ(κ, ξ , ω̂, ψ̂)+g′(κ, ξ ),

for all (κ, ξ ) ∈ Ω× [0, ξ0]. Here the approximate solution (ω̂, ψ̂) will be as

ω̂(κ, ξ ) = g0(κ)+
1−α

Aα
[ω(κ, ξ , ω̂, ψ̂)+g(κ, ξ )]

+
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ω(κ, σ , ω̂, ψ̂)dσ +
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 g(κ, σ)dσ
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and

ψ̂(κ, ξ ) = ĝ0(κ)+
1−α

Aα
[ψ(κ, ξ , ω̂, ψ̂)+g(κ, ξ )]

+
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1

ψ(κ, σ , ω̂, ψ̂)dσ +
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 g′(κ, σ)dσ

for all (κ, ξ ) ∈ Ω× [0, ξ0]. Then by Theorem (8) for all (κ, ξ ) ∈ Ω× [0, ξ0] we have

|ω̂(κ, ξ )−ω(κ, ξ )| ≤ 1−α

Aα
[|ω(κ, σ , ω̂, ψ̂)−ω(κ, σ , ω, ψ)|+ |g(κ, σ)|]

+
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 [|ω(κ, σ , ω̂, ψ̂)−ω(κ, σ , ω, ψ)|+ |g(κ, σ)|]dσ

≤ 1−α

Aα
[δω ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε1]

+
α

Γ(α)Aα

∫
ξ

0
(ξ −σ)α−1 [δω ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε1]dσ

≤
[

1−α

Aα
+

ξ α
0

Γ(α)Aα

]
[δω ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε1] .

That is,

‖ω̂ −ω‖ ≤ CA
α [δω ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε1]

where CA
α :=

1−α

Aα
+

ξ α
0

Γ(α)Aα
. Similarly,

‖ψ̂ −ψ‖ ≤ CA
α

[
δψ ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε2

]
.

Hence

‖ω̂ −ω‖ ≤ CA
α [δω ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε1]

≤ CA
α

[
CA

α δω

1−
(
CA

α(δω +δψ)
) max{ε1, ε2}

]
+CA

α ε1
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and

‖ψ̂ −ψ‖ ≤ CA
α

[
δψ ‖(ω̂, ψ̂)− (ω, ψ)‖B + ε2

]

≤ CA
α

[
CA

α δψ

1−
(
CA

α(δω +δψ)
) max{ε1, ε2}

]
+CA

α ε2.

In particular, if we set ε := max{ε1, ε2}, then

‖ω̂ −ω‖ ≤ ε CA
α

[
CA

α δω

1−
(
CA

α(δω +δψ)
) +1

]

and

‖ψ̂ −ψ‖ ≤ ε CA
α

[
CA

α δψ

1−
(
CA

α(δω +δψ)
) +1

]
.

Take

ε
′
1 := CA

α

[
CA

α δω

1−
(
CA

α(δω +δψ)
) +1

]
and ε

′
2 := CA

α

[
CA

α δψ

1−
(
CA

α(δω +δψ)
) +1

]
.

The Hyers-Ulam stability constants ε ′1 and ε ′2 measure how closely the approximate solution remains to the exact one.

These constants are inversely related to the denominator

1−CA
α(δω +δψ),

which characterizes the contraction gap of the operator. A smaller value of CA
α , δω , or δψ increases this denominator,

thereby reducing the values of ε ′1 and ε ′2 and yielding a stronger form of stability. To reinforce the stability of the system, it

is therefore desirable to ensure that

CA
α(δω +δψ)≤ 1, i.e., (1−α)+

ξ α
0

Γ(α)
<

Aα

δω +δψ

This condition may be fulfilled by choosing a smaller domain length ξ0, reducing the Lipschitz constants, or

increasing the fractional order α so that Γ(α) becomes larger. Any of these adjustments increases the denominator,

thereby strengthening the Hyers-Ulam stability of the fractional nonlinear system. Consequently, the system (2) is

Hyers-Ulam stable.
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4. Some applications

This section employs the DLADM to derive approximate analytical solutions for the fractional WBKEs (2). This

hybrid approach combines the decomposition of nonlinear terms with the transform properties of the Laplace operator,

resulting in an efficient and robust framework for solving fractional problems. The method exhibits rapid convergence,

high accuracy, and computational simplicity. To illustrate its effectiveness, several examples and applications are presented,

demonstrating the accuracy and reliability of the proposed approach in modeling nonlinear shallow water wave dynamics.

For clarity, the main steps of the proposed DLADM are summarized as follows:

1. Apply the double Laplace transform to the fractional system.

2. Express the solution as an infinite series expansion.

3. Decompose the nonlinear terms using Adomian polynomials.

4. Compute the recursive components of the solution.

5. Apply the inverse double Laplace transform to obtain approximate solutions.

6. Construct the final solution as a convergent series.

By applying the operator L to both sides of (2) and using Theorem (3), we obtain:

L
[

ABCDα

0, ξ
ω

]
=−L [ωωκ ]−L [ψκ ]−β L [ωκκ ] (29)

and

L
[

ABCDα

0, ξ
ψ

]
=−L [ψωκ ]−L [ωψκ ]+β L [ψκκ ]−β

′L [ωκκκ ] . (30)

Since 0 < α < 1, then by Theorems (2, 3) we get

ωL =
1
ρ
Lκ(h0)−

Γρ, α(Aα)

ρα
[L [ωωκ ]+L [ψκ ]+βL [ωκκ ]] (31)

and

ψL =
1
ρ
Lκ(ĥ0)−

Γρ, α(Aα)

ρα

[
L [ψωκ ]+L [ωψκ ]−βL [ψκκ ]+β

′L [ωκκκ ]
]

(32)

where Γρ, α(Aα) :=
(1−α)ρα +α

Aα
. For the linear terms of the system (2), assume that ω and ψ are as series of the

following forms:

ω =
∞

∑
n=0

ωn and ψ =
∞

∑
n=0

ψn. (33)

For the non-linear terms of the system (2), then Adomian polynomials with the standard coupled-polynomial forms

given as:
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ωωκ =
∞

∑
n=0

An, ωψκ =
∞

∑
n=0

Bn, ψωκ =
∞

∑
n=0

Cn, An =
n

∑
k=0

ωkω(n−k)κ ,

Bn =
n

∑
k=0

ωkψ(n−k)κ andCn =
n

∑
k=0

ψkω(n−k)κ .

(34)

For three terms we have

A0 = ω0ω0κ , A1 = 2ω0ω1κ , A2 = 2ω2ω0κ +ω1ω1κ , · · ·

B0 = ω0ψ0κ , B1 = ω0ψ1κ +ω1ψ0κ , B2 = ω2ψ0κ +ω1ψ1κ +ω0ψ2κ , · · ·

C0 = ψ0ω0κ , C1 = ψ0ω1κ +ψ1ω0κ , C2 = ψ2ω0κ +ψ1ω1κ +ψ0ω2κ , · · ·

(35)

Take the inverse double Laplace of (31) and (32) to get

ω = h0 −L−1
[

Γρ, α(Aα)

ρα
[L [ωωκ ]+L [ψκ ]+βL [ωκκ ]]

]
(36)

and

ψ = ĥ0 −L−1
[

Γρ, α(Aα)

ρα

[
L [ψωκ ]+L [ωψκ ]−βL [ψκκ ]+β

′L [ωκκκ ]
]]

. (37)

From (33) and (34) we have

∞

∑
n=0

ωn = h0 −L−1

[
Γρ, α(Aα)

ρα

{
L

[
∞

∑
n=0

An

]
+L

[
∞

∑
n=0

ψnκ

]
+βL

[
∞

∑
n=0

ωnκκ

]}]
(38)

and

∞

∑
n=0

ψn = ĥ0 −L−1

[
Γρ, α(Aα)

ρα

{
L

[
∞

∑
n=0

Cn

]
+L

[
∞

∑
n=0

Bn

]
−βL

[
∞

∑
n=0

ψnκκ

]
+β

′L

[
∞

∑
n=0

ωnκκκ

]}]
(39)

Matching coefficients of identical powers in (38) and (39) yields the following series solution:
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ω0 = h0

ω1 =−L−1
[

Γρ, α(Aα)

ρα
{L [A0]+L [ψ0κ ]+βL [ω0κκ ]}

]

ω2 =−L−1
[

Γρ, α(Aα)

ρα
{L [A1]+L [ψ1κ ]+βL [ω1κκ ]}

]

...

ωn+1 =−L−1
[

Γρ, α(Aα)

ρα
{L [An]+L [ψnκ ]+βL [ωnκκ ]}

]

...

(40)

and

ψ0 = ĥ0

ψ1 =−L−1
[

Γρ, α(Aα)

ρα

{
L [C0]+L [B0]−βL [ψ0κκ ]+β

′L [ω0κκκ ]
}]

ψ2 =−L−1
[

Γρ, α(Aα)

ρα

{
L [C1]+L [B1]−βL [ψ1κκ ]+β

′L [ω1κκκ ]
}]

...

ψn+1 =−L−1
[

Γρ, α(Aα)

ρα

{
L [Cn]+L [Bn]−βL [ψnκκ ]+β

′L [ωnκκκ ]
}]

...

(41)

Hence, the series solution can be expressed as follows:

ω(κ, ξ ) =
∞

∑
n=0

ωn(κ, ξ ) and ψ(κ, ξ ) =
∞

∑
n=0

ψn(κ, ξ ). (42)
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The coefficient β controls the spreading and smoothing of the wave profile as it propagates horizontally. Physically, β

represents an effective viscosity or dispersion that causes the wave crests to broaden and the amplitude to decrease over time.

If β > 0: the wave becomes smoother, and its peaks spread apart; the energy disperses spatially. If β < 0: the opposite
occurs the wave becomes sharper and can develop shock like features. In the schematic illustration, the broadening of

wave crests is indicated by the horizontal spreading of successive peaks, a direct manifestation of the dispersion parameter

β . The parameter β ′ represents high order dispersion, governing the fine structure of the wave, such as small ripples

or secondary oscillations between major crests. Mathematically, it appears in the term β ′ ωκκκ and contributes to the

formation of oscillatory tails behind the main wave. The small high frequency ripples superimposed on the main surface

are associated with the effect of β ′. Increasing β ′ enhances these fine oscillations. This helps explain the later numerical

example, we will consider that wave maintains dispersive character and doesn’t have dissipative smoothing, that is, β = 0
and β ′ = 1. Consider the following fractional WBKEs in shallow water wave phenomena with Aα = 1:



ABCDα

0, ξ
ω(κ, ξ )+ω(κ, ξ )ωκ(κ, ξ )+ψκ(κ, ξ ) = 0,

ABCDα

0, ξ
ψ(κ, ξ )+ [ω(κ, ξ )ψ(κ, ξ )]

κ
−ωκκκ(κ, ξ ) = 0,

ω(κ, 0) = 5−0.2coth(0.1κ +1),

ψ(κ, 0) =−0.02 csch(0.1κ +1).

(43)

If α = 1 then the exact solution of (43) is

ω(κ, ξ ) = 5−0.2coth(0.1κ −5ξ +1)

ψ(κ, ξ ) =−0.02 csch(0.1κ −5ξ +1).

(44)

From (40) and (41) we that

ω0(κ, ξ ) = 5−0.2coth(0.1κ +1)

ω1(κ, ξ ) =− 0.05ξ α

Γ(α +1)
csch2(0.1κ +1)

ω2(κ, ξ ) =− 0.01ξ 2α

Γ(2α +1)
csch2(0.1κ +1)coth(0.1κ +1)

...

(45)

and
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ψ0(κ, ξ ) =−0.02 csch(0.1κ +1)

ψ1(κ, ξ ) =− 0.05ξ α

Γ(α +1)
csch2(0.1κ +1)coth(0.1κ +1)

ψ2(κ, ξ ) =− 0.005ξ 2α

Γ(2α +1)
csch4(0.1κ +1)(2+ cosh(0.2κ +2))

...

(46)

Therefore the solution of (43) is given by

ω(κ, ξ ) = 5−0.2coth(0.1κ +1)− 0.05ξ α

Γ(α +1)
csch2(0.1κ +1)

− 0.01ξ 2α

Γ(2α +1)
csch2(0.1κ +1)coth(0.1κ +1)+ · · ·

(47)

and

ψ(κ, ξ ) = −0.02 csch(0.1κ +1)− 0.05ξ α

Γ(α +1)
csch2(0.1κ +1)coth(0.1κ +1)

− 0.005ξ 2α

Γ(2α +1)
csch4(0.1κ +1)(2+ cosh(0.2κ +2))+ · · ·

(48)

5. Numerical discussion

This section presents a detailed numerical analysis of the fractional WBKEs (43) using the DLADM. The goal is to

compare the numerical approximations with the exact analytical solutions and to interpret the wave behavior illustrated

in the tables and figures. Table 1 provides a pointwise comparison between the exact and DLADM solutions for the

horizontal velocity ω(κ, ξ ) and the free surface elevation ψ(κ, ξ ) at various space time coordinates. The absolute

error in ω is consistently of order 10−4, while the error in ψ is even smaller, typically between 10−6 and 10−5. These

uniformly small errors across all tested values of κ and ξ demonstrate that the DLADM method provides a highly accurate

approximation of the exact solutions, without showing any instability or error growth over time. Furthermore, the symmetry

in the table entries reflects the internal structure of the analytic traveling wave solution, which depends on the expression

(0.1κ −5ξ +1). Figures 1 and ?? show the DLADM curves for ω(κ, ξ ) and ψ(κ, ξ ) at different times ξ = 1, 2, 3. The
analytical form of ω is based on a hyperbolic coth-profile, which produces a kink like traveling wave. The DLADM
curves accurately reproduce this shape, with the wave shifting in the κ direction as time increases while maintaining

its form. Similarly, the analytical solution for ψ is a hyperbolic profile, corresponding to a localized peak that moves

through space. The DLADM curves capture this localized motion cleanly and match the analytical profile extremely

well, consistent with the very small errors in Table 1. Figures 3 and 4 present full space time surfaces for ω(κ, ξ ) and
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ψ(κ, ξ ) obtained using DLADM. The surface for ω clearly reveals a traveling transition layer: for fixed κ the solution

evolves smoothly in time, while for fixed ξ one sees the characteristic kink structure. The surface for ψ exhibits a localized

ridge moving steadily across the (κ, ξ )-plane. Both surfaces are smooth and free from numerical oscillations or artificial

dispersion, which indicates that the DLADM method is stable and accurately represents the dynamics of the fractional

WBKEs. Finally, Figure 5 displays the exact surfaces for ω and ψ at α = 1, serving as visual benchmarks for the numerical
results. When comparing Figures 3 and 4 with Figure 5, the agreement is immediate: the shape, propagation speed, peak

location, and overall wave structure align almost perfectly. This close correspondence confirms that DLADM not only

approximates the pointwise values correctly but also captures the qualitative and global behavior of the exact solutions. In

summary, the numerical results lead to several key conclusions. First, DLADM is a reliable and highly accurate method for

solving the fractional WBKEs. Second, the fractional model successfully captures the essential features of shallow-water

wave dynamics, including dispersion, steepening effects, and localized structures. Third, the near perfect agreement

between analytical and numerical results validates both the numerical method and the theoretical formulation of the model,

indicating that this approach can be confidently extended to more complex cases where analytical solutions are unavailable.

Table 1. Comparing absolute error (AE) of exact solution and DLADM solution of (43) at α = 1

κ ξ ω(κ, ξ )Exact ω(κ, ξ )DLADM AEω ψ(κ, ξ )Exact ψ(κ, ξ )DLADM AEψ

2.00

0.10 4.66907567 4.66860877 0.00046691 −0.02636492 −0.02636229 0.00000264

0.20 3.98670209 3.98630342 0.00039867 −0.09933643 −0.09932650 0.00000993

0.30 5.68654769 5.68597903 0.00056865 0.06567707 0.06567050 0.00000657

0.40 5.30118814 5.30065802 0.00053012 0.02251983 0.02251758 0.00000225

0.50 5.23209310 5.23156989 0.00052321 0.01177591 0.01177473 0.00000118

4.00

0.10 4.72078655 4.72031447 0.00047208 −0.01948336 −0.01948142 0.00000195

0.20 4.47361351 4.47316615 0.00044736 −0.04869114 −0.04868627 0.00000487

0.30 7.00666223 7.00596156 0.00070067 0.19966706 0.19964709 0.00001997

0.40 5.37240510 5.37186786 0.00053724 0.03141426 0.03141112 0.00000314

0.50 5.24984415 5.24931917 0.00052498 0.01497401 0.01497251 0.00000150

6.00

0.10 4.75015585 4.74968083 0.00047502 −0.01497401 −0.01497251 0.00000150

0.20 4.62759490 4.62713214 0.00046276 −0.03141426 −0.03141112 0.00000314

0.30 2.99333777 2.99303844 0.00029933 −0.19966706 −0.19964709 0.00001997

0.40 5.52638649 5.52583385 0.00055264 0.04869114 0.04868627 0.00000487

0.50 5.27921345 5.27868553 0.00052792 0.01948336 0.01948142 0.00000195

8.00

0.10 4.76790690 4.76743011 0.00047679 −0.01177591 −0.01177473 0.00000118

0.20 4.69881186 4.69834198 0.00046988 −0.02251983 −0.02251758 0.00000225

0.30 4.31345231 4.31302097 0.00043135 −0.06567707 −0.06567050 0.00000657

0.40 6.01329791 6.01269658 0.00060133 0.09933643 0.09932650 0.00000993

0.50 5.33092433 5.33039123 0.00053309 0.02636492 0.02636229 0.00000264
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Figure 1. DLADM curves for the solutions ω(κ, ξ ) of (43)

Figure 2. DLADM curves for the solutions ψ(κ, ξ ) of (43)
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Figure 2. (cont.)

Figure 3. DLADM plots for the solutions ω(κ, ξ ) of (43)
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Figure 4. DLADM plots for the solutions ψ(κ, ξ ) of (43)

Figure 5. The exact solutions ω(κ, ξ ) and ψ(κ, ξ ) of (43) at α = 1.00
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To further assess the performance of the proposed DLADM, we compare its accuracy with other analytical and

numerical methods such as the homotopy perturbation method, residual power series method, and spectral techniques

reported in the literature. The obtained results demonstrate that the DLADM provides highly accurate approximations with

rapid convergence and smaller absolute errors. Moreover, unlike some existing methods, the proposed approach does not

require discretization or linearization, which reduces computational complexity and improves efficiency. In addition, the

proposed DLADM is compared with other numerical approaches such as finite difference methods, spectral techniques,

and neural network-based models. While finite difference and spectral methods often require discretization and may

suffer from stability constraints, and neural network approaches involve high training cost, the DLADM provides a direct

analytical approximation with reduced computational effort. These features make the proposed method a competitive and

efficient tool for solving fractional nonlinear WBKEs.

6. Physical interpretation of the results

The analytical solution obtained for the fractional WBK equations provides significant insight into the physical

behavior of nonlinear wave propagation in dispersive media, particularly in shallow water environments. The WBK system

describes the interaction between nonlinear convection and dispersive effects in fluid flow. By incorporating the fractional

derivative in the sense of the ABC operator, the model extends the classical formulation to include memory and nonlocal

effects. Physically, this implies that the present state of the system depends not only on the instantaneous conditions

but also on its past history. The fractional order parameter α ∈ (0, 1] plays a key role in the system dynamics. When

α = 1, the model reduces to the classical WBK equations, representing standard wave propagation. For α < 1, the system
exhibits memory-dependent damping and anomalous diffusion, which are commonly observed in complex fluids. The

use of the double Laplace transform provides an efficient analytical framework by converting the fractional differential

equations into algebraic equations in the transform domain. This approach simplifies the treatment of initial conditions and

allows a clearer interpretation of the solution behavior. The stability analysis indicates that the system remains stable under

appropriate parameter conditions. Moreover, the fractional effects contribute to enhanced stability by smoothing steep

gradients and reducing oscillatory behavior. The ABC operator, due to its non-singular kernel, ensures physically realistic

modeling by avoiding singularities associated with classical fractional derivatives. Overall, the fractional WBK model

offers a more accurate description of real-world wave phenomena, especially in media where memory effects and energy

dissipation are significant. This framework is applicable to various physical systems, including shallow water waves,

plasma waves, and other dispersive environments.

7. Conclusions

This work presents a solid analytical and numerical framework for studying the fractional WKBEs, which describe

nonlinear shallow water waves with memory effects. Using fixed point theory in Banach spaces with the compact-open

topology, we established the existence, uniqueness, and Hyers-Ulam stability of the fractional system, ensuring that its

solutions are mathematically well posed. A hybrid DLADM was developed to obtain rapidly convergent approximate

solutions. The numerical results show excellent agreement with the exact analytical solutions, with very small absolute

errors throughout the computational domain. The graphical simulations confirm that DLADM accurately reproduces

key wave behaviors, including traveling wave profiles, localized structures, and dispersive effects. Overall, the study

demonstrates that the fractional WBK model, together with the DLADM approach, provides an effective and reliable

framework for analyzing nonlinear wave dynamics. This methodology can be confidently extended to more complex

fractional systems where analytical solutions are difficult or impossible to obtain.

Contemporary Mathematics 4354 | Adem Kiliçman, et al.



Author contributions

Conceptualization: F.H.D., F.A., K.M.S.; Methodology: F.H.D., K.M.S., A.K., M.F.A.; Formal analysis: F.H.D.,

A.K., N.A.; Investigation: F.A., M.F.A., N.A.; Resources: F.A., M.F.A., A.S.; Writing–original draft: F.H.D., A.S.;

Writing–review & editing: K.M.S., A.K., F.A., M.F.A., N.A.; Visualization: A.S., K.M.S.; Supervision: K.M.S., A.K.;

Project administration: F.H.D.; Funding acquisition: F.H.D.

Funding

This research has been funded by the Deanship of Scientific Research at University of Ha’il—Saudi Arabia through

project number RG-25 078.

Conflict of interest

The authors declare no competing financial interest.

References

[1] Ashraf R, Nawaz R, Alabdali O, Fewster-Young N, Ali AH, Ghanim F, et al. A new hybrid optimal auxiliary function

method for approximate solutions of non-linear fractional partial differential equations. Fractal and Fractional. 2023;

7(9): 673. Available from: https://doi.org/10.3390/fractalfract7090673.

[2] Damag FH. On comparing analytical and numerical solutions of time Caputo fractional Kawahara equations via some

techniques. Mathematics. 2025; 13(18): 2995. Available from: https://doi.org/10.3390/math13182995.

[3] Qu H, Liu X, She Z. Neural network method for fractional-order partial differential equations. Neurocomputing. 2020;

414: 225–237. Available from: https://doi.org/10.1016/j.neucom.2020.07.063.

[4] Li Y, Liu F, Turner IW, Li T. Time-fractional diffusion equation for signal smoothing. Applied Mathematics and

Computation. 2018; 326: 108–116. Available from: https://doi.org/10.1016/j.amc.2018.01.007.

[5] Miller KS, Ross B. An Introduction to Fractional Calculus and Fractional Differential Equations. New York: Wiley;

1993.

[6] Yang XJ. A new integral transform method for solving steady heat-transfer problem. Thermal Science. 2016; 20(S3):

639–642. Available from: https://doi.org/10.2298/TSCI16S3639Y.

[7] Damag FH, KiliçmanA, Amin M. Topological analysis with some techniques for solving a fractional tsunami shallow

water mathematical model based on Hausdorff locally compact structures and their analytical implications. AIMS

Mathematics. 2026; 11: 3957–3985. Available from: https://doi.org/10.3934/math.2026159.

[8] Mohyud-Din ST, Yildirim A, Demirli G. Traveling wave solutions of Whitham-Broer-Kaup equations by homotopy

perturbation method. Journal of King Saud University Science. 2010; 22: 173–176. Available from: https://doi.org/

10.1016/j.jksus.2010.04.008.

[9] Biazar J, Aminikhah H. Study of convergence of homotopy perturbation method for systems of partial differential

equations. Computers and Mathematics with Applications. 2009; 58: 2221–2230. Available from: https://doi.org/10.

1016/j.camwa.2009.03.030.

[10] Mursaleen MA. Approximation and convergence analysis of blending-type q-Baskakov operators using wavelet
transformations. Filomat. 2025; 39(31): 11117–11132. Available from: http://www.pmf.ni.ac.rs/filomat.

[11] Mursaleen MA. Quadratic function preserving wavelet-type Baskakov operators for enhanced function

approximation. Computational and Applied Mathematics. 2025; 44(8): 395. Available from: https://doi.org/10.

1007/s40314-025-03357-x.

[12] Podlubny I. Fractional Differential Equations. New York: Academic Press; 1999.

[13] Kumar M. Numerical solution of singular boundary value problems using advanced Adomian decomposition method.

Engineering with Computers. 2021; 37: 2853–2863. Available from: https://doi.org/10.1007/s00366-020-00972-6.

Volume 7 Issue 4|2026| 4355 Contemporary Mathematics

https://doi.org/10.3390/fractalfract7090673.
https://doi.org/10.3390/math13182995.
https://doi.org/10.1016/j.neucom.2020.07.063.
https://doi.org/10.1016/j.amc.2018.01.007.
https://doi.org/10.2298/TSCI16S3639Y.
https://doi.org/10.3934/math.2026159.
https://doi.org/10.1016/j.jksus.2010.04.008.
https://doi.org/10.1016/j.jksus.2010.04.008.
https://doi.org/10.1016/j.camwa.2009.03.030.
https://doi.org/10.1016/j.camwa.2009.03.030.
http://www.pmf.ni.ac.rs/filomat
https://doi.org/10.1007/s40314-025-03357-x.
https://doi.org/10.1007/s40314-025-03357-x.
https://doi.org/10.1007/s00366-020-00972-6


[14] Xie F, Yan Z, Zhang H. Explicit and exact traveling wave solutions of Whitham-Broer-Kaup shallow water equations.

Physics Letters A. 2001; 285: 76–80. Available from: https://doi.org/10.1016/S0375-9601(01)00333-4.

[15] Ahmad J, Mushtaq M, Sajjad N. Exact solution of Whitham Broer-Kaup shallow water wave equations. Journal of

Science and Arts. 2015; 15(1): 5–12.

[16] Mohyud-Din ST, Noor MA. Homotopy perturbation method for solving partial differential equations. Zeitschrift für

Naturforschung A. 2009; 64: 157–170. Available from: https://doi.org/10.1515/zna-2009-3-402.

[17] Yuzbasi S, Sahin N. Numerical solutions of singularly perturbed one-dimensional parabolic convection-diffusion

problems by the Bessel collocation method. Applied Mathematics and Computation. 2013; 220: 305–315. Available

from: https://doi.org/10.1016/j.amc.2013.06.027.

[18] Ahmad S, Ullah A, Akgul A, De la Sen M. A novel homotopy perturbation method with applications to nonlinear

fractional-order KdV and Burger equation with exponential-decay kernel. Journal of Function Spaces. 2021; 2021:

8770488. Available from: https://doi.org/10.1155/2021/8770488.

[19] Kupershmidt BA. Mathematics of dispersive water waves. Communications in Mathematical Physics. 1985; 99:

51–73. Available from: https://doi.org/10.1007/BF01466593.

[20] Shah K, Seadawy AR, Arfan M. Evaluation of one dimensional fuzzy fractional partial differential equations.

Alexandria Engineering Journal. 2020; 59: 3347–3353. Available from: https://doi.org/10.1016/j.aej.2020.05.003.

[21] Akgul A, Cordero A, Torregrosa JR. A fractional Newton method with 2α-order of convergence and its stability.

Applied Mathematics Letters. 2019; 98: 344–351. Available from: https://doi.org/10.1016/j.aml.2019.06.028.

[22] SeadawyAR, Iqbal M, Lu D. Propagation of kink and anti-kink wave solitons for the nonlinear damped modified KdV

equation arising in ion-acoustic wave in an unmagnetized collisional dusty plasma. Physica A. 2020; 544: 123560.

Available from: https://doi.org/10.1016/j.physa.2019.123560.

[23] He JH. Homotopy perturbation technique. Computer Methods in Applied Mechanics and Engineering. 1999; 178:

257–262. Available from: https://doi.org/10.1016/S0045-7825(99)00018-3.

[24] Yazgan T, Ilhan E, Çelik E, Bulut H. On the new hyperbolic wave solutions to Wu-Zhang system models. Optical

and Quantum Electronics. 2022; 54: 298. Available from: https://doi.org/10.1007/s11082-022-03683-y.

[25] Damag FH, Saif A. On solving modified time Caputo fractional Kawahara equations in the framework of Hilbert

algebras using the Laplace residual power series method. Fractal and Fractional. 2025; 9(5): 301. Available from:

https://doi.org/10.3390/fractalfract9050301.

[26] Boutarfa B, Akgul A, Inc M. New approach for the Fornberg-Whitham type equations. Journal of Computational and

Applied Mathematics. 2017; 312: 13–26. Available from: https://doi.org/10.1016/j.cam.2015.09.016.

[27] Akgul A. A novel method for a fractional derivative with non-local and non-singular kernel. Chaos, Solitons and

Fractals. 2018; 114: 478–482. Available from: https://doi.org/10.1016/j.chaos.2018.07.032.

[28] Sontakke BR, Shelke AS, Shaikh AS. Solution of non-linear fractional differential equations by variational iteration

method and applications. Far East Journal of Mathematical Sciences. 2019; 1: 113–129. Available from: http:

//dx.doi.org/10.17654/MS110010113.

[29] Inc M, Akgul A, Kilicman A. Explicit solution of telegraph equation based on reproducing kernel method. Journal of

Function Spaces and Applications. 2012; 2012: 984682. Available from: https://doi.org/10.1155/2012/984682.

[30] Dhaigude DB, Kiwne SB, Dhaigude RM. Monotone iterative scheme for weakly coupled system of finite difference

reaction-diffusion equations. Communications in Applied Analysis. 2008; 12: 161.

[31] Kiliç SŞ, Çelik E. Complex solutions to the higher-order nonlinear Boussinesq type wave equation transform. Ricerche

di Matematica. 2024; 73(4): 1793–1800. Available from: https://doi.org/10.1007/s11587-022-00698-1.

[32] Rahman MU,Arfan M, Shah Z,Alzahrani E. Evolution of fractional mathematical model for drinking underAtangana-

Baleanu Caputo derivatives. Physica Scripta. 2021; 96: 115203. Available from: https://doi.org/10.1088/1402-4896/

ac1218.

[33] Nadeem M, Alotaibi SH, Alotaibi FM, Alsayaad Y. Numerical investigation of two-dimensional fuzzy fractional heat

problem with an external source variable. PLoS One. 2024; 19(6): e0304871. Available from: https://doi.org/10.1371/

journal.pone.0304871.

[34] Kadri I, Gundogdu H, Modawy YM, Helal KAA, Elshamy I, Tahir RA. A comparative analysis of nonlinear time-

fractional Whitham-Broer-Kaup equations under the Aboodh decomposition transform. European Journal of Pure

and Applied Mathematics. 2025; 18(3): 6626. Available from: https://doi.org/10.29020/nybg.ejpam.v18i3.6626.

[35] Wang L, Chen X. Approximate analytical solutions of time fractional Whitham-Broer-Kaup equations by a residual

power series method. Entropy. 2015; 17: 6519–6533. Available from: https://doi.org/10.3390/e17096519.

Contemporary Mathematics 4356 | Adem Kiliçman, et al.

https://doi.org/10.1016/S0375-9601(01)00333-4
https://doi.org/10.1515/zna-2009-3-402
https://doi.org/10.1016/j.amc.2013.06.027
https://doi.org/10.1155/2021/8770488
https://doi.org/10.1007/BF01466593
https://doi.org/10.1016/j.aej.2020.05.003
https://doi.org/10.1016/j.aml.2019.06.028
https://doi.org/10.1016/j.physa.2019.123560
https://doi.org/10.1016/S0045-7825(99)00018-3
https://doi.org/10.1007/s11082-022-03683-y
https://doi.org/10.3390/fractalfract9050301
https://doi.org/10.1016/j.cam.2015.09.016
https://doi.org/10.1016/j.chaos.2018.07.032
http://dx.doi.org/10.17654/MS110010113
http://dx.doi.org/10.17654/MS110010113
https://doi.org/10.1155/2012/984682
https://doi.org/10.1007/s11587-022-00698-1
https://doi.org/10.1088/1402-4896/ac1218
https://doi.org/10.1088/1402-4896/ac1218
https://doi.org/10.1371/journal.pone.0304871
https://doi.org/10.1371/journal.pone.0304871
https://doi.org/10.29020/nybg.ejpam.v18i3.6626
https://doi.org/10.3390/e17096519


[36] Adel R, Abdulqawi AM. Redefined quintic B-spline collocation method to solve the time-fractional Whitham-

Broer-Kaup equations. Computational and Mathematical Methods. 2024; 2024: 7326616. Available from: https:

//doi.org/10.1155/2024/7326616.

[37] El-Sayed SM, Kaya D. Exact and numerical traveling wave solutions of Whitham-Broer-Kaup equations. Applied

Mathematics and Computation. 2005; 167: 1339–1349. Available from: https://doi.org/10.1016/j.amc.2004.08.012.

[38] Yasmin H. Numerical analysis of time-fractional Whitham-Broer-Kaup equations with exponential-decay kernel.

Fractal and Fractional. 2022; 6: 142. Available from: https://doi.org/10.3390/fractalfract6030142.

[39] Shah R, Khan H, Baleanu D. Fractional Whitham-Broer-Kaup equations within modified analytical approaches.

Axioms. 2019; 8: 125. Available from: https://doi.org/10.3390/axioms8040125.

[40] Azzh S, Roman U, Nehad A, Rasool S, Kamsing N. Implementation of Yang residual power series method to solve

fractional non-linear systems. AIMS Mathematics. 2023; 8(4): 8294–8309. Available from: https://doi.org/10.3934/

math.2023418.

[41] Shams A, Mohamed E, Abdelgabar A, Walid H. Numerical solutions of time-fractional Whitham-Broer-Kaup

equations via Sumudu decomposition method. Journal of Mathematics. 2023; 2023: 4664866. Available from:

https://doi.org/10.1155/2023/4664866.

[42] Ali A, Shah K, Khan RA. Numerical treatment for traveling wave solutions of fractional Whitham-Broer-Kaup

equations. Alexandria Engineering Journal. 2018; 57: 1991–1998. Available from: https://doi.org/10.1016/j.aej.2017.

04.012.

[43] Xu H, Cheng W, Cui J. Multiple-soliton and periodic solutions to space-time fractional Whitham-Broer-Kaup

equations. European Physical Journal Special Topics. 2022; 231: 2353–2357. Available from: https://doi.org/10.

1140/epjs/s11734-021-00374-9.

[44] Alfwzan W, Yao SW, Allehiany FM, Ahmad S, Saifullah S, Inc M. Analysis of fractional non-linear tsunami shallow

water mathematical model with singular and non singular kernels. Results in Physics. 2023; 52: 106707. Available

from: https://doi.org/10.1016/j.rinp.2023.106707.

[45] Awadalla M. Fractional Hermite functions associated with the Atangana-Baleanu Caputo derivative power series

solutions, Rodrigues representation, and orthogonality analysis. AIMS Mathematics. 2025; 10(9): 20586–20605.

Available from: https://doi.org/10.3934/math.2025919.

[46] Samko SG. Fractional Integrals and Derivatives: Theory and Applications. London: Gordon and Breach; 1993.

[47] Debnath L. The double Laplace transforms and their properties with applications to functional, integral and partial

differential equations. International Journal of Applied and Computational Mathematics. 2016; 2(2): 223–241.

Available from: https://doi.org/10.1007/s40819-015-0057-3.

[48] Rus IA. Ulam stabilities of ordinary differential equations in a Banach space. Carpathian Journal of Mathematics.

2010; 26(1): 103–107.

Volume 7 Issue 4|2026| 4357 Contemporary Mathematics

https://doi.org/10.1155/2024/7326616
https://doi.org/10.1155/2024/7326616
https://doi.org/10.1016/j.amc.2004.08.012
https://doi.org/10.3390/fractalfract6030142
https://doi.org/10.3390/axioms8040125
https://doi.org/10.3934/math.2023418
https://doi.org/10.3934/math.2023418
https://doi.org/10.1155/2023/4664866
https://doi.org/10.1016/j.aej.2017.04.012
https://doi.org/10.1016/j.aej.2017.04.012
https://doi.org/10.1140/epjs/s11734-021-00374-9
https://doi.org/10.1140/epjs/s11734-021-00374-9
https://doi.org/10.1016/j.rinp.2023.106707
https://doi.org/10.3934/math.2025919
https://doi.org/10.1007/s40819-015-0057-3

	Introduction
	On double Laplace with ABC operator 
	Fixed point framework for fractional WBKEs (2)
	On locally compact with continuity property
	Well-posedness of fractional WBKEs (2)
	The stability property

	Some applications
	Numerical discussion
	Physical interpretation of the results
	Conclusions

