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research work. In this work, we integrate the harmonic mean type incidence rate into a new fractional-order discrete-time
Susceptible-Vaccinated-Infected-Recovered (SVIR) epidemic model. For the considered model Disease Free Equilibrium
(DFE) and Endemic Equilibrium (EE) are deduced and the basic reproductive number is also computed. Sensitivity
analysis based on direct method is analyzed. The qualitative analysis and numerical investigations for the mentioned
model are studied to understand the dynamical behavior. Stability analysis is deduced by using Ulam-Hyers (U-H) criteria.
Further, we also investigate the concerned model through the Artificial Neural Networks (ANNs) technique which has
recently attracted very well. Additionally, the simulated outcomes and ANNs are compared, and several metrics such
as regression coefficient, Mean Square Error (MSE), and Root Mean Square Error (RMSE) are recorded and displayed
graphically. We use the Levenberg-Marquardt algorithm to analyze the required computational results. Matlab 2023
software is used for computational purposes.
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1. Introduction
Researchers are using numerous techniques to investigate infectious diseases from different perspectives. In the

biological sciences, epidemiology is an important branch that looks at all the factors which affect the presence of illnesses
and disorders. Researchers are becoming more interested in the topic of epidemiology due to the recent epidemics of
several diseases, such as COVID-19, Severe Acute Respiratory Syndrome (SARS), Dengue, and Ebola. Therefore,
formulations of mathematical models of such diseases and investigating their dynamical behaviors have significant
applications [1]. Because, these models can help in controlling and preventing the disease in speeding in society [2].
Plenty of research papers have been published on the area of mathematical models of infectious diseases [3]. Discrete
time models and continuous time models are the two primary groups into which researchers have divided these models.
Here, we highlight some discrete type work as [4].

Researchers use mathematical models with differential equations for continuous time models, while in the case of
discrete time model difference equations are used extensively [5]. Additionally, compared to continuous-time epidemic
models, discrete-time models exhibit more complex dynamics [6]. Therefore, researchers have extensively used discrete
typemodels to investigate various diseases [7]. Here, wemention that vaccination is also an important process for reducing
and controlling the diseases in a society [8]. By using vaccine, we can reduce the susceptibility of infectious disease in
our society [9]. Researchers have significantly studied the effectiveness of vaccination through mathematical models in
the last few years. For instance, authors [10] have established a dynamical model with vaccination procedure. In the same
way, the mathematical model with vaccination class was studied for COVID-19 by researchers [11]. The COVID-19
infectious disease which was identified in 2019 in China. The World Health Organization (WHO) classified the disease
to be a worldwide pandemic after it later spread to every country in 2020. Still the disease is present in many countries
of the world and daily many death occur continually [12]. But the rapid transmission rate has now been controlled due
to vaccination now available in most of the countries [13]. The concerned disease was greatly investigated by using
mathematical models [14]. Researchers have applied continuous and discrete time models for its study. Researchers
[15] studied COVID-19 models using fractional calculus. Alkhazzan et al. [16] have investigated a novel Susceptible-
Vaccinated-Infected-Recovered (SVIR) epidemic model with jumps for understanding the dynamics of the spread of dual
diseases.

In recent decades, Fractional Calculus (FC) has gained popularity due to its excellent use in mathematical modeling
of a wide range of real-world issues. due to the fact that the topic is currently a popular field of study. This is because it has
important applications in a number of real-world issues. Fractional-order derivatives are somewhat more accurate than
typical integer-order derivatives because they are a valuable tool for assessing the memory effect across all processing and
material types [17]. Memory effects are the notion that all of a system’s previous states connect to its current states in a
fractional order. Many researchers have focused their attention on discrete fractional calculus over the past few years [18].
Interesting applications of aforesaid area can be read in various fields of science and engineering [19]. For instance, Wu
et al. [20] proposed the first chaotic fractional logistic map. In the last few years, researchers have extensively worked
on investigating discrete type model with fractional calculus tools [21].

Here, it should be kept in mind that fractional order derivative in the Caputo sense has been used very well in studying
mathematical models of COVID-19 [22]. Different dynamical systems of the aforementioned disease have been analyzed
by using fractional order derivatives. Khan et al. [23] have studied a model of climate change on coastal ecosystems by
using fractional calculus. Djeddi et al. [24] have deduced existence theory and numerical analysis for fractional order
continuous and discrete time models of COVID-19. Researchers have recently shown a great deal of interest in Artificial
Intelligence (AI)-based techniques such as Deep Neural Networks (DNNs) and Artificial Neural Networks (ANNs). Here,
we remark that Computer programs called ANNs are developed for biology process and then train to work like the human
brain processes information. There are many ANNs tools available in which some of them are vary famous like Neural
Networks (NNs) and ANNs tools. Recently, various kinds of research work has been conducted on using the aforesaid AI
tools. Here, we mentioned the contribution of researchers [25] who have presented details information about the basic of
AI tools. Researchers [26] have conducted research on auto-progressive training of NNs constitutive models with details.
Authors [27] have used NNs to investigate the COVID-19 disease model in 2022. Authors [28] have used the ANNs to
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investigate an epidemic model of infectious disease. Recently, Abdeljawad et al. [29] extended deep NNs analysis for
psychological model using advanced analysis. But AI models based on ANNs and epidemic compartmental models based
on differential equations are effective tools for investigating the spread of COVID-19. However, these tools also failed in
the aforementioned areas for themajor reasons. For example, in AImodels, the biological pattern is not explained, whereas
in compartmental models, parameter estimation is limited. However, the AI models are increasingly using as a powerful
tools to analyze epidemic models. Here, we remark that compared to conventional bilinear or standard incidence rates
models, the inclusion of a harmonic mean-type incidence rate in COVID-19 models offers a more accurate depiction of
disease transmission, especially by more accurately describing behavioral shifts and saturated infection rates. The benefit
of this modeling approach is that it helps analyze the stability of endemic and disease-free equilibria and is less vulnerable
to dramatic, large-value swings in data. In addition, when we are predicting COVID-19 transmission rates in situations
where data may be distorted by isolated outbreaks, the harmonic mean is more steady and reliable than arithmetic or
geometric means since it assigns less weight to significant outliers. Further, compared to other types, the harmonic mean
type offers a smoother, more precise fit to pandemic data, improving its forecasting ability for epidemiological trends. In
recent times, intelligent neural network for modeling has been studied [30]. Authors [31] have studied cholera dynamics
through neural networks.

Since, the ANNs and the discrete type fractional order models have not well studied for COVID-19. Two different
discrete type mathematical models of COVID-19 were investigated in [32, 33] respectively. Therefore, we formulate
a model with harmonic mean type incidence rate under discrete fractional calculus tools. We establish its existence
theory, numerical analysis and basic quantities. Mathematically an artificial neural network defines a function of the form
Fu = v, u ∈ Rm, v ∈ Rn, where m, n stand for input and output dimensions. An input u ∈ Rm is feed to artificial neural
network which produces output v ∈ Rn. The process is expressed mathematically as follows: v = ac(Wu+b), W ∈ Rm×n,
here b ∈ Rn and ac is called activation function. The procedure is presented in Figure 1.

Figure 1. DDN process

We formulate a mathematical model with double harmonic mean type incidence rates involving vaccination class.
We use the Cuputo Fractional Difference Operator (CFDO) to study the formulated model. Existence of solution and some
stability results based on Ulam-Hyers (U-H) and basic results are established. Further, numerical illustrations for various
compartments have been given. Finally, the simulated results are tested by using the ANNs techniques and various results
including Mean Square Error (MSE), Root Mean Square Error (RMSE) and variance have been calculated and presented
graphically for different compartments. The concernedANNs have also some demerits which recently have been identified
[34].

1.1 Limitations

Besides the mentioned advantages, some disadvantages also been identified which we list as:
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• As discrete fractional calculus is being developed to examine memory-based systems on discrete time sets. Despite
being helpful for modeling, it has also have some drawbacks and restrictions when compared to normal discrete calculus
or continuous fractional calculus.

• Also variety of definitions of discrete fractional difference operators, some inconstancy occurred.
• For training such ANNs required powerful Graphics Processing Unit (GPU) and extensive time and hence cost

expensive.
• As the model becomes large and complex, it will requires a lot of Random Access Memory (RAM) and storage

space.
• It also considerable financial and environmental ramifications.
• Applications that demand accountability are severely limited by neural networks’ inability to be interpreted.
• As the complexity goes up the model prediction given by ANNs is difficult to understand.
• The quantity and quality of training data is important in ANNs. Therefore, models with poor quality produce

predictions that are problematic and may be unrealistic.
• Still no perfect ANN yet has been designed to accurately predict due to the uncertainty in real data.

1.2 Our main objectives are as follows

• To formulate a fractional discrete Susceptible-Vaccinated-Infected-Recovered (SVIR) model with harmonic-mean
incidence.

• To derive Disease Free Equilibrium (DFE)/Endemic Equilibrium (EE) and reproduction numbers by using next
generation matrix method.

• To investigate sensitivity analysis by using direct method.
• To deduce the qualitative analysis by using fixed point theorems and stability due to U-H.
• To numerical interpret the results by using various fractional order values.
• To built detailed analysis based on using ANNs.
• To compare the results of ANNs and numerical analysis.
Organization of paper: We in section 1 give a detail introduction and limitations of the proposed study. Section

2 contains formulation of model. Section 3 contains preliminaries. Section 4 contains qualitative analysis. Section 5
contains numerical analysis. Section 6 is devoted to AI based ANNs results. Section 7 contains conclusion.

2. Formulation of model
Here, we formulate our model on the following hypothesis:
• Let the individuals enter to susceptible class S at rate (1− µ)Λ. The notation δ stands for death rate and the rate

at which individuals who are vaccinated from susceptible class is denoted by ψ . The ratio at which susceptible becomes

infected is expressed as
2βSI
S+ I

.
• The rate at which people are vaccinated be µΛ and the rate at which individuals who from vaccinated class

transferred to infected be
2αVI
V+ I

. Further, the natural death in vaccinated class is represented by δ . It has been found
that after vaccination, individual becomes susceptible it may catch an infection whose rate we denoted by φ .

• The infection rate be β , where the infected class is denoted by I. Further, let the recovery rate be ρ and the re-
infection rate is represented by γ . The natural death is δ . Mortality rate due to infectious is represented by ω .

• The rate at which people get rid of infection is ρ , and the natural death is denoted by δ , while re-infection rate is
represented by γ . Recovered individuals again become susceptible, let denote the rate by ξ .

On the basis of the given hypothesis, the model formulated in (1) is presented in Figure 2.
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Figure 2. Flow chart of model (1)

Keeping these hypothesis in mind, we formulate the model in terms of differential equations as follows with 0 < σ ≤
1:

Ṡ(t) = (1−µ)Λ− 2βSI
S+ I

− (δ +ψ)S+ξ R+φV, S(0)> 0,

V̇(t) = µΛ+ψS− 2αVI
V+ I

− (δ +φ)V, V(0)≥ 0,

İ(t) =
2βSI
S+ I

+
2αVI
V+ I

− (ω +δ +ρ)I+ γR, I(0)≥ 0,

Ṙ(t) = ρI− (δ + γ +ξ )R, R(0)≥ 0.

(1)

If the total population be N, then, we can easily show that

Ṅ(t)≤ Λ−δN,

which on solving gives that

N(t)→ Λ
δ
+C0Λexp(−δ t),

whereC0 is constant of integration. We see that at t → ∞, one has the N(t)≤ Λ
δ
. Hence the feasible region for the bounded

solution be defined as follows:

Ω =

{
(S, V, I, R) : |(S, V, I, R)| ≤ Λ

δ

}
.
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Moreover, if (S(0), V(0), I(0), R(0)) > 0, all compartments are positive because if we take from first equation of
model (1)

Ṡ(t) = (1−µ)Λ− 2βSI
S+ I

− (δ +ψ)S+ξ R+φV

>−(δ +ψ)S,

which on solving gives that

S(t)> S(0)exp(−((δ +ψ)t)> 0, t > 0,

hence S(t)> 0, t > 0. We can prove for all other compartments in the same way. As discrete fractional calculus has also
attracted attention very well. Therefore, researchable have taken keen interest in it to use in various real world problems.
These operators produce output in the discrete form, which makes them ideal for studying real-world phenomena because
real-world data is typically in this format [35]. Therefore, we will the mentioned difference operator with fractional order
in our study. Moreover, theoretical and computational analysis will be established in details for the formulated model. For
some details on applications of the aforesaid difference operator, we refer to [36, 37]. The modified form of our model
(1) in fractional difference equations can be described as:



C∆ρ S(t) = (1−µ)Λ− 2βS((t −1+ρ)I(t −1+ρ)
S(t −1+ρ)+ I(t −1+ρ)

− (δ +ψ)S(t −1+ρ)+ξ R(t −1+ρ)

+φV(t −1+ρ),

C∆ρ V(t) = µΛ+ψS(t −1+ρ)− 2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (δ +φ)V(t −1+ρ),

C∆ρ I(t) =
2βS(t −1+ρ)I(t −1+ρ)
S(t −1+ρ)+ I(t −1+ρ)

+
2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (ω +δ +ρ)I(t −1+ρ)

+γR(t −1+ρ),

C∆ρ R(t) = ρI(t −1+ρ)− (δ + γ +ξ )R(t −1+ρ).

(2)

Here, from additions of all equations of model (2), we get

C∆ρ N(t)≤ Λ−δN(t). (3)

Using discrete Laplace transform [38], we obtained from (3)
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Lb{N}(s)≤ sρ−1N(0)
sρ −δ (s+1)ρ +

1
(s+1)1−ρ sρ −δ

Lb{Λ}(s).

Which gives the given result after evaluation

N(t)≤ N(0)Eρ, 1(δ , t)+
Λ
δ

t−ρ

∑
s=0

Eρ, ρ(δ , t −1− s).

Now, if t → ∞, then we see that Eρ, 1(δ , t)→ 0 and Eρ, ρ(δ , t − 1− s)→ 1. Therefore, N(t) ≤ Λ
δ
. Hence discrete

population bound is obtained.

3. Preliminaries
Some fundamental results are given here.
Definition 3.1 [37] Let h be a function, then the ϕ -CFDO is defined by

C∆ρ
b h(t) = ∆−(n−ρ)

b ∆nh(t) =
1

Γ(n−ρ)

t−(n−ρ)

∑
k=b

(t − k−1)n−ρ−1∆nh(k), (4)

such that t ∈ Na+n−ρ , n = ⌈ρ⌉+1 for ρ > 0 and ρ /∈ N. Additionally we can express (t−1−k)(n−ρ−1), ∆nh(k) represents
nth integer order difference operator is defined as:

(t − k−1)(n−ρ−1) =
Γ(t − k)

Γ(t − k−n+ρ +1)
, (5)

and

C∆nh(t) = C∆(C∆n−1h(t)) =
n

∑
k=0

(
n
k

)
(−1)n−kh(t + k), t ∈ Nb. (6)

If n = 1, we have C∆h(t) = h(t + ℓ)−h(t). If h(t) = t3, then for n = 1, 2, 3, we have

C∆[t3] = (t + ℓ)3 − t3 = 3t2ℓ+3tℓ2 + ℓ3

C∆2[t3] = 3ℓ2(2t + ℓ)+3ℓ3

C∆3[t3] = 6ℓ3.
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If ℓ= 1, we get ∆3[t3] = 6.
Remark 3.2 For n = 1, the ρ-CFDO, we can write

C∆ρ
b h(t) = ∆−(1−ρ)

b ∆ f (t) =
1

Γ(1−ρ)

t−(1−ρ)

∑
k=b

(t − k−1)−ρ ∆h(k), (7)

such that t ∈ Nb+1−ρ . Let h(t) = (t −b)µ , then

C∆ρ [(t −b)µ ] =
Γ(µ +1)

Γ(α −µ +1)
(t −b)(µ−ρ).

Definition 3.3 [37] Taking h on Nb, where h : Nb → R, then the ρ-the fractional sum of h is written as:

C∆−ρ
b h(t) =

t−ρ

∑
k=b

(t − k−1)ρ−1h(k)
Γ(ρ)

, (8)

such that time scale can be represented by ρ > 0, t ∈ Nb+ρ = {b+ρ, b+ρ +1, . . .} with b ∈ R.
Remark 3.4 [36] For ρ > 0 and h over Nb, we have

C∆−ρC∆ρ h(t) = h(t)−
n−1

∑
k=0

(t −b)(k)

k!
∆kh(b)

= h(t)+ c0 + c1(t −b)+ · · ·+ cn(t −b)n−1,

where n is the smallest integer fulfills n ≥ ρ, ci ∈ R, i = 1, 2, . . . , n−1.
Remark 3.5 [36] Here for easiness, Γ can be written as:

t−ρ

∑
k=0

(t − k−1)(ρ−1) =
Γ(t +1)

ρΓ(t −ρ +1)
. (9)

Theorem 3.6 [39] The given fractional difference problem

C∆ρ
b z(t) = h(ρ + t −1, z(ρ + t −1)), 0 < ρ ≤ 1,

∆kz(t) = yk, k = 0, 1, 2, ..., n−1, n = ⌈ρ⌉+1, (10)

is given
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z(t) = z0(t)+
1

Γ(ρ)

t−ρ

∑
t=b+n−ρ

(t − s−1)ρ−1h(ρ + s−1, z(ρ + s−1)), s ∈ Nb+ρ , (11)

where

z0(t) =
n−1

∑
k=0

(t −b)k

Γ(k+1)
∆kzk(b).

Remark 3.7 Further, put (t −1− s)(ρ−1) =
Γ((t − s)

Γ(1−ρ + t − s)
, and b = 0, for (10), one may get

z(n) = z(0)+
1

Γ(ρ)

n

∑
i=0

Γ(n− i+ρ)
Γ(n− i+1)

h(i−1, z(i−1)), s ∈ Nb+ρ . (12)

Theorem 3.8 [40] Assume that H : C⊂ Rn → C⊂ Rn is a continuous mapping with a nonempty, closed bounded
and convex set, then H has at least one fixed point there.

4. Some qualitative results
Here, we deduce results related to boundedness, existence and positivity for themodel (2). For the existence positivity

we first write system (2) by using using ∇ = t −1− s as follows:

S(t) = S(0)+
1

Γ(ρ)

t−ρ

∑
t=1−ρ

(∇)ρ−1
[
(1−µ)Λ− 2βS((t −1+ρ)I(t −1+ρ)

S(t −1+ρ)+ I(t −1+ρ)
− (δ +ψ)S(t −1+ρ)

+ξ R(t −1+ρ)+φV(t −1+ρ)
]

V(t) = V(0)+
1

Γ(ρ)

t−ρ

∑
t=1−ρ

(∇)ρ−1
[

µΛ+ψS(t −1+ρ)− 2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (δ +φ)V(t −1+ρ)
]

I(t) = I(0)+
1

Γ(ρ)

t−ρ

∑
t=1−ρ

(∇)ρ−1
[

I(0)+
2βS(t −1+ρ)I(t −1+ρ)
S(t −1+ρ)+ I(t −1+ρ)

+
2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (ω +δ +ρ)I(t −1+ρ)+ γR(t −1+ρ)
]

R(t) = R(0)+
1

Γ(ρ)

t−ρ

∑
t=1−ρ

(∇)ρ−1
[

ρI(t −1+ρ)− (δ + γ +ξ )R(t −1+ρ)
]
. (13)
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We see that for positive initial condition, the right sides of system (13) are also positive for t > 0. Hence we conclude
that all solution S(t)> 0, V(t)> 0, I(t)> 0, and R(t)> 0 for all t > 0. Thus positivity of solution for model (2) has been
proved. Also the solution has been proved bounded in case of (1). In the same way, we can claim that solution of (2) is
also bounded. The model (2) can be written as in equivalent form

C∆ρ z(t) = F(t −1+ρ, z(t −1+ρ)),

z(0) = z0,

(14)

where z(t) = (S(t), V(t), I(t), R(t)), and F(t −1+ρ, z(t −1+ρ))

=



(1−µ)Λ− 2βS((t −1+ρ)I(t −1+ρ)
S(t −1+ρ)+ I(t −1+ρ)

− (δ +ψ)S(t −1+ρ)+ξ R(t −1+ρ)+φV(t −1+ρ)

µΛ+ψS(t −1+ρ)− 2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (δ +φ)V(t −1+ρ)

2βS(t −1+ρ)I(t −1+ρ)
S(t −1+ρ)+ I(t −1+ρ)

+
2αV(t −1+ρ)I(t −1+ρ)
V(t −1+ρ)+ I(t −1+ρ)

− (ω +δ +ρ)I(t −1+ρ)+ γR(t −1+ρ)

ρI(t −1+ρ)− (δ + γ +ξ )R(t −1+ρ)



.

Thank to Theorem 3.6, the problem (14) yields

z(t) = z(0)+
t−ρ

∑
k=0

(t − s−1)ρ−1

Γ(ρ)
F(k+ρ −1, z(k+ρ −1)). (15)

The space described by

X= [ρ −1, b+ρ]Nρ−1 × [ρ −1, b+ρ]Nρ−1 × [ρ −1, b+ρ]Nρ−1 × [ρ −1, b+ρ]Nρ−1 ,

and {z(t)}b+ρ
t=ρ−1, under the norm ∥z∥= supt∈[ρ−1, b+ρ]Nρ−1

|z(t)|. State some hypothesis as bellow:
(H1) For continuous F with z, ẑ ∈ X, one has

|F(t, z)−F(t, ẑ)| ≤ LF |z− ẑ| , LF > 0.

(H2) The nonlinear function F obeys

|F(t, z(t))| ≤ CF |z|+D, where CF > 0, D> 0.
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Also we use

Â = max
{

Γ(t +1)
Γ(ρ +1)Γ(t −ρ +1)

}
=

Γ(ρ +b+1)
Γ(ρ +1)Γ(ρ +1)

.

Theorem 4.1 For model (2) there will be at least one solution under the hypothesis (H2) if CFÂ < 1 holds.

Proof. Consider a closed and convex subset C of X described by C= {z ∈X : ∥z∥ ≤ r}, where r ≥ z(0)+DÂ

1−CFÂ
. Let

define Θ : C→ C by

Θz(t) = z(0)+
1

Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1F(k+ρ −1, z(k+ρ −1)). (16)

Take z ∈ C, we have

|Θz(t)|

=

∣∣∣∣∣z(0)+ 1
Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1F(k+ρ −1, z(k+ρ −1))

∣∣∣∣∣
= z(0)+

1
Γ(ρ)

t−ρ

∑
k=0

∣∣(∇)ρ−1F(k+ρ −1, z(k+ρ −1))
∣∣

≤ z(0)+
1

Γ(ρ)

t−ρ

∑
k=0

|(∇)ρ−1||F(k+ρ −1, z(k+ρ −1))|

≤ z(0)+
1

Γ(ρ)

t−ρ

∑
k=0

[CF∥z∥+D] |(∇)ρ−1|

≤ z(0)+ [CFr+D]max
1

Γ(ρ)

t−ρ

∑
k=0

|(∇)ρ−1|

≤ z(0)+ [CFr+D] Â ≤ r. (17)

From (17), we conclude that Θz ∈C which implies that Θ maps C to C. Also this shows that Θ is bounded and using
Theorem 3.8, the result holds.

Theorem 4.2 The model (2) has a unique solution under the hypothesis (H1) if
LFÂ
Γ(ρ)

< 1 holds.

Proof. Take z, ẑ ∈X, then we have
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∥Θz−Θẑ∥

= sup
t∈[ρ−1, b+ρ]Nρ−1

|Θz(t)−Θẑ(t)|

= sup
t∈[ρ−1, b+ρ]Nρ−1

∣∣∣∣ 1
Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1F(k+ρ −1, z(k+ρ −1))− 1
Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1F(k+ρ −1, ẑ(k+ρ −1))
∣∣∣∣

≤ sup
t∈[ρ−1, b+ρ]Nρ−1

1
Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1 |F(k+ρ −1, z(k+ρ −1))−F(k+ρ −1, ẑ(k+ρ −1))|

≤ sup
t∈[ρ−1, b+ρ]Nρ−1

1
Γ(ρ)

t−ρ

∑
k=0

(∇)ρ−1LF∥z− ẑ∥

=
LF∥z− ẑ∥

Γ(ρ)
sup

t∈[ρ−1, b+ρ]Nρ−1

t−ρ

∑
k=0

(∇)ρ−1

=
LFÂ
Γ(ρ)

∥z− ẑ∥. (18)

Hence, we see that Θ fulfills the conditions of contraction in (18). Hence due to Banach Theorem [40], the model
(2) has a unique solution.

Remark 4.3 Since contraction theorem holds for the given problem (2), therefore on using retraction-displacement
condition [41], the solution is also U-H stable.

4.1 Computation of DFE point andRv, 0Rv, 0Rv, 0,R0R0R0

We compute the DFE and EE points of model (2) and also the use the next generation matrix theory to obtain the
reproductive number R0. From system (2), we have by using R = I = 0, to calculate DFE E0 =

(
S0, V0, I0, R0

)
, where

R0 = 0, I0 = 0 and

S0 =
Λ(δ +φ −µδ )
δ (δ +φ +ψ)

, V0 =
Λ(δ µ +ψ)

δ (δ +φ +ψ)
.

We use the next generation matrix theory [42] to derivative R0. Considering the Equation (1) and Equation (3) of
model (2), using next generation matrix method, we obtain
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X =


0

−2β
S0

0
2β
S0 +2α

 , Y =


1

(ω +δ +ρ)
0

0
1

δ +ψ

 .

Further, we have from matrices X and Y

XY−1 =


0

−2β
S0(δ +ψ)

0
2β +2S0α
S0(δ +ψ)

 .

Hence, the maximum eigen value of det(XY−1) =
2β +2S0α
S0(δ +ψ)

. After simplification by using value of S0, we get

Rv, 0 =
2[αΛ(δ +φ −µδ )+βδ (δ +φ +ω)]

Λ(φ +δ −µδ )
.

Here if there is no vaccination process, then µ = 0, then one has

R0 =
2[αΛ(δ +φ)+βδ (δ +φ +ω)]

Λ(φ +δ )
.

Here, we discuss the sensitivity of the concerned numbers in the following Table 1 using the values from Table 2.

We use the formula SRv, 0
q =

q
Rv, 0

∂Rv, 0

∂q
, where q means parameters.

From Table 1, we see that an 100% increase in α, ω will produces 99% impact on the corresponding reproductive
number Rv, 0. The other parameters has very low impact on the value of Rv, 0. In the same way, the 100% increase in
values of α will produce the impact of 100% on the value of R0. The corresponding bar graphs for both the quantities
are presented in Figures 3 and 4 respectively.

Table 1. Sensitivity indices of Rv, 0 and R0

Sensitivity index for Rv, 0 Value Sensitivity index for R0 Value

S
Rv, 0
α 0.99915525 S

R0
α 1

S
Rv, 0
β 0.000004251 S

R0
β 0.0000425454

S
Rv, 0
ω 0.0000024561053 S

R0
ω 0.00000245818

S
Rv, 0
δ 0.00000016200 S

R0
δ 0.00000424445

S
Rv, 0
φ −0.00000015532 S

R0
φ −0.0000001549

S
Rv, 0
µ 0.0000000000633 S

R0
Λ −0.00000424809

S
Rv, 0
Λ −0.0000042494
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Figure 3. Sensitivity analysis of Rv, 0

Figure 4. Sensitivity analysis of R0

5. Numerical tool to evaluate the model (2)
This portion is devoted to present numerical analysis of model (2). setting t −ρ = i and inview of (13) and Remark

3.7, from (12), one has

S(n) = S(0)+
1

Γ(ρ)

n

∑
i=1

(n+ρ − i)
Γ(n− i+1)

[
(1−µ)Λ− 2βS((i−1)I(i−1)

S(i−1)+ I(i−1)
− (δ +ψ)S(i−1)

+ξ R(i−1)+φV(i−1)
]

V(t) = V(0)+
1

Γ(ρ)

n

∑
i=1

(n+ρ − i)
Γ(n− i+1)

[
µΛ+ψS(i−1)− 2αV(i−1)I(i−1)

V(i−1)+ I(i−1)
− (δ +φ)V(i−1)

]
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I(t) = I(0)+
1

Γ(ρ)

n

∑
i=1

(n+ρ − i)
Γ(n− i+1)

[
I(0)+

2βS(i−1)I(i−1)
S(i−1)+ I(i−1)

+
2αV(i−1)I(i−1)
V(i−1)+ I(i−1)

− (ω +δ +ρ)I(i−1)+ γR(i−1)
]

R(t) = R(0)+
1

Γ(ρ)

n

∑
i=1

(n+ρ − i)
Γ(n− i+1)

[
ρI(i−1)− (δ + γ +ξ )R(i−1)

]
. (19)

Here, the model (19) is a discrete type SVIR type model that involve memory effects along with vaccination class.
Also, the state variables S(n), V(n), I(n), and R(n) depend on their previous values that is S(0), V(0), I(0), R(0), etc.

5.1 Parameters estimation

To estimate the parameters, let take the initial values from [42] as

S(0) = 101,368,369, V(0) = 125,000,000, I(0) = 1,581,936, R(0) = 1,538,689.

According to the source [42], till date the total individuals who were vaccinated against COVID-19 are 125,000,000
of total population 229,488,994. Here, Λ = µ ∗N(0), as N(0) is the initial total population of the country. The parameters
values, here we have given as in Table 2 collected from literature and some were assumed.

Table 2. Parameters numerical values of considered model

Symbol Numerical value Reference Symbol Numerical value Reference

Λ
229,488,994

59×365
[43] µ

1
67.7×365

[43]

ψ 0.54 Estimated β 0.3 [43]

δ
7.021
1,000

[43] ω 0.026 [43]

ρ 0.19 [43] γ 0.05 Estimated

ξ 0.0123 Estimated α 0.11 Estimated

φ 0.012 Estimated

Using the numerical values mentioned above in Table 2 and the initial values, we present the graphical illustration
for various fractional orders in Figures 5-8 respectively.
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Figure 5. Graphical presentation for the model (2) at ρ = 0.50 for various compartments

Figure 6. Graphical presentation for the model (2) at ρ = 0.70 for various compartments
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Figure 7. Graphical presentation for the model (2) at ρ = 0.85 for various compartments

Figure 8. Graphical presentation for the model (2) at ρ = 1.00 for various compartments

From Figures 5-8a presents the dynamical behaviour of susceptible class for 100 days using different fractional orders.
The population is declining as the time passes because of the spread of infection in the community. In the mean time, from
Figures 5-8b, we deduce the dynamics of vaccinated class which first show increase and some time after become stable.
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Also, Figures 5-8c presents the dynamics of infected class against various fractional orders values. In addition, Figures
5-8d presents the dynamics of recovered class. As compared to traditional derivatives models, the discrete type models
are more realistic and efficient, because the available data of peltation in such cases is always discrete. Here, in Figure 9,
we have compared the real data and simulated discrete solution using the data of [44]. We see both plots closely agree.

Figure 9. Comparison between real and simulated data for recovered class using integer order

6. ANNs analysis of the presented model (2)
We include results based on ANNs analysis. Here, we compute some metrics for analyzing the performance and

efficiency of our considered numerical algorithm and ANNs. The given formula is used to compute the MSE which is
one of the fundamental metric in machine learning:

MSE=
1
K

K

∑
j=1

(
Yj − Ŷj

)2
, (20)

such that K uses for total number of data points, Yj is the actual or numerical data point generated from our numerical
algorithm and Ŷj stands for predicted value by ANNs. With the help of the formula (20), we can analysis how closely
our numerical data is related with the predicted value. Also, the said formula facilitates optimization procedure including
gradient, variance (σ ) and standard deviation (µ) for model training. In addition, the said formula is used as a loss function
in regression analysis which help in guiding the learning process for minimization of predicting error. Effective use of
MSE can enhance the efficiency of performance of regression analysis. In addition, the following RMSE formula can
also b e used as a fundamental tool to measure the quality of prediction.

RMSE=

√
∑K

j=1 ∥Yj − Ŷj∥2

K
. (21)

Here, we have presented the circuit diagram in Figure 10 that how the ANNs work by taking single input process
through multi hidden layers and produce single output.
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Figure 10. Diagrammatical presentation of ANNs

Now, we present, the corresponding analysis including performance analysis, training data, test data and validation
data for all compartments in the following four sets of Figures 11-16, Figures 17-22, Figures 23-28, and Figures 29-34
respectively. Here, we have used 55 hidden layers including input and output layers for each compartment analysis.

Figure 11. Graphical illustration of all data
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Figure 12. Graphical illustration of train data

Figure 13. Graphical illustration of validation data

Figure 14. Graphical illustration of test data
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Figure 15. Graphical illustration of best function fit for data of S

Figure 16. Graphical illustration of performance analysis using ANNs
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Figure 17. Graphical illustration of all data

Figure 18. Graphical illustration of train data

Figure 19. Graphical illustration of validation data
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Figure 20. Graphical illustration of test data

Figure 21. Graphical illustration of best function fit for data of V
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Figure 22. Graphical illustration of performance analysis using ANNs

Figure 23. Graphical illustration of all data
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Figure 24. Graphical illustration of train data

Figure 25. Graphical illustration of validation data

Figure 26. Graphical illustration of test data
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Figure 27. Graphical illustration of best function fit for data of I

Figure 28. Graphical illustration of performance analysis using ANNs
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Figure 29. Graphical illustration of all data

Figure 30. Graphical illustration of train data

Figure 31. Graphical illustration of validation data
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Figure 32. Graphical illustration of test data

Figure 33. Graphical illustration of best function fit for data of R

In Figures 11-16, Figures 17-22, Figures 23-28, and Figures 29-34, where we have presented the simulations of
all data, train data, validation data, test data, best function fit corresponding to each class of the considered model and
performance analysis. The total number of epoches was 1,000, where the stopped values were 797 and 555 for S and V
respectively in computational analysis. The initial values to achieve the target value 1,000 for susceptible and vaccinated
classes for performance analysis were 36.4 and 23.5 respectively, while stopping values were 8.02e-10 and 2.19e-10. The
gradient value for both S and V classes was computed at initial stage 99 and 95 and stopping values were 9.23e-08 and
8.06e-07 respectively. The target values during gradient computation was for both mentioned classes recorded as 1e-07.
The value of µ for both mentioned classes as recorded as 0.001 initial, stopping 1e-11 and 1e-10 respectively, the target
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was 1e + 10 for both S and V . In the same way the echoes were recorded at stopping stage for I and R are 94 and 503
respectively. The performance analysis for I and R was recorded initial 87.3 and 30 while stoping values were 1.94e-09
and 4.51e-13. The gradient values for infected and recovered class were recorded as 214 and 78.1 initial and 3.23e-05
and 5.05e-08 at stopping position, while the target value was computed as 1e-07 for both classes. The value of µ for both
mentioned classes was 0.001 at initial stage, while at stopping stage 1e-11 and 1e-12 respectively corresponding to target
value 1e + 10 for both I and R respectively. In addition, the RMSE and MSE together with regression coefficient which
is 1 have been presented for all classes in Figures 11-16, Figures 17-22, Figures 23-28, and Figures 29-34 respectively.
Here, we remark that we have compared the numerical results of all classes with the predicted values due to ANNs in
Figure 35. We see that the maximum absolute error is bellow 1× 10−2. This amount shows that the numerical values
have close agreement with the predicted values.

Figure 34. Graphical illustration of performance analysis using ANNs

Figure 35. Absolute errors for all four compartment of model between numerical and predicted values

Offer superior performance in handling large-scale, complex, and unstructured data, such as images, audio, and text.
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7. Conclusion
In recent time, the use of AI based NNs plays a significant role in computational analysis for the future prediction.

These NNs offer superior performance to handle large scale complex and unstructured data like in images, audio or text.
Their main benefits over conventional machine learning include scalability, enhanced accuracy, large model capacity for
complicated pattern recognition, and automatic feature extraction which does away with manual engineering. Therefore
motivated by the mentioned use, a discrete type mathematical model of four compartments was analyzed by using the
Caputo difference operator with fractional order. Existence and uniqueness corresponding to solution of the mentioned
model was investigated. Sufficient conditions were deduced under which the considered model has a unique solution.
The result related to U-H stability was also given. Disease free equilibrium point was calculated. The expression for
basic reproductive number was derived. Sensitivity analysis has been studied by using direct method and the sensitivity
of parameters was analyzed. Numerical results against different fractional orders were presented graphically for all
compartments. Finally a detailed analysis based on artificial deep neural networks has been presented. Several results
regarding training data, validation, test and all data were investigated. Regression coefficient and absolute errors for all
compartments were demonstrated graphically. From the graphical illustration, we concluded that the numerical data have
close agreement with predicted outcomes. Hence, ANNs can be utilized as powerful tools in epidemiological models to
investigate and predicted the future outcomes. Since the uncertainty in the availability of real data, yet it is not possible
to construct perfect artificial neural network with 100% efficiency.
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