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Abstract: This research presents a nonlinear mathematical approach that integrates smoking and vaping dynamics

in a one population. The model is defined as a system of nonlinear ordinary differential equations and rigorously analyzed

to provied the existence, uniqueness and boundedness of solutions. The disease-free and endemic equilibrium states are

obtained to investigate the major dynamical characteristics of the disease as well as the basic reproduction number is

obtained using the next-generation matrix method. Stability analyses encompassing both local and global perspectives

are conducted to detail the threshold conditions and the future behavior of the system. To examine the structure and the

interaction of the model diagonally, a signal flow graph is plotted and analyzed using spectral graph theory. The measures

include graph energy and Estrada index, which are used to establish the connectivity of the network, the feedback and flow

of information among the variables. Moreover, sensitivity analysis is conducted to indicate the key parameters which have

the greatest influence on the transmission of smoking and vaping, thereby causing the control strategies to be developed.

The numerical experiments confirm the analytical findings besides showing the strength of the suggested framework

to represent the complex correlation between the behaviors of smoking and vaping accurately. The simulations were

further supported by a MATLAB Simulink model that demonstrated the system equations as an animated block diagram

which besides allowing the visual exploration of state transitions and parameter sensitivity in real-time also provides a

user-friendly tool for scenario testing and educational demonstration.

Keywords: smoking-vaping dynamics, nonlinear ordinary differential equations, basic reproduction number, spectral graph

theory, mathematical epidemiology, infectious disease modeling
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1. Introduction

Smoking is still one of the top preventable causes of death, accounting for almost 7 million deaths every year all over

the world. Out of the total, over 6 million deaths are among the puffs and about 0.9 million deaths are of non-smokers who
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get exposed to tobacco smoke against their will [1]. The global smoking community, which is approximated at 1.1 billion

people, is mostly found in low-income and middle-income nations, where the negative effects of tobacco usage are mostly

public health and economic stability issues. The public health issue of smoking is that those who smoke will die sooner,

resulting in not only loss of income of the family but also huge financial burdens due to increased healthcare costs and

decreased workforce productivity. Tobacco consumption is the reason for economic losses of almost 2 trillion every year,

which is equivalent to 2% of the world’s gross domestic product. It is estimated that about 30% of these losses are due to

the medical costs of treating the diseases caused by tobacco, while the remaining part comes from the decreased labor

output and the productivity losses resulting from smoking-related death and diseases [2]. Smoking is the act of burning

or heating substances and inhaling the resulting smoke through the mouth or nose into the lungs. The active ingredients

in tobacco smoke get to the blood stream quickly through the lungs, and they are then taken to the brain, where their

effects are felt physiologically. Tobacco products are the main ones people smokes and use worldwide, and more than 1.3

billion people are global smokers [3]. The act of smoking is a primary cause of many chronic diseases, which may be

asymptomatic, e.g. lung cancer, diabetes, heart conditions and long-lasting respiratory disorders [4]. Besides that, smoking

is still the main culprit in the case of many cancer types, e.g. the ones occurring in the mouth, throat, stomach, cervix, and

even breast and pancreas cancers [5]. Nearly all the drinking of smoke health hazards can be traced back to the presence of

more than 4000 chemical compounds and toxic substances that are in cigarette smoke, with many of them being classified

as carcinogens and thus are a serious threat to human health [6, 7]. Recently, the debate on smoking-related health risks has

been extended with the introduction of electronic cigarettes, which are regarded as a new way of delivering nicotine and

are considered less harmful than regular tobacco. Nevertheless, there is a growing body of evidence that e-cigarette use

also carries a number of adverse health effects [8, 9]. Research on the long-term consequences of e-cigarette consumption

is still ongoing, but current investigations have noted both short and long term respiratory problems connected to vaping

[10]. In the case of older smokers who switch to e-cigarettes to quit smoking, the potential health risks might not be such

a big problem if the comparison is made with the heavy smoking that has already been done and well documented. On

the other hand, the e-cigarette usage by teenagers and young adults is a much bigger public health problem, as the young

start to smoke more, the kids will end up suffering the most in terms of health over the years. The younger generation

usually experience respiratory problems as the first sign of health issues, and this has been connected to chronic bronchitis,

asthma, and others that cause progressive lung function decline later in life [11]. Another issue related to this problem is

the increasing number of people who use both traditional and e-cigarettes, which is referred to as dual use. The current

studies about the health impacts of dual use are still inconclusive. While some researchers find harm reduction because of

less smoking [12], others say that smoking with vaping leads to no health benefits at all. In some instances, dual users

are at the same or even higher risk of health problems than people using only one type of product. What is significant is

that the majority of existing studies consider smoking and vaping separately, and thus the interaction effects are still not

well understood [13–17]. With the increasing shift from conventional tobacco smoking to the use of e-cigarettes as the

main source of nicotine intake, Straughan [18] introduced a mathematical model capturing the interactions of non-smokers,

tobacco smokers, and e-cigarette users, which was governed by peer pressure. The model shows several equilibrium

positions whose stability analysis reveals the long-term dynamics of smoking behavior. To combat the heavy public health

problem caused by smoking, Uçar et al. [19] introduced a new smoking model based on the Atangana-Baleanu fractional

derivative with Mittag-Leffler kernel, thus proposing e-cigarette smoking model refill. Their research proves the existence

and uniqueness of solutions and, in addition, through numerical simulations, shows how fractional-order effects can either

slow down or hasten the transition between different smoking groups.

Researchers use compartmental models to study smoking and vaping because this method has strong roots in behavioral

epidemiology which shows how people develop their habits and norms through processes that resemble disease transmission.

The system defines behavior as a social process which people learn through their interactions with others and their ability

to watch and experience peer pressure so it connects to social contagion theory and research about spreading disease

through social networks [20–22]. People who experience social pressure to change their behavior between non-smoking

and smoking and vaping use transition rates instead of biological incidence to show their movement between different

behavioral states. The development of multiple mathematical models to describe how individual decisions interact with

their social surroundings has its origins in this viewpoint.
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Mathematical modeling is a very powerful and indispensable tool for analyzing the dynamics of complex diseases

(smoking behavior, for instance), as well as for designing effective prevention measures that aim to reduce the spread of

the disease. Such models through simulation-based analysis not only offer great insight into the long-term consequences

of control strategies and intervention policies but also are a good method for their evaluation [23–26]. One of the basic

models that have been widely used in the field of epidemiology is the compartmental model and particularly the classical

Susceptible-Infected-Recovered (SIR) structure. This framework has been extended in numerous ways such as Susceptible-

Exposed-Infected-Recovered (SEIR), Susceptible-Exposed-Infected-Recovered-Quarantined (SEIRQ), and similar models,

which have been developed and applied to better capture the processes that govern disease transmission and the transition

of people between different states. The rate at which individuals initiate or cease a behavior constitutes a critical element in

modeling behavioral dynamics, as it determines the frequency of transitions between groups. Depending on the modeling

objectives and assumptions, researchers have employed various functional forms to represent these rates, including bilinear,

saturated, exponential, nonlinear, and fractional forms [27–32]. The developed models enable researchers to study three

different phenomena which include how population groups exist in their communities how social contact limitations

lead to complete contact establishment and how memory-based systems affect social behavior transformations. Building

on these approaches, a range of mathematical models has been developed to represent smoking dynamics in diverse

populations. Castillo-Garsow et al. introduced a Potential-Smokers-Quitters (PSQ) compartmental framework that divided

the population into three behavioral categories, examining both linear and nonlinear rates of initiation and cessation [33].

In the following research, Sharomi et al. took the smoking model further by splitting former smokers into two categories,

temporary and permanent quitters, to better describe the quitting and returning behaviors [34]. Recently, Alkhudhari et al.

have re-evaluated these models and have studied the social and behavioral pressure effects on the temporary quitters in the

smoking population [35]. Sofia et al. [36] and Numpanviwat and Pholuang [37] established positivity and boundedness of

solutions, ensuring that model outcomes remain biologically and socially meaningful. The process of smoking cessation

faces major obstacles because people who try to stop smoking often experience relapse according to research which used

Sofia et al. models to show this effect on long-lasting patterns of behavior. Through these studies researchers established the

basic reproduction number which they defined as the R0 threshold parameter. The smoking-free equilibrium remains stable

when R0 < 1 because this condition leads to complete smoking behavior elimination, but R0 > 1 results in continuous

smoking at endemic levels according to [38]. The later models built on earlier models to create more accurate smoking

data because they added new elements to their operational framework. Noersena et al. developed a system which tracks

users of traditional cigarettes and e-cigarettes separately to show how rapidly nicotine product alternatives have become

popular according to their research results [39]. Demographic heterogeneity has also been incorporated, Bushnaq et al.

[40] proposed an age-structured model to capture variations in smoking initiation and cessation across different age groups.

Behavioral progression within smoking populations has been modeled in greater detail as well. Ansori [41] presented

a discrete-time model distinguishing early-stage smokers from heavy, established smokers. Despite these substantial

developments current research not only builds on but also develops an innovative nonlinear mathematical framework

that is able to reveal the intertwined dynamics of smoking and vaping in one unified population, based on the presented

smoking and e-cigarette models.

2. Novelty of the work

The present study introduces a number of original contributions that set it apart from the existing mathematical models

of smoking and e-cigarette use. To begin with, a unified nonlinear population framework is constructed to simultaneously

describe the linked dynamics of traditional smoking and vaping in a one system. Unlike previous studies, which have

modeled smoking and e-cigarette use separately or have treated one behavior as a minor extension of the other, this

research explicitly depicts their interaction and coexistence, thus giving a more realistic view of the current smoking

practices. Moreover, the new model is subjected to a thorough theoretical analysis. Basic mathematical properties such

as the existence, uniqueness, and boundedness of solutions are verified, thus assuring the well-posedness of the system.

The computation of the basic reproduction number using the next-generation matrix method, together with local and
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global stability analyses of the disease-free equilibrium, provides specific threshold conditions regulating the persistence

or extinction of smoking and vaping habits. Third, a novel structural analysis is introduced by the construction of a

signal flow graph related to the model. This study, through the utilization of spectral graph measures like graph energy

and the Estrada index, grants novel quantitative insights into the global connectivity, the feedback strength, and the

information flow amongst the state variables. The spectral characterization of the smoking-vaping dynamics has not

been investigated in this manner before and thus adds a network-based interpretation to the traditional compartmental

modeling approach. Finally, the sensitivity analysis is integrated in this spectral-dynamical framework to point out the

most influential parameters that are responsible for the transmission of smoking and vaping. Not only does this combined

analytical approach improve the interpretability, but it also aids the development of the control and intervention strategies

effective. Consequently, the proposed framework represents an advance in the existing literature by amalgamating the

nonlinear dynamics, the spectral graph theory, and the stability analysis into a single integrated model for understanding

smoking and vaping interactions. The model further gets implemented in MATLAB Simulink to facilitate the interactive

simulation, and parameter exploration thereby providing a visual platform that is accessible, for scenario analysis, and

educational applications in public health. Overall, the proposed framework advances the current literature by unifying

nonlinear dynamics, spectral graph theory, stability analysis, and interactive computational implementation into a single

coherent model for understanding smoking and vaping interactions.

3. Model formulation

The presented model provides an analysis of cigarette consumption behavior, which is represented by layering the entire

population, N(t), into six separate groups: Potential smokers PS(t), Occasional smokers OS(t), Regular smokers RS(t),
Vapers VE(t), Temporarily Quit smokers QT (t) and Permanently Quit smokers QP(t). The transitions of people among
these compartments are controlled by a set of interconnected ordinary differential equations, which have as parameters the

rates of different social, behavioral, and biological transitions.

• Dynamics of Potential Smokers (PS)

The rate of change of the Potential Users compartment
dPS
dt , is characterized by one inflow and three outflows. The

single inflow is the recruitment rate +λ , which represents a constant stream of new individuals entering the susceptible

population, for instance, through birth or immigration. The first outflow−βPSRS, models the initiation of smoking through

social contact. Based on the principle of mass action, its rate is proportional to the product of the Potential smokers (PS)

and Regular smoker (RS) populations with β being the effective contact rate that leads to Occasional smoking. The second

outflow −βvPSVE , similarly models the initiation of vaping, where the rate is proportional to the interactions between

Potential users (PS) and Vapers (VE ), governed by the vaping contact rate βv. The final outflow −ηPS, accounts for the

removal of individuals from the compartment due to natural death, where η is the per-capita natural death rate assumed to

be constant across all compartments.

dPS

dt
= λ −βPSRS −βvPSVE −ηPS.

• Dynamics of Occasional smokers (OS)

The Occasional smokers compartment
dOS
dt , serves as a transitional state. Its population is fed by a single inflow

+βPSRS, which directly corresponds to the individuals who have just initiated smoking from the Potential smokers pool.

There are two outflows. The first −α1OS, represents the progression from experimental use to habitual, addicted smoking.

This transition occurs at a per-capita rate of α1, moving these individuals into the Regular smoker (RS) compartment. The

second outflow is the standard natural death term −ηOS.

dOS

dt
= βPSRS −α1OS −ηOS.
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• Dynamics of Regular smokers (RS)

The rate of change for the core Smoker population
dRS
dt , is determined by three inflows and three outflows. The

first inflow +α1O, is the stream of individuals who have progressed from being Occasional smokers. The second inflow

+α2RSQT , models relapse. This mass-action term indicates that the rate of relapse is proportional to the interactions

between Temporarily Quit users (QT ) and current smokers (RS) with α2 as the effective contact rate causing relapse. The

third inflow +αvVE , represents the gateway effect, where Vapers transition to become regular Smokers at a per-capita rate

of αv. The outflows are grouped into −(γ + ε)RS and a death term. The term −γRS represents smokers who attempt to

quit nicotine at a per-capita rate γ . The term −εRS captures smokers who switch to vaping as a harm reduction strategy or

cessation aid, at a per-capita rate ε . The final outflow is natural mortality −ηRS.

dRS

dt
= α1OS +α2RSQT +αvVE − (γ + ε)RS −ηRS.

• Dynamics of Vapers (VE)

The Vapers compartment dVE
dt , is a central hub with dynamic flows. It gains population from two sources. The first

inflow +βvPSVE , represents the direct initiation of vaping by Potential users influenced by current Vapers. The second

inflow +εRS, consists of former Smokers who have switched to e-cigarettes. There are three outflows. The first −αvVE , is

the gateway transition to regular smoking as previously described. The second −θVE , represents Vapers who attempt to

quit nicotine use entirely, moving to the Temporarily-Quit (QT ) compartment at a per-capita rate θ . The third outflow is

the natural death term −ηVE .

dVE

dt
= βvPSVE + εRS − (αv +θ +η)VE .

• Dynamics of Temporarily-Quit smokers (QT )

The Temporarily Quit users compartment dQT
dt , is a state of high relapse risk. The first inflow+γ(1−δ )RS, represents

the fraction of smokers who attempt to quit (at rate γ) but do not achieve permanent cessation. Here δ is the fraction that

succeeds permanently, so (1−δ ) is the fraction that enters this temporary state. The second inflow +θVE , is comprised of

Vapers who have ceased nicotine use. The primary outflow is relapse −α2RSQT , sending individuals back to the Smoker

compartment upon effective contact with smokers. The other outflow is natural death −ηQT .

dQT

dt
= γ(1−δ )RS +θVE −α2RSQT −ηQT .

• Dynamics of Permanently-Quit smokers (QP)

The equation for the Permanently Quit users dQP
dt , describes the most stable recovered state. The sole influx into

this compartment is +δγRS. This term represents the fraction δ of the total smokers attempting to quit (γRS) who are

successful in achieving long-term abstinence. This is an absorbing state in terms of behavior, meaning the only way to

leave this compartment is through the natural death outflow, −ηQP.

dQP

dt
= δγRS −ηQP.

Graphic illustrations of the proposed smoking model can be seen in the following Figure 1, which visually demonstrate

the model structure, interactions among compartments and the overall dynamical behavior of the system (1).
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Figure 1. Graphic illustrations of the smoking model

These dynamic flows are precisely modeled by the following system of differential equations:

dPS

dt
= λ −βPSRS −βvPSVE −ηPS,

dOS

dt
= βPSRS − (α1 +η)OS,

dRS

dt
= α1OS +α2RSQT +αvVE − (γ + ε +η)RS,

dVE

dt
= βvPSVE + εRS − (αv +θ +η)VE ,

dQT

dt
= γ(1−δ )RS +θVE −α2RSQT −ηQT ,

dQP

dt
= δγRS −ηQP.

(1)

The model described above incorporates demographic turnover explicitly via a recruitment term λ and a natural death

rate η , which together ensure that the total population evolves according to dN
dt = λ −ηN. Although the mathematical

structure makes use of terms resembling mass-action kinetics, these are intended to capture social contagion mechanisms,

individuals shift between behavioral states under the influence of peer interactions and prevailing social norms.
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4. Mathematical analysis of the model

This section discusses the existence and uniqueness, positivity, boundedness, equilibria and basic reproduction number

of the proposed smoking model (1).

4.1 Existence and uniqueness

Theorem 1 The system has a unique solution for all t starting from the initial conditions PS(0) > 0, OS(0) ≥ 0,
RS(0)≥ 0, VE(0)≥ 0, QT (0)≥ 0, QP(0)≥ 0 which allows the system to remain in the state space of C(R+,R6

+) for all

time t greater than or equal to zero.

Proof. The model system transforms into ẏ = g(y) which describes its behavior through this equation:

ẏ =



ṖS

ȮS

ṘS

V̇E

Q̇T

Q̇P


=



λ −βPSRS −βvPSVE −ηPS

βPSRS − (α1 +η)OS

α1OS +α2RSQT +αvVE − (γ + ε +η)RS

βvPSVE + εRS − (αv +θ +η)VE

γ(1−δ )RS +θVE −α2RSQT −ηQT

δγRS −ηQP



The vector field g(x) consists of three components which maintain continuous differentiability throughout most of
the space C(R+,R6

+), making it possible to establish that g ∈C1 space which results in g demonstrating local Lipschitz

continuity. The system of differential equations has one specific local solution according to the fundamental existence and

uniqueness theorem [42].

y(t) ∈ R6
+, ∀t ≥ 0

The model requires non-negative solutions at every time point which will be proved in the upcoming theorem because

it models population dynamics.

Theorem 2 The region Ω+ = {(PS,OS,RS,VE ,QT ,QP) ∈ R6
+ |PS(0)> 0,OS(0)≥ 0,RS(0)≥ 0,VE(0)≥ 0,QT (0)≥

0,QP(0)≥ 0} is positively invariant for the model (1).
Proof. Consider the potential smoker compartment:

dPS

dt
= λ −βPSRS −βvPSVE −ηPS ≥−(βRS +βvVE +η)PS.

Separating variables and integrating:

∫ PS(t)

PS(0)

dPS

PS
≥−

∫ t

0
(βRS(u)+βvVE(u)+η)du,

PS(t)≥ PS(0)exp
(
−
∫ t

0
(βRS(u)+βvVE(u)+η)du

)
> 0.

Similarly for other compartments:
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OS(t)≥ OS(0)e−(α1+η)t ≥ 0

RS(t)≥ SS(0)e−[(γ+ε)+η ]t ≥ 0

VE(t)≥VE(0)e−(αv+θ+η)t ≥ 0

QT (t)≥ QT (0)e−(α2RS+η)t ≥ 0

QP(t)≥ QP(0)e−ηt ≥ 0.

Thus, Ω+ is positively invariant. Then the solutions PS(0) > 0, OS(0) ≥ 0, RS(0) ≥ 0, VE(0) ≥ 0, QT (0) ≥ 0,
QP(0)≥ 0 of the model are positive for all t > 0.

4.2 Boundedness of solutions

In this subsection, model boundedness is discussed. Utilize theorem below to obtain feasible region for this smoking

model (1).

Theorem 3 The set of feasible solutions Ω ⊂ R6 with initial conditions PS(0)> 0, OS(0)≥ 0, RS(0)≥ 0, VE(0)≥ 0,
QT (0) ≥ 0, QP(0) ≥ 0 creates a positive invariant set which ensures that all starting points within this set will stay in

biologically valid areas throughout time.

Proof. Define the total population function as:

NSV (t) = PS(t)+OS(t)+RS(t)+VE(t)+QT (t)+QP(t).

Differentiating NSV (t) with respect to time gives

dNSV

dt
=

dPS

dt
+

dOS

dt
+

dRS

dt
+

dVE

dt
+

dQT

dt
+

dQP

dt
.

By summing the governing equations of the model, all internal transfer terms cancel, and we obtain

dNSV

dt
= λ −ηNSV ,

where λ > 0 denotes the recruitment rate and η > 0 represents the natural removal rate. The above equation is a first-order

linear ordinary differential equation. Separating variables yields

dNSV

λ −ηNSV
= dt.

Integrating both sides, we have
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∫ NSV (t)

NSV (0)

dNSV

λ −ηNSV
=

∫ t

0
dt.

This gives

− 1
η

ln
(
λ −ηNSV (t)

)
+

1
η

ln
(
λ −ηNSV (0)

)
= t.

Solving for NSV (t), we obtain

NSV (t) =
λ

η
+

(
NSV (0)−

λ

η

)
e−ηt .

Since NSV (0)≥ 0, it follows that NSV (t)≥ 0 for all t > 0. Moreover,

lim
t→∞

NSV (t) =
λ

η
,

which implies that the total population remains bounded. Therefore, the feasible region

Ω =

{
(PS,OS,RS,VE ,QT ,QP) ∈ R6

+

∣∣∣∣ 0 ≤ NSV (t)≤
λ

η

}

is positively invariant. Hence, all solution trajectories initiating in Ω remain in Ω for all t > 0, completing the proof.

5. Analysis of the model

In this section, we first derive the disease-free equilibrium point of the proposed model and compute the associated

basic reproduction number. We first determine local stability of the disease-free equilibrium through eigenvalue analysis of

the Jacobian matrix which following that step leads to global stability proof through suitable Lyapunov-based methods.

5.1 Disease-Free Equilibrium (DFE)

Theorem 4 The disease-free equilibrium E0 occurs when OS = RS =VE = QT = QP = 0 and is given by:

E0 =

(
λ

η
,0,0,0,0,0

)
.

5.2 Basic reproduction number

R0 is the number of smoking-vaping cases that one smoker-vaper causes over the infectious period [43].

Theorem 5 The basic reproduction number R0 for the smoking model is:

Volume 7 Issue 3|2026| 3713 Contemporary Mathematics



R0 =
λ

η(γ + ε +η)

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
.

Proof. By using the next generation matrix method, we consider the infected compartments OS, RS and VE . The new

infections matrix F and the transition matrix V are:

F =

βPSRS +βvPSVE

0
0

 , V =

 α1OS +ηOS

−α1OS −α2RSQT −αvVE +(γ + ε +η)RS

−βvPSVE − εRS +(αv +θ +η)VE

 .

At disease-free equilibrium PS0 =
λ

η
, the Jacobian matrices are:

F =

0 βPS0 βvPS0

0 0 0
0 0 0

 , V =

α1 +η 0 0
−α1 γ + ε +η −αv

0 −ε αv +θ +η

 .

The next generation matrix is FV −1. The spectral radius gives:

R0 = ρ(FV −1) =
βλ

η(α1 +η)
· α1

γ + ε +η
+

βvλ

η(αv +θ +η)
· ε

γ + ε +η

R0 = FV −1 =
βλα1

η(α1 +η)(γ + ε +η)
+

βvλε

η(αv +θ +η)(γ + ε +η)

R0 =
λ

η(γ + ε +η)

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
.

5.3 Endemic equilibrium

The endemic equilibrium shows that smoking and vapingwill continue in the populationwithout elimination throughout

time. The endemic equilibrium shows continuous transmission of smoking because the transmission rate R0 > 1. The
endemic point is established when all state variables which include potential smokers, occasional smokers, regular smokers,

vapers, quitters and permanent quitters are nonzero at equilibrium (P∗
S ,O

∗
S,R

∗
S,V

∗
E ,Q

∗
T ,Q

∗
P) 6= (0,0,0,0,0,0) and by setting

the right hand side of the proposed system equal to zero.

Theorem 6 The system of equations has a unique positive endemic equilibrium point E∗ = (P∗
S ,O

∗
S,R

∗
S,V

∗
E ,Q

∗
T ,Q

∗
P)

if and only if the basic reproduction number R0 > 1.

Proof. If R0 > 1, then the system possesses a nonnegative endemic equilibrium E∗ 6= (0,0,0,0,0,0), obtained by
setting the system equations to zero, with components given by:
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P∗
S =

λ

βR∗
S +βvV ∗

E +η
,

O∗
S =

βP∗
S R∗

S
α1 +η

,

R∗
S =

α1O∗
S +α2R∗

SQ∗
T +αvV ∗

E

γ + ε +η
,

V ∗
E =

βvP∗
S V ∗

E + εR∗
S

αv +θ +η
,

Q∗
T =

γ(1−δ )R∗
S +θV ∗

E

α2R∗
S +η

,

Q∗
P =

δγR∗
S

η
.

5.4 Local stability

We will investigate both the local stability and global stability of the proposed dynamical system using analytical

techniques like those advanced in [44].

5.5 Local stability of the Disease-Free Equilibrium (DFE)

Theorem 7 The disease-free equilibrium E0 is locally asymptotically stable when R0 < 1 and unstable when R0 > 1.

Proof. The Jacobian matrix at DFE is:

JE0 =



−η 0 −βPS0 −βvPS0 0 0
0 −(α1 +η) βPS0 0 0 0
0 α1 −(γ + ε +η) αv α2RS0 0
0 0 ε −(αv +θ +η) 0 0
0 0 γ(1−δ ) θ −(α2RS0 +η) 0
0 0 δγ 0 0 −η



where PS0 =
λ

η
. The eigenvalues of the Jacobian at the disease-free equilibrium E0 can be summarized as follows:

λ1 = λ2 = λ3 =−η .

λ4 =−(γ + ε +η).

Volume 7 Issue 3|2026| 3715 Contemporary Mathematics



From the quadratic equation

(λ +α1 +η)(λ +αv +θ +η)− (α1 +η)(αv +θ +η)R0 = 0,

we obtain

λ5,6 =
−
[
(α1 +η)+(αv +θ +η)

]
±
√[

(α1 +η)− (αv +θ +η)
]2
+4(α1 +η)(αv +θ +η)(R0 −1)

2
.

The characteristic equation of the Jacobian matrix JE0 is given by

(λ +η)3(λ + γ + ε +η)
[
(λ +α1 +η)(λ +αv +θ +η)− (α1 +η)(αv +θ +η)R0

]
= 0.

All eigenvalues have negative real parts when R0 < 1. The system demonstrates local asymptotic stability because

all eigenvalues of the Jacobian matrix exhibit negative real parts, which meet the Routh-Hurwitz stability criterion

requirements.

5.6 Global stability

Theorem 8 The Disease-Free Equilibrium (DFE) E0 of the system is Globally Asymptotically Stable (GAS) inside

the invariant set Ω if the basic reproduction number R0 ≤ 1, and unstable if R0 > 1.

Proof. We prove the Global Asymptotic Stability (GAS) of the Disease-Free Equilibrium (DFE) E0 using a Lyapunov

function and LaSalle’s invariance principle. Consider the candidate Lyapunov function

L (PS,OS,RS,VE ,QT ,QP) =
PS −PS0 −PS0 ln PS

PS0

PS0
+

VE −VE0 −VE0 ln VE
VE0

VE0
,

where PS0 = λ

η
and VE0 = 0 at the DFE. This function is non-negative and L = 0 if and only if (PS,VE) = (PS0,VE0).

Differentiating L with respect to time:

dL

dt
≤ PS −PS0

PS

dPS

dt
+

VE −VE0

V
dVE

dt
,

and substituting the system dynamics:

dPS

dt
= λ − (βRS +βvVE +η)PS,

dVE

dt
= βvPSVE + εRS − (αv +θ +η)VE ,

we get

dL

dt
≤ PS −PS0

PS

(
λ − (βRS +βvVE +η)PS

)
+

VE −VE0

VE

(
βvPSVE + εRS − (αv +θ +η)VE

)
.
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Using PS0 =
λ

η
and VE0 = 0, we have

dL

dt
≤− η

PS0
(PS −PS0)

2 − ε

VE0
(VE −VE0)

2 ≤ 0.

Hence, dL
dt ≤ 0 for all (PS,OS,RS,VE ,QT ,QP) ∈ Ω.

By LaSalle’s invariance principle, since L ≥ 0 and dL
dt ≤ 0 with equality only at E0, it follows that

E0 is globally asymptotically stable in Ω if R0 ≤ 1.

Conversely ifR0 > 1, there exists at least one positive eigenvalue in the Jacobian atE0, implying thatE0 is unstable.

Theorem 9 The endemic equilibrium E∗ = (P∗
S ,O

∗
S,R

∗
S,V

∗
E ,Q

∗
T ,Q

∗
P) of the system is Globally Asymptotically Stable

(GAS) within the feasible region Γ when R0 > 1. If R0 ≤ 1, the endemic equilibrium is not feasible or becomes unstable.

Proof. We establish the global asymptotic stability of E∗ by constructing a Lyapunov function and applying LaSalle’s

invariance principle. Consider the candidate function:

V (PS,OS,RS,VE ,QT ,QP) = ∑
X∈M

(
X −X∗−X∗ ln

X
X∗

)
,

where M = {PS,OS,RS,VE ,QT ,QP}. For each X > 0, the function X −X∗−X∗ ln(X/X∗) is nonnegative and equals zero

if and only if X = X∗. Hence V is positive definite on Γ and vanishes only at E∗. The time derivative of V along solutions

of the system is

dV

dt
= ∑

X∈M

(
1− X∗

X

)
dX
dt

.

We now substitute the model equations. The dynamics are given by:

dPS

dt
= λ −βPSRS −βvPSVE −ηPS,

dOS

dt
= βPSRS − (α1 +η)OS,

dRS

dt
= α1OS +α2RSQT +αvVE − (γ + ε +η)RS,

dVE

dt
= βvPSVE + εRS − (αv +θ +η)VE ,

dQT

dt
= γ(1−δ )RS +θVE −α2RSQT −ηQT ,
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dQP

dt
= δγRS −ηQP.

At the endemic equilibrium E∗, the following balance relations hold:

λ = βP∗
S R∗

S +βvP∗
S V ∗

E +ηP∗
S , (2)

βP∗
S R∗

S = (α1 +η)O∗
S, (3)

α1O∗
S +α2R∗

SQ∗
T +αvV ∗

E = (γ + ε +η)R∗
S, (4)

βvP∗
S V ∗

E + εR∗
S = (αv +θ +η)V ∗

E , (5)

γ(1−δ )R∗
S +θV ∗

E = α2R∗
SQ∗

T +ηQ∗
T , (6)

δγR∗
S = ηQ∗

P. (7)

Substituting the derivatives and the equilibrium relations yields:

dV

dt
=

(
1−

P∗
S

PS

)
[βP∗

S R∗
S +βvP∗

S V ∗
E +ηP∗

S −βPSRS −βvPSVE −ηPS]

+

(
1−

O∗
S

OS

)
[βPSRS − (α1 +η)OS]

+

(
1−

R∗
S

RS

)
[α1OS +α2RSQT +αvVE − (γ + ε +η)RS]

+

(
1− V ∗

E
VE

)
[βvPSVE + εRS − (αv +θ +η)VE ]

+

(
1− Q∗

T
QT

)
[γ(1−δ )RS +θVE −α2RSQT −ηQT ]

+

(
1− Q∗

P
QP

)
[δγRS −ηQP] .

We now reorganize the terms using the equilibrium identities. For clarity, we define the following nonnegative

functions:

Φ1 = βP∗
S R∗

S

(
2−

P∗
S

PS
− PSRS

P∗
S R∗

S

O∗
S

OS

)
, Φ2 = βvP∗

S V ∗
E

(
2−

P∗
S

PS
− PSVE

P∗
S V ∗

E

V ∗
E

VE

)
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Φ3 = α1O∗
S

(
2−

O∗
S

OS
−

OSR∗
S

O∗
SRS

)
, Φ4 = αvV ∗

E

(
2− V ∗

E
VE

−
VER∗

S
V ∗

E RS

)

Φ5 = εR∗
S

(
2−

R∗
S

RS
− RSV ∗

E
R∗

SVE

)
, Φ6 = α2R∗

SQ∗
T

(
2− Q∗

T
QT

− RSQT

R∗
SQ∗

T

R∗
S

RS

)

Φ7 = γ(1−δ )R∗
S

(
2−

R∗
S

RS
− RSQ∗

T
R∗

SQT

)
, Φ8 = θV ∗

E

(
2− V ∗

E
VE

− VEQ∗
T

V ∗
E QT

)

Φ9 = ηP∗
S

(
2−

P∗
S

PS
− PS

P∗
S

)
, Φ10 = ηO∗

S

(
2−

O∗
S

OS
− OS

O∗
S

)

Φ11 = ηR∗
S

(
2−

R∗
S

RS
− RS

R∗
S

)
, Φ12 = ηV ∗

E

(
2− V ∗

E
VE

− VE

V ∗
E

)

Φ13 = ηQ∗
T

(
2− Q∗

T
QT

− QT

Q∗
T

)
, Φ14 = ηQ∗

P

(
2− Q∗

P
QP

− QP

Q∗
P

)
.

Each Φi is of the form A(2−u−1/u) with A ≥ 0 and u > 0, and satisfies 2−u−1/u ≤ 0 by the arithmetic–geometric

mean inequality, with equality iff u = 1. Collecting terms, the derivative simplifies to

dV

dt
=−

14

∑
i=1

Φi ≤ 0,

for all (PS,OS,RS,VE ,QT ,QP) ∈ Γ. Thus V̇ is negative semidefinite. We now determine the largest invariant set contained

in S = {(PS,OS,RS,VE ,QT ,QP) ∈ Γ : V̇ = 0}. From the expressions above, V̇ = 0 implies each Φi = 0, which in turn
forces:

PS

P∗
S
= 1,

OS

O∗
S
= 1,

RS

R∗
S
= 1,

VE

V ∗
E
= 1,

QT

Q∗
T
= 1,

QP

Q∗
P
= 1.

Hence S consists only of the equilibrium point E∗. By LaSalle’s invariance principle, every solution of the system

starting in Γ approaches E∗ as t → ∞. Therefore E∗ is globally asymptotically stable whenever R0 > 1 and a positive

endemic equilibrium exists.

6. Signal flow graph and spectral characterization

The signal flow graph associated with the dynamical system ~G is shown in Figure 2 and is constructed directly from

the governing equations given in (1). In this representation, each vertex corresponds to a state variable of the model,

while a directed edge from one vertex to another vertex is introduced whenever the state variable has a direct influence on

the evolution of another state variable , as illustrated by arrows connecting these quantities. The system demonstrates

directional information transfer because of its construction which enables the system to show graph-theoretic model

dynamics that demonstrate how key variables interact through causal pathways and feedback loops. The reader can find

full theoretical information about signal flow graphs and their spectral properties in the sources [45, 46].
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Figure 2. The signal flow graph of the smoking model

Graph-theoretic tools enable a systematic investigation of the structural properties of the model. The number of

directed paths which connect vertices constitutes a vital invariant for this study. The entry Ak(i, j) shows the number of
distinct paths which have a length of exactly k that go from vertex i to vertex j when A represents the adjacency matrix

of the signal flow graph. The path counts serve as a description of the information propagation in the network, and they

are utilized as a basis for various spectral measures. Furthermore, the foundational ideas can be found in [47–49]. The

signal flow graph introduces new auxiliary vertices which represent lifted bilinear interaction terms that include PSRS

and PSVE and RSQT to model the nonlinear transmission processes. The adjacency matrix A(G ) of the graph formed by

augmentation shows the original state variables and the lifted interaction nodes at the vertices. There is a directed edge

from vertex vi to vertex v j if and only if vertex vi is a direct contributor to either the definition or the evolution of vertex v j.

Self-loops represent the effects of linear decay, retention, or normalization, while the auxiliary vertices reveal the nonlinear

coupling pathways. The system is given access to global spectral invariants through this augmentation. The adjacency

matrix for the basic augmented signal flow graph is:

A(G ) =



PS OS RS VE QT QP PSRS PSVE RSQT

1 0 0 0 0 0 1 1 0
0 1 0 0 0 0 1 0 0
0 1 1 1 0 0 0 0 1
0 0 1 1 0 0 0 1 0
0 0 1 1 1 0 0 0 1
0 0 1 0 0 1 0 0 0
1 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0


.

The self-loops that were added to the graph in order to maintain the feedback mechanisms that are already part of the

equilibrium relations serve as closure for the graph. The adjacency matrix illustrates the augmented signal flow graph that

has been produced as:
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A(G ) =



PS OS RS VE QT QP PSRS PSVE RSQT

0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 0 0
0 1 0 1 0 0 0 0 1
0 0 1 0 0 0 0 1 0
0 0 1 1 0 0 0 0 1
0 0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0


.

The closed signal flow graph G is used to investigate the spectral characteristics of the adjacency matrix A(G ) ∈R9×9

in order to reveal the global connectivity and interaction structure of the system. The eigenvalues are determined by the

following equation:

det(λ I −A(G )) = 0,

yielding

λ (A(G )) =


2.05814,−1.93006, 1.55567,−1.37788, 0.895331,

−0.713101±0.272934i, 0.224993, 0

 .

The existence of a complex conjugate pair substantiates that the graph is directed and non-symmetric, thus showing

irreversible information flow and cross-dimensional interaction lifting. To measure these properties, two main spectral

invariants are introduced. To interpret these spectral quantities in biological terms, we consider two widely used graph

invariants. The graph energy, which is defined as:

E(G ) =
n

∑
i=1

|λi|,

The value of the computed E(G ) is found to be 9.56917, which shows that there is a very high interaction and they

interact very strongly. Bio-behaviorally, a higher graph energy reflects the intensity of interactions among smoking, vaping

and cessation compartments. In this context, it indicates that transitions between behavioral states (e.g., from occasional

smokers to regular smokers, or from e-cigarette users to dual users) are numerous and strongly coupled, suggesting that

public health interventions targeting any single compartment may trigger cascading effects across the entire population.

The Estrada index is defined as:

EE(G ) =
n

∑
i=1

eλi ,

is evaluated as EE(G ) = 18.6113. The index measures how easily influence moves between different behavioral states

throughout the entire network. The high Estrada index shows that public health organizations can effectively spread
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behavioral changes which include smoking cessation and e-cigarette use through social networks and peer relationships.

The research demonstrates how effective peer-led programs and social norm campaigns can be used to fight undesirable

youth vaping initiation practices. The presence of complex eigenvalues leads to pure real index values because their

contributions exist in conjugate pairs. The signal flow network shows extensive connectivity through its multiple feedback

paths and its ability to communicate across the entire network which results in high graph energy and Estrada index values.

The structural elements of this system show that its biological system maintains two separate behavioral states which

operate independently from each other. The initiation of vaping increases after cigarette smoking rules change because

dual use patterns affect the risk of relapse while quitting leads to changes in initiation patterns. Public health campaigns

achieve better results when they tackle multiple behavioral pathways compared to staying focused on one specific behavior

path. The research findings show that lifted nonlinear interaction nodes create deeper model structures which show how

specific state variables dominate the system and how the system handles external disturbances.

7. Sensitivity analysis of R0’s parameters

Sensitivity analysis can be used especially when dealing with ambiguous data because it helps discover how different

factors influence the stability of a model with respect to each other [50]. Moreover, it is not difficult to find out the critical

process variables with this research. In search of the parameters that influence the basic reproduction number of the model

positively or negatively, the paper performs a sensitivity analysis. We have the normalized forward sensitivity index (NFSI)

of R0 is written as:

Π
R0
p =

∂R0

∂ p
× p

R0

which defines R0 as the basic reproduction number while p includes all parameters.

∂R0

∂λ
=

1
η(γ + ε +η)

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
,

∂R0

∂β
=

λ

η(γ + ε +η)

α1

α1 +η
,

∂R0

∂βv
=

λ

η(γ + ε +η)

ε

αv +θ +η
,

∂R0

∂α1
=

λ

η(γ + ε +η)

β η

(α1 +η)2 ,
∂R0

∂αv
=− λ

η(γ + ε +η)

βv ε

(αv +θ +η)2 ,

∂R0

∂ε
=

λ

η(γ + ε +η)

βv(αv +θ +η)−βvε

(αv +θ +η)2 − λ

η(γ + ε +η)2

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
,

∂R0

∂γ
=− λ

η(γ + ε +η)2

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
,

∂R0

∂θ
=− λ

η(γ + ε +η)

βv ε

(αv +θ +η)2 ,

∂R0

∂η
=− λ

η2(γ + ε +η)

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
− λ

η(γ + ε +η)2

(
β α1

α1 +η
+

βv ε

αv +θ +η

)
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− λ

η(γ + ε +η)

(
β α1

(α1 +η)2 +
βv ε

(αv +θ +η)2

)
.

Figures 3 and 4, the sensitivity indices have presented graphically. Figures 5 represents the impact of reproductive

numbers is displayed. In Figures 6 and 7, we have presented impact variations of parameters on the basic reproductive

number. Figures 8 and 9, 3D profiles of sensitivity indices for different values of parameters have been presented.

Figure 3. Sensitivity analysis of R0 for the significant parameters of model (1)

Figure 4. Sensitivity polarity of parameters with R0

Volume 7 Issue 3|2026| 3723 Contemporary Mathematics



Figure 5. Parameters impact of R0
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Figure 6. Impact variation of parameters on R0

Figure 7. Impact variation of parameters on R0
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Figure 8. Three-dimensional sensitivity analysis of R0 vs different parameters
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Figure 9. Three-dimensional sensitivity analysis of R0 vs different parameters

The sensitivity analysis conducted on the epidemiological model reveals important insights into the factors influencing

disease transmission dynamics. The basic reproduction number R0 = 154.78, indicates a highly contagious infection with
significant epidemic potential. This quantity represents the average number of secondary infections generated by a single

infected individual in a completely susceptible population. An R0 value far exceeding unity suggests that in the absence of

control measures, the disease would spread rapidly throughout the population. The study applies normalized sensitivity
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analysis to reveal how changes in the parameters affect the basic reproduction number, R0. The recruitment rate λ is

classified as having perfect positive sensitivity (+1.0000), which means that the same percentage change in R0 occurs in

the same direction with every percentage change in λ . On the other hand, the natural death rate η has the strongest negative

sensitivity (−1.1698) and thus, an increase in mortality would have a greater effect on the transmission potential reduction.
Since both parameters have absolute sensitivity indices greater than one, they are considered to have a very high impact on

disease dynamics. There are still many other parameters that have considerable influence on disease transmission, although

their effect is not as much as those that were mentioned before. The recovery rate γ has a strong negative sensitivity of

(−0.6661) and this implies that it is important to have effective treatment strategies in place to control the spread of the
disease. The transmission coefficients β (+0.5021) and βv (+0.4979) have similar positive sensitivities which stress the
importance of reduction of contacts and mitigation of transmission. Moreover, the parameter θ that relates to increased

mortality or isolation effects has also a significant negative sensitivity of (−0.4938), indicating that it is an important
factor in reducing R0 as well. The parameters α1 (+0.1674) and ε (+0.1649), both classified as having a medium effect,

moderately influence the basic reproduction number. These parameters are associated with the stages of the disease’s life

cycle and hence, increase the likelihood of transmission. On the other hand, parameters like αv (−0.0025), α2 (0.0000),
and σ (0.0000) show almost no sensitivity, indicating that with the current parameter values, changes in these rates will

have very little impact on R0.

The overall sensitivity ranking acts as a major source of information for the development of efficacious intervention

strategies. The factors having the highest negative sensitivities, namely η , γ and θ , are regarded as excellent possibilities

for the decline in the transmittance of the disease. On the other hand, the parameters with strong positive sensitivities like

λ , β and βv must be controlled and supervised very carefully in order to restrict the growth of an epidemic. These results

point out that the application of the most sensitive parameters for interventions is anticipated to bring about the largest

mitigation of the disease spread within the limits of the proposed mathematical model.

Normalized forward sensitivity indices of the basic reproduction number have computed in Table 1 .

Table 1. Normalized forward sensitivity indices of the basic reproduction number R0

Parameters Normalized sensitivity expression Index values Sensitivity index

λ Π
R0
λ

=
∂R0

∂λ
· λ

R0
+1.0000 +ve

η Π
R0
η =

∂R0

∂η
· η

R0
−1.1698 −ve

β Π
R0
β

=
∂R0

∂β
· β

R0
+0.5021 +ve

βv Π
R0
βv

=
∂R0

∂βv
· βv

R0
+0.4979 +ve

α1 Π
R0
α1 =

∂R0

∂α1
· α1

R0
+0.1674 +ve

α2 Π
R0
α2 =

∂R0

∂α2
· α2

R0
0.0000 0

αv Π
R0
αv =

∂R0

∂αv
· αv

R0
−0.0025 −ve

γ Π
R0
γ =

∂R0

∂γ
· γ

R0
−0.6661 −ve

θ Π
R0
θ

=
∂R0

∂θ
· θ

R0
−0.4938 −ve

σ Π
R0
σ =

∂R0

∂σ
· σ

R0
0.0000 0

ε Π
R0
ε =

∂R0

∂ε
· ε

R0
+0.1649 +ve
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8. Numerical results and analysis

In this section, the numerical simulations of the smoking-vaping epidemic model executed with the fourth-order

Runge-Kutta (RK4) method, are revealed. The initial conditions and biological parameters as specified in Tables 2 and 3 are

used for the simulations, and the results are shown in Figures 10 and 11. The computational experiments demonstrate the

time course of the complete system of six population compartments—PS(t) potential smokers, OS(t) occasional smokers,
RS(t) regular smokers, VE(t) vapers, QT (t) temporarily quit smokers and QP(t) permanently quit smokers under two

different epidemiological scenarios.

Figure 10. Numerical simulation of model (1) for Case 1 (R0 < 1). The plot shows the dynamic behavior of all six compartments over 25 days, with the
number of individuals on the vertical axis. The parameter values correspond to those listed in Table 2

Figure 11. Numerical simulation of model (1) for Case 2 (R0 > 1). The trajectories illustrate how higher transmission rates alter compartmental dynamics
compared to Case 1. The underlying parameters are provided in Table 3
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The results of the numerical simulations shown in Figures 10 and 11 reveal different epidemiological dynamics in the

six-compartment smoking-vaping model for the two different sets of parameters.

In Case 1 (Figure 10), where parameters from Table 2 result in R0 < 1, the model approaches a smoking-free
equilibrium. The potential smoker group PS(t) gradually increases under the constant influx of new smokers at rate λ = 1.
The occasional smoker compartment OS(t) is very small due to the low smoking contact rate β = 0.001 and the slow

progression rate α1 = 0.0001. The regular smoker compartment RS(t) declines very fast due to the high rate of smoking
cessation γ = 2.0 that speeds up the process. The vapers catchment area VE(t) experiences limited expansion since it is
controlled by the very low vaping contact rate βv = 0.0005. The quitting compartments QT (t) and QP(t) also increase
continuously. The temporarily quit population QT (t) grows as the individuals leave smoking and vaping states, while the
permanently quit group QP(t) enlarges due to the permanent quitting fraction δ = 0.18. All compartments experience a
very small but consistent attrition over time due to the natural death rate η = 0.001 that is imposed.

Table 2. Parameter values for Case 1: R0 < 1 (smoking-free equilibrium stable)

Symbol Description Value (1/day) Source

λ
Recruitment rate into potential

smoking
1 Estimated

η Natural death rate 0.001 Estimated

β Smoking contact rate 0.001 [34]

βv Vaping contact rate 0.0005 Estimated

α1 Smoking progression rate 0.0001 Estimated

α2 Relapse rate 0.0025 [35]

αv Gateway rate (vaping to smoking) 0.0015 Estimated

γ Smoking quitting rate 2.0 [34]

θ Vaping quitting rate 1.0 [51]

δ Permanent quitting fraction 0.18 [34]

ε Switching rate (smoking to vaping) 0.4 Estimated

In Case 2 (Figure 11), with parameters from Table 3 producing R0 > 1, the dynamics shift dramatically toward an
endemic smoking equilibrium. The combination of elevated smoking contact rate β = 0.14 together with the progression

rate α1 = 0.002 results in substantial growth through the regular smoker compartment RS(t). The occasional smoker
group OS(t) acts as an intermediate reservoir, feeding into regular smoking. The vaper population VE(t) also expands
significantly because of the higher vaping contact rate βv = 0.07 and the switching rate ε = 0.4 from smoking to vaping.

The potential smoker pool PS(t experiences accelerated depletion because individuals progress into both smoking and
vaping behaviors. The quitting compartments QT (t) exhibit slower growth compared to Case 1 because the quitting rates
have decreased to γ = 0.8 for smoking and θ = 0.3 for vaping. The permanently quit population QP(t) maintains a gradual
growth pattern that shows how difficult it is to stay off drugs in an area with high transmission rates. The natural mortality

rate η = 0.001 operates as a constant exit mechanism which leads to gradual compartment size reduction throughout both

scenarios. The model uses the relapse rate α2 = 0.0025 together with the gateway rate αv = 0.0015 to show how smoking

and vaping interact. The model demonstrates its ability to depict real-world complexities through its representation of

gateway and dual-use behaviors while demographic shifts in the population continue with η . The researchers established

parameter values from established mathematical models of smoking and vaping which appear in Tables 2 and 3. Two sets

of parameters were applied to investigate the model’s behavior under different epidemiological conditions. The model was

tested under two different epidemiological regimes, which were labelled as Case 1 and Case 2. The initial conditions were

the same in both cases and were set as follows:
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(PS(0),OS(0),VE(0),RS(0),QT (0),QP(0)) = (40,10,20,10,10,5),

keeping the overall population steady. The integration of numbers was done with a fractional differential equation solver in

MATLAB. In the first case, with the parameters from table 2, the basic reproduction number R(1)
0 ≈ 0.121 is calculated as:

R0 =
λ

η(γ + ε +η)

(
β α1

α1 +η
+

βv ε

αv +θ +η

)

Since R0 < 1, the smoking-free equilibrium is stable which means that smoking would eventually get extinct in the

population with the specified parameters. On the other hand, in Case 2, the scenario with higher transmission rates as

shown in Table 3 results in R(2)
0 ≈ 154.78 > 1, and therefore, an endemic state of smoking. The graphical representations

in Figures 10 and 11 provide a clear distinction between these two scenarios and, thus, bring forth visual proof of the

threshold behavior ruled by R0 and give useful public health intervention planning insights.

Table 3. Parameter values for Case 2: R0 > 1 (endemic smoking equilibrium)

Symbol Description Value (1/day) Source

λ
Recruitment rate into potential

smoking
1 Estimated

η Natural death rate 0.001 Estimated

β Smoking contact rate 0.14 [34]

βv Vaping contact rate 0.07 Estimated

α1 Smoking progression rate 0.002 [33]

α2 Relapse rate 0.0025 [35]

αv Gateway rate (vaping to smoking) 0.0015 Estimated

γ Smoking quitting rate 0.8 [34]

θ Vaping quitting rate 0.3 [51]

δ Permanent quitting fraction 0.18 [34]

ε Switching rate (smoking to vaping) 0.4 Estimated

9. Simulation framework using simulink

The study of the dynamic behavior of the fractional-order smoking model (1) was carried out using a MATLAB

Simulink-based comprehensive simulation environment. The system of differential equations can be simulated and analyzed

through this modeling method which uses block diagrams as its visual modeling tool. The simulink model illustrated

in Figure 12 is the computational engine for simulating the dynamics of the epidemic. The system enables numerical

integration of mathematical model elements which include complex social interactions and fractional-order derivative

functions over a defined time period. The block diagram shows each smoking population compartment as a separate

subsystem which uses continuous feedback loops to model the group’s transition rates and nonlinear connections between

different populations.

After the system-level simulation process, the temporal evolution of each single population compartment was obtained

and displayed. The time-series data resulting from all six state variables is shown in Figure 13, which gives a comprehensive

Volume 7 Issue 3|2026| 3731 Contemporary Mathematics



view of the smoking epidemic model’s progression. The analysis of the compartmental trajectories provide the system

with valuable insights. The graph showing the potential smokers, (Figure 13a), indicates the transition of individuals from

this state to others which is the reason why the curve gets downwards. The occasional smokers, (Figure 13b), on the other

hand, might get to maximums before the final fall, that meaning shorttime smoking involvement. The regular smokers

group (Figure 13c), seems to be growing and leveling off, the main reasons being baptism and quitting.

Figure 12. Simulink block diagram of model (1)
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Figure 13. Simulink graphs of compartments

The vapers, (Figure 13d), undergo transformations based on the current ways of nicotine consumption, while the

temporarily quitters, (Figure 13e), and the permanently quitters, (Figure 13f) populations present the healing routes within

the model. All these graphs together not only prove the correctness of the developed model but also provide a basis for

determining intervention and parameter sensitivity strategies in the simulated smoking epidemic.

10. Conclusion

This paper has introduced a new mathematical model that is vast and comprehensive for defining the smoking and

vaping dynamics that are interlinked together and happening in a single population at the same time. Unlike the traditional

methods that consider these behavior separately, the new model is able to depict their co-development as well as their

complex interactions. Initially, the analysis was performed in the usual integer-order framework, where the main qualitative

characteristics of the system, such as positivity, boundedness, and the presence and uniqueness of solutions were established

rigorously. The non-infected and infected equilibrium points were obtained, and the basic reproduction number was

derived using the next-generation matrix method. Both local and global stability characteristics were studied, resulting in

straightforward threshold criteria that define the long-term behavior of the system. In addition, a sensitivity analysis of

the reproduction number was performed to reveal the most significant parameters, thus providing useful guidance for the

development of efficient prevention and control measures. The researchers used a signal flow graph together with spectral
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analysis to explain the model’s structural connectivity. The researchers used graph energy and Estrada index calculations

to measure interaction strength and global network communicability throughout the behavioral network. The biological

interpretation of spectral measures showed that higher graph energy measured the strong connection between smoking and

vaping and cessation pathways while the Estrada index showed the social networks efficiency in spreading behavioral

influence which demonstrated the effectiveness of peer-led programs. The numerical simulations performed in MATLAB

demonstrated actual results which matched the theoretical outcomes while displaying multiple nonlinear dynamic behaviors

across various parameter settings. The model incorporates demographic variability through the recruitment term λ and the

natural death rate η applied uniformly across all compartments, which results in total population growth according to the

equation dN
dt = λ −ηN and the population reaching its demographic equilibrium. The mathematical structure of the system

uses mass-action-like terms that resemble chemical kinetics yet the system directly represents peer pressure and social

norms and personal choice as drivers of behavioral changes which the model uses to study behavioral epidemiology and

social contagion theory. The research results show different directions which researchers can pursue for future research

work. The study needs to be expanded through age-structured and gender-structured population research which will

establish more realistic demographic patterns of smoking and vaping. The study needs to incorporate spatial diffusion

and network-based interaction methods which will enable research on how geographical and social factors affect these

behaviors. The model requires the introduction of Atangana-Baleanu and Caputo-Fabrizio and variable-order derivatives

as fractional operators which will enhance its memory capabilities and enable it to model complex persistence behavior.

The study needs to include optimal control strategies as a beneficial addition which will enable researchers to create and

assess cost-efficient intervention strategies that include public awareness campaigns and taxation systems and rehabilitation

programs. The proposed modeling and prediction framework will assist public health authorities because they can use

it to assess how regulatory policies and prevention measures and treatment strategies impact public health. The same

approach may also be applied to other complex behavioral or epidemiological systems, e.g. alcohol addiction, drug abuse,

or multi-behavior epidemic models, where memory effects, nonlinear interactions, and data-driven prediction are essential.
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