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Abstract: A hesitant fuzzy element is defined as a discrete array characterized by complexity and diversity. Consequently,

certain inadequate propositions have been identified in the existing literature on hesitant fuzzy sets. The development

of a mathematical knowledge system relies on well-established theoretical foundations; even minor deficiencies in these

foundations can undermine the integrity of subsequent knowledge frameworks. Topology and approximation space theory

serve as essential pillars for a broad range of theoretical constructs. To rectify the flawed propositions in hesitant fuzzy

approximation spaces and hesitant fuzzy topological spaces, this study proposes new intersection and union operators for

hesitant fuzzy sets and refines the fundamental propositions of hesitant fuzzy sets under these operators. By presenting the

inadequate propositions from the literature on these two mathematical structures and replacing the original intersection

and union operations with the newly defined ones, all previously identified inadequacies can be rigorously addressed.

Consequently, the theories derived from these propositions are also rigorously valid.
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1. Introduction

The fuzzy set, introduced by Zadeh [1], is a well-established tool for handling uncertainty with various applications,

including fuzzy clustering [2, 3], discriminant analysis [4–6], neuro-fuzzy inference [7], classification [8], tracking

[9, 10], and clean energy transformation analysis [11]. Following the advent of fuzzy sets, other branches of uncertainty

mathematics, such as interval-valued fuzzy sets [12, 13], intuitionistic fuzzy sets [14, 15], and hesitant fuzzy sets [16–18],

have also experienced rapid development.

Hesitant fuzzy sets, in which membership degrees are expressed as discrete arrays, demonstrate a superior capability

for representing real-world indecisiveness compared with fuzzy sets, interval-valued fuzzy sets, and intuitionistic fuzzy sets.

Hesitant fuzzy sets have been extensively applied in a wide range of fields, including decision-making [19–21], attribute

reduction [22], classification [23], linguistic perception [24], diagnosing [25], programming [26], image segmentation

[27], and forecasting [28], among others.
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Ahesitant fuzzy element [29] is defined as a discrete array, exhibiting inherent complexity and diversity. Consequently,

several propositions reported in the literature on the mathematical structures of hesitant fuzzy sets have been shown to

exhibit certain inadequacies. The construction of a coherent mathematical knowledge system fundamentally depends on

sound and well-established theoretical foundations. Even minor deficiencies in these foundational theories may undermine

the consistency and reliability of subsequently developed knowledge frameworks. Theoretical research on hesitant fuzzy

sets has progressed substantially over recent years. If these theoretical foundations are affected by propositions with

inadequacies, a significant portion of existing research may be rendered invalid, thereby diminishing the value of prior

scholarly efforts. Accordingly, this study focuses on revising certain operators of hesitant fuzzy sets to validate the

inadequate propositions and to promote the stable development of the hesitant fuzzy set framework.

Topology [30] is recognized as a fundamental discipline that forms the core of contemporary mathematical theory.

The applications of topology span a wide range of fields, such as precision feeding systems [31], object detection and

localization [32], and structural analysis [33]. The theory of approximation spaces has been widely applied in decision-

making processes [13, 34], neural network architectures [35], and deep learning methodologies [36]. Collectively, these

two mathematical frameworks provide an essential foundation for the development of numerous related theoretical systems.

Given the fundamental importance of topology and approximation space theories, this study investigates certain

propositions in hesitant fuzzy topology and hesitant fuzzy approximation spaces that exhibit inadequacies. To this end, we

re-examine the fundamental propositions of hesitant fuzzy sets and find that, under the original intersection and union

operators, hesitant fuzzy sets fail to satisfy many important basic properties, such as the absorption law and the distributive

law. Owing to these deficiencies in the fundamental propositions, the theories derived from them are likewise inadequate.

To address these deficiencies in the fundamental propositions, we propose new intersection and union operators for

hesitant fuzzy sets. Under the proposed operators, the hesitant fuzzy sets satisfy important basic properties, such as the

absorption law and the distributive law. Furthermore, it is found that once the new intersection and union operators replace

the original ones, the previously flawed theorems also become rigorously valid. Consequently, the theorems derived from

these propositions are likewise preserved. This approach enables the preservation of existing research achievements in

hesitant fuzzy topological space and hesitant fuzzy approximation space. Furthermore, the knowledge systems established

on hesitant fuzzy sets can continue to develop in a robust and internally consistent manner.

This article focuses on the following tasks:

(1) Identify the cause of the deficiencies in the current hesitant fuzzy set knowledge system, i.e., the original intersection

and union operators fail to satisfy some fundamental properties of hesitant fuzzy sets, such as the absorption law and the

distributive law.

(2) Propose new intersection and union operators for hesitant fuzzy sets.

(3) Refine the fundamental propositions of hesitant fuzzy sets under the new operators.

(4) Correct the flawed theorems in hesitant fuzzy approximation spaces and hesitant fuzzy topological spaces.

2. Foundations of hesitant fuzzy sets

This section reviews some foundations of hesitant fuzzy sets.

2.1 Reviews of fuzzy sets and hesitant fuzzy sets

Definition 1 [1] A fuzzy set F on U is a mapping F : U → [0,1].
Definition 2 [1] F1 and F2 are two fuzzy sets onU , F1 is a subset of F2 if F1(x)6 F2(x) for all x ∈U , denoted F1 ⊂ F2.

Definition 3 [29] A hesitant fuzzy element is a non-empty, finite subset of [0,1].
Definition 4 [16] A hesitant fuzzy set on U is defined as a function that, when applied to U , returns a subset of [0,1].
In the following, HF(U) denotes the set of all hesitant fuzzy sets defined over U .

Definition 5 [16] For each x ∈U , and a hesitant fuzzy set H, the lower bound and upper bound of H(x) are defined
lower bound H−(x) = in f H(x), upper bound H+(x) = sup H(x).
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Definition 6 [16] Given two hesitant fuzzy sets represented by their membership functions H1 and H2, their union

and intersection are defined

union (H1 ∪H2)(x) = {h ∈ H1(x)∪H2(x) : h > sup(H−
1 (x),H−

2 (x))},

intersection (H1 ∩H2)(x) = {h ∈ H1(x)∪H2(x) : h 6 in f (H+
1 (x),H+

2 (x))}.

Example 1 Let U = {x}, H1(x) = {0.3,0.3,0.6} and H2(x) = {0.5,0.8}.

H−
1 (x) = 0.3,H−

2 (x) = 0.5,max{H−
1 (x),H−

2 (x)}= 0.5.(H1 ∪H2)(x) = {0.5,0.6,0.8}.

H+
1 (x) = 0.6,H+

2 (x) = 0.8,min{H+
1 (x),H+

2 (x)}= 0.6.(H1 ∩H2)(x) = {0.3,0.3,0.5,0.6}.

Definition 7 [16] For x ∈U and H ∈ HF(U), the complement of H is denoted Hc, where

Hc(x) = ∪γ∈H(x){1− γ}.

2.2 Inclusion definitions of hesitant fuzzy sets

For two hesitant fuzzy sets H1 and H2, it has been defined in the references [37–41] that H1 is a hesitant fuzzy subset

of H2 if H1(x) ⊂ H2(x) holds for all x ∈ U . Nonetheless, the references [37–41] do not provide a clear elucidation of

the condition H1(x)⊂ H2(x). For instance, given H1(x) = {0.1,0.9} and H2(x) = {0.6,0.8}, it remains unclear how to

ascertain whether H1(x)⊂ H2(x) or H2(x)⊂ H1(x) based on the values {0.1,0.9} and {0.6,0.8}.
The hesitant fuzzy element encompasses multiple values, rendering a single inclusion relationship inadequate for

comprehensively characterizing the diverse interrelations among hesitant fuzzy sets. It is imperative to recognize that

multiple inclusion relationships exist among various hesitant fuzzy sets. Lu and Xu et al. [18] introduced several categories

of inclusion relationships among different hesitant fuzzy sets and illustrated these relationships through a specific example

(as demonstrated in Example 2).

Example 2 [18] Let U = {x1,x2,x3,x4,x5,x6} be a set of decision-making schemes and H be an expert team

that consists of three experts. H(U) = {0.9,0.2}
x1

+ {0.6,0.6,0.5}
x2

+ {0.7,0.5,0.5}
x3

+ {0.8,0.6,0.5}
x4

+ {0.9,0.3,0.1}
x5

+ {0.9,0.8,0.7}
x6

are

the estimated values of schemes provided by experts, in which the estimated values for x1 are 0.9 and 0.2 that are obtained

through the evaluations made by experts. One of the three experts fails to evaluate the scheme x1.

(1) Here, x1 has an estimated value of 0.9, which is greater than or equal to all the estimated values for x2, and thus it

is possible that the scheme x1 is better than the scheme x2, denoted as H(x2)⊂p H(x1).

(2) Here, 0.55 = mean[H(x1)]< mean[H(x2)] = 0.567, where mean[·] is the mean value operator. In comparing the
mean values of estimated values, we find that the scheme x2 is better than the scheme x1, denoted as H(x1)⊂m H(x2).

(3) The best estimated value of x3 is 0.7, which is greater than or equal to the best estimated value of x2. On the other

hand, the worst estimated value of x3 is 0.5, which is greater than or equal to the worst estimated value of x2. To compare

the respective best and worst cases of schemes x2 and x3, it is acceptable that the scheme x3 is better than the scheme x2,

denoted as H(x2)⊂a H(x3).

(4) To compare the estimated values for schemes x3 and x4 one by one (0.7 6 0.8, 0.5 6 0.6, and 0.5 6 0.5), it is
strongly credible that the scheme x4 is better than the scheme x3, denoted as H(x3)⊂s H(x4).
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(5) We can obtain H(x1)⊂s H(x5) after truncating the tail estimated value of x5, i.e., deleting the estimated value 0.1

of x5. This case is denoted as H(x1)⊂st H(x5) and is recorded briefly as H(x1)⊂t H(x5).

(6) The worst estimated value of x6 is greater than or equal to the best estimated value of x3. Thus, it is necessary that

the scheme x6 is better than the scheme x3, which is denoted as H(x3)⊂n H(x6).

Definition 8 [18] Let H1 and H2 be two hesitant fuzzy sets on U . Several kinds of inclusion relationships of two

hesitant fuzzy sets are defined as follows,

(1) If H+
1 (x) 6 H+

2 (x), then H1(x) ⊂p H2(x). If H1(x) ⊂p H2(x) for all x ∈ U , then H1 ⊂p H2. If H1 ⊂p H2 and

H2 ⊂p H1, then H1 =p H2.

(2) If H+
1 (x) 6 H+

2 (x) and H−
1 (x) 6 H−

2 (x), then H1(x) ⊂a H2(x). If H1(x) ⊂a H2(x) for all x ∈U , then H1 ⊂a H2.

If H1 ⊂a H2 and H2 ⊂a H1, then H1 =a H2.

(3) If mean[H1(x)] 6 mean[H2(x)], then H1(x) ⊂m H2(x). If H1(x) ⊂m H2(x) for all x ∈ U , then H1 ⊂m H2. If

H1 ⊂m H2 and H2 ⊂m H1, then H1 =m H2.

(4) Let H1(x) =V = {v1,v2, · · · ,vk} and H2(x) =W = {w1,w2, · · · ,wl} be two descending sequences. If k > l and
wi > vi for 1 6 i 6 l, then H1(x) ⊂s H2(x). If H1(x) ⊂s H2(x) for all x ∈ U , then H1 ⊂s H2. If H1 ⊂s H2 and H2 ⊂s H1,

then H1 =s H2.

(5) Let H1(x) =V = {v1,v2, · · · ,vk} and H2(x) =W = {w1,w2, · · · ,wl} be two descending sequences. If k < l and
wi > vi for 1 6 i 6 k, then H1(x) ⊂t H2(x). If H1(x) ⊂t H2(x) for all x ∈U , then H1 ⊂t H2. It is obvious that H1 ⊂t H2

and H2 ⊂t H1 cannot hold simultaneously.

(6) If H+
1 (x) 6 H−

2 (x), then H1(x) ⊂n H2(x). If H1(x) ⊂n H2(x) for all x ∈ U , then H1 ⊂n H2. If H1 ⊂n H2 and

H2 ⊂n H1, then H1 =n H2.

3. New union and intersection operators of hesitant fuzzy sets

The hesitant fuzzy set does not adhere to the absorption law and the distribution law, as shown in Example 3 and 4.

Certain literature has employed the absorption and distribution laws, resulting in inadequacies in existing propositions.

The evolution of the mathematical knowledge system is contingent upon the research findings of preceding generations.

Should these prior results contain inadequacies, it may precipitate the collapse of the knowledge system. This section

seeks to implement minimal adjustments to the operations of hesitant fuzzy sets to rectify the current propositions with

inadequacies. This approach aims to facilitate the stable development of hesitant fuzzy sets and prevent the disintegration

of the knowledge system.

3.1 Absorption law and distributive law based on traditional union and intersection operators

Hesitant fuzzy sets do not adhere to the absorption law or the distributive law. Two examples illustrating this assertion

are presented in Example 3 and Example 4.

Example 3 Let U = {x}, A = 0.3,0.6
x and B = 0.55,0.7

x .

A∪B= 0.55,0.6,0.7
x ,(A∪B)∩A= 0.3,0.55,0.6,0.6

x . 0.55∈ ((A∪B)∩A)(x), however, 0.55 6∈ A(x). Hence, (A∪B)∩A 6= A.
A∩B= 0.3,0.55,0.6

x ,(A∩B)∪A= 0.3,0.3,0.55,0.6,0.6
x . 0.55∈ ((A∩B)∪A)(x), however, 0.55 6∈A(x). Hence, (A∩B)∪A 6=

A.
Example 4 Let U = {x}, A = {0.1,0.35}

x , B = {0.55,0.7}
x , C = {0.3,0.6}

x .

((A∩B)∪C)(x) = {0.3,0.35,0.6}, ((A∪C)∩ (B∪C))(x) = {0.3,0.35,0.55,0.6,0.6}.
0.55 6∈ ((A∩B)∪C)(x), however, 0.55 ∈ ((A∪C)∩ (B∪C))(x), then (A∩B)∪C 6= (A∪C)∩ (B∪C).

((A∪B)∩C)(x) = {0.3,0.55,0.6}, ((A∩C)∪ (B∩C))(x) = {0.3,0.3,0.35,0.55,0.6}.
0.35 6∈ ((A∪B)∩C)(x), however, 0.35 ∈ ((A∩C)∪ (B∩C))(x), then (A∪B)∩C 6= (A∩C)∪ (B∩C).

3.2 New intersection and union operations, and the propositions derived therefrom

Deepak [42] considered adjusting the intersection and union operators, and presented the following candidate method.
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Definition 9 [42] For two hesitant fuzzy sets H1 and H2 on U , the intersection and union operators are defined as

follows:

(H1 tH2)(x) = H2(x), if mean(H1(x))6 mean(H2(x)) for x ∈U,

(H1 uH2)(x) = H1(x), if mean(H1(x))6 mean(H2(x)) for x ∈U,

where mean(H(x)) = ∑h∈H(x)
|H(x)| .

Definition 9 only takes the information of one of the two sets, losing the feature of combining the information of the

two sets through intersection and union operations. We give new intersection and union operators as follows.

Definition 10 Let H1 and H2 be two hesitant fuzzy sets on U . For a given x ∈ U , if |H1(x)| < |H2(x)|, the value
mean(H1(x)) is utilized to populate the array H1(x), ensuring that |H1(x)|= |H2(x)|. Subsequently, the arrays H1(x) =
{a1,a2, . . . ,al} and H2(x) = {b1,b2, . . . ,bl} are arranged in ascending order. The intersection and union operators are
defined as follows:

(H1∪̄H2)(x) = {a1 ∨b1,a2 ∨b2, · · · ,al ∨bl},

(H1∩̄H2)(x) = {a1 ∧b1,a2 ∧b2, · · · ,al ∧bl}.

Note that, (i) Definition 10 is a candidate method and should not be interpreted as the sole approach; (ii) Definition 10

neither negates nor conflicts with the original intersection and union operations.

Example 5 Let U = {x,y}, H1 =
0.3,0.5

x + 0.2,0.3,0.5
y and H2 =

0.3,0.5,0.6
x + 0.4,0.6

y .

The mean values are employed to populate H1(x) and H2(y), yielding H1(x) = {0.3,0.4,0.5} and H2(y) =

{0.4,0.5,0.6}.
H1∪̄H2 =

0.3∨0.3,0.4∨0.5,0.5∨0.6
x + 0.2∨0.4,0.3∨0.5,0.5∨0.6

y = 0.3,0.5,0.6
x + 0.4,0.5,0.6

y .

H1∩̄H2 =
0.3,0.4,0.5

x + 0.2,0.3,0.5
y .

Definition 11 Let H1 and H2 be two hesitant fuzzy sets on U . For a given x ∈ U , if |H1(x)| < |H2(x)|, the value
mean(H1(x)) is utilized to populate the array H1(x), ensuring that |H1(x)|= |H2(x)|. Subsequently, the arrays H1(x) =
{a1,a2, . . . ,al} and H2(x) = {b1,b2, . . . ,bl} are arranged in ascending order. If ai 6 bi for 1 6 i 6 l, then H1(x)⊂̄H2(x).
If H1(x)⊂̄H2(x) for all x ∈U , then H1⊂̄H2.

If H1⊂̄H2 and H2⊂̄H1, then H1 = H2.

In Example 5, the sets H1 and H2 satisfy the relation H1⊂̄H2.

For the hesitant fuzzy set after the mean value filling, it is considered equivalent to the set prior to the mean value

filling. For instance, H2 =
0.3,0.5,0.6

x + 0.4,0.6
y = 0.3,0.5,0.6

x + 0.4,0.5,0.6
y . Then, we will obtain the following propositions.

Proposition 1 For A,B,C ∈ HF(U), the following statements hold.

(1) (Ac)c = A.
(2) A∪̄A = A and A∩̄A = A.
(3) A∪̄B = B∪̄A and A∩̄B = B∩̄A.
(4) A⊂̄A∪̄B and B⊂̄A∪̄B.
(5) A∩̄B⊂̄A and A∩̄B⊂̄B.
(6) (A∪̄B)∪̄C = A∪̄(B∪̄C) and (A∩̄B)∩̄C = A∩̄(B∩̄C).

(7) (A∪̄B)∩̄A = A and (A∩̄B)∪̄A = A.
(8) (A∪̄B)∩̄C = (A∩̄C)∪̄(B∩̄C) and (A∩̄B)∪̄C = (A∪̄C)∩̄(B∪̄C).

(9) (A∪̄B)c = Ac∩̄Bc and (A∩̄B)c = Ac∪̄Bc.
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Proof.

(1)–(6) are obvious.

(7) For x ∈U , denoted A(x) = {a1,a2, · · · ,al} and B(x) = {b1,b2, · · · ,bl}. Since (ai ∨bi)∧ai = ai for 1 6 i 6 l, then
((A∪̄B)∩̄A)(x) = A(x). Since (ai ∧bi)∨ai = ai for 1 6 i 6 l, then ((A∩̄B)∪̄A)(x) = A(x).

(8) For x ∈U , denoted A(x) = {a1,a2, · · · ,al}, B(x) = {b1,b2, · · · ,bl} and C(x) = {c1,c2, · · · ,cl}. Since (ai ∨bi)∧
ci = (ai ∧ ci)∨ (bi ∧ ci) for 1 6 i 6 l, then ((A∪̄B)∩̄C)(x) = ((A∩̄C)∪̄(B∩̄C))(x). Furthermore, since (ai ∧ bi)∨ ci =

(ai ∨ ci)∧ (bi ∨ ci) for 1 6 i 6 l, then ((A∩̄B)∪̄C)(x) = ((A∪̄C)∩̄(B∪̄C))(x).
(9) For x ∈U , denoted A(x) = {a1,a2, · · · ,al} and B(x) = {b1,b2, · · · ,bl}. Since 1− (ai ∨bi) = (1−ai)∧ (1−bi)

for 1 6 i 6 l, then ((A∪̄B)c)(x) = (Ac∩̄Bc)(x). Since 1− (ai ∧bi) = (1−ai)∨ (1−bi) for 1 6 i 6 l, then ((A∩̄B)c)(x) =
(Ac∪̄Bc)(x).

Proposition 2 For A,B,C,D ∈ HF(U), the following statements hold.

(1) If A⊂̄B, then A∪̄B = B and A∩̄B = A.
(2) If A⊂̄B, then A∪̄C⊂̄B∪̄C and A∩̄C⊂̄B∩̄C.
(3) If A⊂̄B and C⊂̄D, then A∪̄C⊂̄B∪̄D and A∩̄C⊂̄B∩̄D.

(4) If A⊂̄C and B⊂̄C, then A∪̄B⊂̄C.
(5) If C⊂̄A and C⊂̄B, then C⊂̄A∩̄B.

Proof.

(1) is obvious.

For a random x ∈ U , denoted A(x) = {a1,a2, · · · ,al}, B(x) = {b1,b2, · · · ,bl}, C(x) = {c1,c2, · · · ,cl} and D(x) =
{d1,d2, · · · ,dl}.

(2) Since A⊂̄B, then ai 6 bi for 1 6 i 6 l, then ai ∨ ci 6 bi ∨ ci for 1 6 i 6 l, i.e., (A∪̄C)(x)⊂̄(B∪̄C)(x). On the other
hand, ai ∧ ci 6 bi ∧ ci for 1 6 i 6 l, i.e., (A∩̄C)(x)⊂̄(B∩̄C)(x).

(3) Since A⊂̄B and C⊂̄D, then ai 6 bi and ci 6 di for 1 6 i 6 l, then ai ∨ ci 6 bi ∨ di for 1 6 i 6 l, i.e.,
(A∪̄C)(x)⊂̄(B∪̄D)(x). On the other hand, ai ∧ ci 6 bi ∧di for 1 6 i 6 l, then (A∩̄C)(x)⊂̄(B∩̄D)(x).

(4) Since A⊂̄C and B⊂̄C, then ai 6 ci and bi 6 ci for 1 6 i 6 l, then ai ∨bi 6 ci for 1 6 i 6 l, i.e., (A∪̄B)(x)⊂̄C(x).
(5) Since C⊂̄A and C⊂̄B, then ci 6 ai and ci 6 bi for 1 6 i 6 l, then ci 6 ai ∧bi for 1 6 i 6 l, i.e., C(x)⊂̄(A∩̄B)(x).

The symbols used for propositions in sections 4 and 5 are those from the cited references.

4. Hesitant fuzzy approximation spaces

This section discusses several propositions related to hesitant fuzzy approximation spaces, which exhibit inadequacies

under the original intersection and union operations. When the new intersection and union operations proposed in this

study are used to replace the original ones, these previous propositions with inadequacies become valid, thereby preventing

the spread of misunderstandings within the theoretical framework of hesitant fuzzy approximation space.

4.1 Lower and upper approximations based on original operators of union and intersection

The references [43–45] present the propositions R(A∩B) = R(A)∩R(B) and R(A∪B) = R(A)∪R(B). Our views on
these propositions differ, as illustrated in Examples 6 and 7. By substituting the original intersection and union operators

with the new intersection and union operators proposed in this study, all of these propositions are valid, as shown in

Proposition 3.

Example 6 Let U = {x1,x2}, A = {0.3,0.6}
x1

+ {0.3,0.5}
x2

and B = {0.4,0.7}
x1

+ {0.55,0.6}
x2

. R(U,U) is shown as follows,

R(U,U) =

[
{1} {0.3,0.4,0.7}

{0.3,0.4,0.7} {1}

]
.
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A∩B = {0.3,0.4,0.6}
x1

+ {0.3,0.5}
x2

.

R(A∩B)(x1) =
⋂

y∈U
[Rc(x1,y)∪ (A∩B)(y)] = [{0}∪{0.3,0.4,0.6}]∩ [{0.3,0.6,0.7}∪{0.3,0.5}] = {0.3,0.4,0.6}∩

{0.3,0.3,0.5,0.6,0.7}= {0.3,0.3,0.3,0.4,0.5,0.6,0.6}.
R(A)(x1) =

⋂
y∈U

[Rc(x1,y)∪A(y)] = [{0}∪{0.3,0.6}]∩ [{0.3,0.6,0.7}∪{0.3,0.5}] = {0.3,0.6}∩{0.3,0.3,0.5,0.6,

0.7}= {0.3,0.3,0.3,0.5,0.6,0.6}.
R(B)(x1)=

⋂
y∈U

[Rc(x1,y)∪B(y)] = [{0}∪{0.4,0.7}]∩ [{0.3,0.6,0.7}∪{0.55,0.6}] = {0.4,0.7}∩{0.55,0.6,0.6,0.7

}= {0.4,0.55,0.6,0.6,0.7,0.7}.
(R(A) ∩ R(B))(x1) = {0.3,0.3,0.3,0.5,0.6,0.6} ∩ {0.4,0.55,0.6,0.6,0.7,0.7} = {0.3,0.3,0.3,0.4,0.5,0.55,0.6,

0.6,0.6,0.6}.
0.55 ∈ (R(A)∩R(B))(x1) and 0.55 6∈ R(A∩B)(x1), then (R(A)∩R(B))(x1) 6= R(A∩B)(x1). Hence, R(A)∩R(B) 6=

R(A∩B).
Example 7 Let U = {x1,x2}, A = {0.3,0.6}

x1
+ {0.3,0.45}

x2
and B = {0.4,0.7}

x1
+ {0.5,0.6}

x2
. R(U,U) is shown as follows,

R(U,U) =

[
{1} {0.3,0.4,0.7}

{0.3,0.4,0.7} {1}

]
.

A∪B = {0.4,0.6,0.7}
x1

+ {0.5,0.6}
x2

.

R(A∪B)(x1) =
⋃

y∈U
[R(x1,y)∩ (A∪B)(y)] = [{1}∩{0.4,0.6,0.7}]∪ [{0.3,0.4,0.7}∩{0.5,0.6}] = {0.4,0.6,0.7}∪

{0.3,0.4,0.5,0.6}= {0.4,0.4,0.5,0.6,0.6,0.7}.
R(A)(x1)=

⋃
y∈U

[R(x1,y)∩A(y)]= [{1}∩{0.3,0.6}]∪[{0.3,0.4,0.7}∩{0.3,0.45}] = {0.3,0.6}∪{0.3,0.3,0.4,0.45}

= {0.3,0.3,0.3,0.4,0.45,0.6}.
R(B)(x1)=

⋃
y∈U

[R(x1,y)∩B(y)]= [{1}∩{0.4,0.7}]∪[{0.3,0.4,0.7}∩{0.5,0.6}] = {0.4,0.7}∪{0.3,0.4,0.5,0.6}=

{0.4,0.4,0.5,0.6,0.7}.
(R(A)∪R(B))(x1) = {0.3,0.3,0.3,0.4,0.45,0.6}∪{0.4,0.4,0.5,0.6,0.7}= {0.4,0.4,0.4,0.45,0.5,0.6,0.6,0.7}.
0.45 ∈ (R(A)∪R(B))(x1) and 0.45 6∈ R(A∪B)(x1), then (R(A)∪R(B))(x1) 6= R(A∪B)(x1). Hence, R(A)∪R(B) 6=

R(A∪B).

4.2 Lower and upper approximations based on new operators of union and intersection

Definition 12 Let U be a nonempty and finite universe of discourse. A hesitant fuzzy relation R : (x,y)→ R(x,y) on
U is a mapping that transforms the binary relation of (x,y) into a hesitant fuzzy element, where R(x,y) is a hesitant fuzzy
element for x,y ∈U .

Definition 13 LetU be a nonempty and finite universe of discourse and R be a hesitant fuzzy relation. For A∈HF(U),

the lower and upper approximations of A, denoted by R(A) and R(A) respectively, defined as R(A) = {R(A)(x)
x : x ∈U} and

R(A) = {R(A)(x)
x : x ∈U}, where

{
R(A)(x) = ∩̄y∈U{Rc(x,y)∪̄A(y)},
R(A)(x) = ∪̄y∈U{R(x,y)∩̄A(y)}.

And (U,R) is called a hesitant fuzzy approximation space.
Example 8 Let U = {x1,x2,x3} and A = {0.3,0.8}

x1
+ {0.5,0.6}

x2
+ {0.3,0.7}

x3
. R(U,U) is shown as follows,
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R(U,U) =

 {1} {0.3,0.5} {0.4,0.7}
{0.3,0.5} {1} {0.6,0.9}
{0.4,0.7} {0.6,0.9} {1}

 .

R(A)(x1) = {{0,0}∪̄{0.3,0.8}}∩̄{{0.5,0.7}∪̄{0.5,0.6}}∩̄{{0.3,0.6}∪̄{0.3,0.7}} = {0.3,0.8}∩̄{0.5,0.7}∩̄{0.3,
0.7}= {0.3,0.7}

R(A)(x2) = {0.3,0.6} and R(A)(x3) = {0.3,0.6}.
Then, R(A) = {0.3,0.7}

x1
+ {0.3,0.6}

x2
+ {0.3,0.6}

x3
.

R(A)(x1) = {{1,1}∩̄{0.3,0.8}}∪̄{{0.3,0.5}∩̄{0.5,0.6}}∪̄{{0.4,0.7}∩̄{0.3,0.7}} = {0.3,0.8}∪̄{0.3,0.5}∪̄{0.3,
0.7}= {0.3,0.8}

R(A)(x2) = {0.5,0.7} and R(A)(x3) = {0.5,0.7}.
Then, R(A) = {0.3,0.8}

x1
+ {0.5,0.7}

x2
+ {0.5,0.7}

x3
.

Proposition 3 Let (U,R) be a hesitant fuzzy approximation space, A,B ∈ HF(U). The following statements hold,

where H /0(x) = {0} and HU (x) = {1} for all x ∈U .

(1) R(H /0) = H /0 and R(HU ) = HU .

(2) If A⊂̄B, then R(A)⊂̄R(B) and R(A)⊂̄R(B).
(3) R(Ac) = R(A)c and R(A)c = R(Ac).

(4) R(A)∪̄R(B)⊂̄R(A∪̄B).
(5) R(A∩̄B)⊂̄R(A)∩̄R(B).
(6) R(A∩̄B) = R(A)∩̄R(B).
(7) R(A∪̄B) = R(A)∪̄R(B).
(8) If R(x,x) = {1} for all x ∈U , then R(A)⊂̄A⊂̄R(A).
(9) If R(x,x) = {1} for all x ∈U , then R(H /0) = R(H /0) = H /0 and R(HU ) = R(HU ) = HU .

Proof.

(1) It is obvious.

(2) Since A⊂̄B, by (2) of Proposition 2, we have Rc(x,y)∪̄A(y)⊂̄Rc(x,y)∪̄B(y) and R(x,y)∩̄A(y)⊂̄R(x,y)∩̄B(y), then
R(A)⊂̄R(B) and R(A)⊂̄R(B) are obvious.

(3) By (9) of Proposition 1, ∩̄y∈U{Rc(x,y)∪̄Ac(y)}= ∩̄y∈U{[R(x,y)∩̄A(y)]c}= [∪̄y∈U{R(x,y)∩̄A(y)}]c, then R(Ac) =

R(A)c.

R(A)c = R(Ac) can be proved by the similar way above.

(4) A⊂̄A∪̄B and B⊂̄A∪̄B, by the result of (2), we have R(A)⊂̄R(A∪̄B) and R(B)⊂̄R(A∪̄B). By (4) of Proposition 2,
R(A)∪̄R(B)⊂̄R(A∪̄B).

(5) By (5) of Proposition 2, it can be proved by the similar way of (4) above.

(6) By (8) of Proposition 1,R(A∩̄B)(x)= ∩̄y∈U{Rc(x,y)∪̄(A∩̄B)(y)}= ∩̄y∈U{[Rc(x,y)∪̄(A)(y)]∩̄[Rc(x,y)∪̄(B)(y)]}=
[∩̄y∈U{Rc(x,y)∪̄A(y)}]∩̄[∩̄y∈U{Rc(x,y)∪̄B(y)}] = R(A)(x)∩̄R(B)(x).

(7) It can be proved by the similar way of (6).

(8) Since R(x,x) = {1}, then Rc(x,x) = {0}. R(A)(x) = ∩̄y∈U{Rc(x,y)∪̄A(y)}
= [Rc(x,x)∪̄A(x)]∩̄[∩̄y∈U,y6=x{Rc(x,y)∪̄A(y)}] = A(x)∩̄[∩̄y∈U,y 6=x{Rc(x,y)∪̄A(y)}]⊂̄A(x).

A(x) = [{R(x,x)∩̄A(x)]⊂̄[{R(x,x)∩̄A(x)]∪̄[∪̄y∈U,y 6=x{R(x,y)∩̄A(y)}] = R(A)(x).
(9) By the result of (8), R(H /0)⊂̄H /0, then R(H /0) = H /0; HU ⊂̄R(HU ), then HU = R(HU ).

By the result of (1), R(H /0) = R(H /0) = H /0 and R(HU ) = R(HU ) = HU .
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5. Hesitant fuzzy topological spaces

This section randomly selects several propositions concerning hesitant fuzzy topologies, which exhibit inadequacies

under the original intersection and union operations. When the new intersection and union operations proposed in this

study replace the original ones, these previous propositions with inadequacies are rendered valid, thereby preventing the

proliferation of misinterpretations within the theoretical framework of hesitant fuzzy topology. For this purpose, Subsection

5.1 first discusses the empty hesitant fuzzy set and full hesitant fuzzy set, while Subsection 5.2 examines the construction

of hesitant fuzzy topologies under the new intersection and union operations.

5.1 Empty hesitant fuzzy set and full hesitant fuzzy set

Within the current literature on hesitant fuzzy sets, two distinct definitions for the empty hesitant fuzzy set H0 and

the full hesitant fuzzy set H1 in hesitant fuzzy topological spaces are identified: (i) H0(x) = {0} and H1(x) = {1} for all
x ∈U [16, 41]; (ii) H0(x) = /0 and H1(x) = [0,1] for all x ∈U [38–40, 46]. The references [38–40, 46] have cited either

[16] or [41] to derive the definitions of the empty hesitant fuzzy set and the full hesitant fuzzy set. However, the two

definitions in [38–40, 46] differ from those in [16, 41].

First, we review the constructions of classical sets [47] and fuzzy sets [1, 48–52]. Consider the universe of discourse

defined as U = {x1,x2,x3}, wherein two classical sets, such as A = {x1} and B = {x2,x3}, can be represented in the form
of fuzzy sets, specifically A = { 1

x1
, 0

x2
, 0

x3
} and B = { 0

x1
, 1

x2
, 1

x3
}. The representation A = { 1

x1
, 0

x2
, 0

x3
} signifies that the

probability of x1 being a member of set A is 100%, while the probabilities for x2 and x3 in relation to set A are both 0%.

The range of probability values, initially confined to {0,1}, is extended to the interval [0,1], thereby yielding a fuzzy set,
such as F = { 0.3

x1
, 0.8

x2
, 0.5

x3
}. In contrast to fuzzy sets, hesitant fuzzy sets incorporate a characteristic of hesitation, such as

H = { 0.3,0.5
x1

, 0.8,0.9
x2

, 0.5,0.6,0.8
x3

}. When the elements within H(x) converge to identical values, the hesitant fuzzy sets reduce

to traditional fuzzy sets, such as H = { 0,0
x1
, 1,1,1

x2
, 0.8,0.8

x3
}= { 0

x1
, 1

x2
, 0.8

x3
}.

The expression H0(x) = /0 signifies that the probability domain for x being a member of H0 is indeed empty, rendering

any discussion regarding the membership of x in H0 meaningless. H1(x) = [0,1] implies that it is complete ignorance for
x ∈ H1 (all probabilities are possible) [16]. The condition H1(x) = {1} for every x ∈U indicates that the probability of x
belonging to H1 is unequivocally 100% across the entire set U . Conversely, the representation H1(x) = [0,1] denotes that
the probability of x belonging to H1 is characterized by a random value within the interval [0,1]. The definitions provided
in [16, 41] are deemed to be more reasonable compared to the definitions in [38–40, 46].

5.2 Constructing hesitant fuzzy topology

Even for two identical hesitant fuzzy sets, applying original intersection or union operations (Definition 6) to them

can generate a new hesitant fuzzy set. This implies that any hesitant fuzzy topology closed under such original operations

must necessarily contain infinitely many elements, thereby rendering the construction of hesitant fuzzy topologies based

on these operations particularly challenging. However, under the new intersection and union operations (Definition 10)

proposed in this study, two identical hesitant fuzzy sets do not generate a new hesitant fuzzy set. These newly defined

operations thus significantly facilitate the construction of hesitant fuzzy topologies.

Definition 14 Let U be a nonempty set and τ ⊂ HF(U). τ is called a hesitant fuzzy topology if it satisfies the

following axioms:

(1) H0,H1 ∈ τ .

(2) If H,G ∈ τ , then H∩̄G ∈ τ .

(3) If Hα ∈ τ for α ∈ Γ, then ∪̄α∈ΓHα ∈ τ .

Example 9 Let U = {x,y}. Given two hesitant fuzzy sets H1 =
0.2,0.5

x + 0.6,0.7
y and H2 =

0.3,0.5,0.6
x + 0.5,0.8

y , it is easy

to construct a hesitant fuzzy topology τ , shown as follows.

(1) |H1(x)| = 2 6= 3 = |H2(x)| and mean(H1(x)) = 0.35, filling the mean value 0.35 into H1(x) to obtain H1 =
0.2,0.35,0.5

x + 0.6,0.7
y .
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(2) Let H3 = H1∩̄H2 = 0.2∧0.3,0.35∧0.5,0.5∧0.6
x + 0.6∧0.5,0.7∧0.8

y = 0.2,0.35,0.5
x + 0.5,0.7

y . Then, H3 = H1∩̄H2 must be an

element of τ .

(3) Let H4 = H1∪̄H2 = 0.2∨0.3,0.35∨0.5,0.5∨0.6
x + 0.6∨0.5,0.7∨0.8

y = 0.3,0.5,0.6
x + 0.6,0.8

y . Then, H4 = H1∪̄H2 must be an

element of τ .

(4) H0 = 0
x +

0
y and H1 = 1

x +
1
y are two elements of τ .

(5) To verify the conditions (2) and (3) in Definition 14 for {H0,H1,H1,H2,H3,H4}, H∩̄G ∈ τ for all H,G ∈ τ , and

∪̄α∈ΓHα ∈ τ for all Hα ∈ τ and α ∈ Γ, then τ = {H0,H1,H1,H2,H3,H4} can be a hesitant fuzzy topology that includes
the elements H1 and H2.

5.3 Inferences based on intersection operation of hesitant fuzzy sets

Sections 5.3–5.5 discuss several propositions with inadequacies. Subsequently, by replacing the original intersection

and union operations with the newly proposed ones, these propositions become valid.

Case 1 Definition 2 in [38] does not delineate a specific type of inclusion relationship. Consequently, it is difficult

to ascertain whether the proposition satisfies the conditions outlined by the definition. The (HFN3) of Proposition 6 in

[38] states that “if N,M ∈ HFN(xλ ), then N∩̃M ∈ HFN(xλ )”. This proposition is not valid for the inclusion relationship

“⊂m”, shown in Example 10. By substituting the original intersection and union operators with the new intersection and

union operators, the (HFN3) of Proposition 6 in [38] will be valid, as illustrated in Proposition 4.

Example 10 Let U = {x,y}, H1 =
0.2,0.8

x + 0.2,0.5
y , H2 =

0.3,0.7
x + 0.3,0.6

y , xλ = 0.4,0.6
x + 0

y , and H1,H2 ∈ τ .

mean({0.4,0.6})6 mean({0.2,0.8}) and mean({0.4,0.6})6 mean({0.3,0.7}), then xλ ∈ H1 ⊂m H1 ∈ τ and xλ ∈
H2 ⊂m H2 ∈ τ , i.e., H1,H2 ∈ HFN(xλ ).

H1∩̃H2 =
0.2,0.3,0.7

x + 0.2,0.3,0.5
y . Since mean({0.4,0.6}) 66 mean({0.2,0.3,0.7}), then xλ 6∈ H1∩̃H2. For all H ∈ τ , if

H ⊂m H1∩̃H2 (i.e., mean(H(x))6 mean((H1∩̃H2)(x))), then xλ 6∈ H, i.e., H1∩̃H2 6∈ HFN(xλ ).

Proposition 4 If N,M ∈ HFN(xλ ), then N∩̄M ∈ HFN(xλ ).

Proof. If N,M ∈ HFN(xλ ), then there are U,V ∈ τ such that xλ ∈U⊂̄N and xλ ∈V ⊂̄M.

xλ can be denoted as a hesitant fuzzy set H∗, where H∗(x) = λ and H∗(y) = {0} for y ∈U −{x}. Then, H∗⊂̄U and

H∗⊂̄V . By the result of (5) in Proposition 2, H∗⊂̄V and H∗⊂̄U , then H∗⊂̄U∩̄V , i.e., xλ ∈U∩̄V .

By the result of (3) in Proposition 2, if U⊂̄N and V ⊂̄M, then U∩̄V ⊂̄N∩̄M. Then, xλ ∈U∩̄V ⊂̄N∩̄M and U∩̄V ∈ τ .

Therefore, N∩̄M ∈ HFN(xλ ).

Case 2 The proof of Proposition 3.3 in [53] states that if h⊂ intH(h∗) then h∩k ⊂ intH(h∗)∩k. However, the reference
[53] does not specify any particular type of inclusion relationship. The proposition that if A ⊂m B then A∩C ⊂m B∩C is

not valid for the inclusion relationship “⊂m”, shown in Example 11. By substituting the original intersection and union

operators with the new intersection and union operators, the Proposition 3.3 in [53] will be valid, as shown in Proposition 5.

Example 11 Let A(x) = {0.5,0.6}, B(x) = {0.2,0.95} and C(x) = {0.6}.
A(x)⊂m B(x), however, {0.5,0.6,0.6}= A(x)∩C(x) 6⊂m B(x)∩C(x) = {0.2,0.6}.
Proposition 5 Let (X ,τ,L) be a hesitant fuzzy ideal topological space and h,k ∈ HFS(X). If h ∈ IO(X ,τ), then

h∩̄k ∈ IO(X ,τ).

Proof. Since h ∈ IO(X ,τ), then h⊂̄ intH(h∗). By (2) of Proposition 2, h∩̄k⊂̄ intH(h∗)∩k.
k ∈ τ implies k = intH(k). Then, h∩̄k⊂̄ intH(h∗)∩intH(k) = intH(h∗∩̄k). Since A∗∩̄B⊂̄(A∩̄B)∗, then h∗∩̄k⊂̄(h∩̄k)∗,

then intH(h∗∩̄k)⊂̄ intH(h∩̄k)∗.
h∩̄k⊂̄ intH(h∗∩k)⊂̄ intH(h∩̄k)∗, then h∩̄k ∈ IO(X ,τ).

5.4 Inferences based on union operation of hesitant fuzzy sets

Definition 2 in [40] does not delineate a specific type of inclusion relationship. Consequently, it is difficult to ascertain

whether the proposition satisfies the conditions outlined by the definition.

The proof of Theorem 3 in [40] uses a proposition that if ∪̃i∈N intH(clH(hi))⊂ intH(∪̃i∈NclH(hi)) and ∪̃i∈NclH(intH(hi))

⊂ clH(∪̃i∈N intH(hi)) then [∪̃i∈N intH(clH(hi))]∪̃[∪̃i∈NclH(intH(hi))] ⊂ [intH(∪̃i∈NclH(hi))]∪̃[clH(∪̃i∈N intH(hi))]. This
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proposition is not valid for the inclusion relationship “⊂m”, shown in Example 12. The original intersection and union

operators are substituted by the new ones proposed in this study. Theorem 3 in [40] will be valid, as shown in Proposition

6.

Example 12 Let ∪̃i∈N intH(clH(hi))(x) = {0.4,0.5}, intH(∪̃i∈NclH(hi))(x) = {0.1,0.9}, ∪̃i∈NclH(intH(hi))(x) =
{0.1,0.7} and clH(∪̃i∈N intH(hi))(x) = {0.1,0.8}.

∪̃i∈N intH(clH(hi))(x)⊂m intH(∪̃i∈NclH(hi))(x) and ∪̃i∈NclH(intH(hi))(x)⊂m clH(∪̃i∈N intH(hi))(x). However,
[∪̃i∈N intH(clH(hi))]∪̃[∪̃i∈NclH(intH(hi))](x) 6⊂m [intH(∪̃i∈NclH(hi))]∪̃[clH(∪̃i∈N intH(hi))](x).

Proposition 6 If {hi : i ∈ N} is a collection of hesitant fuzzy b-open (resp. hesitant fuzzy α-open, hesitant fuzzy

preopen, hesitant fuzzy semiopen and hesitant fuzzy β -open) sets of a hesitant fuzzy topological space (X ,τ), then ∪̄i∈Nhi

is a hesitant fuzzy b-open (resp. hesitant fuzzy α-open, hesitant fuzzy preopen, hesitant fuzzy semiopen and hesitant fuzzy

β -open) set.

Proof. According to statement (3) of Proposition 2, if A⊂̄B and C⊂̄D, then A∪̄C⊂̄B∪̄D.

Since hi⊂̄ intH(clH(hi))∪̄clH(intH(hi)) for i ∈ N, then

∪̄i∈Nhi⊂̄∪̄i∈N [intH(clH(hi))∪̄clH(intH(hi))]⊂̄[∪̄i∈N intH(clH(hi))]∪̄[∪̄i∈N clH(intH(hi))]

⊂̄[intH(∪̄i∈N clH(hi))]∪̄[clH(∪̄i∈N intH(hi))]⊂̄[intH(clH(∪̄i∈Nhi))]∪̄[clH(intH(∪̄i∈Nhi))].

Then, ∪̄i∈Nhi is hesitant fuzzy b-open.

The proofs of other cases are similar to the proof of the case of hesitant fuzzy b-open.

5.5 Inferences based on distributive law of hesitant fuzzy sets

The proof of Theorem 6 in [40] uses the distributive law of hesitant fuzzy sets. Example 4 shows that hesitant fuzzy

sets do not satisfy the distributive law based on the original intersection and union operators. Theorem 6 in [40] will be

valid after substituting the original intersection and union operators with the new intersection and union operators proposed

in this study, as illustrated in Proposition 7.

Proposition 7 Let (X ,τ) be a hesitant fuzzy topological space, hU ∈ τ and hA ∈ HS(X). If hA is hesitant fuzzy

b-open, then hU ∩̄hA is hesitant fuzzy b-open.

Proof. By the result of (8) in Proposition 1, the hesitant fuzzy sets satisfy the distributive law based on the new

intersection and union operators (∩̄ and ∪̄).
Since hA is a is hesitant fuzzy b-open, then

hU ∩̄hA⊂̄hU ∩̄[intH(clH(hA))∪̄clH(intH(hA))] =[hU ∩̄ intH(clH(hA))]∪̄[hU ∩̄clH(intH(hA))]

=[intH(hU )∩̄ intH(clH(hA))]∪̄[hU ∩̄clH(intH(hA))]

⊂̄[intH(hU ∩̄clH(hA))]∪̄[clH(hU ∩̄ intH(hA))]

⊂̄[intH(clH(hU ∩̄hA))]∪̄[clH(intH(hU ∩̄hA))].

Then, hU ∩̄hA is hesitant fuzzy b-open.
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6. Conclusion

Topology serves as the foundational pillar of contemporary mathematics. Numerous other mathematical theoretical

systems have emerged as extensions of topology. Furthermore, approximation space theory constitutes a significant

foundational knowledge system within the field of computer science.

Although significant advancements have been made in the theoretical frameworks of hesitant fuzzy approximation

space and hesitant fuzzy topology, some propositions within these frameworks reveal inadequacies. The future development

of mathematical knowledge systems is contingent upon prior research outcomes, and any inadequacies in existing

propositions may jeopardize the integrity and reliability of subsequent advancements. In order to protect established

theoretical achievements from being compromised by such imperfections and to ensure the continued robust evolution of

hesitant fuzzy approximation spaces and hesitant fuzzy topology, this study tries to make minor revisions to the operators

of hesitant fuzzy sets. These revisions are designed to ensure that all presently inadequate propositions are rigorously

validated. It is shown that by substituting the original intersection and union operations with the modified ones proposed in

this study, the presently identified propositions with inadequacies can be rigorously validated. As a result, all prior research

findings are preserved, allowing these knowledge systems to continue their development in a stable and sustainable manner.
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