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Abstract: Modern cache-aided networks often involve users accessing multiple shared caches while possessing 
heterogeneous local storage resources. We consider combinatorial multi-access coded caching systems with private 
caches, where each user accesses multiple access caches and maintains a private memory. We study the impact of variable 
private cache sizes on coded multicast opportunities. We identify a structural regime, termed the intersection class, under 
which non-trivial coded caching is feasible, and derive a necessary and sufficient condition for this regime. For systems 
in this class, we characterize an achievable rate-memory trade-off. We further identify a subclass, referred to as the 
uniform-intersection subclass, for which the proposed scheme admits a regular transmission structure, wherein each 
transmission benefits the same number of users. Using an index coding formulation, we establish a converse bound and 
show that the proposed scheme operates close to optimality.

Keywords: coded caching, combinatorial multi-access networks, private caches, intersection class, index coding, rate-
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1. Introduction

The rapid growth of bandwidth-intensive applications has placed significant strain on modern communication networks.

To address this challenge, Maddah-Ali and Niesen (MAN) introduced coded caching in [1], in which the server prefetches

file contents into user caches during off-peak hours and generates coded multicast transmissions during peak hours to

reduce the delivery rate. This system operates in two phases: a placement phase, during which the network load is low,

and caches are populated without knowledge of future demands, and a delivery phase, in which user requests are satisfied

through coded transmissions. The delivery rate is defined as the number of transmitted bits normalized by the file size.

The original coded caching framework considers a set of users connected to a central server via an error-free wireless

broadcast link, where each user is equipped with a dedicated cache. Under uncoded placement, the optimality of this

framework has been established in [2, 3]. Several extensions have since been proposed to capture more general network

architectures and operating assumptions, including decentralized and secretive coded caching for shared caches [4, 5],

online coded caching [6], combinatorial multi-access coded caching (CMACC) networks [7, 8], hierarchical architectures

[9], systems with offline users [10], satellite networks [11], two-dimensional networks [12], nonuniform demands [13],
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demand-private caching [14], location-based systems [15], and heterogeneous user profiles [16], among others. More

recently, the Combinatorial Multi-Access coded caching framework with Private caches (CMAP) was introduced in [17] to

model systems in which users access multiple access caches and are additionally equipped with a private cache.

While [17] considers a fixed private cache size, the impact of variable private cache sizes on coded multicast

opportunities has not been characterized. In practical systems, user devices may have heterogeneous and flexible storage

capabilities, and understanding the role of the memory of the private caches is therefore of fundamental interest.

In this work, we study combinatorial multi-access coded caching systems with private caches and consider multiple

values of the private cache memory subject to structural constraints. We define a class of system parameters, termed the

intersection class, which specifies the admissible private cache memory values. We then derive a necessary and sufficient

condition under which a given system belongs to this class. For systems in the intersection class, we propose a centralized

coded caching scheme and characterize its achievable rate-memory trade-off. We further identify a uniform-intersection

subclass of the intersection class, for which we derive the corresponding membership condition and show that the proposed

scheme admits a regular delivery structure, wherein each transmission benefits an equal number of users; the associated

rate-memory trade-off is also characterized. Finally, based on the placement policy of the proposed scheme, we derive an

index-coding-based converse bound on the optimal worst-case delivery rate and demonstrate near-optimal performance.

Our Contributions: In this work, we introduce a class of system parameters, termed the intersection class, which

specifies the private cache memory values admissible under structural constraints. For systems in this class, we propose a

centralized coded caching scheme and characterize its achievable rate-memory trade-off. We further identify a uniform-

intersection subclass of the intersection class and show that, within this subclass, the proposed scheme is regular, in the

sense that each coded transmission benefits the same number of users; the corresponding rate-memory trade-off is also

characterized. To establish fundamental limits, we derive an index coding-based lower bound on the minimum achievable

delivery rate under the uncoded cache placement policy of the proposed scheme. Finally, we present numerical results

comparing the proposed scheme with the derived lower bound as well as existing bounds reported in [17].

Organization of the paper: Section 2 introduces the system model along with the necessary preliminaries. In Section

3, we present the main results of this work. The proposed delivery scheme is described in Section 4, and Section 5 provides

numerical comparisons with existing bounds from [17] and the lower bound proposed in Section 3.

Notations: The set {1,2, · · · ,N} is denoted as [N], whereas the set {a,a+1, · · · ,b} where b ≥ a,a 6= 1 is denoted by

[a,b], for some a,b ∈ Z+, where Z+ is the set of all non-negative integers. The cardinality of a set A is denoted as |A|.
We use Ai,i∈[n] to denote {A1,A2, · · · ,An}. The binomial coefficient n!

k!(n−k)! is denoted as
(n

k

)
and we assume

(n
k

)
= 0 if

n < 0,k < 0 or n < k. We use the ⊕ symbol to denote the bitwise XOR operation.

2. System model and preliminaries

In this section, we introduce the system model. We then revisit relevant bounds from [17] and results from index

coding that will be used in this work.

2.1 System model

Consider the system model shown in Figure 1. A central server stores a library of N files, W1,W2, · · · ,WN , each of

size B bits. There are Λ caches in the system, referred to as access caches, each with a storage capacity of MaB bits, where

Ma ≤ N. In addition, there are K users, each equipped with a private cache of size Mp ≤ N, that connect to the access
caches through error-free wireless links of infinite capacity. The server communicates with all users through a shared,

error-free broadcast link.

Each user connects to a distinct r-subset of the Λ access caches, where r denotes the access degree. Accordingly, the
users are indexed by subsets of [Λ] of cardinality r. This combinatorial multi-access topology [7, 8], results in K =

(
Λ

r

)
users, where K ≤ N.

We focus on the memory points (Ma,Mp) satisfying 0 < rMa +Mp < N. The resulting system is referred to as the

(Λ,r,Ma,Mp,N)-CMAP coded caching system. The system operates in two phases:
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Figure 1. The (Λ,r,Ma,Mp,N)-CMAP coded caching system

Placement Phase: The server populates both the private and access caches using an uncoded placement strategy. Define

ta = ΛMa
N ∈ Z+ and tp =

KMp
N ∈ Z+. Each file Wn,n ∈ [N] is first divided into subfiles as Wn = {Wn,S : S ⊂ [Λ], |S|= ta},

which are stored in the access caches such that cache i stores the subfiles Wn,S, for all n ∈ [N], if i ∈ S. Next, each subfile
Wn,S is further partitioned into mini-subfiles as Wn,S = {Wn,S,Ti,i∈[tp]

: Ti ⊂ [Λ] \ S, |Ti| = r,∀i ∈ [tp]}. Each mini-subfile

Wn,S,Ti,i∈
[
tp
] is prefetched in the private caches of the users T1,T2, · · · ,Ttp .

The total number of mini-subfiles each file is divided into is referred to as the subpacketization level and is denoted

by F . The contents stored in access cache i ∈ [Λ] and the private cache of user U ⊆ [Λ], |U |= r are denoted by Zi and Zp
U ,

respectively.

Delivery Phase: Each user U ⊆ [Λ], |U |= r requests one file from the server. The collection of all user demands is

represented by the demand vector d = (dU : U ⊆ [Λ], |U |= r), where dU ∈ [N] denotes the index of the file requested by

user U .

We denote WdU ,S,Ti,i∈
[
tp
] as the mini-subfile corresponding to subfile S, which is stored in the private cache of users

T1,T2, · · · ,Ttp and is demanded by user U . Upon receiving the demand vector d, the server constructs coded multicast
transmissions by combining appropriately chosen mini-subfiles so that each transmission is simultaneously useful to

multiple users. Using the transmissions along with the contents of their private and accessed caches, each user decodes

their requested file. The objective is to minimize the number of bits transmitted by the server.

The rate of the scheme is defined as the total number of bits transmitted by the server, normalized by the file size B.
The worst-case rate corresponds to the scenario where all users demand distinct files.

Definition 1 Consider a (Λ,r,Ma,Mp,N)-CMAP coded caching system. A rate-memory triplet (Ma,Mp,R) is said to
be achievable if there exists a coded caching scheme, under any general placement, that achieves rate R at memory point

(Ma,Mp), for sufficiently large file size B, for any demand vector. The optimal worst-case rate for the (Λ,r,Ma,Mp,N)-

CMAP system is defined as

R*Ma,Mp = inf{R : (Ma,Mp,R) is achievable} , (1)

The server seeks to design jointly the placement and delivery policies to achieve R*Ma,Mp
.

2.2 Some bounds discussed in [17]

In this subsection, we summarize some known bounds from [17] that will be used for comparisons in Section 5.

Theorem 1 For a (Λ,r,Ma,Mp,N)-CMAP coded caching system, the optimal worst-case rate under uncoded

placement, denoted by R*UC(Ma,Mp), is bounded as

R*D (rMa +Mp)≤ R*UC(Ma,Mp)≤ R*CMACC(Ma +
Mp
r ),
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where R*D (rMa +Mp) is the rate achieved by MAN scheme [1] with cache size M = rMa +Mp and R*CMACC(Ma +
Mp
r ) is

the rate achieved by MAN scheme for CMACC network [8] with cache size M = Ma +
Mp
r .

Theorem 1 bounds the optimal worst-case rate under uncoded placement for the CMAP system by relating it to the

corresponding optimal rates under uncoded placement of the MAN scheme [1] and the MAN scheme for the CMACC

system [8].

Theorem 2 For a (Λ,r,Ma,Mp,N)-CMAP coded caching system, the worst-case rate is lower bounded as

R*(Ma,Mp)≥ max
s∈{1,2,··· ,K}

(
s− qMa+sMp⌊N

s

⌋
)
,

where q = min{Λ+ r−1,Λ}.
In contrast to Theorem 1, Theorem 2 provides a general lower bound on the optimal worst-case rate for the CMAP

system under arbitrary placement based on a cut-set-based converse argument.

2.3 Index coding

The Index Coding Problem (ICP) with side information [18], [19] involves a single source that has n messages

x1,x2, . . . ,xn, where xi ∈ Fq for all i ∈ [n], and broadcasts to a set of K receivers R1,R2, . . . ,RK . Each receiver Ri : i ∈ [K],

has prior knowledge of a subset {x j : j ∈ Xi}, where Xi ⊆ [n] denotes its side information. Further, receiver Ri requests a

single message x f (i), where f : [K] 7→ [n] and f (i) /∈ Xi.

For an instance I of the ICP, the generalized independence number α(I ) was defined in [20] as follows. For each

receiver Ri, let Yi = [n] \ ({ f (i)}∪Xi) and define J (I ) =
⋃

i∈[K]{{ f (i)}∪Yi : Yi ⊆ Yi}. A subset H ⊆ [n] is called a
generalized independent set if every subset of H belongs to J (I ). The largest such set is referred to as the maximal

generalized independent set, and its cardinality, denoted by α(I ), is called the generalized independence number. It was

shown in [21] that α(I ) provides a lower bound on the number of scalar linear transmissions required to solve the ICPI .

In the coded caching setting, for a given uncoded placement scheme and demand vector, each user can be modeled

as a receiver in an ICP. The desired message corresponds to the subfiles of the requested file, while the side information

consists of the subfiles available in the user’s cache. As a result, the delivery phase of the coded caching problem can be

formulated as an instance of the ICP, and the corresponding generalized independence number provides a lower bound on

the number of scalar linear transmissions required to satisfy all user demands [21].

3. Main results

In this section, we define the intersection class for the CMAP coded caching model and characterize the system

parameters for which a (Λ,r,Ma,Mp,N)-CMAP coded caching system belongs to the intersection class. For systems in

the intersection class, we establish the achievable rate-memory trade-off of the proposed scheme. We further define the

uniform-intersection subclass and derive the conditions under which a system belongs to this subclass. For systems in the

uniform-intersection subclass, we show that the proposed scheme is regular, in the sense that each coded transmission

serves the same number of users, and characterize the corresponding rate-memory trade-off. Finally, we derive an index

coding-based lower bound on the optimal worst-case delivery rate under the uncoded placement strategy of the proposed

scheme.

Definition 2 A (Λ,r,Ma,Mp,N)-CMAP coded caching system is said to belong to the intersection class if, for every

mini-subfile, the index set of the requesting user has a non-empty intersection with the intersection of the corresponding

private-cache index sets. More precisely, for any mini-subfile WdU ,S,Ti,i∈[tp]
, the system belongs to the intersection class if

the intersection set I =U ∩
⋂tp

i=1 Ti 6= /0, where tp =
KMp

N .
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Intuitively, the intersection condition requires that, for every mini-subfile, there exists at least one access cache that

is simultaneously connected to the requesting user and to all users that have prefetched that mini-subfile in their private

caches. This imposes a combinatorial constraint on the system parameters Λ,r,Ma,Mp, and N, since they determine how

the index sets U and Ti, i ∈ [tp] overlap. The following claim characterizes when this condition is satisfied.

Claim 1 A (Λ,r,Ma,Mp,N)-CMAP coded caching system belongs to the intersection class if and only if

Λ < ta + r+ r
tp
,

where ta = ΛMa
N and tp =

KMp
N .

Proof. We prove this claim in two steps. First, we prove that for Λ < ta + r+ r
tp
, there exists no mini-subfile such

that the intersection set I = /0. This is proven via contradiction. Following this, we show that for any Λ ≥ ta + r+ r
tp
,

mini-subfiles with I = /0 will always exist. We now proceed with the first part of the proof.

1) Proof by Contradiction: Assume that for Λ < ta + r+ r
tp
, there exists a user-index set U and mini-subfile-index

sets Ti,i∈[tp] such that their intersection is empty, i.e., the intersection set I = {
⋂tp

i=1 Ti}∩U = /0. Each set U and Ti,i∈[tp] has

cardinality r and is a subset of [Λ]\S, where S ⊂ [Λ] and |S|= ta.
For each integer j ∈ [Λ]\S appearing in these sets, let i j denote its number of occurrences across the (tp +1) sets, U

and Ti,i∈[tp]. It follows that i j ≤ tp because if i j = tp +1, then I 6= /0, contradicting our assumption. Given that j ∈ [Λ]\S,
we have

∑
j∈[Λ]\S

i j ≤ (Λ− ta)tp.

But from the claim, we have (Λ− ta)tp < (tp +1)r, leading to

∑
j∈[Λ]\S

i j < (tp +1)r.

This is a contradiction as each set has cardinality r, so the sum of occurrences of all the integers ∑ j∈[Λ]\S i j = (tp +1)r.
Hence, for Λ < ta + r+ r

tp
, there exists no mini-subfile such that the intersection set I = /0.

We now present the second part of the proof.

2) Counter-example for Λ ≥ ta + r+ r
tp
: Having established that I 6= /0 for Λ < ta + r+ r

tp
, we now demonstrate that

for any Λ ≥ ta + r+ r
tp
, there always exist mini-subfiles such that I = /0.

Consider Λ = ta + r+ r
tp
. Since Λ, ta and r are integers, it follows that tp divides r.

Partition the set [Λ]\S into (tp +1) subsets Pi,i∈[tp+1] of cardinality
Λ−ta
tp+1 = r

tp
. For each Pi, define Qi = [Λ]\{S∪Pi}.

Note that |Qi|= Λ− ta − Λ−ta
tp+1 =

(Λ−ta)tp
tp+1 = r. Since the sets Qi,i∈[tp+1] are sets of cardinality r, they serve as placeholders

for the user-index set U and the mini-subfile-index sets Ti,i∈[tp].

Consider an element e ∈ [Λ]\S. Since the sets Pi,i∈[tp+1] partition the set [Λ]\S, we know that e belongs in one Pi,

that is, e ∈ Pi for some i, say i*. Thus, we have e ∈ {Qi : ∀i ∈ [tp +1]\{i*}}. Hence, there exists Qi* such that e 6∈ Qi* .

Therefore, we have
⋂tp+1

i=1 Qi = /0.
Thus, there will always exist a mini-subfile WdU ,S,Ti,i∈[tp]

such that I = {
⋂tp

i=1 Ti}∩U = /0.

The condition Λ < r+ ta + r
tp
ensures that the available access cache indices are sufficiently crowded so that the

requesting user and the users storing a given mini-subfile must share at least one common cache. When the total number of

available cache indices Λ is small relative to the parameters r, ta, and tp, it becomes impossible to assign disjoint index sets
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without forcing an overlap. In the absence of such an overlap, the proposed coded transmissions cannot be formed, and the

delivery reduces to essentially uncoded transmissions.

Theorem 3 For a (Λ,r,Ma,Mp,N)-CMAP coded caching system such that Λ < ta + r+ r
tp
, a worst-case rate

R =
r−1

∑
i=1

(Λ−ta
i )∑

r−i−1
j=0 (−1) j(Λ−ta−i

j )((
Λ−ta−i− j

r−i− j )
tp+1

)

((
Λ−ta

r )
tp

)(ta+i
ta )

, (2)

is achievable for the subpacketization F =
(

Λ

ta

)((Λ−ta
r )

tp

)
, where ta = ΛMa

N ∈ [0,Λ] and tp =
KMp

N ∈ [0,K].

Proof. Section 4.1 presents the coded caching scheme that achieves the rate stated in Theorem 3.

The achievable rate in the above theorem is obtained by counting the number of demanded mini-subfiles and the

number of users simultaneously served by each coded transmission under the proposed placement policy.

Remark 1 For Mp = N
K , the above expression reduces to the corresponding rate in [17], thereby recovering the

previously studied setting. Moreover, within the intersection class, increasing Mp enlarges the effective multicasting gain

through additional private-cache side information.

Remark 2 Note that while the rate in Theorem 3 is defined for ta, tp ∈ Z+, the lower convex envelope of the points

in Theorem 3 is achievable via memory sharing.

We now define the uniform-intersection subclass.

Definition 3 A (Λ,r,Ma,Mp,N)-CMAP coded caching system belongs to the uniform-intersection subclass if the

cardinality of the intersection set I is constant across all mini-subfiles.
Note that the uniform-intersection property requires that each mini-subfile be associated with the same number of

common access caches across all users. This imposes additional symmetry constraints on the placement structure, which

translate into specific combinatorial conditions on the system parameters. The following claim characterizes when these

conditions are satisfied.

Claim 2 A (Λ,r,Ma,Mp,N)-CMAPcoded caching system belongs to the uniform-intersection subclass if the following

two conditions hold:

1)
(r

i

)((Λ−ta−i
r−i )−1

tp

)
=
((Λ−ta

r )−1
tp

)
,

2)
(

Λ−ta−i−1
r−i−1

)
< tp +1 ≤

(
Λ−ta−i

r−i

)
, where |I|= i, i ∈ [1,r−1], ta = ΛMa

N ∈ [0,Λ], and tp =
KMp

N ∈ [0,K].

Proof. The proof of Claim 2 is provided in Section 4.2. The proof is based on a combinatorial counting argument.

For each integer k, we first characterize the number of demanded mini-subfiles whose intersection sets have cardinality at
least k, and then use an inclusion-exclusion argument to determine the number of mini-subfiles whose intersection sets
have cardinality exactly k. Since, in the uniform-intersection subclass, all mini-subfiles have the same intersection size |I|,
it follows that the number of mini-subfiles with larger intersection cardinality must be zero. This observation yields the

second condition. Next, we compute the total number of demanded mini-subfiles in two different ways: first, by summing

the contributions corresponding to intersection size |I|, and second, by direct combinatorial enumeration based on the
placement policy. Equating these two expressions and simplifying using standard binomial identities leads to the first

condition. Combining the two parts establishes the claim.

Corollary 1 For a (Λ,r,Ma,Mp,N)-CMAP coded caching system satisfying the conditions in Claim 2, the worst-case

rate

R =
(Λ−ta

r )−tp

(tp+1)(ta+i
ta )

,

is achievable, with a subpacketization level F =
(

Λ

ta

)((Λ−ta
r )

tp

)
, where ta = ΛMa

N ∈ [0,Λ] and tp =
KMp

N ∈ [0,K].
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Proof. Under the conditions in Claim 2, all demanded mini-subfiles have the same intersection cardinality |I|= i. As
a result, each coded transmission serves the same number of users.

The number of transmissions is obtained by dividing the total number of demanded mini-subfiles by the number of

users served by each coded transmission. Normalizing this quantity by the subpacketization gives the achievable rate.

Substituting these expressions and simplifying using binomial identities yields the stated rate expression. The detailed

derivation is provided in Section 4.2.

Theorem 4 (Alpha Bound) For a (Λ,r,Ma,Mp,N)-CMAP coded caching system and the placement policy described

in Section 4.1, the optimal worst-case rate under uncoded placement is lower bounded as

R*UC(Ma,Mp)≥
∑

Λ−ta−r+1
i=1

(
Λ−r−i+1

ta

)((Λ−ta
r )−i
tp

)
+∑

(Λ−ta
r )

m=Λ−ta−r+2

((Λ−ta
r )−m
tp

)
(

Λ

ta

)((Λ−ta
r )

tp

) , (3)

where ta = ΛMa
N ∈ [0,Λ] and tp =

KMp
N ∈ [0,K].

Proof. The proof is presented in Section 4.3.

This lower bound is obtained by modeling the delivery phase under the proposed placement as an instance of the

index coding problem with side information. The bound reflects the minimum number of transmissions required to satisfy

all users, given the side information induced by the cache content available to the users. While the lower bound presented

in Theorem 4 holds for any (Λ,r,Ma,Mp,N)-CMAP coded caching system, we apply this lower bound as a baseline for

evaluating the performance of the CMAP system considered in this work.

4. Achievability scheme and lower bound

In this section, we describe the placement and delivery scheme that achieves the rate characterized in Theorem 3 and

present the proof of the index-coding based lower bound stated in Theorem 4.

4.1 Achievability scheme

Before presenting the delivery scheme, we introduce two functions, denoted as f lip and swapo, which are used to

construct the coded transmissions.

Definition 4 For the mini-subfile WdU ,S,Ti,i∈[tp]
, the function f lip(WdU ,S,Ti,i∈[tp]

) is defined as f lip(WdU ,S,Ti,i∈[tp]
) =

WdU ,S,Ti,i∈[tp]
⊕
⊕

j∈[tp]WdTj ,S,{U,Ti,i∈[tp]\{ j}}. Further, the f lip of a coded combination of mini-subfiles is defined as the coded

combination of the f lip of the individual mini-subfiles as f lip
(⊕n

i=1 WdUi ,Si,T i
j, j∈[tp]

)
=
⊕n

i=1 f lip(WdUi ,Si,T i
j, j∈[tp]

).

In other words, the f lip function exchanges the user-index set U with each of the mini-subfile-index sets Ti, i ∈ [tp]

and forms the XOR of the resulting tp +1 mini-subfiles.

Definition 5 For the mini-subfile WdU ,S,Ti,i∈[tp]
such that the intersection set I = U ∩

⋂
j∈[tp] Tj 6= /0, we define the

function swapo(WdU ,S,Tj, j∈[tp]
, i) as swapo(WdU ,S,Tj, j∈[tp]

, i) =
⊕

Ũ⊂I,|Ũ |=i,S̃⊂S,|S̃|=i Wd{U∪S̃}\Ũ ,{S∪Ũ}\S̃,{{{Tj∪S̃}\Ũ} j∈[tp]}
, where

i ∈ [min{ta, |I|}].
The function swapo exchanges an i-subset of the intersection set I =U ∩

⋂
j∈[tp] Tj with an i-subset of the subfile-index

set S, and forms the XOR of the resulting mini-subfiles.

These operators are used jointly to generate coded transmissions that simultaneously serve multiple users.

We now present an example that illustrates the proposed scheme and demonstrates the role of the functions defined

above. Following the convention in [17], we write the user-index set U , subfile-index set S, and mini-subfile-index sets
Ti,i∈[tp] without explicit set notation.

Example 1 Consider a CMAP coded caching system in which a central server stores a library of N = 10 files. The

system has Λ = 5 access caches, each with a memory of Ma = 2 files. Users connect to distinct subsets of r = 3 access
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caches, resulting in K =
(

Λ

r

)
= 10 users. Each user is also equipped with a private cache of size Mp = 2 files. The users

are indexed by the subsets of access caches they connect to, namely, 123,124,125,134,135,145,234,235,245, and 345.
For this setting, we have ta = ΛMa

N = 1. Each file is divided into
(

Λ

ta

)
= 5 subfiles, indexed as Wn = {Wn,i : i ∈ [Λ]}.

The contents of access cache i are given by Zi = {Wn,i,∀n ∈ [N]}. For example, Z1 = {Wn,1,∀n ∈ [10]}. Each access cache
stores 10

5 = 2 files, satisfying its memory constraint.

Next, we have tp =
KMp

N = 2 and the server breaks each subfile Wn,S into
((Λ−ta

r )
tp

)
= 6 mini-subfiles as Wn,S =

{Wn,S,Ti∈[tp]
: Ti ⊂ [Λ]\S, |Ti|= r,∀i∈ [tp]}. For example, the subfileWn,1 = {Wn,1,234,235,Wn,1,234,245,Wn,1,234,345,Wn,1,235,245,

Wn,1,235,345,Wn,1,245,345}. The private caches are populated with the mini-subfiles corresponding to the subfiles not available
to the user from the access caches. The contents of the private cache Zp

U are given as Zp
U = {Wn,S,Ti,i∈[tp]

: S ⊆ [Λ]\U,T1 =

U,{Ti ∈{T ′⊆ [Λ]\S, |T ′|= r},∀i∈ [2, tp]},∀n∈ [N]}. For example, Zp
123 = {Wn,4,123,125,Wn,4,123,135,Wn,4,123,235,Wn,5,123,124,

Wn,5,123,134,Wn,5,123,234,∀n ∈ [10]}. Each private cache stores 6×10
6×5 = 2 files, satisfying its memory constraint.

Finally, as ta + r+ r
tp
= 1+3+ 3

2 = 5.5 > Λ = 5, this system falls in the intersection class.

We now explain how the transmissions in the delivery scheme are constructed. For a demand vector d =

(d123,d124,d125,d134,d135,d145,d234,d235,d245,d345), consider a mini-subfile Wd123,4,125,135 demanded by the user 123.
For this mini-subfile, the intersection set I = {123 ∩ 125 ∩ 135} = {1}. The server first applies the function

swapo(Wd123,4,125,135,1) which generates Wd234,1,245,345. Next, the server employs the function f lip(Wd123,4,125,135 ⊕
Wd234,1,245,345), producing the transmissionWd123,4,125,135⊕Wd125,4,123,135⊕Wd135,4,123,125⊕Wd234,1,245,345⊕Wd245,1,234,345⊕
Wd345,1,234,245.

The mini-subfiles Wd234,1,245,345,Wd245,1,234,345, and Wd345,1,234,245 are present with the user 123 via Z1. Further,

the mini-subfiles Wd125,4,123,135 and Wd135,4,123,125 are stored in its private cache. Hence, the user is able to decode the

transmission. A similar argument holds for the other users in the above transmission. The remaining transmissions are

constructed similarly by applying the operators swapo and f lip to the remaining demanded mini-subfiles. In total, the

server generates 10 transmissions. Since the subpacketization level is F = 5×6 = 30, the resulting rate is R = 10
30 = 0.33

Remark 3 In the above example, Claim 2 is satisfied, ensuring that the intersection set of each mini-subfile has

cardinality one. As a result, the proposed scheme has a regular structure in which each transmission benefits the same

number of users.

A total of 60 mini-subfiles are demanded, and by Theorem 4, the server must transmit at least 7 transmissions. In

contrast, any regular scheme would require at least 10 transmissions, since 10 is the smallest integer greater than 7 that

divides 60.

This demonstrates that the scheme in Example 1 is optimal under uncoded placement and regular transmission.

We now give the general description of the placement and delivery phase of the proposed scheme.

Placement Phase: Each file is first divided into
(

Λ

ta

)
non-overlapping subfiles of equal size as Wn = {Wn,S : S ⊆

[Λ], |S| = ta}, where ta = ΛMa
N denotes the access cache replication factor. The contents of access cache i are given by

Zi = {Wn,S : i ∈ S,S ⊆ [Λ], |S|= ta,∀n ∈ [N]} for i ∈ [Λ]. Each access cache stores
N(Λ−1

ta−1)
(Λ

ta)
= Ma files, satisfying its memory

constraint.

We now describe how the private caches are populated. Each subfile is further split into
((Λ−ta

r )
tp

)
mini-subfiles as

Wn,S = {Wn,S,Ti,i∈[tp]
: Ti ⊂ [Λ]\S, |Ti|= r,∀i ∈ [tp]}, where tp =

KMp
N is the private cache memory replication factor.

We denote the mini-subfile of subfile S of the file n as Wn,S,Ti,i∈[tp]
where Ti, i ∈ [tp] are the users possessing the mini-

subfileWn,S,Ti,i∈[tp]
in their private cache. The contents of the private cache of userU are Zp

U = {Wn,S,Ti,i∈[tp]
: S ⊆ [Λ]\U,T1 =

U,{Ti ∈ {T ′ ⊆ [Λ]\S, |T ′|= r},∀i ∈ [2, tp]},∀n ∈ [N]}. The private cache of each user stores
N(Λ−r

ta )(
(Λ−ta

r )−1
tp−1 )

(Λ

ta)(
(Λ−ta

r )
tp

)
= Mp files,

satisfying its memory constraint.

As per the proposed placement policy, there is no overlap between the contents of a user’s private cache and the

contents of the access caches the user connects to. Notably, for tp = 1, this placement specializes to the one discussed in
[17].
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Delivery Phase: For each userU , define the user-demand setDU asDU = {(S,Ti,i∈[tp]) : S⊆ [Λ], |S|= ta,Ti ⊆ [Λ], |Ti|=
r,Ti 6=U,∀i ∈ [tp]}. In other words, the user-demand set DU contains the indices of all the mini-subfiles demanded by user

U .

For every element (S,Ti,i∈[tp]) ∈ DU , the server transmits f lip
(
WdU ,S,Tl,l∈[tp]

⊕
k∈[min{|I|,ta}] swapo

(
WdU ,S,Tl,l∈[tp]

,k
))
,

where I =U ∩
⋂tp

i=1 Ti.

After each transmission, the server removes the corresponding mini-subfile indices from the user-demand sets

of all the involved users. The server continues generating transmissions until all user-demand sets are empty, that is,

DU = /0,∀U ⊂ [Λ], |U |= r.
Decodability: For an element (S,Ti,i∈[tp]) in the user-demand set DU of user U , consider the transmission

f lip
(
WdU ,S,Tl,l∈[tp]

⊕
⊕

k∈[min{|I|,ta}] swapo
(
WdU ,S,Tl,l∈[tp]

,k
))
, where I =U∩

⋂tp
i=1 Ti. This can be rewritten as f lip

(
WdU ,S,Tl,l∈[tp]

)
⊕⊕

k∈[min{|I|,ta}] f lip
(
swapo

(
WdU ,S,Tl,l∈[tp]

,k
))
.

Now consider the mini-subfiles in the second term. Each is obtained by swapping k elements from the sets I ⊆U
and S. Hence, the resulting subfile indices necessarily intersect with U . By the access cache placement policy, user U has

access to all these mini-subfiles.

Next, consider the mini-subfiles in f lip(WdU ,S,Tl,l∈[tp]
). User U has all mini-subfiles except WdU ,S,Tl,l∈[tp]

, since the

remaining terms include U in their mini-subfile-index sets and are therefore stored in the user’s private cache. Hence, user

U can cancel all known mini-subfiles in the transmission and decode its desired mini-subfile.

This decoding process holds for all users involved in the transmission. Since the server continues transmitting until

all user-demand sets are empty, all user demands are satisfied.

Rate Characterization: We first characterize the total number of demanded mini-subfiles WdU ,S,Ti,i∈[tp]
having an

intersection set I =U ∩
⋂

j∈[tp] Tj of cardinality i, where i ∈ [1,r−1].
Consider a specific subfile-index set S of cardinality ta and an intersection set I of cardinality i. The problem of

determining the number of mini-subfiles of a given subfile S having an intersection set I of cardinality |I| = i reduces
to identifying (tp +1) sets A j, j∈[tp+1] of cardinality r such that their intersection satisfies

⋂tp+1
j=1 A j = I. Once these sets

are identified, one set is chosen as the user-index set U and the remaining sets form the mini-subfile-index sets Tj, j∈[tp].

Moving forward, we denote the cardinality of the intersection I as |I|. We now outline the procedure for calculating the

number of collections of such sets.

To obtain the number of collections of (tp +1) sets A j, j∈[tp] of cardinality r whose intersection is exactly equal to
a given set I, we begin by counting the number of such collections where each set contains all elements of I. Out of
the set [Λ], we remove ta elements for the subfile-index set S, and |I| elements are reserved in every set A j to ensure

an intersection set of I. From the remaining elements, we pick r−|I| elements to form candidate sets, from which we

choose (tp +1) sets, yielding
((Λ−ta−|I|

r−|I| )
tp+1

)
such collections. To ensure that the intersection is exactly equal to I, we apply

the Principle of Inclusion-Exclusion (PIE). This method alternately subtracts and adds the number of collections where

the sets contain additional common elements, leading to ∑
r−|I|−1
j=0 (−1) j

(
Λ−ta−|I|

j

)((Λ−ta−|I|− j
r−|I|− j )
tp+1

)
collections of (tp +1) sets

having an intersection set I.
To determine the total number of mini-subfiles corresponding to these (tp +1) sets, we designate one among them as

the user-index set U , and the remaining tp sets form the mini-subfile-index sets Ti,i∈[tp]. Since the selection of a user-index

setU can be made in (tp +1) ways, the number of mini-subfiles of a particular subfile associated with the intersection set I

is (tp +1)∑
r−|I|−1
j=0 (−1) j

(
Λ−ta−|I|

j

)((Λ−ta−|I|− j
r−|I|− j )
tp+1

)
.

Finally, the total number of mini-subfiles corresponding to any subfile of cardinality ta and an intersection set I of

cardinality |I| is
(

Λ

ta

)
(tp+1)

(
Λ−ta
|I|
)

∑
r−|I|−1
j=0 (−1) j

(
Λ−ta−|I|

j

)((Λ−ta−|I|− j
r−|I|− j )
tp+1

)
. Here, the terms

(
Λ

ta

)
and

(
Λ−ta
|I|
)
account for the

(
Λ

ta

)
possible subfiles and

(
Λ−ta
|I|
)
possible subsets of cardinality |I| of the set [Λ]\S.

Having determined the number of mini-subfiles that yield an intersection set of cardinality |I|, we now calculate the

number of such mini-subfiles included in a transmission.
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For an intersection set of cardinality |I|, each transmission is a coded combination of (tp + 1)∑
min{|I|,ta}
l=0

(|I|
l

)(ta
l

)
mini-subfiles. This is because the function swapo exchanges l elements of the intersection set I = {

⋂tp
k=1 Tk}∩U with l

elements of the subfile-index set S, where |S|= ta and l ∈ [min{|I|, ta}]. Further, the function f lip exchanges the user-index

set with one of the mini-subfile-index sets, generating (tp +1)mini-subfiles for each mini-subfile generated by the function
swapo. Using the Vandermonde’s identity, we simplify (tp +1)∑

min{|I|,ta}
l=0

(|I|
l

)(ta
l

)
to (tp +1)

(ta+|I|
ta

)
. As the cardinality of

the intersection set I can range from 1 to r−1, we have the number of transmissions as ∑
r−1
|I|=1

Number of mini-subfiles having |I|
(tp+1)(ta+|I|

ta )

and the rate then becomes Number of transmissions

(Λ

ta)(
(Λ−ta

r )
tp

)
. Therefore, we have

R =
r−1

∑
|I|=1

(
Λ

ta

)
(tp +1)

(
Λ−ta
|I|
)

∑
r−|I|−1
j=0 (−1) j

(
Λ−ta−|I|

j

)((Λ−ta−|I|− j
r−|I|− j )
tp+1

)
(

Λ

ta

)((Λ−ta
r )

tp

)
(tp +1)

(ta+|I|
ta

) ,

which simplifies to

R =
r−1

∑
|I|=1

(
Λ−ta
|I|
)

∑
r−|I|−1
j=0 (−1) j

(
Λ−ta−|I|

j

)((Λ−ta−|I|− j
r−|I|− j )
tp+1

)
((Λ−ta

r )
tp

)(ta+|I|
ta

) . (4)

4.2 Uniform-intersection subclass

In this subsection, we prove Claim 2, which provides sufficient conditions under which a CMAP coded caching

system belongs to the uniform-intersection subclass. We then characterize the corresponding achievable rate as stated in

Corollary 1. Consider the following proof of Claim 2.

Proof. We begin the proof by defining Nk and Ck. Let Nk =
(

Λ

ta

)(
Λ−ta

k

)
(tp + 1)

((Λ−ta−k
r−k )

tp+1

)
denote the number of

demanded mini-subfiles having an intersection set of cardinality atleast k. Further, let

Ck =

(
Λ

ta

)
(tp +1)

(
Λ− ta

k

) r−k−1

∑
j=0

(−1) j
(

Λ− ta − k
j

)((Λ−ta−k− j
r−k− j

)
tp +1

)

denote the number of demanded mini-subfiles having an intersection set of cardinality exactly k. Observe that Ck can be

written as:

Ck =
r−k−1

∑
j=0

(−1) j
(

Λ− ta − k
j

)
Nk+ j.

Since in the uniform-intersection subclass, all mini-subfiles have an intersection set of cardinality |I|, it follows that
Nk = 0,k > |I|. Therefore, we have

C|I| = N|I|+
r−k−1

∑
j=1

(−1) j
(

Λ− ta − k
j

)
N|I|+ j
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=

(
Λ

ta

)
(tp +1)

(
Λ− ta
|I|

)((Λ−ta−|I|
r−|I|

)
tp +1

)
. (5)

Since N|I| 6= 0, it follows that tp+1 ≤
(

Λ−ta−|I|
r−|I|

)
. However, as Nk = 0,k ∈ [|I|+1,r−1], we have tp+1 >

(
Λ−ta−|I|−1

r−|I|−1

)
,

yielding the second condition. Further, as every mini-subfile has an intersection set of cardinality |I|, the total number of
demanded mini-subfiles equals C|I|. Thus, we have

C|I| =

(
Λ

r

)(
Λ− r

ta

)((
Λ−ta

r

)
−1

tp

)
. (6)

Equating equations (5) and (6), we have
(

Λ

ta

)(
Λ−ta
|I|
)
(tp + 1)

((Λ−ta−|I|
r−|I| )
tp+1

)
=
(

Λ

r

)(
Λ−r

ta

)((Λ−ta
r )−1
tp

)
. Using the property

that
(n

k

)(n−k
l

)
=
(n

l

)(n−l
k

)
, we get

(
Λ−ta
|I|
)
(tp +1)

((Λ−ta−|I|
r−|I| )
tp+1

)
=
(

Λ−ta
r

)((Λ−ta
r )−1
tp

)
. We obtain

(
Λ−ta
|I|
)(

Λ−ta−|I|
r−|I|

)((Λ−ta−|I|
r−|I| )−1

tp

)
=(

Λ−ta
r

)((Λ−ta
r )−1
tp

)
using the property that

(n+1
k+1

)
= n+1

k+1

(n
k

)
. Finally, we simplify the condition to

(
r
|I|

)((Λ−ta−|I|
r−|I|

)
−1

tp

)
=

((
Λ−ta

r

)
−1

tp

)
,

using the property that
(

Λ−ta
i

)(
Λ−ta−i

r−i

)
=
(r

i

)(
Λ−ta

r

)
.

We now characterize the rate performance of the uniform-intersection subclass as given below.

Proof. Given that the conditions in Claim 2 are satisfied, all the demanded mini-subfiles have an intersection set of

cardinality |I|= i. Thus, the rate becomes

R =
Number of mini-subfiles having |I|= i(

Λ

ta

)((Λ−ta
r )

tp

)
(tp +1)

(ta+i
ta

) =
Number of demanded mini-subfiles(

Λ

ta

)((Λ−ta
r )

tp

)
(tp +1)

(ta+i
ta

) .

Using this, we have,

R =

(
Λ

r

)(
Λ−r

ta

)((Λ−ta
r )−1
tp

)
(

Λ

ta

)((Λ−ta
r )

tp

)
(tp +1)

(ta+i
ta

) =
(

Λ−ta
r

)((Λ−ta
r )−1
tp

)
((Λ−ta

r )
tp

)
(tp +1)

(ta+i
ta

)

=

(
Λ−ta

r

)
(tp +1)

(ta+i
ta

) (1− tp

(Λ−ta
r )

)
=

(
Λ−ta

r

)
− tp

(tp +1)
(ta+i

ta

) , (7)

Remark 4 In the uniform-intersection subclass, the cardinality of the intersection set is constant across all mini-

subfiles. Consequently, the proposed scheme is regular in the sense that each coded transmission serves the same number

of users. The resulting rate is given in Corollary 1, with coding gain g = (tp +1)
(ta+i

ta

)
, where the coding gain denotes the

number of users served per transmission, and i ∈ [1,r−1] is the intersection cardinality.
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As tp increases, the intersection size i tends to decrease. Although the factor (tp +1) grows linearly with tp, the term(ta+i
ta

)
decreases rapidly as i decreases. Hence, the overall coding gain may deteriorate for larger values of tp.

4.3 Alpha bound

In this subsection, we formulate the delivery phase of the scheme described in Subsection 4.1 as an ICP, following

the approach in [21]. Specifically, we identify a set of mini-subfiles requested by users such that no user demanding

a mini-subfile in the set possesses any other mini-subfile in the set as side information; this set forms a generalized

independence set. The cardinality of the largest such set, denoted by α(I ), provides a lower bound on the number of

transmissions required to satisfy all user demands. Dividing this bound by the subpacketization F yields a lower bound on

the optimal worst-case rate, as stated in Theorem 4.

We define Ui as the ith user, i ∈
[(

Λ

r

)]
, and US

l as the lth user, demanding the subfile S, l ∈
[(

Λ−ta
r

)]
, under

lexicographical ordering of the user-index sets.

We construct the set B(d) = B1(d)∪B2(d) whose elements are messages of the ICP I such that the set of indices of

the messages in B(d) forms a generalized independent set, where

B1(d) =
⋃

i∈[1,Λ−r−ta+1]

⋃
L⊂
[
i+1,(Λ−ta

r )
]
,|L|=tp

{WdUi ,S,U
S
l,l∈L

,S ⊂ [r+ i,Λ], |S|= ta},

and

B2(d) =
⋃

m∈
[
Λ−r−ta+2,(Λ−ta

r )
]

⋃
L⊂
[
m+1,(Λ−ta

r )
]
,|L|=tp

{Wd
US′

m
,S′,US′

l,l∈L
},

where S′ = [Λ+1− ta,Λ].
Claim 3 The indices of the set B(d) form a generalized independence set.

Proof. Let the set of indices of B(d) be H(d). Observe that each message in B(d) is wanted by one receiver. Hence,
all subsets of H(d) of cardinality one are present in J (I ). Next, consider a set

C = {W
dUi1

,S j1 ,U
S j1
l,l∈Lk1

, · · · ,W
dUic

,S jc ,U
S jc
l,l∈Lkc

} ⊆ B(d),

where i1 ≤ i2 ≤ ·· · ≤ ic.
Consider the messageW

dUi1
,S j1 ,U

S j1
l,l∈Lk1

. Since the receiver demanding this message does not have any other message in

C as side information by construction of B(d), it follows that the indices of messages in C belong to J (I) and any subset
of H(d) will lie in J (I ). Thus, H(d) forms a generalized independence set.

Since H(d) forms a generalized independence set, it follows that α(I )≥ |H(d)| =⇒ α(I )≥ |B(d)| as |H(d)|=
|B(d)|. Since the elements of B1(d) and B2(d) are disjoint, we have |B(d)|= |B1(d)|+ |B2(d)|. We will now calculate

|B1(d)|.
Observe that a user Ui in the set B1(d) demands

(
Λ−r−i+1

ta

)
subfiles. Further, for each such subfile, user Ui demands((Λ−ta

r )−i
tp

)
mini-subfiles. Therefore, it follows that |B1(d)|= ∑

Λ−ta−r+1
i=1

(
Λ−r−i+1

ta

)((Λ−ta
r )−i
tp

)
. We now compute |B2(d)|.
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Each user US′
m in the set B2(d) demands

((Λ−ta
r )−m
tp

)
mini-subfiles of the subfile S′. Therefore, |B2(d)| =

∑
(Λ−ta

r )
m=Λ−r−ta+2

((Λ−ta
r )−m
tp

)
.

Hence, we conclude that

|B(d)|=
Λ−ta−r+1

∑
i=1

(
Λ− r− i+1

ta

)((
Λ−ta

r

)
− i

tp

)
+

(Λ−ta
r )

∑
m=Λ−r−ta+2

((
Λ−ta

r

)
−m

tp

)
.

Since α(I )≥ |B(d)|, the lower bound on the number of transmissions required to be made by the server in order to
satisfy the demands of the users is as follows

T ≥
Λ−ta−r+1

∑
i=1

(
Λ− r− i+1

ta

)((
Λ−ta

r

)
− i

tp

)
+

(Λ−ta
r )

∑
m=Λ−r−ta+2

((
Λ−ta

r

)
−m

tp

)
.

For the given Λ,r, ta and tp, the subpacketization is fixed at F =
(

Λ

ta

)((Λ−ta
r )

tp

)
. Dividing the lower bound on the number

of transmissions by the subpacketization F =
(

Λ

ta

)((Λ−ta
r )

tp

)
yields the lower bound on the optimal worst-case rate stated in

Theorem 4,

R*UC(Ma,Mp) =
T(

Λ

ta

)((Λ−ta
r )

tp

) ≥ ∑
Λ−ta−r+1
i=1

(
Λ−r−i+1

ta

)((Λ−ta
r )−i
tp

)
+∑

(Λ−ta
r )

m=Λ−r−ta+2

((Λ−ta
r )−m
tp

)
(

Λ

ta

)((Λ−ta
r )

tp

) .

5. Numerical comparisons

This section presents numerical comparisons between the proposed scheme described in Section 4, the bounds

summarized in Section 2.2, and the index coding-based lower bound in Theorem 4.

Uniform-intersection subclass: Figure 2 considers a CMAP system with Λ = 10 access caches, each of size Ma = 4.5,
a library of N = 45 files, and access degree r = 8, resulting in K = 45 users. The private cache size Mp varies from 1 to

7, satisfying the sufficient conditions in Claim 2. In this regime, the cardinality of the intersection set is constant across

all mini-subfiles, and the scheme is regular. As Mp increases, the delivery rate of the proposed scheme decreases and

remains close to the index coding-based lower bound over the entire parameter range. Furthermore, when the total memory

accessible to each user is matched, i.e., the CMACC scheme [8] operates with cache size Ma +
Mp
r , the proposed scheme

achieves lower rates, demonstrating the benefit of exploiting private-cache side information in the CMAP model.

Intersection class: Figure 3 considers a (Λ = 10,r = 7,Ma = 12,N = 120) CMAP system with K =
(10

7

)
= 120 users.

The private cache size Mp ranges from 1 to 3, satisfying the condition in Claim 1 but not the uniform-intersection subclass

conditions. In this non-regular regime, although the transmission structure varies across mini-subfiles, the proposed scheme

continues to achieve rates close to the lower bound and outperforms the CMACC scheme [8] with equivalent accessible

memory.

Overall, the numerical results demonstrate that the proposed scheme maintains near-optimal performance across both

regular (uniform-intersection subclass) and non-regular (general intersection class) settings, highlighting the effectiveness

of structured private-cache placement in combinatorial multi-access coded caching systems.
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Figure 2. Rate vs tp for a (Λ = 10,r = 8,Ma = 4.5,Mp,N = 45)-CMAP coded caching system
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Figure 3. Rate vs tp for a (Λ = 10,r = 7,Ma = 12,Mp,N = 120)-CMAP coded caching system

6. Conclusions

We introduced a constrained regime of the CMAP coded caching system, termed the intersection class, and derived a

necessary and sufficient condition characterizing the system parameters under which this regime arises. For systems in this

class, we proposed a centralized coded caching scheme and established its achievable rate-memory trade-off.

For the uniform-intersection subclass, we showed that the scheme admits a regular transmission structure, leading to a

simplified rate expression and an explicit characterization of the coding gain. We further derived an index coding-based

lower bound under the proposed uncoded placement, providing a benchmark for performance evaluation.

Numerical results demonstrate that the proposed scheme operates close to this lower bound across both uniform

and general intersection regimes, highlighting the effectiveness of structured private-cache placement in combinatorial

multi-access coded caching systems.
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