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Abstract: Content caching at the network edge plays a critical role in reducing server load and improving scalability in
large-scale content delivery networks. We consider a cache-aided multi-access network in which each user is equipped with
a private cache and connects to a distinct subset of access caches. A central server stores the content library and populates
both private and access caches using uncoded placement. For this setting, we establish upper and lower bounds on the
optimal worst-case rate under uncoded placement, leveraging the Maddah-Ali-Niesen (MAN) schemes for dedicated and
combinatorial multi-access caching, and also derive a cut-set lower bound under general placement. We then propose an
extension scheme that integrates the principles of the MAN schemes for dedicated and multi-access caching, generalizing
them to the considered setting, at the cost of high subpacketization complexity. To address this limitation, we introduce
an improved coded caching scheme for a fixed private cache size, which achieves significantly lower subpacketization
while maintaining comparable rates. Under the placement strategy of the improved scheme, we further derive an index-
coding-based lower bound on the rate. Numerical comparisons demonstrate that the improved scheme reduces rate and
subpacketization, with performance approaching theoretical lower bounds as the multi-access connectivity increases. In
addition, we present a general placement policy applicable to arbitrary private cache sizes. Finally, we show that the
proposed scheme is order-optimal in certain regimes and prove its optimality when the number of access caches equals
four.

Keywords: coded caching, multi-access networks, edge caching, cache-aided networks, information-theoretic analysis,
content delivery

1. Introduction

The rapid growth of Internet traffic, driven by video streaming, social media, and other content-centric applications,
has created major challenges for low-latency and bandwidth-efficient delivery in next-generation wireless networks. Edge
caching has emerged as a key approach to alleviate congestion, improve spectral efficiency, and reduce access delays by
storing popular content closer to users. In particular, coded caching, introduced by Maddah-Ali and Niesen (MAN) [1],
exploits coding opportunities across cached content to reduce transmissions during peak demand periods.

Coded caching operates in two phases. In the placement phase, caches are pre-filled with coded [2—4] or uncoded [5, 6]
file segments without knowledge of future requests. In the delivery phase, the server broadcasts coded transmissions
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to simultaneously serve multiple users. The key design goal is to jointly design placement and delivery strategies that
minimize the required number of transmissions. The MAN scheme, proposed for the dedicated caching scenario where
each of the K users has a dedicated cache of size M < N files, is optimal under uncoded placement when N > K [7].

Subsequent works extended coded caching to decentralized placement [8], hierarchical networks [9], secure and
private delivery [10, 11] and mobile edge caching [12], and many more [13—19]. Caching has also been extensively
studied in the context of information-centric wireless networks and infrastructure-supported systems, where content-centric
communication and user mobility play a key role in network performance. Prior works have analyzed the impact of caching
on throughput, delay, and scalability in large-scale wireless networks, including scenarios with inhomogeneous node
distributions and correlated mobility patterns [20, 21]. These studies highlight the importance of caching as a fundamental
architectural component for modern wireless systems and motivate further investigation into caching strategies under diverse
access and network constraints. This work focuses on a centralized coded caching setting, which enables the characterization
of fundamental rate-memory trade-offs under structured combinatorial multi-access constraints, complementing recent
studies on decentralized coded caching [22].

Multi-layer cache networks are particularly relevant in wireless systems, where edge servers, base stations, and access
points can store content to serve users cooperatively. Practical implementations of coded caching in wireless systems
have also been explored, such as the design and evaluation of index-coded content delivery at the WiFi edge in [23],
which demonstrated measurable performance gains in real-world deployments. More recent works, including [24], have
developed new delivery algorithms for decentralized multi-access coded caching systems. These works highlight coded
caching as a fundamental network service for content delivery across heterogeneous and distributed network infrastructures.
Caching is widely recognized as a key enabling technology for next-generation wireless networks, including emerging
6G systems [25], due to its potential to reduce latency and alleviate backhaul congestion. As wireless networks evolve
toward dense and heterogeneous architectures with distributed edge resources, users may access content through multiple
cache-enabled nodes with overlapping coverage. This motivates the study of caching models with structured multi-access
constraints. In this context, coded caching offers a principled framework for exploiting cache memory to reduce delivery
load. Understanding fundamental rate-memory trade-offs under such access structures is therefore of particular relevance.

Existing models usually assume either (i) dedicated user caches [1], (ii) shared caches at network nodes [26, 27], or
(ii1) multi-access caches where users connect to multiple nodes but have no private storage [28-31]. Hybrid models with
one private and one shared cache per user have also been studied [32-34]. However, these models do not capture scenarios
in which users simultaneously rely on local storage while accessing multiple shared cache nodes, a setting common in
wireless edge networks with dense and heterogeneous connectivity. To the best of our knowledge, no prior work considers
a system where each user maintains a private cache while connecting to multiple shared access caches.

Motivated by this gap, we study the Combinatorial Multi-Access with Private caches (CMAP) model. A server with N
files connects to K users and A access caches via an error-free shared link. Each user connects to a distinct r-subset of the
A access caches and also has a private cache. Both caches are populated using uncoded placement, while delivery jointly
exploits both storage levels to minimize transmissions. This two-level structure models practical wireless deployments,
simultaneously improving spectral efficiency, reducing backhaul load, and enabling low-latency delivery in multi-access
edge-assisted networks.

While practical wireless systems involve heterogeneous channel conditions and physical-layer constraints, many
existing caching studies incorporate these aspects through system- and optimization-based formulations tailored to specific
deployment scenarios [35-38]. In contrast, the error-free shared-link abstraction adopted here serves a complementary
purpose: it isolates the impact of cache memory and access structure on coded caching gains, enabling the characterization
of fundamental rate-memory limits under structured multi-access constraints. Such information-theoretic characterizations
provide analytical benchmarks that are independent of physical-layer assumptions and can guide the design and evaluation
of more realistic caching architectures.

1.1 Our contributions

From a network perspective, this work characterizes the fundamental limits and design trade-offs of cache-aided
multi-access networks with both private and shared storage. The main contributions are summarized as follows:
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* We introduce the CMAP network model for cache-aided multi-access networks, generalizing both the dedicated
caching network [1] and the combinatorial multi-access caching network [30].

* We derive upper and lower bounds on the optimal worst-case rate under uncoded placement by leveraging the
schemes in [1] and [30], and present a cut-set lower bound for general placement [39], providing fundamental performance
benchmarks for CMAP networks.

» We propose an extension scheme that generalizes the schemes in [1] and [30] to the CMAP setting for arbitrary private
cache memory values, providing a natural performance benchmark. For a specific private cache size, we design an improved
centralized coded caching scheme based on a novel placement policy, achieving substantially reduced subpacketization
while offering rates comparable to those of the extension scheme. We also derive an index-coding-based lower bound on
the worst-case rate under the placement policy of the improved scheme.

* Numerical results show that the improved scheme achieves lower subpacketization and better rate performance than
the extension scheme, approaching the lower bounds in certain memory regimes.

» We discuss a general placement strategy for arbitrary private cache sizes and establish order-optimality for a certain
class of parameters, and exact optimality for all memory pairs when A = 4.

Organization: Section 2 presents the system model and preliminaries. Main results are given in Section 3, with proofs
in Section 4. Section 5 provides numerical comparisons. Section 6 discusses general placement and optimality results.
Section 7 concludes the paper.

Notation: [N] ={1,--- N}, [a,b] = {a,--- ,b} for a,b € Z". |A] is the cardinality of A, F, denotes the finite field
with g elements, [a] and |a| denote ceiling and floor, (}) is the binomial coefficient (0 if n < k), and & denotes bitwise
XOR.

2. System model

Consider the system model shown in Figure 1. The access caches can be interpreted as distributed edge servers or
access points, while the private cache represents user-side storage. A central server stores N files {Wj,..., Wy}, each of size
B bits, and connects to K users through an error-free broadcast link, where N > K. The system has A access caches, each
with storage capacity M, < N files. Every distinct r-subset of these caches serves one user via error-free, infinite-capacity
wireless links, resulting in K = (’r\) users. Each user is indexed by the access caches they connect to and also has a private
cache of size M,, < N. The memory pair (M,,M,) satisfies rM, + M, < N. The case K = (’r\) corresponds to the full
combinatorial instance. Systems with fewer users can be handled by padding the instance with dummy users, while systems
with more users can be addressed by grouping users with identical access patterns and applying the proposed scheme via
repetition or time-sharing. This model is referred to as the (A,7,M,,M,,N)-CMAP coded caching system. The system
operates in two phases:

Placement phase: The server populates both private and access caches under their memory constraints. Each file
is partitioned into subfiles, which are further divided into mini-subfiles. The private cache of user % stores a subset of
mini-subfiles, while access cache a stores subfiles directly. The contents of access cache a and private cache of user 7 are
denoted by Z, and Zg’}/, respectively. The total content available to user % from its access caches and private cache is
denoted by 27, and the number of mini-subfiles per file defines the subpacketization level.

Delivery phase: Each user % requests one file, forming the demand vector d = (dg : % C [A],|% | =r). Afterd is
revealed, the server broadcasts minimum number of coded transmissions of mini-subfiles (via bitwise XOR) to satisfy all
demands. Each transmission has the size of one mini-subfile. The rate R is defined as the total number of bits transmitted,
normalized by the file size, or equivalently, the number of transmissions normalized by the subpacketization level. The
worst-case rate corresponds to the case where all users request distinct files, resulting in maximum number of transmissions.
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Figure 1. The (A,r,M,,M,,N)-CMAP coded caching system

Definition 1 In the (A,r,M,,M,,N)-CMAP setting, a triplet (M,, M), R) is achievable if there exists a coded caching
scheme attaining rate R for the given memory pair (M,,M,) with sufficiently large file size. The optimal worst-case rate is
defined as

R*(M,,M,,) = inf{R: (My,M,,R) is achievable }.

Here, the worst-case rate denotes the maximum delivery load over all possible user request patterns, providing a
guaranteed performance bound independent of demand statistics. The objective is to design joint placement and delivery
policies such that R* (M,, M) is achieved.

2.1 MAN scheme

The MAN scheme [1] considers a dedicated caching network with K users and a central server storing N files. Each
user connects to a distinct cache of size M < N. The delivery phase begins after demand vector d = (dj,...,dxk) is known,
where d, is the index of the file requested by the k™ user.

Placement Phase: Each file is split into (If) subfiles, W, = {W, 7 : 7 C [K],|.7| =t}, where t = &M € 7+ Cache
k stores Zy ={W, 7 k€ 7 ,|T|=1t,VYn € [N]}.

Delivery Phase: For each subset . C [K],|.”| =t + 1, the server transmits Ty = Dy o Wy, o\ -

Rate: With (If) subfiles per file and one transmission per (7 + 1)-subset, the rate, proven optimal under uncoded

K
placement for N > K [6], is R (M) = (’}').

)
2.2 MAN scheme for Combinatorial Multi-Access Coded Caching (CMACC) network

Consider a combinatorial multi-access setting with N files, A caches, each of memory M < N files, and K = (’:)
users, each accessing a distinct r-subset of the A caches.

Placement Phase: Each file is divided into (%) subfiles, W, = {W,, 7 : 7 C [A],|7| =1}, wheret = A¥ € 7+ Cache
A stores Zy = {W, 7:A€.7,|T|=t,Yne [N}

Delivery Phase: For a demand vectord = (dy : % C [A],|%| = r), the server transmits Ty = @y . || = Wa,, .\ % »
v CIAL || = (t+7).

Rate: The scheme [30], shown optimal under uncoded placement for N > K [31], achieves REKMACC = %3) for

subpacketization level (%).

2.3 Index coding preliminaries

The Index Coding Problem (ICP) with side information [40, 41] involves a source with n messages x1,...,x, € I,
broadcasting to K receivers {R;}X . Receiver R; knows {x; : j € 2;}, where 2; C [n] is the index set of messages
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belonging to the side information of receiver R; and demands x s(;), where f : [K] — [n], and f(i) ¢ Z;. ForanICP ., define
% = [n]\{f(i))UZi} foreachR;and 7 () = Ujcx){{f({) } UY; : ¥; C Z}. Asubset H C [n] is a generalized independent
set in .# if all its subsets belong to ¢ (.#). The maximal such set, referred as maximal generalized independent set, has
size a(.#), called the generalized independence number [42]. It lower bounds the number of scalar linear transmissions
required to solve .# [43]. In coded caching, for a given demand vector, each user acts as a receiver, with demanded
subfiles as messages and cached subfiles as side information. Thus, the delivery phase can be modeled as an ICP and
o) provides a lower bound on the number of transmissions needed to satisfy all demands.

3. Main results

This section develops fundamental bounds and achievable schemes for the CMAP coded caching model under uncoded
placement. We first benchmark the optimal worst-case rate by relating CMAP to classical centralized coded caching
architectures, thereby providing reference performance limits. We then derive a cut-set-based converse bound that applies
to general system parameters. Building on these bounds, we propose a general extension scheme that unifies the MAN
and CMACC frameworks, followed by an improved low-subpacketization scheme for a practically relevant private-cache
regime. Finally, we derive an index-coding-based lower bound that enables a principled comparison between achievable
rates and fundamental limits. Together, these results clarify both the performance potential and inherent limitations of
CMAP systems. From a network design perspective, these results characterize the fundamental trade-offs between cache
memory, rate, and subpacketization in cache-aided multi-access networks. Theorem 1 establishes the upper and lower
bounds on the optimal worst-case rate under uncoded placement for the CMAP network defined in Section 2. Theorem 2
provides a cut-set-based lower bound on the optimal worst-case rate under general placement. Theorem 3 introduces an
achievability scheme that extends the MAN [1] and CMACC [30] schemes to the CMAP setting. Subsequently, Theorem 4
proposes an improved coded caching scheme for the specific case M, = %, achieving substantially lower subpacketization.
Under the placement policy described later in Section 4.2, Theorem 5 establishes a lower bound on the required number of
transmissions, followed by Corollary 1, which provides the corresponding lower bound on the optimal worst-case rate,
under uncoded placement.

Theorem 1 For a (A,r,M,,M,,N)-CMAP coded caching system, the optimal worst-case rate RZ/kC (M4, M) under
uncoded placement is bounded as:

M),
R (rMy+M,) < REE (Mo, M) < Ryacc(Ma+ ),

where, R} (rM, + M),) is the rate achieved by MAN scheme [1] by letting M = rM,, + M), and R®,, , (M, + %) is the
rate achieved by MAN scheme for CMACC network [30] by letting M = M, + @

Proof. Consider a (A,r,M,,M,,N)-CMAP coded caching system. Each user in this system connects to r access
caches, each of which is capable of storing M,, files. In addition to this, the user also has a private cache of storage capacity
M, files. Hence, the total memory accessed by each user is M, 4 M,,. For a fair comparison, the total memory accessed
by each user is kept the same in all the three settings under consideration, namely the CMAP coded caching setting, the
combinatorial multi-access network, and the dedicated caching network. We will calculate the size of the caches in the
combinatorial multi-access network first, followed by the calculation of the size of the cache memories in the dedicated
caching network. In the multi-access coded caching network, each user connects to r caches. If every cache is of size
Mcpace, the total memory accessed by the user will be rMcprace. Since the total memory accessed by a user in the CMAP
setting is rM, + M, we have Mcyacc = My + @ In the dedicated caching network, each user connects to a cache of size
Mp which implies Mp = rM, + M,,. We will now prove the inequality given above.

Let Z* and D* be the placement and delivery policy that results in R;}‘C(MQ,M »). Here, the contents accessible to
each user % can be written as 2%, = {{Uc4/Z;} UZ" }. In a dedicated cache network with K = (/r\) users, each having

24
a cache of size rM,, + M, files, it is possible to follow a placement such that the contents available to user k € [K] is the
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same as {{Ujc Zi} UZ}, } where % is the k™ user, when the user-index sets are arranged lexicographically. Thus, we can
conclude that by following the delivery policy D* in the dedicated caching network, we achieve a rate of Rl",‘c (Mg, Mp).
Hence, we have R} (rM, +M,,) < R} (M4, M),).

Consider a combinatorial multi-access coded caching network with A caches, each of memory M = M, + %
files, achieving the rate R,,-c(M). The contents of a cache i € [A] can be written as Z; = Z,, UZ,,, where |Z,,| =
M,, and, |Z,,| = @. For the CMAP setting, if we populate the i access cache as Z; = Zy,i € [A], and the content of the
private cache of user % as Zg/ = Ujew Zp,, following the delivery policy of [30], we obtain a rate of R’CkM accMy+ @)
Hence, Rfc(Ma, M) < Réyucc(Ma+2). [

Theorem 1 characterizes the bounds on the optimal rate under uncoded placement and places the CMAP coded caching
system between two well-understood centralized caching architectures. The lower bound corresponds to a single-cache
MAN system with effective cache size rM, 4+ M,,, while the upper bound corresponds to a CMACC system with effective
access-cache memory M, + @ These bounds provide clear performance benchmarks and reveal how private cache
memory contributes differently to the achievable caching gain at the two extremes. Next, we derive a general lower bound
that applies to any placement strategy.

Theorem 2 (Cut-Set Bound) For a (A,r,M,,M,,N)-CMAP coded caching system, the worst-case rate is lower
bounded as

R*M,M > max 5 — Matshp ,
( “ p)_se{1,2,~-~,1<}< N

where ¢ = min(A+r— 1,A).

Proof. Fors € {1,2,--- K}, consider the first s users, given that the user-index sets are arranged in a lexicographic
manner. These s users will connect to the first g = min(s+r — 1,A) access caches. For the demand vector where the first s
users request the files Wi, W;, - -+ | W, respectively, and the remaining K — s users demand arbitrary files, let the server
make the transmission 7. The first s users decode the files Wi, W,, - -- . W, using T, along with the cache contents of the
first g access caches and their private caches. Similarly, for the demand vector where the first s users request the files
Wii1,Weypo,- -+, Wag, and the remaining K — s users make arbitrary demands, let the server make the transmission 7. Using
the transmission 73, the contents of the first ¢ access caches and the contents of their respective private caches, the first s
users are able to decode the files Wy, W15 - -+, Wp,. Continuing in this manner, the first s users will be able to decode the

files W w - W using the contents of the first ¢ access caches, the contents of their respective

(2 ]-nerr V(¥ -psser” T 2| USINE 4 P

private caches and the transmission TL N J . The server has transmitted ng R*(M,,M,)B bits, the first s users have access
S

to gM,B + sM, B bits, and, using these transmissions and the cache contents, the first s users have been able to decode

s ng B bits. Therefore, we have,
|| R* (Mo, My)B+qMB+sM,B > s | ¥ | B,

— R*(My,M,) > s— MMy,

[5]

Maximizing over all s € {1,2,--- ,K}, we have,

R*(M4,M,) > max (s— qM”HM"> .
se{l,2,- K}
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The cut-set bound in Theorem 2 establishes a fundamental performance limitation that applies irrespective of the
delivery strategy. It serves as a converse benchmark for the CMAP model and is used to assess the tightness of achievable
schemes developed later in the section.

We now present an achievability scheme extending the delivery strategies of [1] and [30] to the CMAP setting.

Theorem 3 (Extension Scheme) For a (A,r,M,,M,,N)-CMAP coded caching setting, a worst-case rate

() . ()
Rexl - (1 - Y) (exj‘\ ) + 7 (AE)W 9 (1)
tex (357
Lext
oot - Ay (D) C _ _AM, p _ (DM,
is achievable for the subpacketization F,; = (fecxz) + (tg, ), where 1§, = N € 7+ and 12, = Lt € A
Proof. Section 4.1 gives a scheme achieving this rate. O

The extension scheme in Theorem 3 unifies the MAN and CMACC frameworks by jointly exploiting private and
access cache memories. While this scheme illustrates the full range of coded caching gains achievable in CMAP systems, it
incurs high subpacketization, motivating the development of more structured schemes with reduced complexity. Theorem 3
defines the rate for integer values of &, and ¢2,. For general ¢, and t2,, the lower convex envelope of these points
is achievable via memory sharing (Section 4.1). Although this scheme unifies the MAN and CMACC frameworks, it
incurs high subpacketization. To mitigate this, we design an improved scheme for M,, = % with significantly reduced
subpacketization.

Theorem 4 (Improved Scheme) Fora (A,r,M,,M, = (’X) ,IN)-CMAP coded caching setting, a worst-case rate

r

A—r—tq =1\ (A—tqg—r
R = (20 000 o

fa

is achievable for the subpacketization F;,, = (:Z) (A;"’) , Where t, = AAA;I” and 7, € [0,A].

Proof. Section 4.2 gives a scheme achieving this rate. O

Theorem 4 focuses on the practically relevant regime M, = % and presents an improved scheme with significantly
reduced subpacketization. This scheme retains substantial coded caching gains while enabling efficient numerical evaluation
and comparison with lower bounds. For non-integer 7,, the lower convex envelope is achievable via memory sharing
(Section 4.2). We now derive a lower bound on the number of transmissions for the same setting.

Theorem 5 (a-Bound) Fora (A,r,M,,M, = %,N )-CMAP coded caching setting, and the placement policy described
in Section 4.2, the number of transmissions 7 required to satisfy the demands of all the users is lower bounded as

- - - Ata) Atrtg—2) (M)~ Adrtia—1
> A=t (A=r+1\  [(A—r+2 +((,) e g(,) e X G)
r ta+1 ta+2
where 7, = Ax[" and#, € [0,A].
Proof. The proof is provided in Section 4.4. O

Theorems 4 and 5 are both defined for M, = % and general M, = % with #, € [0,A]. The a-bound is derived by
modeling the delivery phase as an ICP, where each mini-subfile is a message and cached content forms side information.
This yields a subpacketization level F;,, determined by (A, r,#,), and the lower bound on 7" implies a corresponding lower
bound on the rate, stated next.
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Corollary 1 Fora (A,r,M,,M, = %,N )-CMAP coded caching system, the optimal worst-case rate R;’f,a M, is lower
bounded as

(A—r+2)(A—r+1) g —ta
gE s Oat) - Tanan | (V) A 2) () ) ©)
oty 2 ) o 0 /

where 1, = AIA\;I“ and#, € [0,A].

Theorem 5 derives an index-coding-based lower bound on the number of transmissions required for the same cache
placement structure as in Theorem 4. Corollary 1 translates this bound into a lower bound on the achievable rate, enabling

a direct comparison with the improved scheme and providing insight into its optimality gap as shown in Section 5.

4. Achievability schemes and lower bound

In this section, we describe the placement and delivery policies of the extension scheme achieving the rate in Theorem 3.
We then present the placement and delivery procedures of the improved scheme achieving the rate in Theorem 4. Finally,
we derive an index-coding-based lower bound on the number of transmissions in the delivery phase, corresponding to
Theorem 5. The results for the improved scheme and the lower bound are derived for the case M), = %

4.1 Achievability scheme 1: extension scheme

In this subsection, we describe a natural extension of existing schemes [1, 30] to the CMAP setting. We begin with a
simple illustrative example, followed by a general description.

Example 1 Considera (A=5,r=2,M,=2,M, =4,N = 10)-CMAP coded caching system. Each file W, is divided
into two parts, W and W7, used to populate the access and private caches, respectively. From [30], the fraction of each

/ r _

file available to the user via the access caches is %~ = ( 1 ) < Y (=) (") (@” n)) = 0.4, yielding M’ = 4. Here,
AM, N ~
N

M’ represents the effective amount of distinct content available to a user through the access caches, after accounting for

overlaps in the cached contents. Hence, we have [W¢| = B =0.5B and |W| = %= = 0.5B, where we denote

M
Y= W
Employing the CMACC placement [30], each file-part W¢ is divided into (té‘ ) 10 subfiles, where ¢$, = ’(\ff“w =2

a __ a a a a a a a a a a a __ a .
as W = {Wn,IZVWn,l3’Wn,l47Wn7157Wn,237Wn,24’Wn,25’Wn,347Wn735’Wn,45}7vn € [N]. Access cache j stores Z{ = {WmT :

M, +M’ M, +M

i€T,T C[A],|T|=2,Yn € [N]}, totalling the equivalent of two full files and satisfying the memory constraint.
For the private caches, the MAN placement [1] is applied to the file-parts W,/. With K = ( ) 10and 2, = KA%" =38,

each W/’ is split into (5 ) = 45 subfiles, as W, = {W)r T C[K],|T| = 8}. Observe that, since the users are ordered
lexicographically, user 12 is the first, user 13 is the second, and so on, up to user 45, who is the tenth. The private caches in
the system are populated according to the placement scheme given in [1]as Z} = {W,/; :i € T,T C [K],|T| =8,¥n € [N]}.
Thus, each private cache stores 180 sub-parts. As each file is first divided into two and then further divided into 45 sub-parts,
180 sub-parts are equivalent to four files, satisfying its memory constraint. We now explain how the demands of the users
are satisfied. For a given demand vector d, the server first makes coded transmissions corresponding to the access-cache
file-parts W?, following the CMACC-based delivery procedure in [30]. These transmissions exploit the contents stored in
the access caches of the system. Next, the server makes coded transmissions corresponding to the private-cache file-parts
W, following the MAN delivery scheme in [1], using the contents stored in the private caches of the users. For a demand
vectord = (dy : % C [A],|%| = 2), the server makes the following transmission for the sub-parts of W Vn € [N] :
D) Wi 34 OWi, 00 O Wi, 3 OWe, 14 O WG, 13O Wii, 1

a a a a a a
2) Wiio,35 D Wity 05 O Wigis 03 @ Wi 1s B Wi 138 Wigis 10
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3) Wit a5 D Wi,y 05 O Wai s 00 @ Wi, 15 S Wigos 15 O Wi 1
D Wi as OWg, 35 OWa g OWE s OWE 1, OWi 13
S) Wi as ©Wa,, 35 DWW 34 OWi, 25 ©Wii 24 O WG, o3
Consider the transmission Wj‘lz.34 &5 Wj‘l}’% &) W[}l“h23 S5) sz3,14 S3) W;’%B@ Wf34,12~ Observe that the user 12 has access

to all the subfiles in the transmission except Wd“1 ,34 8 the remaining subfiles are stored in the access caches it connects to.
Thus, user 12 is able to decode the transmission and obtain its desired subfile. The same decoding logic applies to all other
users involved in the transmission.

Since the server employs the MAN delivery scheme [1] for the private-cache file-parts W, the users are indexed
according to a numerical ordering, rather than by the access-cache subsets they are connected to. Thus, the users are
orderedas: 12— 1,13 —>2,14 —+3,15—4,23 - 5,24 - 6,25 — 7,34 — 8,35 — 9, 45 — A, the demand vector d
can be written as d = (dy,d»,d3,da,ds,ds,d7,ds,dy,dy ). Hence, the following transmissions based on the delivery scheme
proposed in [1] for the sub-parts of W, Vn € [N] as:

14 P P 4 4 14 p P
) D) Wy 23456789 © Wa, 13456780 © Wiy 12456780 D Wy, 12356780 © Wag 12346780 D Wiii 12345780 D Wt 12345680 © W 12345670 P
Wiy 12345678

4 P 14 14 4 P P 14
) 2) Wy, 2356784 ©Wa, 13456784 ©Was 12456784 D Wi, 12356784 D Wiis 12346784 D Wiy 12345784 D Wity 12345684 D Wi 12345674 D
W, 12345678

P P P P P P P p
3) Wy, 23456794 ©Wa, 13456794 ©Was 12456794 D W, 12356794 D Wiis 12346704 D Wiy 12345704 D Wit 12345604 D Wity 12345674 D

P
W, 12345679

P P P P P P P p
) D W, 23456304 DWa, 13456304 DWas 12456804 DWa, 12356804 ©Was 12346804 ©Wag 12345804 © W 12345694 D Wiy 12345684 P
W, 12345689

4 4 P P 4 4 P P
) 5) Wy, 23457804 ©Wa, 13457804 © Wy 12457804 D Wi, 12357804 D Wiis 12347804 D Wit 12345804 D Wit 12345704 P Wiy 12345784 D
W, 12345789

4 4 P P 4 4 4 P
) 6) Wy, 23467804 ©Wa, 13467894 © Wy 12467894 D Wi, 12367894 B Wiii 12347804 © Wity 12346804 D Wit 12346704 B Wity 12346784 D
Wi, 12346789

4 4 P P 4 4 4 P
) TY Wy, 23567894 ©Wa, 13567804 B Wy 12567894 B Wias 12367894 B Wiii 12357804 © Wit 12356804 D Wit 12356704 B Wity 12356784 P
Wi, 12356789

p p 4 4 p p p 4
8) Wd1 ,2456789A ® Wd2,1456789A ® VVd47 12567894 ® Wd5,]246789A ® Wdﬁ, 1245789A ® Wd7, 12456894 ® Wd8,1245679A ® de, 1245678A ®
p
WdA ,12456789

p p 4 4 4 p p 4
9) Wd1 ,3456789A ® Wd3,1456789A @ Wd4,1356789A b Wd5,1346789A ® Wd6,1345789A ® Wd7,1345689A @ Wd8,1345679A @ Wd9,1345678A ®
p
WdA,13456789

p p p p p p p p
10) Wy, 34567804 D Was 24567804 D Wa, 23567804 D Wag 23467804 B Wa 23457804 BWas 23456804 © Wag 23456794 © Wy 23456784 ©
P
W, 23456789
. o p p p p p p
Consider the transmission Wy, 23456789 D Wa, 13456730 © Wiy 12456780 W, 12356789 D Was 12346789 © Wi, 12345780P

p p p p
Wd%123 45639 D st"123 15679 D de,123 45673~ Lhe user 1 (user 12) has access to all the subfiles except the subfile Wdl 23456789-

This follows from the placement policy of the private caches of the users, where user i stores the subfile er i €T inits
private cache. Hence, user 1 is able to decode the transmission and obtain its desired subfile. The same logic holds for all
other users involved.

The server makes five transmissions of % bits and ten transmissions of % bits. Thus, total bits transmitted are
g—g + 190—(? = '33—63, leading to a rate of R,,;, = 0.3611 and a subpacketization of F,,; = 10445 = 55.

We now give the general description of the placement and delivery policy of the extension scheme.

Placement Policy: Each file W, is divided into file-parts, W,/ and W¢, in proportion to the file content available
to the user via its private cache and the access cache it connects to, respectively. From [30], the fraction of each

4 r _
file available to the user via the access caches is X = —1 Y (=1 (r A&a” . Thus, each file is split as
N ( A ) n) \£2%a P
AM, n=1 N
N
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W, = {Wl Wa:|W7y|=1vyB,|Wi| = (1—y)B}, where y = % The file-parts W,y and W populate the private caches
and the access caches using placement policy of [1] and [30], respectively. As user-index sets are arranged lexicographically,
the private cache of user i,i € [K] stores:

Z{):{WZT:ieTaTg[K}7|T|:t£ct7vn€[N]}a (5)

K—-1
D _ . Ce .

where 12, = KN—A/;" Each private cache is populated by %}/NB = M, B bits, satisfying its memory constraint. The
Text

contents of the access cache j € [A] are given as:

Zj={Wir:jeT,T C[AL|T| =15, Vne[N]}, (6)

A-1
C _ . .
, resulting in '(“é )1 (1—79)N = M, files, meeting the memory constraint.

C _ _AM,
where t;,, = N=7)

Text
Delivery Phase: For a given demand vectord = (dy : U C [A],|U| = r), the server employs the MAN delivery strategy
[1] and the CMACC delivery strategy [30] to deliver the requested sub-parts of the file-parts W,/ and W2, respectively.

Hence, the server transmits

YSa = @ W;U,S"\U7Sa C [A}7 |Sa| = r+[gm (7)
ucse,|U|=r

to deliver the requested sub-parts of the file-part W' and

Ysr = W, g - S” € [K],[87| = 1412, (8)

icesp

where i denotes the i user when the user-index sets are arranged lexicographically, to deliver the requested sub-parts of
the file-part W,/.
We now prove the decodability of the extension scheme.

Decodability: For transmissions of type Ys», each user i has all subfiles W;

S P p
5o\ # i, since Z; stores all W, - such

that i € T. Hence, user i can decode Wy, sr\;.
For transmissions of type Ysa, user U can recover all subfiles W} | RNz with U’ # U via its connected access caches,
"

which store all W' satisfying U NT # 0. Thus, every user can decode its desired subfile Wd“U s\u-
Since each transmission is decodable, all the users are able to obtain their desired files.
Performance of the scheme: The server makes (¢, ) transmissions of (%) B bits and (tDtI<+1) transmissions of ( Y )B
exi P

C
fe t (’eé:t ) D,

bits. Thus, the rate is

(") (p)
Rext:(l_y) (exé+ +7v 1(+m (9)

with a subpacketization level of
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A K
Fext:<c>+(D>~ (10)
lext lext

We explain memory sharing for this scheme in Section 4.3.
We now present the improved coded caching scheme, defined for M, = %, which achieves a significantly lower
subpacketization level compared to the extension scheme.

4.2 Achievability scheme 2: improved scheme

Before describing the general placement and delivery policy of the improved scheme, we define three functions- flip,
swap,, and swap,,-which are used in constructing the server transmissions, as detailed in Algorithm 1. We then provide
examples illustrating the operation of these functions.

Definition 2 For a mini-subfile Wy, o 5, the function flip is defined as flip(Wy,, v ') =Wa,, .7 2 @ Wa,, .7 -

Further, we have flip(®!, Wa,, yl///’/) =0, (flip(Wd%ﬁ%%/)).

Example 2 For a mini-subfile Wy,, 3 14, we have flip(Wy, 3.14) = Wa,, 3,14 © Wa,, 3.12.
Definition 3 For a mini-subfile W,,, o 4 such that %/ and %' overlap, i.e., [ = % N%' # 0, the function swap, is

defined as swap, (W, wao1,i) = B 5. > > W
Po( dfy/,/,ffz/u) UL\ =i,/ CS | |=i d{f»]/u.?}\ﬂ;?

Example 3 Consider a mini-subfile Wd123745,126 for which swap(,(Wd123_457126, 1) = Wd234,15,246 ¥ Wd134,25,146 @b
Wiss,14,256 © Wy, s 24.156. Observe that all 1-subsets of the intersection set % N% "={1,2} have been swapped with all
possible 1-subsets of the subfile-index set {4,5}.

For the mini-subfile W,,, & 4 such that there is no-overlap between % and %', we define the function swap,, as

ALVUNS AW I NU "

follows.
Definition 4 For a mini-subfile Wa, o u such that Z N%' = 0, the function swap,,, is defined as swap,, (Wd% U

i) = @oigz/,\ﬂz}“\:;,igy,M:in{ LT\ W'

UOTNU
Example 4 For a mini-subfile Wd123,45,678a we have swapy, (Wd123745,67g, 2) = Wd345,12,678 D Wd245,13,678 D Wd145,237678,
which is obtained by swapping every 2-subset of the user-index set {1,2,3} with the sub-file index set {4,5}.
We now provide the following example which illustrates the main idea behind the improved scheme. From now on,
the user-index set, the subfile-index set, and the mini-subfile-index set will be compactly written without the set notation.
Example 5 Considera (A=5,r=2,M, =2,M, =1,N = 10)-CMAP coded caching system. The server has a library
of N = 10 files and connects to K = 10 users, each equipped with a private cache of size M, = 1 file. There are A =5
access caches, each storing M, = 2 files, and every user accesses a unique subset of » = 2 access caches. For this setup,
t, = % = 1. Each file W, is split into (2) = 5 subfiles as W, = {W,,.1, W2, Wy, 3,W.4,W,, 5}, Vn € [10]. The contents of
the access caches are Z; = {W,,;,Vn € [10]},i € [5], satisfying its memory constraint since each cache stores 12 = 2 files.
Each user can obtain subfiles in its connected access caches and thus lacks (A;t“) = 6 subfiles of every file. These
missing subfiles are further divided into (*') = 6 mini-subfiles as W, » = {W,, & 4 : %' C [A]\ .7, |%'| = r}. For
instance, Wy, 1 = {W, 123, Wi 124, Wi 1 25, Wi 1 34, Wiy 1 35, Wy 1 45}, Tesulting in subpacketization Fyup = 30. The private
cache of user % stores Z, ={W, v 4 .7 C [A|\%,|.”| =t4,¥n € [N]}, holding % = 1 file in total, meeting its capacity.
We now explain how transmissions are constructed. The server makes two types of transmissions: for mini-subfiles
with I # 0 and with / = 0. We first address how the server constructs transmissions for the mini-subfiles with 7 # 0.
For the demand vector d = (dy : % C [A],|%| = r), consider the mini-subfile Wy, 3 14 demanded by user 12. Since
I={12N14} = {1}, the server uses the function swap,(W,,, 3,14, 1) to obtain the mini-subfile Wy,, | 34. Thereafter, the
server uses the function flip(Wy,, 3,14 ® Wa,,,1,34) to generate the transmission Wy, 314 © Wy,; 134 © Wy, 3,12 D Wy, 123
Observe that user 12 has the mini-subfiles Wy, 1 34 and Wy, 1 23 due to access cache 1 and the mini-subfile Wy,, 312 from
its private cache. Hence, user 12 is able to decode the transmission and obtain its desired mini-subfile Wy,, 3 14. The same
holds for all the users in the above transmission.
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‘We now focus here on the case where I = 0.

Consider the mini-subfile Wy, 345 requested by user 12. Since I = {12N45} = 0, the server uses the function
SWaPno(Wa,, 3,45, 1) to obtain Wy, 2 45 ® Wy,, 1 45. Finally, the server performs XOR of Wy, 345 and Wy, 245 ® Wy,, 1 45
to generate the transmission Wy, , 3 45 ® Wy, ; 2,45 ® Wy,; 1 45. Note that the mini-subfiles Wy, 5 45 and Wy, 1 45 are available
to user 12 from the access caches 1 and 2, respectively. Hence, user 12 is able to decode this transmission and obtain its
desired files. Same can be said for the other users in the transmission.

The server makes the following transmissions for 7 # 0:

1) Way,3,14 ©Waps 134 © Wy 123 © Wy, 312

2) Wa15.3,15 D Wiy 1,35 © Wans 123 ® Way53.12

3) Wayp,324 ©Wyy52.34 ©Weyy 2,13 @ Wy, 312

) Wa,325 D Way32,35 D Was 2,13 © Waps 3,12

5) Wayy 4,13 © Wapy 134 B Wayy 104 Wy, 412

6) Wypp.4.15 @ Wy, 145 ©Wyps 124 ©Wy s 412

T) Wap,4.23 ©Wayy 234 D Wz 214 ©Waps 412

8) Wayp,4.25 D Wyyy 2,45 DWays.2,14 D Was 4,12

9) Wa,5,13 D Ways 1,35 D Ways 125 D Wy, 5,12

10) Wy, 5,14 © Waps 1,45 © Wiys 1,05 ® Wy, 5,12

11) Wyis.5.23 ©Wa5.2.35 D Waans 2,15 D Ways 5,12

12) W55 © Wy 52,45 ©Wyys 215 @ Wy, 512

13) Way5.2,14 D Waps 1,24 ©Wapy 1,23 © Wy, 2,13

14) W15 215 © Ways 125 B Waps123 D Wy 52,13

15) Wa,5.4.15 Wy, 1,45 B Wy 1,34 © Wys 4,13

16) Wy, 5,423 ® Wy, 3,24 B Wy, 3,14 © Wy 413

17) Way3.435 © Way, 3,45 ©Wyys 314 ©Wyps 413

18) Wa,5.5,14 D Wass 1,45 © Wyys1,35 © Way, 5,13

19) Wa,5.5,23 © Way5.3.25 B Waps 3,15 © W 513

20) Wy,5.534 D Wy s 345 D Wyys 3,15 © Way, 5,13

21) Wy, 2,15 © Wy 125 @ Weps 124 ©Wys 214

22) Way,.3,15 D Wasy 135 D Ways 134 ©Wyay53,14

23) Wa,,.5,24 D W5 425 © Waps 415 D W,y 5,14

24) Wy, 5,34 D Wy s 435 D Ways 415 D Wy, 5,14

25) Wiy 425 D Wiy 2,45 © W5 234 © Wyps 423

26) Ways 435D Way, 345 D Weys304 © Wyps 423

27) Ways 5,24 D Ways 2,45 D Wyys.2.35 © Wy, 523

28) Wap5.5,34 D Ways 3,45 D Wyys 325 © Wy, 523

29) Wap, 3,25 D Wiz 2,35 © Ways 2,34 D W, 324, and,

30) Wy, 5,34 © Ways 4,35 © Ways 4,05 D Wy, 504
and the following transmissions for / = 0:

1) Wi, 3,45 © Ways.2.45 B Ways 145

2) Wayp.435 ©Way, 2,35 © Wy 135

3) Way, 534 ©Wa5234 ©Waps 134

4) Way3.425 D Way, 325 ® Wayy 105

5) Way3.5,24 ©Way5.324 ©Wass 124

6) Wa,,.523 D Wy 5,423 ©Wyys.123

) Wiy 415 D Way, 315 B Wayy 2,15

8) Ways 5,14 © Waps 3,14 B Wyss 2,14

9) Wap, 5,13 D Waps 4,13 © Wy,5.2,13, and,

10) Wiy 5,12 @ Waps 412 ©Wys 3,12

Computer Networks and Communications 60 | Dhruv Pratap Singh, et al.



As each mini-subfile occurs once across all transmissions and each transmission is decodable by the users in that
transmission, the server satisfies the demands of all the users. As the server makes 40 transmissions, the rate R;,,, = % =
1.33.

Remark 1 When the user-index set %7 and mini-subfile-index set %/’ of mini-subfile Wa,, . 2 overlap, the users
in the transmission share a greater portion of cached content compared to the no-overlap case. This increased overlap
enhances multicasting opportunities, reducing the overall rate of the improved scheme. This effect can be observed in
Example 5, where transmissions with I # @ involve coded combinations of four mini-subfiles, whereas those with I = 0
involve combinations of only three mini-subfiles.

We now give the general description of the placement and delivery phase of the improved scheme.

Placement Phase: First, we describe the placement policy of the access caches. Each file is split into (A

ta
overlapping subfiles of equal size as W, = {W,, 7 : 7 C [A],| 7| =1,}, Vn € [N], where t, = AI\A;[“ is the access cache

) non-

memory replication factor, and the access cache a € [A] stores:

Zo={Wyp7:a€T,7 CIA,|T|=1a,Yn €N} (11)

N(ATh)
()

Now, we describe the placement strategy of the private caches. Each user %/ stores the parts of the subfiles unavailable

Each access cache is populated by = M, files, satisfying the memory constraint.

through its connected access caches. Since every subfile is requested by (A;t“) users, each subfile W, # is further divided
into (*) as W, 7 = (W7, : % C [A]\.,|%| = r}. The private cache of user % stores

Zh, =Woga: T CAN\U,|T|=t,Yn e [N]}. (12)

. N o : . .
Each private cache stores % = % = M), files, satisfying the memory constraint. By construction, there is no

r tq

overlap between the contents of a user’s private cache and those of the access caches it connects to.

Delivery Phase: For a given demand vector d, the server broadcasts the set of transmissions 7 generated by Algorithm
1. We now describe the working of Algorithm 1. The proposed delivery algorithm systematically constructs coded multicast
transmissions by exploiting the combinatorial structure of the CMAP system. For each user %, the algorithm maintains a
demand set &, containing mini-subfiles that are not available through the user’s caches. At each iteration, the algorithm
selects one unsatisfied demand tuple and forms a coded transmission by combining it with other compatible mini-subfiles
using the prescribed swap and flip operations. Each coded transmission simultaneously serves multiple users. Once a
transmission is formed, all mini-subfiles included in it are removed from the corresponding demand sets. This process is
repeated until all demand sets are exhausted, ensuring that every requested mini-subfile is delivered exactly once.

Given d and the placement policy in Section 4.2, Algorithm 1 constructs all transmissions required to satisfy the K
users. For each user %, the algorithm defines a demand set %4 containing indices of all mini-subfiles required by that
user. For instance, in Example 5, the demand sets of users 12,14,23, and 34 as 212 = {(3,14),(3,24),---,(5,34)}, P14 =
{(2,13),--+,(3,12),+-,(5,34)}, Zo3 = {(1,24),--- ,(1,34),--- ,(5,34)}, and D34 = {(1,23),(1,24),---,(5,24)}.

The algorithm selects a user % and an element (., %) from %, corresponding to the mini-subfile Wy, » 4.
It computes the intersection I = % N%'. Depending on whether I is empty or not, the transmission is constructed
as in Line 8 or Line 10, respectively. For example, in Example 5, choosing user 12 and the element (3,14) yields
I = {1}, resulting in the transmission Wy, 3 14 ©Wiy,; 1,34 D Wy,, 3,12 ® Way, 1,23. After each transmission, the corresponding
mini-subfile indices are removed from all relevant demand sets. For example, after the transmission, the demand sets
of users 12, 14,23 and 34 becomes %), = {(3,24),---,(5,34)}, 214 = {(2,13),(2,45)--- ,(3,15),--- ,(5,34)}, D3 =
{(1,24),---,(1,25),(1,35)---,(5,34)}, and Z34 = {(1,24),---,(5,24)}. The algorithm continues until all @, are empty.
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Algorithm 1 Algorithm for generating transmission during delivery phase
Input: d= (doy : % CA,|%|=7), Z =(Zy % C[A,|%|=7).
Output: The set of transmissions 7.
1: Initialize T = 0.
2: For each user %, define the user-demand set Dy = {(, %) : S C A\ U, || =to, %' C[AL,|U'| =1, U #
U, NU =0}.
3. for 2 C[A],|%]|=rdo

4 while 95, #£ 0 do
5 Select an element (7, %) from Dy .
6: For (&, %"), define [ =% NU'.
7: if |7| > 0 then
min(|1],t,)
8: T’ = flip Wa, .o @ I_EBI swap(,(Wd%’yg//,i)) .
9: else
min(rtq)

10: T' =Wy, 0 ® @l swapno(Wa,, .7 a151)-
1 end if .
12: T« TUT.
13: Let Sc = {(%,7,%") : Wa,,, 2 is a mini-subfile in T'}. For each (U, %' € S,, do Dy — Dy \

(S, %"
14: end while
15: end for

Time-Complexity Analysis of Algorithm 1: For a fixed user % , the size of the demand set is |2, | = (At:r) ((’r\) — 1) =
Doy | = ((Afr)z (A)) , as the number of

171 r

o ((A[;r) (’r\)) . Hence, the total number of demand tuples across all users is Y4,

users is K = (’r\) Each demand tuple is processed or removed exactly once. The operations performed in each iteration
consist of three components. First, computing the intersection between the user sets requires O(r) time, since each user is
connected to r access caches. Second, forming a coded multicast transmission involves combining at most min(z,,7) + 1
mini-subfiles using XOR operations, which requires O(min(#,, r)) time. Therefore, the overall time complexity of the

algorithm is O (min(ta, r) (A) : (Afr)) .

r tq

Decodability: Algorithm 1 generates two types of transmissions based on whether I = @ or I # 0. For |I| =0, each

transmission is of the form Wy, & 5/ & EB;:?W“) swappo(Wy,, . a',1). Since swapy, exchanges elements of %/ and .7,

all resulting mini-subfiles have non-empty intersection between their subfile-index and user-index sets. By (11), each
user % has access to all such mini-subfiles from the access caches it connects to. Hence, % can decode its desired
mini-subfile using the XOR of available mini-subfiles. For |I| > 0, each transmission is of the form flip(W,,, & 2 @

@?;i?(ll"[") swap,(Wa,, , ,.,i)). The function swap, exchanges elements of %/ and .7, so all mini-subfiles except Wy, o 7

and Wy, , . 4 are available from access caches. The latter is present in the private cache of % , enabling it to decode
Wa,, . 2~ Since both transmission types are decodable and Algorithm 1 runs until all 7 are empty, all users recover
their requested files.

min(r,)

Performance of Algorithm 1: For |I| = 0, each transmission contains " =0 (;) (";) = (’“;”

by swapping j elements of %/ and .. Hence, each transmission is a coded combination of ("’:”) mini-subfiles. For
|I] =i > 0, each transmission has ZZTZIHIW“) (’;’) (;) = 2(’“?’) mini-subfiles. The factor of 2 accounts for the additional mini-
subfiles generated by the flip function. As there are (%) (* ™) (*~~") mini-subfiles with [/| = 0,and (*) (* ") (1) (*-/")

tq r tq r i r—i
mini-subfiles with |/| = i, and each file is divided into Fyy, = (1) (*,"

) mini-subfiles, obtained

) mini-subfiles, the rate is:
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() R @ 0)
Rimp - ( )(A ta 1g+r + Z 2 A) A ta (tafrr)

i

(13)

A—r—tq =1\ (A—tg—r
-ty e, (14)

fa

i=1

Remark 2 It can be seen that for the case where |I| = 0, the coding gain, defined as the total number of users
benefiting from each transmission, is ("‘ ) and when || = i, the coding gain is 2( ”:ri). Hence, as the access cache memory
replication factor 7, increases, the coding gain for both types of transmissions increases, while as the access degree r
increases, the coding gain of the transmissions of |I| = 0 case increases.

Memory sharing for the improved CMAP coded caching scheme is described in Section 4.3.

Remark 3 Consider a (A,r,M,,M, =0,N)-CMAP coded caching system where users have no private cache memory
and rely solely on the access caches they connect to. This setting is identical to the CMACC network studied in [30].
In this case, each mini-subfile takes the form W,,, & ¢ since M, = 0. The cache contents accessible to user % are
Zy ={Wa,, 70 CIALLS | =ta,% N7 # 0}. The corresponding subpacketization is F,, = (t’:), which equals that
of the MAN scheme for the CMACC network [30]. Since I = % N® = @ for every mini-subfile, all transmissions correspond
to the |/] = 0 case and are of the form W, » o &® EB'"'" (rta) swapno(Wa,, .7 0,i). Each transmission thus combines (')
mini-subfiles. A transmission is generated for every pair (% ,.7) such that % N. = 0, i.e., for each subset of [A] of

size t, + r. Therefore, the achievable rate is R;;,, = (’(‘”)’ ) which matches the rate of the MAN scheme for the CMACC
ta

network [30].

Hence, the improved scheme specializes to the scheme present in [30], when private caches have no memory.

Note that while the CMAP setting is an extension of the settings considered in the MAN scheme [1] and the CMACC
scheme [30], the improved scheme itself is not an extension.

4.3 Memory sharing

We define 7, = AM and 7, = IA\;[ ,
respectively, for this sectlon. We now explain how memory sharing is done.
Case 1: t, ¢ Z" and t, € Z". Since t, ¢ Z", we define M, ; = % and M,» = % Using these, we can express
0—51Ma1—‘r(1 -01) az,f0r0<51 <1.
The file contents being stored in access caches are divided into ; and 1 — &; fractions and placed in the access caches

where M, and M, are used to denote the memory of the access and private cache

using the placement strategies defined for the scheme.
Extension scheme: Each file-part W¢ is split as W% and W1~ of sizes &, (1 — y)B and (1— & )(1—7)B bits. Next,
W% and W0 are divided as W% = {WZ;?]‘ T C[AL|Ty] =[]} and W' 0 = (Wh1=% . 1y  [A]|Ta| = |1}

n T2
respectively. Each access cache is populated using W, Tal ! and W“ 1= using the placement given by (6) for [7,| and |7,],

A-1 A-1
respectively. Hence, each access cache stores N ( ("’] )1) (6 (1— }/))B +N (k"’}()l) ((1=51)(1 —1v))B = M,B, satisfying its
[ta] lta]

( 1 ft P ) ( xaA+r) [zaAJrr)

memory constraint. Thus, we have R., = (1 —y)R*+ ¥ ) with R4 = §, (%] +(1-46y) (( o
tp [ta] [ta]

Improved scheme: The file W, is split into W,fs‘ and W,,(lfal) of 6;B and (1 — 8;)B bits, respectively. Next, W,{S‘ and

1=9) are further broken down into subfiles as W, = {Wn‘s}y, S CA]L S| = [t.]} and A {Wn(;‘s'> 17 C
129 as described in (11) for [z, ]

W,
[A], -] = |#4] }, respectively. The access caches are filled with subfiles Wn‘s‘,l and W(

Nsl(ﬁlzf,ll)B + N(]751><Ltfljfl)
([21) (Lt/{:J)

and |, ], respectively. Thus, every access cache stores = M, B bits, satisfying its memory

constraint.
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The private caches of the users will be populated with the mini-subfiles of WS‘/ and W(lfél) as described in (12)

SN(NT 1-8
for [2,] and |#,], respectively. Every private cache stores ( A,l[, g“‘”) + (1-00N (], )

r“)(ﬁgw) (" rw)(m)

= M,, files, satisfying its memory

constraint. The rate is Ry, = 61RMH4,1 +(1=96 )RMa,Z'

Case 2: t, € Z" andt, ¢ Z*. Since t, ¢ Z*, we define M), | = N%”W
asM, =M, 1+ (1—0)Mp,, for0 < 6, < 1.

Similar to Case 1, the file contents being stored in the private caches are divided into &, and 1 — &, fraction. These
file contents are then placed in the private caches using the placement strategy of the scheme.

Extension scheme: Each file-part W} is split into two components of size &, B bits and (1 — & )yB bits, denoted as
W% and W' %, respectively. Next, W/ is divided as W/*® {WP w2 T3 C [K],|T3| = [t,]} and WY 1=% is divided

Nt
%. Hence, M), can be expressed

n T3
as W0 = (W Ta C K], 173 = 1))
Each private cache is then filled using W/ ‘32 and W’7 —% using the placement given by (5) for [7,] and |7, ],
I( 1 —1
respectively. Hence, each private cache stores N (i ("’K )) &YB+N (E”’ ,i)l) (1—68,)yB = M,,B, satisfying its memory constraint.
[tp] ltp]

(WK-H) (sz[j-H) (,aﬁ,)
+(1-8) , which gives Ry = (1 — )45~ + YR?.
(tp]) ([zpj> (ta)

Case 3: 1, ¢ Z" and t, ¢ Z". The memory point (M,,M,) is achieved via a convex combination as (M,,M,) =
O01(1—8) (Mg, p2)+5z(1—51)( 02, Mp 1)+ 010 (My 1, My, 1)+ (1—51)( — &) (My2,M, ) Therefore, therateRm

is obtained via the same convex combination as R, = 8; (1 — &)R%" 1Mp2) +6(1—01)R m“ 2Mp1) +6 62Rex,“ M)
K

A
(1-8)(1— &R where RYI M = (1—y)(’(1;)') Ky,
gl

Hence, we have R = &,

+ Y2 1) withr; = 20 and 1, =

()’
4.4 o-bound

The proof of Theorem 5 formulates the delivery phase as an ICP .#, similar to [43]. We derive a lower bound on
a(.#), which directly lower bounds the number of transmissions required in the delivery phase.

Let %; denote the i user, i € [(’r\)} and %;” denote the j™ user requesting subfile .7, j € [(A "’)] , both indexed
lexicographically. We construct the set B(d) = B;(d) UB,(d), whose elements are messages of the ICP .# such that the
set of their indices forms a generalized independent set, where:

I(A ta)
~U U Wy -7 lrvinlisl =1}
i=1 k=i+1
and,

() (-2)
= U U {Wd Ayf/-,fV”-,U[//}’
Uy

m=m' k=m+1

where ' = [A—1,+ 1,A] and m' = A—r—1,+ 2. Let H(d) denote the set of indices of messages in B(d).

Claim: H(d) forms a generalized independent set.

Each message in B(d) is demanded by a unique receiver; thus all singleton subsets of H(d) lie in ¢ (.#). Consider
any subset C = {Wd%] S ,Wd%ﬁyﬁ’%} C B(d), with iy <ip <--- <i.. The receiver demanding Wd%1 i
has no other message from C as side information. Hence, all indices in C lie in _# (.#), implying every subset of
H(d) liesin #(.#). Thus, H(d) is a generalized independent set and o > |H(d)| = |B(d)|. We now compute |B(d)|.
Since B;(d) and B,(d) are disjoint, we have |B(d)| = |B;(d)| + |B2(d)|. The number of subfiles corresponding to

Computer Networks and Communications 64 | Dhruv Pratap Singh, et al.



user 7% in Bi(d) is (A72;i+1) and the number of mini-subfiles corresponding to these subfiles is (A;’“) —i. Thus,

Bi(d)| =X (M) ((A_’”) - 1) — YA i(MY). Simplifying using Hockey-Stick identity, we have [By(d)| =

ta r tq

(A1) (At;r{l) — (A;_;SZ). We now consider B (d). For a user %", there are () —m mini-subfiles of the subfile .7”"

(Aga) ((A;z“) —m) = <(A7")—A+r+tu—2)2<(A7“)_A+’+’”_1)

in B, (d) which implies |B2(d)| = . Combining, we have

m=A—r—t,+2
o> A=t (A=r+1\ (A-r+2 N <(A;’a)—A+r+tu—2)2((1‘;’a)—A+r+ta—1) '
- r ta+1 ty+2

Since « is the cardinality of the maximal generalized independent set, we have o« > |H(d)| = |B(d)|. The theorem is
proved since o lower bounds 7'.

5. Numerical comparison

In this section, we compare the rate R,,; of the extension scheme in Theorem 3 and the rate R;;,, of the proposed

scheme in Theorem 4 with the bounds in Theorem 1 and Theorem 2, and Corollary 1, for a CMAP system with A = 6
access caches, N files, and K = (’r\) users, where N = K and M), = % = 1. The two schemes are also compared in terms of
subpacketization.

,, (A—r+2)(A=r+1)
(Azafll)  (tat2)(ta+1) +
() )

ta r

We denote the normalized lower bound on the rate from Corollary 1 as LB(Corr. 1) =

((A:’”)*A+r+ta*2) ((AT”)*A““"A) i i ’ H
TIG) . This expression corresponds to the lower bound on the rate obtained by normalizing
ta r

the lower bound on the number of transmissions (Theorem 5) by the subpacketization level, ensuring consistency when

comparing with the rate expressions plotted in the figures. We provide numerical plots of the rate R;,,, and R, for different
values of the access degree r and the access cache memory replication factor ¢, for a system with A = 6 access caches, N
files, and K = (’:) users such that N = K, and M), = % = 1. The three sets of plots in Figure 2 correspond to r = 2,3, and
r = 4 with 1, taking values in [A].

_'_Rimp
25 —RpH(rM, + Mp)M
-* Ropace(Ma + 32)
2. - LB(Corr. 1)

——Rext

Figure 2. Rate vs. r and t, for M, = &
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In Figure 3 to Figure 6, the rate R;y,, Rex, the rate of the MAN scheme [1] such that each cache has a memory of
rM, + M, the rate of the MAN scheme for CMACC network [30] such that each cache has a storage capacity of M, + @,
the lower bound in Theorem 2, and LB(Corr. 1) have been plotted. Further, these figures illustrate Remark 2.

3 ‘ T T T T T T T T T

— Rimp

-o-Rp(rM, + M,,)
Rinacc(Ma + %)

——R*(M,, M},,)

-a-LB(Corr. 1)

+Rext

25

Rate Comparison for r = 2

0.5

1 15 2 25 3 35 4 45 5 55
Access Cache Replication Factor t

Figure 3. Rate vs. t, for r =2 and M), = %

Figures 3 and 4 show that for fixed r, the rate R;,,, moves closer to LB(Corr. 1) as t, increases, consistent with Remark
2. Figure 5 and 6, which plot R;,, versus r for M, = % and M, = %, respectively, show that R;,, also approaches the
lower bound as r increases for fixed .

25

_Rimp
R} (rM, + M)
. M
o2 RomaccMa + 72) |
2 —-—R*(M,, M,)
o -o-LB(Corr. 1)
:8 +Rext
o 1.5 7
9
n
5
[}
=R
g 1 |
S
]
)
-~
o]
& os 1
0 - ‘ » : o : o ‘
1 5 2 25 3 35 4 45 5 55

Access Cache Replication Factor t

Figure 4. Rate vs. #, for r =3 and M, = %
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3‘ T T T T T T T
_Rimp
-=-Rp (rM, + Mp)
* M 4
RCMACC (Ma + TP)
—-—R*(M,, M,,)
-a-LB(Corr. 1)

——Reyt

Rate Comparison for t =1

2 25 3 35 4 45 5 55
Access Degree r

Figure 5. Rate vs. r fort, = 1 and M), = %

0.9

_Rimp
R}, (rM, + M,)
" M
RomaceMa + 32) i
——R*(M,, M,;)
-o-LB(Corr. 1)

—— Rext

0.7

0.6

Rate Comparison for t = 2

0.1

55

Gl ]

2 25 3 35 4 45
Access Degree r

Figure 6. Rate vs. r fort, =2 and M, = %

Observe that for » = 2 in Figure 3, the extension scheme attains a slightly lower rate than the improved scheme for
t4 € [2,4]. But this improvement in rate comes with substantially increased subpacketization as shown in Table 1. For the
other cases (Figure 4 - Figure 6), the improved scheme outperforms the extension scheme in both rate and subpacketization.

For the CMAP coded caching system considered in this section, we have y = % = L where M’ is the fraction
14

57>

of each file available to the user via the access caches. As ¢, increases, so does M,, which leads to an increase in M’,
. . . . D

leading to a decrease in y. Since M), = 1, we have 12, = 71,, that is, £, = 1+ M’. We know from [1] that 2, = % and

C
since N = K, it follows that M{, = 1 +M'". Similarly, we have 1, = 115, leading to 7, =1, (1+ o). Using 1§, = 2Mex

from [30], we have MS, = M, (1+ 57). Thus, as t, increases, both M2, and MG, increase due to the growth in M,, leading

to a reduction in the rate.
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Table 1. Subpacketization levels of the improved scheme and the extension scheme for selected values of r and 7, in a CMAP system with A = 6,
N=K=15andM,="%

fa r=2 r=3
Foxt Fim—p Foxt Fimp
ta=1 5,012 60 167,970 60
ty=2 3,019 90 1,160 60
=3 124 60 — _

6. Optimality analysis

In this section, we first present a novel placement strategy for the general CMAP coded caching system that
accommodates multiple values of the private cache memory M,,. This placement strategy applies to arbitrary system
parameters A, r, My, and M, and we also describe how it operates when either 7, = % ort, = % is not an integer.
We then specialize to the case of A =4 access caches and examine various configurations of r, M,, and M,,. For each
such configuration, we describe the corresponding server transmissions and prove the optimality of the resulting scheme.
Finally, we prove the order-optimality of the scheme in the regime where A =r+1,+ 1.

We now describe the novel placement strategy.

Placement Policy: Each file is split into (t’:) non-overlapping, equal-sized subfiles W, = {W,,_» : ¥ C [A],|.| =

ta,¥n € [N]}, where t, = %, is the access cache replication factor. The contents of the access cache i is
Zi={W,y:ics, S CIA|S| =14Yn € [N]}, (15)

M)
(@)
We will now describe how the private cache placement. Each subfile is further split into ((A;;ta)) mini-subfiles as
Wl’l,S = {ansvn,ie[lp]
W, Trclty) denotes the mini-subfile of subfile .7 of file n present in the private caches of users Z-’,E[,p]. The private cache
of user % stores

for i € [A]. Each access cache stores = M, files, satisfying its memory constraint.

:T; C [A\S,|T;| =rYi€ |1y}, where t, = % € Z is the private cache memory replication factor.

Zly = Whr 5y SN\ TS N\ i €[y,

p

Hielty): Ti=U} = 1,17 = ta,| T = r,¥n € [N]}. (16)

A—t,
N(AT ( ra)*l)
The private cache of each user stores W = M, files, satisfying its memory constraint. Notably, for
ta f:)

t, = 1, this placement reduces to the one discussed in Section 4.2Ve will now consider the case where t, ¢ Z* ort, ¢ Z™.

Case I: t,  Z" ,t, € Z": Consider M, such that 7, = Ax’“ Z77%. LetM, = w and M, = % Since M = %, we

know that My < M, < M;. Hence, M, = ay My + (1 — o )Ms, for some 0 < oy < 1. The file W,, is split into W, and ;' ~*)
of sizes o B and (1 — o) B bits, respectively, Vi € [N]. These parts are further divided as W, = {Wnofl(/ S CA]L ) =

[t4]} and wil—) = {erj;a') 1.7 CIA]L || = |ta] }- The access caches are filled with subfiles Wna‘y fort = [t,] and

with subfiles Wn(l; ) fort = |74], as described in (11). Thus, every access cache stores Na (ﬁ’:{ j] )B +N(l—0y) (U/:I jl)B
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(a1 1)

A—1
bits, which is equivalent to N ot ~ Ty +N(1—a )M
[ta]

()
of the users will be populated with the mini-subfiles of W , and W< *) a5 described in (16) for [t,] and |#,]. Every

_ A— M) 1 _ ( Uaj),l
an( D)) a0
LA R AN = M, files, satisfying its memory constraint.

S mp((ﬁ,&"”b

Case2: t, € V1, § LT Let M3 = [ W L"’J . Since M), = —, we know that M), = oo M3 + (1 — 0ty ) Ma,
for some 0 < ap < 1. The subfile W, o is spht into Wn,y and Wn(,y 2) of sizes 0B and (1 — o) B bits, respectively,
where B is the size of a subfile. These are further divded as Wnoq? = {Wn‘f’}ﬁh%’,_w%ﬂ : 7, CIANS, |G| =rYie

= M, files, satisfying its memory constraint. The private caches

private cache stores

[[1,]]} and W,S;OQ) = {er;f%),%rw%ﬂ 1 7 C [AJ\S,|Z| =rVie [[t,]]}, respectively. The private caches of the
A—»-)((A 7)1y

users are filled with the mini-subfiles as described in (16), with each private cache storing N az% +N(1-—
Ay
( ) ta [tp]
A—ig
w ()
OCZ)M = M, files.

A—ta
DR
We now examine all non-trivial combinations of M,, M), and r, where every user can access only a part of the
A—r

library. From the access caches, a user obtains N ((2) - (%

)), each of which yields all associated mini-subfiles.

A—tq
Thus, the total number of mini-subfiles obtained from the access caches are N ((2) — (A_’)> (( 0 )) Users receive

Ia

A—ta
N (( iy 7)1_1) mini-subfiles from its private cache. Hence, the total number of mini-subfiles accessible to a user is
P

la
(A_r)) ((A;ta)) + (A ((A:ti)lfl)) As each file is broken into (2) ((A;;[a)) mini-subfiles, every user has access

N (((2) - N ta tp la p
toN (1 it (A))’P) files.

r

Hence, for A = 4, the only non-trivial (r,M,,M,) triplets are (2, ﬁ', ]g) (r=2,ta=1,t,=1)and (2, IX, 1;’) (r=
2,t, = 1,t, =2). For all the other points, the users have access to the entire library. We discuss optimality for both these

cases.

6.1 Optimality for ( A=4,r=2,t,=1,¢t,=1)

We establish the optimality of the improved scheme with respect to the worst-case rate achieved, under the assumptions
that N > K = ( ) uncoded placement, and a regular delivery scheme. We begin this section by defining regular delivery
schemes for coded caching systems.

Definition 5 A delivery scheme for a coded caching system is said to be g-regular if each transmission is a coded
combination of g mini-subfiles.

We now show that,for the given setting, it is impossible to construct a valid transmission by combining five mini-
subfiles. In a valid transmission, each user must have access to all the mini-subfiles in the transmission except the one it
requests. Our goal is to construct a transmission involving five users that satisfies this constraint.

Consider the mini-subfile Wy, 3 14. The users 13, 23, and 34 have access to this mini-subfile via access cache Z3,
while user 14 stores it in its private cache. Hence these users can participate in the transmission.

For user 13, in order for user 12 to decode the transmission, it must have access to the mini-subfile corresponding to
user 13. Therefore, that mini-subfile must either be stored in access cache Z; or in the private cache of user 12. i.e., it must
be of the form Wy, » 7 or Wy, # 12, where 71 # 12,and 2 ¢ .77

Next, consider the user 23. For the transmission to be decodable by users 12 and 13, the mini-subfile of user 23 must
be of the form Wy,, | 7, where 7 # {12,13}.

For user 34, to ensure decodability by users 12,13 and 23, its mini-subfile must be either Wy, 13 or Wy, 2 13.

Finally, consider the user 14. For the transmissions to be decodable by users 12, 13,23 and 34, the mini-subfile for
the user 14 must be of the form Wy, » 7, or Wy, 3, 7.
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We will now try to contruct a transmission with the mini-subfiles Wy, > 1, Wa,, 1,95 and Wy, 123 and separately
consider Wy, » 7 and Wy, 3 7.
Case 1: Mini-subfile Wy, > 7 The transmission is

Wai,3,14 ©Was 0,98 ©Ways 1,2 © Wayy 1,230Way, 2,75

For user 13 to decode this transmission, .73 must be equal to 13, giving Wy, 2 13. Thus, the transmission becomes

Wai,3,14 DWay 0,9 © Wy 1,2 © Wayy 1,230Way, 2,13

However, user 34 cannot decode since it does not have access to Wy,, » 13. Thus, user 34 must be excluded, yielding a
valid transmission involving four mini-subfiles.
Case 2: Mini-subfile Wy, , 3 7,: The transmission is

Wair,3,14 ©Way32,70 ©Wan 1,9 O Wiazy1,23 ©Way, 3,7,

For user 34 to decode, we have 9] = 34 and .7, = 34, giving

Way,,3,14 © Waay3,2,34 © Wiy 1,34 © Wiy 123 ©Wayy 3,9,

However, user 14 lacks Wy, » 34 and cannot decode the transmission. Hence, user 14 must be excluded, again resulting
in a valid transmission with four mini-subfiles. By exhaustively examining all possible five-mini-subfile combinations,
it can be verified that no valid transmission involving five mini-subfiles can be constructed. Therefore, the maximum
number of mini-subfiles per valid transmission is four. For the given CMAP system, the improved scheme achieves this
bound, with each transmission being a coded combination of four mini-subfiles, thereby proving its optimality.

6.2 Optimality for ( A=4,r=2,1,=1,1,=2)

Consider a CMAP coded caching system with a central server storing six files Wi, Wa, ..., Wy and A = 4 access caches,
each of capacity M, = 1.5 files. There are K = 6 users, each equipped with a private cache of size M,, = 2 files, where
every user connects to a unique subset of r = 2 access caches. Since 7, = 1, each file W, is split into (;:) = 4 subfiles as
W, ={W,1,W,2,Wn3,Wpa} for n € [6]. The server populates access caches as:

Zl = {Wnﬁl,VI’l S [6]},
Zr = {anz,vn (S [6]},
Z3 = {Wy3,Vn € [6]}, and,

Zy = {W,,74,Vn S [6]}
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A—tq

Each access cache stores % = 1.5 files, satisfying its memory constraint. Every subfile is divided into (( ‘ )) =3

mini-subfiles, where ¢, = % = 2. Since each file is split into four subfiles, the subpacketization level is F = 12. The

server populates the private caches of the users with mini-subfiles of the subfiles unavailable to the user via the access
caches as

Z7y ={Wn3,12,14, Wi 3,12,24, Wi 412,13, Wa 412,23, Vn € [6]},
Z0 ={Wn2.1314, W 2,13,34, W 412,13, Wi4.13.23, Vn € [6]},
Z0 ={Wn2.13,14, Wn2,14.34, Wn 312,14, Wi 3,14.24, Y € [6]},
75 ={Wi123.24, Wn.123.34, Wi 4.12.23, W a,13.23, Vi € (6]},
25, ={Wn123.24, W1 2434, Wi 312,24, Wa 314,24,V € [6]},

Z8y ={Wn,1,2334, Wi,1 24,34, Wn2,13 34, W 2,14.34, Y € [6]}.

Each private cache stores % = 2 files, satisfying its memory constraint. The transmissions made by the server for the

demand vector d = (dg : % C [A],|%| =) are:
L Wa, 31424 +Waps 21434 +Wayy 312,24 +Waps 12430 + Way, 312,14 + Wi, 123,24
2. Wayy 41323 +Waps.4.1323 + Way, 21334 +Ways 412,13 + Way 123 34 +Wayy 2.13,14-

As both transmissions are decodable, the rate R = % = %.

6.2.1 Proof of optimality

Consider the cut-set bound derived in Theorem 2. For s = 1, we have R* (My,Mp,) > 1 — % For the case
N N
. . . . 27 +% . . . .
discussed in this section, we have R*(1.5,2) > 1 — % =1- % — % = é. The scheme is optimal for this case since the

cut-set bound is achieved.

6.3 Order-optimality analysis for the A =r + t, + 1 regime

We now compare the rate achieved by the improved scheme with the lower bound on the optimal worst-case rate

under uncoded placement, as derived in Corollary 1, for the case A =1t,+r+ 1, where t, = A%" . Specifically, we upper

bound 2. Since R}y,.m, = LB(Corr. 1), it follows that Rimp - < __Rimp - Thus, an upper bound on % also

R*Mq,Mp R¥ — LB(Corr. LB(Cor
N MaMp
bounds #="—. From Theorem 4, we have
Ma.Mp
—1 1
0y G
Rtmp - (ra:rr) + = 2(tata+i) (17)
= 2(“1*%1) (18)
tq
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1
and only the term i = r — 1 in the summation is nonzero, yielding (18). We now specialize LB(Corr. 1) for the case
A =t,+r+1 as follows

Equation (17) follows by substituting A =, +r+ 1 in the rate expression given in Theorem 4. Since r > 2, ( ) =0,

2 1443 (r=2)(r—1)
LB(CON’. 1) - (tat,:“) (ta+1)(ta+rr+l) + 2(ta+r+])(r+1) (19)

ta

 2(1a42) 24 (r—1)(r—2)
O 20atrn(ef) (20)

We obtain Equation (19) by substituting A = ¢, + r+ 1 into the expression for the LB(Corr. 1)) given in Corollary

n

1. Equation (20) is then derived by applying standard identities of the binomial coefficient, namely (Z) = (nik) and

(n+l) _ n+l

1) = (1). Hence, we have:

Ry rtg+r+1)(41")
LB(Corr. 1) — (2r(ta+2)—2+(r—1)(r_z))(’at,:il)

_AA-1) _ A(A-1)
— § < oA <03A 21)

() _

Equation (21) follows from (nf Ty = ik and A =1, +r+ 1. To obtain the inequality, we set » = 2 to minimize the
k

denominator and thus obtain the maximum upper bound. Replacing 2’}\% with its maximum value 0.6 yields the final
expression.

The bound shows that Rg% < 0.3A, implying that the achievable rate of the improved scheme increases at most
a,Mp

linearly with the number of access caches A. Since the number of users is K = (’r\), which grows combinatorially with A,
the bound scales much slower than the system size. This demonstrates the scalability and order-optimality of the improved
scheme in CMAP systems with large A.

7. Conclusions

We studied the Combinatorial Multi-Access with Private caches (CMAP) coded caching system, which captures cache-
aided networks in which users simultaneously rely on local storage and access multiple shared cache nodes. This setting
generalizes existing coded caching models with either private or shared caches, and introduces additional combinatorial
coupling between the two storage layers.

We first proposed an extension scheme that generalizes the MAN schemes in [1] and [30] to the CMAP setting,
and established upper and lower bounds on the optimal worst-case rate under uncoded placement. We then designed an
improved coded caching scheme for a fixed private cache size and derived an index-coding-based lower bound on the
required number of transmissions under its placement policy. Numerical results demonstrated that the improved scheme
significantly reduces subpacketization while achieving competitive rate performance, and approaches the derived lower
bounds in regimes with large total accessible memory per user.

Furthermore, we characterized the fundamental performance limits of the CMAP system by establishing order-
optimality for the regime A =, 4 r+ 1, and exact optimality for all memory pairs when A = 4. These results provide the
first systematic information-theoretic characterization of two-level multi-access caching networks with both private and
shared storage, and offer fundamental design insights for future cache-aided network architectures.
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