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Abstract: A time-domain investigation of a Bandpass Negative Group Delay (BP-NGD) electronic circuit is proposed
in this paper by utilizing a passive cell composed of single-stage parallel Resistive-Inductive-Capacitive-network (RLC-
network). The provided configuration is analytically modelled and validated through circuit-level simulation. The BP-
NGD circuit design method is elaborated. The performed study is based on both the frequency- and time-domain analyses
of the considered BP-NGD passive topology within the NGD frequency band. As Virtual Proof-of-Concept (POC), the
RLC-circuit was designed to achieve an NGD of approximately -45 µs around the center frequency of fn = 50 kHz. To
validate the time-advance behavior, Gaussian- and arbitrary-waveform signals modulating a sinusoidal carrier at frequency
fn are injected as inputs to the Virtual POC. Time-domain results demonstrate that the NGD behavior is manifested
as an advance in the signal envelope, which does not violate causality. The performed circuit analysis establishes the
effectiveness of passive RLC topologies for NGD realization in the low-frequency region with potential applications in
signal synchronization and phase compensation.

Keywords: Negative Group Delay (NGD), Bandpass NGD (BP-NGD), parallel Resistive-Inductive-Capacitive-network
(RLC-network), time-domain studies, signal advancement, modulated signals

1. Introduction
Despite its counterintuitive aspect, Negative Group Delay (NGD) phenomenon enables the electronic circuit to

exhibit signal with negative delay rather than a positive delay within a defined frequency band [1], [2]. The NGD
phenomenon causes the output envelope peak to precede the input signal, an effect formally designated as temporal
advancement [1]. We emphasize that this phenomenon often regards as one of the most counterintuitive to Einsteinian
causality yet physically valid discoveries in electromagnetic and circuit engineering. Yet unfamiliar to non-specialists,
the NGD phenomenon was a groundbreaking engineering discovery, which was attributed to its initiation in wave physics
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by Sommerfield 1954, Brillouin 1964 [3], [4]. The NGD study in physics was established the theoretical framework
of anomalous dispersion in wave-propagating media that can give rise to negative group velocity later NGD [5]. Early,
observations of the NGD phenomenon were reported in the optical domain by [6]-[8] by demonstrating negative group
velocity in dispersive media. However, until the 1990s, The NGD effect was not that a significant shift occurred
from optical physics to electronic circuit implementation when formally identified and experimentally demonstrated
NGD behavior in electronic systems. Subsequent research efforts on the NGD were then developed the theory and
practice of NGD circuits on various technologies and platforms through their experimental and theoretical works [9]-
[13]. Consequently, numerous topologies of passive and active analog circuits capable of producing NGD effect have
been systematically discovered. The configuration and implementation of NGD circuits have been studied from different
technological perspectives, among them are, the transmission-line-based architectures [10], [13], the engineered left-
handed transmission structures [11], [12], [14], the active-lumped network [15]-[17] and the passive lumped networks [18].

In contrast, Bandpass (BP) type NGD circuit based on Resistive-Inductive-Capacitive (RLC) circuit topologies that
exhibit BP characteristics for implementation ofNGD functionality can provide greater flexibility since RLC based circuits
can yield selective NGD behavior at specified frequencies for applications where filtering and delaying signals are both
desired [19]. There has been considerable research effort on the NGD circuit with most of these works focusing on the
frequency domain in which the NGD effect is characterized by using the phase and Group Delay (GD) responses to the
steady state behavior [20]. While this representation of the NGD phenomenology is useful for studying the steady-state
behavior of the circuits, it does not adequately characterize the transient and signal level dynamic behaviors associated
with NGD circuits. Specifically, the frequency domain does not provide an explicit representation of the time advancement
phenomenon that is seen in practical signals. Therefore, it is necessary to translate and validate NGD behavior in the time
domain to have an adequate understanding of the circuit performance. However, the time domain approach with respect
to RLC-based BP-NGD circuits is still relatively limited in comparison to low-pass NGD circuits. Therefore, this work
concentrates on performing transient analysis and validation of a BP type network using a parallel RLC configuration.

The subsequent sections of this paper are arranged as outlined below:
• Section 2 describes the synoptic diagram of the parallel RLCBP-NGD circuit. The associated transmission function,

defined as the input-to-output ratio and the definitions of the main parameters including GD, center frequency, and
envelope advancement are established.

• Section 3 formalizes the design methodology of the BP-NGD network, presenting synthesis equations to calculate
resistor, inductor and capacitor values from target specification as NGD center frequency.

• Section 4 presents the Virtual Proof-of-Concept (POC) based on the NI MULTISIM® environment frequency-
domain simulation. The calculated and simulated Voltage Transfer Functions (VTFs) are compared to verify the BP-NGD
behavior.

• Section 5 presents the Virtual POC time-domain simulation analysis from NI MULTISIM® tool, employing black-
box modeling from VTF to predict and validate envelope advancement. Gaussian-modulated and arbitrary-modulated
input pulse is used, with envelope extraction via Hilbert transform, demonstrating good agreement between time-domain
advancement.

• Section 6 provides the conclusion.

2. Fundamental operating principle and signal behavior of the BP-NGD topology
The current section presents an operational principle governing the BP-NGD function, from which the transfer

function and GD expression are subsequently derived.

2.1 Fundamental definition of BP-NGD function

Consider a two-port network represented as a black box with an input port and an output port, as illustrated in Figure
1. The BP-NGD function is fundamentally characterized by the behavior of the VTF of the network, wherein the GD
assumes a negative value within a specified passband, rather than the positive delay exhibited by classical filter systems.
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Figure 1. BP-NGD two-port black box

By interpreting and translating the Laplace variable as s = jω = j2π f with angular frequency ω and frequency f ,
the theoretical exploration of the VTF is performed the input-to-output ratio, Vin(s) and Vout(s), respectively. The VTF
associated with the black-box BP-NGD system shown in Figure 1 is fundamentally defined as:

H( jω) =
Vout( jω)

Vin( jω)
. (1)

The s-domain representation enables direct analysis of the circuit’s frequency-dependent transmission characteristics.
Therefore, the frequency-domain transmittance is defined from the VTF H( jω) as magnitude:

T (ω) = |H( jω)| (2)

which becomes:

T (ω) =

√
Real[H( jω)]2 + Imag[H( jω)]2 (3)

where Real(.) and Imag(.) represent the real and imaginary parts of complex number. The associated phase is:

φ(ω) = arg{H( jω)} . (4)

This s-domain formulation permits direction extract of the Group Delay (GD) characteristics:

τg(ω) =−∂φ(ω)

∂ω
. (5)

The GD can be described as the negative derivative of the transmission phase with respect to the angular frequency.
And as for the BP-NGD circuit, exhibits negative values at the selective center frequency ω0, causing output envelope
time-advancement. GD analytical expressions will be analyzed in the next subsection.

2.2 Ideal characterization of BP-NGD frequency response function

An analysis of the bandpass-NGD circuit necessitates characterization through key frequency-domain parameters.
Accordingly, the idealized magnitude and GD response depicted in Figure 2a, b, respectively, establishes fundamentally
governing RLC-network based passive topology design.
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Figure 2. Ideal response of (a) GD and (b) magnitude specifications of BP-NGD function

In the context of Figure 2, the general specification can be extracted from, named as GD and magnitude response
which differ fundamentally from classical filter characteristics. Therefore, BP-NGD function operates within a selective
frequency band bounded by two critical frequencies, the lower cut-off frequency ωc1 and the upper cut-off frequency ωc2,
which together constitute the cutoff frequencies defining the operational bandwidth defined as:

• The BP-NGD cut-off frequencies (ωc2 > ωc1) can be formulated as the zero-crossing points of the GD response:

{
τg (ωc1) = 0
τg (ωc2) = 0.

(6)

Defining the band edges where NGD begins and ends.
• The NGD center frequency fn which can be defined as:

τg (ωn) = min{τg(ω)}< 0, ω ∈ [ωc1, ωc2] . (7)

The NGD Bandwidth (BW) can be articulated as:

∆ωn = ωc2 −ωc1. (8)

• The network transmittance level at the frequency of maximal NGD absolute value is expressed as:

T (ωn) = |H ( jωn)| . (9)

At the NGD center frequency ωn, the VTF magnitude |H ( jωn)| reaches its minimum, determining the insertion loss
Tn where optimum NGD occurs.
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3. Analytical framework of the passive RLC-BP-NGD circuit
This section unveils an analytical framework of passive parallel RLC BP-NGD configuration, focusing on the input-

to-output ratio derivation and GD characterization to establish the temporal-advance condition in terms of the network
configuration parameters.

3.1 Topology and transfer function of the passive RLC BP-NGD network

The proposed passive topology illustrated in Figure 3 represents the parallel RLC network-based circuit constituting
the single-band BP-NGD configuration to be analytically investigated and validated through simulation in the present
study.

Figure 3. Passive parallel RLC BP-NGD circuit topology

The circuit comprises a parallel combination of resistor Rn, inductor, Ln, and capacitor Cn, terminated by load
resistance RL. Recalling the VTF of the passive BP-NGD network, derived by applying the voltage divider rule between
the parallel RLC impedance and the load resistance RL, the input-output magnitude is conveniently rewritten as given in
(1):

T (ω) =
RL

√
(Lnω)2 +[Rn (LnCnω2 −1)]2√

[(RL +Rn)Lnω]2 +[RLRn (LnCnω2 −1)]2
. (10)

Nevertheless, the designated working frequency is aligned with the parallel resonance frequency of the RnLnCn

network, expressed in angular frequency as:

ωn =
1√

LnCn
. (11)

At this center frequency, the BP-NGD circuit attenuation factor proposed in (8) is given by:

Tn =
RL

Rn +RL
. (12)

Additionally, τg at the NGD center frequency expressed in (7) becomes:
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τg (ωn) =
−2Rn

2

Lnω2
n (RL +Rn)

. (13)

Therefore, the NGD BW defined in (8) is written as:

ωc1 = ωn

√√√√1+2
ω2

n

ω2
a
−

√(
1+2

ω2
n

ω2
a

)2

−1 (14)

ωc2 = ωn

√√√√1+2
ω2

n

ω2
a
+

√(
1+2

ω2
n

ω2
a

)2

−1. (15)

Substituting the parallel-resonance condition into the attenuation-bandwidth relation yields the explicit form:

ωa =
Rn

Ln

√
ρ

1+ρ
(16)

where ρ = RL/Rn directly shows how the load-to-parallel resistance ratio controls the attenuation bandwidth. Using
the theoretical framework presented above, the next section details the complete design equation for a BP-NGD circuit,
allowing the values of Rn, Ln andCn to be directly computed based on NGD specifications.

3.2 Design equation of considered RLC-network based BP-NGD topology

The design equations in this section allow direct synthesis of the BP-NGD circuit. Closed-form expressions are
developed for calculating the values of the constituent resistors, inductors, and capacitors from target specifications target
center frequency so that the circuit can be implemented practically. Knowing the attenuation Tn, Rn can be determined
from equation (12) by using existing value of RL:

Rn =

(
1−Tn

Tn

)
RL. (17)

The resolution of equation τg (ωn) = τn < 0, enables to express the inductor value Ln, formulated as:

Ln =
−2R2

n

τnω2
n (RL +Rn)

. (18)

Recalling resonance frequency (11), this parameter is linked to the capacitance. From this relationship the capacitor
value can be formulated as:

Cn =
1

Lnω2
n
. (19)
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Thus, Rn can be arbitrarily chosen. The upcoming subsection codifies the hierarchical specification workflow,
translating the preceding analytical expressions into reproducible component-synthesis protocol.

3.3 Design methodology of BP-NGD circuit

To demonstrate hierarchical specification workflow of the BP-NGD circuit, a stepwise flowchart is developed
illustrating the hierarchical design procedure in ascending, from initial circuit selection to final NGD response validation,
as depicted in Figure 4.

Figure 4. Flowchart illustrating the BP-NGD time-domain characterization and design methodology

The flowchart in Figure 4 outlines the BP-NGD circuit design procedure in six ascending steps, beginning with the
specification of the center frequency, fn, followed by the calculation of Cn and ln fixing RL to determine Rn, performing
frequency-domain and time-domain analyses and concluding with the verification of the time-advance signature.

4. Frequency-domain design verification of the BP-NGD Virtual POC cell
The current section presents the Virtual POC validation of the BP-NGD circuit under study in reference to the

previously specified design criteria. The AC simulation response, as analytically calculated usingMATLAB® is compared
to simulation results obtained using NI MULTISM® to show that this topology operates as expected to produce NGD in
the defined working frequency band.

4.1 Virtual POC circuit parameterization

The Virtual POC circuit was synthesized from closed-form expression by prescribing the designated center frequency,
fn of 50 kHz. After the design methodology outlined in the preceding section, the values of Ln andCn were subsequently
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calculated from expressions (17), (18) and (19), respectively. While fixing load resistance RL was fixed and Rn was
determined accordingly. Table 1 summarizes the Virtual PoC description and specifications.

Table 1. Design parameters of the passive BP-NGD Virtual PoC

Name Parameter Value

Center frequency fn 50 kHz
Load resistor RL 10 kΩ
Parallel resistor Rn 30 kΩ
Resonant inductor Ln 10 mH
Resonant capacitor Cn 1 nF

The numerical computation of the VTF and the corresponding frequency-domain GD and magnitude responses
were conducted using MATLAB®, based on the analytically derived equations established in the previous section. The
frequency-domain of the BP-NGD topology was subsequently validated through AC circuit simulation performed using
the electronic circuit simulator NI MULTISIM®, to confirm the agreement between the analytically computed and
simulated NGD responses within the defined passband. Figure 5 depicts the schematic design of passive PRLC circuit
implemented using MULTISIM® circuit design software.

Figure 5. MULTISIM® schematic diagram of BP-NGD circuit as Virtual POC

The BP-NGD theoretical functionality was validated by simulation using MULTISIM® circuit design software. The
next subsections are dedicated to a general description of the Virtual POC design and the simulated results validating the
theoretical ones.

4.2 Circuit simulation setup
To theoretically analyze the proposed BP-NGD circuit, a comprehensive AC simulation was conducted using NI

MULTISIM® software. The Virtual prototype BP-NGD circuit was characterized by using the AC sweep analysis, which
provides the VTF response as a function of frequency. A linear frequency sweep configuration was applied in the AC
simulation over the range of fmin = 10 kHz to fmax = 100 kHz with sufficiently dense frequency sampling to ensure
adequate spectral granularity for accurate phase differentiation and subsequent GD extraction. The circuit schematic
was constructed using the ideal passive components calculated based on the theoretical design equations derived in
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 Subsection 3.2. To ensure that all reactive elements were operated in the linear region of the circuit, an AC signal source
was established with amplitude of 1 V. A linear sweep configuration allows for the frequency sampling of all frequencies
within the passband to occur at equal frequency intervals, which is essential for reliable numerical differentiation of the
phase data. The three key parameters were extracted from the simulation data:

• Magnitude response |H( jω)|: to verify the BP-NGD circuit characteristic and confirm the expected insertion loss.
• Phase response ϕ(ω): to examine nonlinear phase behavior essential for NGD realization.
• GD response τg(ω): to compute via numerical differentiation of the simulated phase data to directly quantify the

NGD at the center frequency.
A comparison of analytical predictions and simulated data across the transmission magnitude, phase and GD

responses with the working frequency band were depicted in Figure 6a-c, respectively.

Figure 6. Comparison of theoretical and simulated responses of the proposed BP-NGD cell: VTF (a) magnitude, (b) phase and (c) GD

The results are in good agreement with the theory over the whole sweep range. The simulated GD has a sharp
negative peak at the design center frequency, which is a signature of the BP-NGD behavior. The BP-NGD analysis results
are summarized in Table 2.

The above outlined frequency-domain analysis provides perceptions on the magnitude, phase, and GD responses
characteristic of a passive parallel RLC BP-NGD circuit. However, this isolated frequency-domain analysis is insufficient
to act as verification of the existence of the NGD phenomenon. In addition, it will not provide any immediate observation
as to how a real-time variable signal will physically behave at the output of the circuit. Therefore, to support and
demonstrate the fundamental time-advance aspect of the NGD phenomenon, time-domain analysis must be included in
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your work. The following section will review a time-domain analysis where input signals are both Gaussian-modulated
and arbitrarily modulated waveforms. The resultant output signal anticipation behavior will be directly observed and
confirmed; thus, the anticipated output signal of our proposed BP-NGD circuit will provide both a physically intuitive
confirmation and a rigorous confirmation of the NGD response of the Virtual POC under study.

Table 2. Theoretical versus simulated frequency-domain parameters of RLC BP-NGD cell

Name Parameter Theory Simulation

Center Frequency fn (kHz) 50.32 50.28
Lower cut-off frequency fc1 (kHz) 45.30 45.29
Upper cut-off frequency fc2 (kHz) 55.91 55.90

Bandwidth BW (kHz) 10.61 10.60
NGD Insertion loss Tn (dB) -12.04 -12.04
NGD Peak Value GDn (µs) -45.02 -45.03

5. Time-domain analysis
This section extends the analysis of BP-NGD from AC sweep to transient response, allowing direct observation of

input-output signal time-advance behavior as absolute proof of NGD phenomenon.

5.1 Time-advance behavior
The present analysis aims to verify the time-domain response of passive parallel RLC BP-NGD circuit through

transient simulation conducted in NI MULTISIM®, satisfying the BP-NGD condition:

τg ( fn)< 0. (20)

To conceptually illustrate the expected time-advance behavior prior to simulation, Figure 7 presents an idealized
representation of the input signal x(t) and the corresponding BP-NGD circuit output signal y(t).

It is clearly observed in Figure 7 the output envelope y(t) depicted by the red dashed curve reaches its peak value
before the input envelope x(t) depicted by the solid black curve by a time interval equal to the magnitude of the NGD |τg|<
0. The observed temporal precedence of the output modulated envelope relative to the input excitation is manifestation
of the NGD phenomenon, wherein the GD assumes negative value at the designated frequency fn, causing an output
envelope to emerge ahead of the input envelope in time.

Figure 7. Ideal time-advance response of an arbitrary transient signal
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5.2 Simulation response with gaussian waveform signal

In this study, Vin, a modulates a sinusoidal carrier at the NGD center frequency fn, exhibits a Gaussian-modulated
envelope with a rise time of approximately 236.9 µs and a fall time of approximately 240.8 µs, and a peak amplitude of
max(Vin, a) ≈ 49.9 mV, as depicted in Figure 8a, b. A strong input-output correlation is observed where max(Vout, a) ≈

14.3 mV, as shown in Figure 8b, yielding a peak amplitude ration of
max(Vout, a)

max(Vin, a)≈−10.9
dB, in close agreement with

the theoretically predicted NGD insertion loss of Tn =−12 dB established in the previous sections.

Figure 8. Time-domain analysis of BP-NGD Virtual PoC depicting plot of (a) vina, (b) vouta and (c) env(vina) vs env(vouta) in the range of [0, tmax]

Despite the attenuation, the normalized envelope plots of Figure 8c, presenting the absolute values of the input and
output envelopes env(Vin, a) (red solid curve) and env(Vout, a) (blue dashed curve) over [0, tmax] demonstrate a peak time-
advance of approximately ∆t ≈−29.6 µs < 0, wherein tpeak (Vout, a) = 468.9 µs clearly precedes tpeak(Vin, a) = 498.5 µs,
confirming the unambiguous BP-NGD time-advance behavior. The discrepancy between | ∆t |= 29.6 µs and the predicted
| τg, min |= 45 µs is physically expected. These results confirm the BP-NGD time-domain signature at f = fn, with the
output envelope exhibiting a clear and causally compliant time-advance.
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5.3 BP-NGD simulation response with arbitrary waveform signal

In this study, Vin, b modulates a sinusoidal carrier having frequency fn = 50 kHz, exhibiting an arbitrarily modulated
envelope with an asymmetric profile rise time of approximately 239.8 µs and fall time of approximately 633.1 µs and a
peak amplitude of max

(
Vin, b

)
≈ 999.38 mV over [0, 1.4 ms], as depicted in Figure 9a, b, respectively.

Figure 9. Time-domain analysis of BP-NGD Virtual PoC depicting plot of (a) vin, b, (b) vout, b and (c) env(vin, b) vs env(vout, b) in the range of [0, tmax]

A strong input-output correlation is observed, where max(Vout, b) ≈ 284.1 mV as shown in Figure 9c, yielding a
peak amplitude ratio of max(Vout, b)/max(Vin, b)≈−10.93 dB, consistent with the theoretically predicted NGD insertion
loss of Tn = −12.04 dB. Despite the attenuation, the normalized envelope plots of Figure 9, presenting env(Vin, b) (red
solid curve) and env(Vout, b) (blue dashed curve) over [0, tmax], demonstrate a peak time-advance of ∆tb ≈ −30.6 µs
< 0, wherein tpeak(Vout, b) = 463 µs clearly precedes tpeak(Vin, b) = 493.6 µs, confirming the unambiguous BP-NGD
time-advance behavior. The consistency between | ∆tb |= 30.6 µs and the Gaussian result | ∆ta |= 29.6 µs demonstrates
that the time-advance is a fundamental and generalizable property of the proposed network, independent of input signal
morphology. The discrepancy with the predicted | τg, min |= 45 µs is physically expected.
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6. Conclusion
This study presents an analysis of a passive parallel RLC-type BP-NGD network, specifically with respect to the

time-domain response. The study provides the required theoretical support to calculate the RLC circuit components
directly from specifications. The prototype model was designed for a frequency of 50 kHz and measured approximately
-45 µs of NGD, with an insertion loss of -12.04 dB, demonstrating strong agreement between theoretical predictions and
NI Multisim® simulations. Crucially, transient analyses employing both Gaussian-modulated and arbitrarily modulated
input waveforms unambiguously confirm the time-advance behavior of the output envelope without violating causality.
The results validate that the observed time-domain advancement is a fundamental and signal-independent property
of the proposed topology. The originality of this work lies in this comprehensive time-domain characterization,
demonstrating that the time-advance behavior is a fundamental property rather than an artifact of specific input
morphologies. Additionally, this study contributes on the closed-form analytical design methodology that enables the
direct synthesis of RLC components from targeted NGD specifications, effectively bridging the gap between theoretical
NGD phenomenology and practical low-frequency circuit implementation. These findings establish the effectiveness of
passive RLC configurations for realizing NGD functionality in the low-frequency regime, with promising implications
for signal synchronization and phase compensation applications. Future work will focus on integrating an operational
amplifier to compensate for insertion loss and on extending the topology to multi-band BP-NGD configurations.
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