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Abstract: Exploring the fundamental principles of system modeling in electrical engineering, this study delves into

the transformative power of the d-q transformation, highlighting its pivotal role in rendering time-varying systems into a

coherent steady-state representation. Departing from conventional approaches, the study navigates the complexities of

single-phase transformer configurations, utilizing the Clarke and Park transformations to seamlessly transition between

electrical coordinates and the d-q frame. Through extensive derivations, dynamic equations are formulated in both α-β and

d-q coordinates, providing a detailed understanding of system dynamics under specific loads. In addition, the study extends

the analysis to a generalized multi-winding transformer model that accommodates a wide range of transformer setups.

With detailed mathematical derivations, insightful visual aids, and clear state-space representations, this work attempt to be

a resource for researchers seeking to unravel the intricacies of electrical system modeling and analysis.

Keywords: d-q transformation, system modeling, electrical engineering, clarke transformation, park transformation,

state-space representation, single-phase transformers, dynamic equations, steady-state analysis, generalized model

1. Introduction

The increase in the adoption of electric vehicles (EVs) reflects the growing global concern for environmental

sustainability and energy efficiency. This shift requires a deep understanding of crucial components in electric power

systems, specifically transformers (TRs), which have a crucial role in power distribution and conversion processes.

Numerous studies have explored the modeling and simulation of TRs, including both single-phase and three-phase

configurations. However, the existing literature presents a variety of modeling techniques, ranging from classical phasor-

based representations to more contemporary state-space formulations [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12].

The increasing need for standard (two-level) and multilevel power dc-dc converters with galvanic isolation highlights

the importance of precise TR models in various applications, such as renewable energy systems, telecommunications

infrastructure, data centers, electric vehicle charging networks, battery energy storage systems, microgrids, and power

distribution networks [13]. The integration of TRs within dc-dc converters, such as dual-active-bridge converters (DABs)

and solid-state transformers (SSTs), highlights their versatile utility and prominence in modern power electronics [7, 12].
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Traditional approaches to TR modeling often focus on sinusoidal steady-state analysis using phasor techniques in

the frequency domain. However, as system complexity in-creases, especially with configurations involving multiple

secondary windings while retaining a single primary winding, the dynamic modeling of TRs becomes inherently intricate.

In such scenarios, alternative analysis methodologies are necessary, particularly for linear circuits. State-space analysis is

a promising approach for characterizing multiple-input multiple-output systems. State-space models provide a concise

and efficient representation, which facilitates streamlined analysis and reduces computational overhead during simulation

[14, 15].

In applications that use DABs or SSTs, it is undeniable that control systems must regulate voltage or current output

[7, 12, 16, 17, 18]. However, synthesizing control systems for such applications is inherently challenging due to the

nonlinear nature of these systems. They are characterized by switching functions and time-varying variables, despite

operating in a steady state. To address this challenge, it is necessary to linearize these systems and derive small-signal

models that are conducive to the synthesis of linear compensators [19, 20]. One prevalent approach is to use the d-q

transformation to effectively treat the time-varying variables associated with TRs, making them like a dc system with

constant values during the stationary regime [21].

However, the search for a linear small-signal model in d-q coordinates, which would allow for the use of linear

feedback output compensators for system control, requires a comprehensive model for TRs with multiple secondary

windings. Unfortunately, such a model is currently absent from the literature. The objective of this paper is to develop a

generalized model for a single-phase transformer with z-secondary windings that exhibit constant behavior over time. The

model utilizes transformation in the d-q frame and is suitable for implementing linear feedback output regulators, such as a

PI regulator or a linear-quadratic regulator. While this paper does not detail or synthesize a linear regulator, it provides a

detailed explanation of the process for obtaining the model.

Nevertheless, most of the articles in the literature that refer to transformer models in the d-q frame refer to three-phase

electrical transformers [21, 22, 23, 24]; very few studies cover the modeling of single-phase transformers in the d-q frame

with a single primary and secondary winding [25, 26], but there is no reference to this type of modeling for generalized

systems (z secondary windings).

To derive this generalized model, a TR with a single primary winding and a single secondary winding is first modeled

in electrical coordinates and then transformed into d-q coordinates. Next, this methodology is extended to TR configurations

with one primary winding and multiple secondary windings, culminating in a comprehensive model that includes both

electrical and d-q coordinates.

To validate the proposed model, different TR configurations are implemented using two simulation environments: the

power electronics simulator PSIM and the MATLAB-Simulink platform. These configurations included primary windings

with one, two, and three secondary windings, allowing for a robust evaluation of the model’s accuracy. Comparative analysis

between the simulated electrical variables and the derived model is performed to assess the fidelity and effectiveness of the

model.

This research aims to address the gap in the literature regarding a generalized d-q coordinate small-signal state-space

linear model for TRs with multiple secondary windings. The proposed model’s accuracy and utility are analyzed through

simulation and validation efforts, thus leading the way to a better understanding and optimization of TR-based systems in

various applications.

The following sections discuss the topologies of the examined TRs, explain the process of TR modeling in both

electrical and d-q coordinates, and present the methodology used to derive the generalized small-signal state-space linear

model. This is followed by a comprehensive validation analysis.

The article is structured as follows: sections two, three, and four illustrate the topologies of the TRs under study,

detail the modeling of the TRs in electrical and d-q coordinates, and analyze the simulation results, respectively. Sections

five, six, and seven present the simulation results, give the solution of the dynamical equations of the models under study,

and the conclusion are given, respectively.
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2. Transformer topology

The functionality and performance of TRs are significantly influenced by their topology. This chapter explains the TR

topologies proposed in this study, highlighting the essential characteristics and configurations required for subsequent

modeling and analysis.

2.1 Overview of transformer topologies

Figure 1 shows the TR topologies proposed for consideration in this article. These TRs have a primary winding

(winding 11) and multiple secondary windings (windings 21, 22, and 2z, where z ∈N). It is important to note that, following
standard modeling conventions [14, 27], the mutual inductances between the primary winding and each of the secondary

windings, as well as between the secondary windings themselves, are not considered. The analysis that follows excludes

coupled circuit models [28]. Also, in this study, it is assumed that there is a linear relationship between the flux variables

and the magnetomotive force, and therefore the transformers used in this study are manufactured from linear ferromagnetic

iron [14, 29, 30].

Figure 1. Equivalent circuit of different TRs. (a) 1P-1S. (b) 1P-2S. (c) 1P-zS.
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2.2 Specific transformer configurations

• 1P-1S configuration (Figure 1a): This configuration features a primary winding (winding 11) and a single secondary

winding (winding 21).

• 1P-2S configuration (Figure 1b): The 1P-2S TR configuration incorporates a primary winding and two secondary

windings (windings 21 and 22).

• Generalized TR (1P-zS) configuration (Figure 1c): This configuration entails a primary winding (winding 11) and z

secondary windings (windings 21, 22, …, and 2z).

2.3 Electrical characteristics

All proposed TR models shown in Figure 1 feature the primary common winding (winding 11), which is characterized

by its (La). The model also accounts for the core excitation effect through the magnetizing inductance (Lm), while omitting

magnetizing losses.

The model considers the ohmic losses (Rbx) and leakage inductances (Lbx) of each individual secondary winding

(x ∈{1, 2, ..., z}). Additionally, the loads are modeled as an R-L branch with RLx and LLx. The electrical variables for

winding 11 consist of the input terminal voltage (va), input terminal current (ia), and magnetizing current (im). The electrical

variables of windings 21 (1P-1S), 22 (1P-2S), and 2z (1P-zS) are the output terminal voltage (vbz) and output terminal

current (ibz), respectively. The transformer turns ratio, defined as 1/nz where nz corresponds to the number of turns in the

secondary winding z, is represented by trz.

3. System modeling in electrical coordinates

This section aims to develop the dynamic model of the proposed TR topology shown in Figure 1c, specifically the

1P-zS configuration, in electrical coordinates (ec). The dynamic model is expressed in the observable canonical form as a

state-space representation [19], which facilitates subsequent analysis and simulation.

3.1 Dynamic model derivation: 1P-1S configuration

The derivation begins with the 1P-1Smodel, using the samemethodology used for representing the 1P-1S configuration.

The dynamic equations for the 1P-1S configuration, shown in Figure 1a, are defined in vector-matrix form as follows [14]:

L ·dx/dt = V (1)

L =

 La 0 Lm

0 Lb1
Lm
tr1

1 1
tr1

−1

 , x =

 ia
ib1

im

 , V =

 va −Ra · ia
vb1 −Rb1 · ib1

0

 (2)

where tr1 = 1/n1. The dynamic equations for the 1P-1S system are defined by solving for dx/dt and setting the solutions as

functions: 
dia
dt = f1 (u,x)

dib1
dt = f2 (u,x)

dim
dt = f3 (u,x)

(3)

In this context, u = [u1, u2]
T = [va, vb1]

T, and x = [x1, x2, x3]
T = [ia, ib1, im]

T represent the input and state vectors

respectively, where u ∈{R2} and x ∈{R3}. By grouping the functions f 1(u, x), f 2(u, x), and f 3(u, x) into the vector f =

[f 1(u, x), f 2(u, x), f 3(u, x)]
T, where f ∈{R3} and defining the output vector as y = x, the state-space model of the 1P-1S in

ec is obtained and shown as follows:
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{
ẋ = Aec ·x+Bec ·u
y = Cec ·x+Dec ·u

(4)

The state matrixAec, the input matrix Bec, the output matrix Cec, and the direct-transmission matrix Dec, and are

defined as follows:

Aec =


∂ f1(u,x)

∂x1

∂ f1(u,x)
∂x2

∂ f1(u,x)
∂x3

∂ f2(u,x)
∂x1

∂ f2(u,x)
∂x2

∂ f2(u,x)
∂x3

∂ f3(u,x)
∂x1

∂ f3(u,x)
∂x2

∂ f3(u,x)
∂x3

=
[

∂ fi(u,x)
∂x j

]
,

Bec =


∂ f1(u,x)

∂u1

∂ f1(u,x)
∂u2

∂ f2(u,x)
∂u1

∂ f2(u,x)
∂u2

∂ f3(u,x)
∂u1

∂ f3(u,x)
∂u2

=
[

∂ fi(u,x)
∂uk

]
,

Cec =


∂x1
∂x1

∂x1
∂x2

∂x1
∂x3

∂x2
∂x1

∂x2
∂x2

∂x2
∂x3

∂x3
∂x1

∂x3
∂x2

∂x3
∂x3

=
[

∂xi
∂x j

]
, Dec =


∂x1
∂u1

∂x1
∂u2

∂x2
∂u1

∂x2
∂u2

∂x3
∂u1

∂x3
∂u2

=
[

∂xi
∂uk

]
∀{i, j} ∈ {1,2,3} and k ∈ {1,2}

(5)

Furthermore, {Aec, Cec} ∈M 3×3 {K} and {Bec, Dec} ∈M 3×2 {K}. It is important to note that the partial differential

operators presented in (5) are not related to the linearization procedure involving partial derivatives around operating points

calculated during steady-state operation [19]. The description in (5) merely shows a simple calculation to obtain such

matrices The load 1 model regarding to Figure 1a is defined by:

vb1 =−
(

RL1 · ib1 +LL1 ·
dib1

dt

)
(6)

Figure 2a illustrates the state-space diagram in ec, in combination with the load 1 model. Equations (4) and (6)

represent the state-space and load models, respectively, in the controllable canonical form for the 1P-1S system.

3.2 Dynamic model derivation: 1P-2S configuration

The methodology is extended to derive the vector-matrix dynamic model for the 1P-2S system in ec. The dynamic

equations related to this configuration are derived similarly to the 1P-1S system, considering Figure 1b. The dynamic

model is expressed as follows:

L =


La 0 0 Lm

0 Lb1 0 Lm
tr1

0 0 Lb2
Lm
tr2

1 1
tr1

1
tr2

−1

 , x =


ia
ib1

ib2

im

 , V =


va −Ra · ia

vb1 −Rb1 · ib1

vb2 −Rb2 · ib2

0

 (7)

The set of dynamic equations for the 1P-2S system is given by:
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Figure 2. State-space models in ec of different TRs. (a) 1P-1S. (b) 1P-2S. (c) 1P-zS.
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
dia
dt = f1 (u,x)

dib1
dt = f2 (u,x)

dib2
dt = f3 (u,x)

dim
dt = f4 (u,x)

(8)

The models of loads 1 and 2, according to Figure 1b, are specified as follows: vb1 =−
(

RL1 · ib1 +LL1 ·
dib1
dt

)
vb2 =−

(
RL2 · ib2 +LL2 ·

dib2
dt

) (9)

From here, u = [u1, u2, u3]
T = [va, vb1, vb2]

T, and x = [x1, x2, x3, x4]
T = [ia, ib1, ib2, im]

T. Additionally, u ∈{R3} and x

∈{R4}. Taking (7) into account, tr2 = 1/n2. The function vector f = [f 1(u, x), f 2(u, x), f 3(u, x), f 4(u, x)]
T, where f ∈{R4},

is defined. Considering y = x, the state-space model of the 1P-2S system in ec is derived in (4). The matricesAec, Bec,

Cec, and Dec are defined in (5) where {i, j} ∈{1, 2, 3, 4} and k ∈{1, 2, 3}. Also {Aec, Cec} ∈M 4 × 4 {K} and {Bec, Dec}

∈M 4 × 3 {K}. Figure 2b presents the state-space diagram in ec, combined with the models of loads 1 and 2. Equations (4)

and (9) represent the state-space and load models, respectively, in the controllable canonical form for the 1P-2S system.

3.3 Dynamic model derivation: generalized 1P-zS configuration

The dynamic model for the generalized 1P-zS configuration, as shown in Figure 1c, is defined in a similar manner.

The dynamic equations are expressed in vector-matrix form, considering the z secondary windings. The model is given by:

L =



La 0 0 0 · · · 0 Lm

0 Lb1 0 0 · · · 0 Lm
tr1

0 0 Lb2 0 · · · 0 Lm
tr2

0 0 0 Lb3 · · · 0 Lm
tr3

...
...

...
...

. . .
...

...

0 0 0 0 · · · Lbz
Lm
trz

1 1
tr1

1
tr2

1
tr3

· · · 1
trz

−1


, x =



ia
ib1

ib2

ib3
...

ibz

im


, V =



va −Ra · ia
vb1 −Rb1 · ib1

vb2 −Rb2 · ib2

vb3 −Rb3 · ib3
...

vbz −Rbz · ibz

0


(10)

The dynamic equations for the generalized 1P-zS system are given by (11). From here, u = [u1, u2, u3, u4, …, uz,

u(z+1)]
T = [va, vb1, vb2, vb3, ..., vbz]

T, and x = [x1, x2, x3, x4, …, xz, x(z+1), x(z+2)]
T = [ia, ib1, ib2, ib3, ..., ibz, im]

T, with u ∈{R
(z+1)} and x ∈{R(z+2)}. From (10), trz = 1/nz. By following the methodology employed in the previous analyzed cases, the

vector function f = [f 1(u, x), f 2(u, x), f 3(u, x), ..., fz+1(u, x), fz+2(u, x)]
T, where f ∈{R(z+2)}, is defined. Consequently,

based on the vector f, the state-space model in ec for the generalized system (1P-zS) is derived and expressed in (1). The

matrices of the model are established in (5) where i ∈{1, 2,…,z}, j ∈{1, 2, …, z, …, z+2} and k ∈{1, 2, …,z+2}. Also

{Aec, Cec} ∈M (z+2)×(z+2) {K}, and {Bec, Dec} ∈M (z+2)×(z+1) {K}.

dia
dt = f1 (u,x)

dib1
dt = f2 (u,x)

dib2
dt = f3 (u,x)

dib3
dt = f4 (u,x)

...
dibz
dt = fz+1 (u,x)

dim
dt = fz+2 (u,x)

(11)

The state-space model in ec for the generalized system (1P-zS) is derived similarly, resulting in (4) and the loads

model are given by:
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

vb1 =−
(

RL1 · ib1 +LL1 ·
dib1
dt

)
vb2 =−

(
RL2 · ib2 +LL2 ·

dib2
dt

)
vb3 =−

(
RL3 · ib3 +LL3 ·

dib3
dt

)
...

vbz =−
(

RLz · ibz +LLz ·
dibz
dt

)
(12)

Finally, this section outlines the derivation of dynamic models for different configurations of a proposed TR topology.

It begins with the 1P-1S configuration, proceeds to the 1P-2S configuration, and finally discusses the generalized 1P-zS

configuration. Each derivation follows a clear methodology, expressing dynamic equations in vector-matrix form and

defining state-space representations. The chapter presents equations and matrices in a systematic manner. However,

additional explanations could enhance understanding, particularly for readers less familiar with the subject matter.

Overall, the section provides a solid foundation for analyzing the dynamic behavior of the proposed TR topology.

4. System modeling in d-q coordinates

In this section, the d-q model will be developed for each of the models, i.e., 1P-1S, and -2S, to obtain the generalized

model 1P-zS in the d-q frame.

The d-q transformation is commonly used in electric/electronic systems [31, 32, 33, 34, 35, 36, 37] to convert time-

varying systems, even in steady-state conditions, into a steady-state representation. However, the models proposed in Figure

1 are single-phase transformers, and therefore, the direct application of the d-q transformation is not feasible. Previous

studies [26, 38, 39, 40] have addressed d-q coordinate conversions for single-phase electrical systems in system, selecting

the electrical variables (va, vbx, ia, ibx, and im where x ∈{1, 2, …, z}), and shifting them by 90 degrees. The phase-shifted

variables are labeled as α and β (α-β coordinates) and rotate in the α-β plane. Once the system is in α-β coordinates,

Park’s transformation can be applied to obtain the final model in the d-q frame (static coordinates) [26].

Since the load is single-phase, the d-q coordinate system needs to be reconverted back into ec using the respective

inverse transformations, i.e., from d-q to α-β, and then from α-β to ec.

Next, the d-q coordinate models for the 1P-1S system, the 1P-2S system, and the generalized 1P-zS model will be

derived.

4.1 Dynamic model derivation in d-q coordinates: 1P-1S configuration

Following the procedure described above, the Clarke transformation is applied to the electrical variables in ec for the

1P-1S model, resulting in the variables transformed into α-β coordinates as given by:


vaα
vaβ
vb1α

vb1β

=


va (t)

va (t −π/2)
vb1 (t)

vb1 (t −π/2)

 ,



iaα
iaβ
ib1α

ib1β

imα

imβ


=



ia (t)
ia (t −π/2)

ib1 (t)
ib1 (t −π/2)

im (t)
im (t −π/2)


(13)

By substituting (13) into (3), the set of dynamic equations in α-β coordinates are derived and given by
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
diaα

dt = fαβ1

(
uαβαβαβ,xαβαβαβ

)
diaβ

dt = fαβ2

(
uαβαβαβ,xαβαβαβ

)
dib1α

dt = fαβ3

(
uαβαβαβ,xαβαβαβ

)


dib1β
dt = fαβ4

(
uαβαβαβ,xαβαβαβ

)
dimα

dt = fαβ5

(
uαβαβαβ,xαβαβαβ

)
dimβ

dt = fαβ6

(
uαβαβαβ,xαβαβαβ

) (14)

Here, uαβ = [vaα, vaβ, vb1α, vb1β]
T, and xαβ = [iaα, iaβ, ib1α, ib1β, imα, imβ]

T represent the input and output vectors in

α-β coordinates, respectively. Additionally, uαβ ∈{R4} and xαβ ∈{R6}.

Since the model in (14) is in the α-β rotating frame, Park’s transformation can be directly applied. By using the

following transformation matrix defined as

T =

[
cosθ sinθ

−sinθ cosθ

]
(15)

where θ is the grid phase angle to (14), the dynamic equations in d-q coordinates are given by (16). From here, udq = [udq1,

udq2, udq3, udq4]
T = [vad, vaq, vb1d, vb1q]

T, and xdq = [xdq1, xdq2, xdq3, xdq4, xdq5, xdq6]
T = [iad, iaq, ib1d, ib1q, imd, imq]

T, with

udq ∈{R4} and xdq ∈{R6}. Evidently, udq and xdq represent the input and output vectors in d-q coordinates, respectively.

diad
dt = fdq1 (udq,xdq)

diaq
dt = fdq2 (udq,xdq)

dib1d
dt = fdq3 (udq,xdq)

dib1q
dt = fdq4 (udq,xdq)

dimd
dt = fdq5 (udq,xdq)

dimβ

dt = fdq6

(
uαβαβαβ,xαβαβαβ

)
(16)

By grouping the dynamic equations in (16) into a vector function fdq = [f dq1(udq, xdq), f dq2(udq, xdq), ..., f dq6(udq,

xdq)]
T and defining the output vector as ydq = xdq, the state-space model of the 1P-1S system in d-q coordinates is obtained

and defined as follows: {
ẋdq = Adq ·xdq +Bdq ·udq
ydq = Cdq ·xdq +Ddq ·udq

(17)

It should be noted that {fdq, ydq} ∈{R6}. The state matrix Adq, input matrix Bdq, output matrix Cdq, and direct-

transmission matrix Ddq can be described as follows:

Adq =
[

∂ fdqi
(
udq,xdq

)
∂xdq j

]
, Bdq =

[
∂ fdqi

(
udq,xdq

)
∂udqk

]
,

Cdq =
[

∂xdqi
∂xdq j

]
, Ddq =

[
∂xdqi
∂udqk

] (18)

From here, {i, j} ∈{1, 2, 3, 4, 5, 6} and k ∈{1, 2, 3, 4}, andAdq ∈M 6×6 {K}, Bdq ∈M 6×4 {K}, Cdq ∈M 6×6 {K},

and Ddq ∈M 6×4 {K}. The block diagram illustrating the conversion process of the 1P-1S model from ec to d-q is shown

in Figure 3a.

Journal of Electronics and Electrical Engineering 232 | José M. Campos-Salazar, et al.



Figure 3. Block diagram of the conversion process for the TRs depicted in Figure 1, in d-q coordinates. (a) 1P-1S. (b) 1P-2S. (c) 1P-zS.

4.2 Dynamic model derivation in d-q coordinates: 1P-2S configuration

Following a similar procedure, the variables in α-β coordinates for the 1P-2S model are derived as follows
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

vaα
vaβ
vb1α

vb1β

vb2α

vb2β


=



va (t)
va (t −π/2)

vb1 (t)
vb1 (t −π/2)

vb2 (t)
vb2 (t −π/2)


,



iaα
iaβ
ib1α

ib1β

ib2α

ib2β

imα

imβ


=



ia (t)
ia (t −π/2)

ib1 (t)
ib1 (t −π/2)

ib2 (t)
ib2 (t −π/2)

im (t)
im (t −π/2)


(19)

By replacing (19) in (8), the dynamic equations in α-β coordinates for the 1P-2S model are defined by

diaα
dt = fαβ1

(
uαβαβαβ,xαβαβαβ

)
diaβ

dt = fαβ2

(
uαβαβαβ,xαβαβαβ

)
dib1α

dt = fαβ3

(
uαβαβαβ,xαβαβαβ

)
dib1β

dt = fαβ4

(
uαβαβαβ,xαβαβαβ

)



dib2α
dt = fαβ5

(
uαβαβαβ,xαβαβαβ

)
dib2β

dt = fαβ6

(
uαβαβαβ,xαβαβαβ

)
dimα

dt = fαβ7

(
uαβαβαβ,xαβαβαβ

)
dimβ

dt = fαβ8

(
uαβαβαβ,xαβαβαβ

) (20)

From here, uαβ = [vaα, vaβ, vb1α, vb1β, vb2α, vb2β]
T, and xαβ = [iaα, iaβ, ib1α, ib1β, ib2α, ib2β, imα, imβ]

T represent the

input and output vectors in α-β coordinates, respectively. Moreover, uαβ ∈{R6} and xαβ ∈{R8}. By applying Park’s

transformation to (19) using (15), the dynamic model of the 1P-2S system in d-q coordinates is derived and shown as

follows 

diad
dt = fdq1 (udq,xdq)

diaq
dt = fdq2 (udq,xdq)

dibd
dt = fdq3 (udq,xdq)

dib1q
dt = fdq4 (udq,xdq)



dib2d
dt = fdq5 (udq,xdq)

dib2q
dt = fdq6 (udq,xdq)

dimd
dt = fdq7 (udq,xdq)

dimq
dt = fdq8 (udq,xdq)

(21)

It should be noted that udq = [udq1, udq2, udq3, udq4, udq5, udq6]
T = [vad, vaq, vb1d, vb1q, vb2d, vb2q]

T, and xdq = [xdq1,

xdq2, xdq3, xdq4, xdq5, xdq6, xdq7, xdq8]
T = [iad, iaq, ib1d, ib1q, ib2d, ib2q, imd, imq]

T represent the input and output vectors in

d-q coordinates, respectively. Moreover, udq ∈{R6} and xdq ∈{R8}.

According to (21), defining the output vector in d-q coordinates as ydq = xdq and grouping the dynamic equations in

(21) into the vector function fdq = [f dq1(udq, xdq), f dq2(udq, xdq), ..., f dq8(udq, xdq)]
T, where fdq ∈{R8}, the state-space

model of the 1P-2S system in d-q coordinates is obtained and defined in (17). The matricesAdq, Bdq, Cdq, and Ddq are

defined in (18) where {i, j} ∈{1, 2, 3, 4, 5, 6, 7, 8} and k ∈{1, 2, 3, 4, 5, 6}. Also, {Adq, Cdq} ∈M 8×8 {K} and {Bdq,

Ddq} ∈M 8×6 {K}. The block diagram illustrating the conversion process of the 1P-2S model is depicted in Figure 3b.

4.3 Dynamic model derivation in d-q coordinates: 1P-zS configuration

Regarding the generalized 1P-zS model, the variables in α-β coordinates are presented and given by

Journal of Electronics and Electrical Engineering 234 | José M. Campos-Salazar, et al.





vaα
vaβ
vb1α

vb1β

vb2α

vb2β
...

vbzα

vbzβ


=



va (t)
va (t −π/2)

vb1 (t)
vb1 (t −π/2)

vb2 (t)
vb2 (t −π/2)

...

vbz (t)
vbz (t −π/2)


,



iaα
iaβ
ib1α

ib1β

ib2α

ib2β
...

ibzα

ibzβ

imα

imβ



=



ia (t)
ia (t −π/2)

ib1 (t)
ib1 (t −π/2)

ib2 (t)
ib2 (t −π/2)

...

ibz (t)
ibz (t −π/2)

im (t)
im (t −π/2)



(22)

By replacing (22) in (17), the dynamic equations in α-β coordinates for the generalized 1P-zS model are given by (23).

From here, uαβ = [vaα, vaβ, vb1α, vb1β, vb2α, vb2β, ..., vbzα, vbzβ]
T, and xαβ = [iaα, iaβ, ib1α, ib1β, ib2α, ib2β, ..., ibzα, ibzβ, imα,

imβ]
T represent the input and output vectors in α-β coordinates, respectively. Moreover, uαβ ∈{R(z+1)} and xαβ ∈{R(z+3)}.

diaα
dt = fαβ1

(
uαβαβαβ, xαβαβαβ

)
diaβ

dt = fαβ2

(
uαβαβαβ, xαβαβαβ

)
dib1α

dt = fαβ3

(
uαβαβαβ, xαβαβαβ

)
dib1β

dt = fαβ4

(
uαβαβαβ, xαβαβαβ

)
dib2α

dt = fαβ5

(
uαβαβαβ, xαβαβαβ

)
dib2β

dt = fαβ6

(
uαβαβαβ, xαβαβαβ

)
...

dibzα
dt = fαβz

(
uαβαβαβ, xαβαβαβ

)
dibzβ

dt = fαβz+1

(
uαβαβαβ, xαβαβαβ

)
dimα

dt = fαβz+2

(
uαβαβαβ, xαβαβαβ

)
dimβ

dt = fαβz+3

(
uαβαβαβ, xαβαβαβ

)

(23)

Applying the Park transform to (23), the dynamic equations of the generalized model, defined as functions, in d-q

coordinates can be described in (24). Moreover, by grouping the functions in (24), the function vector fdq = [f dq1(udq,

xdq), f dq2(udq, xdq), …, f dq(2+3)(udq, xdq)]
T is defined. Also, fdq ∈{Rz+3}. From (24), udq = [udq1, udq2, udq3, udq4, udq5,

udq6, …, udqz, udq(z+1)]
T = [vad, vaq, vb1d, vb1q, vb2d, vb2q, …, vbzd, vbzq]

T, xdq = [xdq1, xdq2, xdq3, xdq4, xdq5, xdq6, xdq6,…,

xdqz, xdq(z+1), xdq(z+2), xdq(z+3)]
T = [iad, iaq, ib1d, ib1q, ib2d, ib2q,…, ibzd, ibzq, imd, imq]

T are the input and output vector in d-q

coordinates respectively. Moreover, udq ∈{Rz+1} and xdq ∈{Rz+3}. Also, the matricesAdq, Bdq, Cdq, and Ddq are defined

in (18) taking into account {i, j} ∈{1, 2,…, z, z+1, z+2, z+3} and k ∈{1, 2,…, z, z+1}. Figure 3c shows the conversion

process of the generalized 1P- zS model into d-q coordinates.

The sections describe a systematic method for modeling single-phase transformer systems in d-q coordinates, which

provides a strong framework for analysis and control. By utilizing Clarke and Park transformations, the dynamic equations

are formulated to represent the system seamlessly in the d-q frame. This approach is highly adaptable, accommodating

various system configurations and thereby improving the understanding and optimization of power systems. However,

increasing the number of secondary windings results in a proportional increase in the number of state variables, particularly

those associated with the terminal currents of the secondary windings. To address this challenge, numerous sensors may

need to be deployed to accurately measure these variables. Alternatively, an effective solution is to design and implement

state observers, which are particularly appropriate in this context given the availability of state-space models [19, 41].
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These observers can estimate the system’s internal states based on the available measurements, reducing the need for

excessive sensors, and providing an efficient solution to handle increased complexity.

diad
dt = fdq1 (udq, xdq)

diaq
dt = fdq2 (udq, xdq)

dib1d
dt = fdq3 (udq, xdq)

dib1q
dt = fdq4 (udq, xdq)

dib2d
dt = fdq5 (udq, xdq)

dib2q
dt = fdq6 (udq, xdq)

...
dibzd

dt = fdqz (udq, xdq)
dibzq

dt = fdqz+1 (udq, xdq)
dimd

dt = fdqz+2 (udq, xdq)
dimq

dt = fdqz+3 (udq, xdq)

(24)

5. Simulation results

This study simulates three configurations of the models shown in Figure 1: 1P-1S, 1P-2S, and 1P-3S. Table 1 outlines

the model parameters for each configuration, allowing the validation of the model proposed in (17) for each case. The

simulations are conducted in both PSIM (using ec) and MATLAB-Simulink (employing d-q). Corresponding block

diagrams for these implementations, fitted for z ∈{1, 2, 3}, are shown in Figures 4–6.

Table 1. Model Parameters Regarding (1P-1S), (1P-2S), and (1P-3S).

Parameter Values

Ra 12 [mW]
Rb1 12.5 [mW]
Rb2 14.5 [mW]
Rb3 10.5 [mW]
La 25 [mH[
Lb1 35 [mH]
Lb2 38 [mH]
Lb3 15 [mH]
Lm 1 [H]

tr1, tr2, and tr3 1
RL1, RL2, and RL3 10 [W]
LL1, LL2, and LL3 10 [mH]
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Figure 4. Simulation models regarding 1P-1S implemented using PSIM according to Figure 1 and MATLAB-Simulink according to Figure 3. (a) and (b)
show the implementation of 1P-1S using PSIM and MATLAB-Simulink respectively.

Figure 5. Simulation models regarding 1P-2S implemented using PSIM according to Figure 1 and MATLAB-Simulink according to Figure 3. (a) and (b)
show the implementation of 1P-2S using PSIM and MATLAB-Simulink respectively.
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Figure 6. Simulation models regarding 1P-3S implemented using PSIM according to Figure 1 and MATLAB-Simulink according to Figure 3. (a) and (b)
show the implementation of 1P-3S using PSIM and MATLAB-Simulink respectively.

Figures 4a,b–6a,b show the 1P-1S, -2S, and -3S configurations implemented in PSIM and MATLAB-Simulink,

respectively. The circuits in PSIM mirror those in Figure 1, while the models in MATLAB-Simulink correspond to

the state-space equations depicted in Figure 3. For clarity, a brief explanation of the MATLAB-Simulink models is

provided: they consist of blocks representing Clarke linear transformations (converting variables from ec to α-β) and

Parks transformations (converting variables from α-β to d-q), along with blocks for configuring the appropriate state-space

models (1P-1S, -2S, and -3S) and dynamic equations of the respective loads. In addition, a basic phase-locked loop (PLL)

circuit is implemented to control the variable conversion blocks (Clarke and Parks).

Figures 7–9 provides a detailed description of each block shown in Figures 4–6. Specifically, Figures 7a–9a describes

the process of converting the variables in ec coordinates to α-β coordinates according to (13), (19), and (22) for z ∈{1, 2,
3}. Meanwhile, Figures 7b–9b implements the system models in d-q-coordinates according to (17) and (18) according to

1P-1S- 2S- and -3S, respectively. Figures 7c–9c demonstrate the conversion of α-β variables to d-q coordinate variables

for the 1P-1S, -2S, and -3S models, respectively. Similarly, Figures 7d–9d shows the reconversion of the variables in d-q

coordinates to the corresponding ec coordinates in the 1P-1S, -2S, and -3S models, respectively, and finally, Figures 7e−9e

details the implementation of the load models of the studied systems according to (6), (9), and (12) for z ∈{1, 2, 3}.
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Figure 7. Details of the blocks shown in Figure 4. (a) Block for conversion of variables in ec to -. (b) Signal processing of multiple inputs and multiple
outputs according to the dynamic model (17). (c) Block for converting signals in - coordinates to d-q coordinates. (d) Block for reconverting signals in
d-q coordinates to ec coordinates. (e) Dynamic model of the load described by (6).
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Figure 8. Details of the blocks shown in Figure 4. (a) Block for conversion of variables in ec to -. (b) Signal processing of multiple inputs and multiple
outputs according to the dynamic model (17). (c) Block for converting signals in - coordinates to d-q coordinates. (d) Block for reconverting signals in
d-q coordinates to ec coordinates. (e) Dynamic model of the load described by (9).
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Figure 9. Cont.
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Figure 9. Details of the blocks shown in Figure 4. (a) Block for conversion of variables in ec to α-β. (b) Signal processing of multiple inputs and
multiple outputs according to the dynamic model (17). (c) Block of conversion of signals in α-β coordinates to d-q coordinates. (d) Block of reconversion
of signals in d-q coordinates to ec coordinates. (e) Dynamic model of the load described by (12) with z ∈{1, 2, 3}.

5.1 Simulation setup

Each simulation model, whether in PSIM or MATLAB-Simulink, implements a sinusoidal power supply with a

peak-to-peak voltage of 311 V at a frequency of 1 kHz, assuming zero initial conditions. It is assumed also, that these

inputs are from switching networks coming from any power converter, which pass through a filter tuned to the fundamental

frequency of 1 kHz (the frequency at which these models operate), generating an almost pure sinusoidal waveform

[18, 42, 43]. It is worth noting that all MATLAB/Simulink simulated models use a fixed-step solver with a fixed step time

of tstep = 100 ns.

5.2 Dynamics of 1P-1S system

Figure 10 shows the transient simulation results for variables va, vb1, ia, and ib1 in ec (Figure 10a–d) and d-q variables

of va, vb1, and ib1 (Figure 10e–g) for the 1P-1S system. It is worth noting that the dynamics of these variables in MATLAB-

Simulink and PSIM are highly similar, indicating negligible steady-state error. Also, the dynamic behavior of the variables

in d-q is similar to that of typical variables in these coordinates, and they appear as constants [44].

Each figure includes a detailed view, which provides an enlarged view of a specific time range. For example, in

Figure 10a–d, the zoomed view corresponds to the dynamics of the respective variables when they reach a steady state, i.e.,

in the range 50 ms ≤t ≤60 ms. In the case of the dynamics shown in Figure 10e–f, the zoomed view details the transient

response of each of the exposed variables; in this case, 0 ≤ t ≤ 2 ms.

5.3 Dynamics of 1P-2S

Figure 11 shows the variables vbx, ia, and ibx, for x ∈{1, 2}in ec coordinates under transient dynamics, i.e., Figure
11a–e respectively, and Figure 12 shows the dynamics in d-q coordinates of vbxd, vbxq, ibxd, and ibxq, under transient

dynamics, i.e., Figure 12a–d respectively. It is worth noting that the variables shown in Figure 11 correspond to those

obtained from the MATLAB-Simulink model and those obtained from the PSIM model. Furthermore, it is evident that

there is a negligible steady-state error. The variables are clearly depicted in Figure 12, with a detailed analysis of their

behavior in a steady-state regime in the time range 50 ms ≤ t ≤ 60 ms, like in the 1P-1S model. Furthermore, details of

each of the variables in d-q coordinates can be seen in Figure 12, focusing on the transient stage (0 ≤ t ≤ 2 ms). The

dynamic behavior follows the typical form for this type of signal, exhibiting a static characteristic [44].

5.4 Dynamics of 1P-3S

Figure 13 describes the dynamics of the variables vbx, ia, and ibx for x ∈{1, 2, 3} in coordinates ec under transient
regime. The signals shown here are obtained from both the MATLAB-Simulink and PSIM models. Furthermore, Figure

14 illustrates the dynamics of vbx and ibx in d-q coordinates under transient analysis. As in previous cases, Figure 13

demonstrates detailed augmented steady-state dynamics for the time range of 50 ms ≤ t ≤ 60 ms. Additionally, Figure 14

displays the d-q coordinate dynamics, with enlarged views detailing the transient state of each variable for the time range

of 0 ≤ t ≤ 20 ms. It is worth noting that the steady-state error remains negligible, consistent with previous models. The

dynamic compression of the d-q variables behaves as indicated in the theory [44], presenting a constant gain characteristic.
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Figure 10. Simulation results under transient’s dynamics regarding the operation of the 1P-1S. The initial conditions of all variables are zero. Variables
from MATLAB-Simulink are shown in blue and those from PSIM in red according to (a)–(d). (a) Dynamics of va. (b) Dynamics of vb1. (c) Dynamics of
ia. (d) Dynamics of ib1. (e) Dynamics in d-q coordinates of va (vad and vaq). (f) Dynamics in d-q coordinates of vb1 (vb1d and vb1q). (g) Dynamics in d-q

coordinates of ib1 (ib1d and ib1q).
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Figure 11. Simulation results under transient’s dynamics regarding the operation of the 1P-2S. The initial conditions of all variables are zero. Variables
from MATLAB-Simulink are shown in blue and those from PSIM in red. (a) Dynamics of vb1. (b) Dynamics of vb2. (c) Dynamics of ia. (d) Dynamics of
ib1. (e) Dynamics of ib2.

Figure 12. Simulation results under transient’s dynamics regarding the operation of the 1P-2S. The initial conditions of all variables are zero. (a)
Dynamics in d-q coordinates of vb1 (vb1d and vb1q). (b) Dynamics in d-q coordinates of vb2 (vb2d and vb2q). (c) Dynamics in d-q coordinates of ib1 (ib1d
and ib1q). (d) Dynamics in d-q coordinates of ib2 (ib2d and ib2q).
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Figure 13. Simulation results under transient dynamics regarding the operation of the 1P-3S. The initial conditions of all variables are zero. Variables
from MATLAB-Simulink are shown in blue and those from PSIM in red. (a) Dynamics of vb1. (b) Dynamics of vb2. (c) Dynamics of vb3. (d) Dynamics
of ia. (e) Dynamics of ib1. (f) Dynamics of ib2. (g) Dynamics of ib3.
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Figure 14. Simulation results under transient’s dynamics regarding the operation of the 1P-3S. The initial conditions of all variables are zero. (a)
Dynamics in d-q coordinates of vb1 (vb1d and vb1q). (b) Dynamics in d-q coordinates of vb2 (vb2d and vb2q). (c) Dynamics in d-q coordinates of vb3 (vb3d
and vb3q). (d) Dynamics in d-q coordinates of ib1 (ib1d and ib1q). (e) Dynamics in d-q coordinates of ib2 (ib2d and ib2q). (f) Dynamics in d-q coordinates of

ib3 (ib3d and ib3q).

Table 2 summarizes the steady-state values of electric and dynamic variables in the d-q coordinate system, categorized

by system configuration. The low errors obtained through comparisons between electrical variables from MATLAB-

Simulink and PSIM confirm the suitability of the state-space models in d-q coordinates for extensive use. This modeling

approach provides the basis for synthesizing control systems that can manage power flow across transformer sides, like

DABs and SSTs converters. The linear static system’s simplicity simplifies control algorithm design, utilizing well-known

linear control techniques.

As can be seen in Figure 10e−g, Figures 12 and 14, reaching the steady state is faster for variables in d-q coordinates

than for those in ec coordinates. This highlights the significance of using suitable models for d-q dynamics, which can be

simulated in shorter times. It is crucial to select the appropriate solver type when generating dynamic simulations in the

MATLAB-Simulink environment. It is important to note that changing the solver type from variable step to fixed step

together with the type of solver selected: ode1 (Euler) eliminated the ripple in the variables in dq, as demonstrated in

Figures 10–14.
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Table 2. Steady-State Values of Electrical and d-q Coordinates of Systems Under Study

System Variable Value Steady-State Error

1P-1S

va(MATLAB) 311 [V peak-to-peak]
0 [V]

va(PSIM) 311 [V peak-to-peak]
vb1(MATLAB) 44.28 [V peak-to-peak]

0 [V]
vb1(PSIM) 44.28 [V peak-to-peak]
ia(MATLAB) 2.0869 [A peak-to-peak]

0 [A]
ia(PSIM) 2.0869 [A peak-to-peak]
v0ad 0 -
vaq −311 -
iad 1.8693 [peak-to-peak] -
iaq 1.9244 [peak-to-peak] -
vb1d −5.967 -
vb1q −43.88 -
ib1d −0.696 -
ib1q −0.0159 -

1P-2S

vb1(MATLAB) 71.1433 [V peak-to-peak]
4.3727 [V]

vb1(PSIM) 66.7686 [V peak-to-peak]
vb2(MATLAB) 66.7802 [V peak-to-peak]

4.3489 [V]
vb2(PSIM) 71.1291 [V peak-to-peak]
ia(MATLAB) 3.0079 [A peak-to-peak]

7.4 [mA]
ia(PSIM) 3.0153 [A peak-to-peak]

ib1(MATLAB) 1.5425 [A peak-to-peak]
93.3 [mA]

ib1(PSIM) 1.4492 [A peak-to-peak]
ib2(MATLAB) 1.4493 [A peak-to-peak]

93.3 [mA]
ib2(PSIM) 1.5423 [A peak-to-peak]
vb1d −4.655 -
vb1q −32.970 -
vb2d −4.421 -
vb2q −30.92 -
ib1d 1.364 [peak-to-peak] -
ib1q 1.402 [peak-to-peak] -
ib2d 1.2915 [peak-to-peak] -
ib2q 1.3232 [peak-to-peak] -

1P-3S

vb1(MATLAB) 48.623 [V peak-to-peak]
3 [V]

vb1(PSIM) 45.6345 [V peak-to-peak]
vb2(MATLAB) 45.6432 [V peak-to-peak]

3 [V]
vb2(PSIM) 48.6139 [V peak-to-peak]

vb3(MATLAB) 86.0953 [V peak-to-peak]
14 [mV]

vb3(PSIM) 86.0816 [V peak-to-peak]
ia(MATLAB) 3.9055 [A peak-to-peak]

8.9 [mA]
ia(PSIM) 3.9144 [A peak-to-peak]

ib1(MATLAB) 1.0609 [A peak-to-peak]
64.2 [mA]

ib1(PSIM) 0.9967 [A peak-to-peak]
ib2(MATLAB) 0.9969 [A peak-to-peak]

0.2 [mA]
ib2(PSIM) 1.0608 [A peak-to-peak]

ib3(MATLAB) 1.8563 [A peak-to-peak]
0.2 [mA]

ib3(PSIM) 1.8561 [A peak-to-peak]
vb1d −3.521 -
vb1q −22.32 -
vb2d −3.354 -
vb2q −20.93 -
vb3d −5.152 -
vb3q −40.25 -
ib1d 0.985 [peak-to-peak] -
ib1q 0.9923 [peak-to-peak] -
ib2d 0.9324 [peak-to-peak] -
ib2q 0.9364 [peak-to-peak] -
ib3d 1.6159 [peak-to-peak] -
ib3q 1.6426 [peak-to-peak] -

Regarding the matrices defined in (5) and (18), valid for the 1P-1S model, their evaluations according to the values

listed in Table 1, are presented below:

Aec =

 −0.2040 0.2053 0
0.1971 −0.2105 0
−0.0069 −0.0051 0

 , Bec =

 17.0021 −16.4271
−16.4271 16.8378

0.5749 0.4107

 (25)
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Adq = 103 ·



−0.0002 6.2832 0.0002
−6.2832 −0.0002 0
0.0002 0 −0.0002

0 0.0002 −6.2832
0 0 0
0 0 0

0 0 0
0.0002 0 0
6.2832 0 0
−0.0002 0 0

0 0 6.2832
0 −6.2832 0


, (26)

Bdq =



17.0021 0
0 17.0021

−16.4271 0
0 −16.4271

0.5749 0
0 0.5749

−16.4271 0
0 −16.4271

16.8378 0
0 16.8378

0.4107 0
0 0.4107



Aec =


−0.3619 0.0879 0.0939
0.0844 −0.2944 0.0671
0.0777 0.0578 −0.3198
0.1969 0.1465 −0.3198
−0.0030 −0.0022 −0.3198

0.1723 0
0.1230 0
0.1133 0
−0.4129 0
−0.0043 0

 (27)

Bec =


30.1571 −7.0306
7.0306 23.5495
−6.4756 −4.6254
−16.4048 −11.7177

0.2461 0.1758

−6.4756 −16.4048
−4.6254 −11.7177
22.0555 −10.7926
−10.7926 39.3253

0.1619 0.4101



Adq = 103 ·



−0.0004 6.2832 0.0001 0 0.0001 0 0.0002 0 0 0
−6.2832 −0.0004 0 0.0001 0 0.0001 0 0.0002 0 0
0.0001 0 −0.0003 6.2832 0.0001 0 0.0001 0 0 0

0 0.0001 −6.2832 −0.0003 0 0.0001 0 0.0001 0 0
0.0001 0 0.0001 0 −0.0003 6.2832 0.0001 0 0 0

0 0.0001 0 0.0001 −6.2832 −0.0003 0 0.0001 0 0
0.0002 0 0.0001 0 0.0002 0 −0.0004 6.2832 0 0

0 0.0002 0 0.0001 0 0.0002 −6.2832 −0.0004 0 0
0 0 0 0 0 0 0 0 0 6.2832
0 0 0 0 0 0 0 0 −6.2832 0



Bdq =



30.1571 0 −7.0306 0 −6.4756 0 −16.4048 0
0 30.1571 0 −7.0306 0 −6.4756 0 −16.4048

−7.0306 0 23.5495 0 −4.6254 0 −11.7177 0
0 −7.0306 0 23.5495 0 −4.6254 0 −11.7177

−6.4756 0 −4.6254 0 22.0555 0 −10.7926 0
0 −6.4756 0 −4.6254 0 22.0555 0 −10.7926

−16.4048 0 −11.7177 0 −10.7926 0 39.3253 0
0 −16.4048 0 −11.7177 0 −10.7926 0 39.3253

0.2461 0 0.1758 0 0.1619 0 0.4101 0
0 0.2461 0 0.1758 0 0.1619 0 0.4101


(28)

where Cec = I3×3 and Dec = 03×2. Also, the matrices in d-q coordinates can be defined in (26). Similarly, the matrices for

the 1P-2S system are described with assurance in (27) and (28). From here, Cdq = I6×6 and Dec = 06×4.

Finally, the evaluated matrices corresponding to the 1P-3S system are defined in (27) and (28) respectively, where

Cdq = I10×10 and Dec = 010×8.

Journal of Electronics and Electrical Engineering 248 | José M. Campos-Salazar, et al.



The simulation results confirm the proposed models for 1P-1S, -2S, and -3S configurations, demonstrating close

agreement between PSIM and MATLAB-Simulink implementations. Table 1 presents the model parameters, and Figures

4–6 show the corresponding block diagrams. Steady- state simulations in both ec and d-q coordinates exhibit negligible

errors, as depicted in Figure 10. Dynamic simulations for 1P-2S and 1P-3S systems demonstrate satisfactory behavior

with minimal errors, as shown in Figures 11–14. Although modeling approximations may cause minor ripples in d-q

variables, the overall accuracy is maintained. Table 2 summarizes the steady-state values, confirming the suit-ability of d-q

coordinate models for control system synthesis, especially for power flow management across transformer sides.

The section on simulation results provides a comprehensive overview of the validation process for the proposed

models across various configurations. The study ensures thorough validation and comparison by simulating the 1P-1S,

1P-2S, and 1P-3S setups in both PSIM and MATLAB-Simulink environments. The detailed block diagrams accompanying

the explanations facilitate a clear understanding of the simulation setups. The analysis of simulation results, including

transient and steady-state dynamics, provides valuable insights into the behavior of the models. The close agreement

between PSIM and MATLAB-Simulink simulations underscores the accuracy of the proposed models. Furthermore,

the evaluation of steady-state values and matrices provides quantitative validation, reinforcing confidence in the model

parameters. The section on solver types provides practical considerations for dynamic simulations, adding depth to the

analysis. The presented validation process contributes significantly to the understanding and applicability of the proposed

models in power system control.

6. Dynamical equation general solution

This section presents solutions to the dynamic equations of state as presented in (4) and (17). The dynamic model of

the governed systems is represented by (4) in ec coordinates, while (17) corresponds to the system in d-q coordinates. These

models are linear differential equations that can be confidently solved using the state space representation by obtaining and

employing the state transition matrix (Φ) [19, 20, 45].

By modifying the dynamic equations in (4) and (17), they are transformed into non-autonomous forms, described in

(29) and (30). From hereAec andAdq are the system matrices corresponding to ec and d-q coordinates respectively, and

Bec and Bdq are the input matrices.

dx(t)
dt

= Aec ·x(t)+Bec ·u(t) ⇒ dx(t)
dt

−Aec ·x(t) = Bec ·u(t) (29)

dxdq (t)
dt

= Adq ·xdq (t)+Bdq ·udq (t)⇒
dxdq (t)

dt
−Adq ·xdq (t) = Bdq ·udq (t) (30)

e−Aec·t · dx(t)
dt

− e−Aec·t ·Aec ·x(t) = e−Aec·t ·Bec ·u(t) (31)

e−Adq·t ·
dxdq (t)

dt
− e−Adq·t ·Adq ·xdq (t) = e−Adq·t ·Bdq ·udq (t) (32)

d
dt

(
e−Aec·t ·Aec ·x(t)

)
= e−Aec·t ·Bec ·u(t) (33)

d
dt

(
e−Adq·t ·Adq ·xdq (t)

)
= e−Adq·t ·Bdq ·udq (t) (34)

Defining Φ(t) = e(Ai·t) for i ∈{ec, dq} and multiplying both sides of (29) and (30) by Φ(−t), the following expressions

given in (31) and (32) are obtained respectively. The mathematical structures described in (31) and (32) result from

applying a derivation using the chain rule, leading to (33) and (34). Integrating both sides of (33) and (34) from 0 to t

yields new expressions given by:
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e−Aec·t ·x(t)−x0 = ∫ t
0 e−Aec·λ ·Bec ·u(t) ·dλ

⇒ x(t) = eAec·t ·x0 + ∫ t
0 eAec·(t−λ ) ·Bec ·u(t) ·dλ

⇒ x(t) =ΦΦΦ(t) ·x0 + ∫ t
0 ΦΦΦ(t −λ ) ·Bec ·u(t) ·dλ

(35)

e−Adq·t ·xdq (t)−xdq0 = ∫ t
0 e−Adq·λ ·Bdq ·udq (t) ·dλ

⇒ xdq (t) = eAdq·t ·xdq0 + ∫ t
0 eAdq·(t−λ ) ·Bdq ·udq (t) ·dλ

⇒ xdq (t) =ΦΦΦ(t) ·x0 + ∫ t
0 ΦΦΦ(t −λ ) ·Bdq ·udq (t) ·dλ

(36)

The initial state conditions of the system, represented by x0 and dq0, are considered null for this study, as shown in

(35) and (36).

The state transition matrices Φ(t) are defined by Φ(t) = eAi·t = L −1{(s·I−Ai)
−1}, for i ∈{ec, dq}, where s is the

Laplace operator, and I is the identity matrix of the same size asAi. With this information, it is possible to solve all the

state equations associated with the dynamic models described in (4) and (17). The process begins by obtaining Φ(t) and

then computing it in (35) and (36), thus obtaining the state variables related to Equations (4) and (17).

Due to the large size of the state transition matrices for the 1P-1S, 1P-2S, and 1P-3S models, valid for ec and d-q

coordinates, explicit presentation of these matrices is avoided in this subsection.

7. Conclusions

The article provides a comprehensive exploration of system modeling in d-q coordinates for single-phase transformer

configurations, meticulously analyzing the complexities of this approach. It begins by highlighting the broad applicability

of the d-q transformation in electrical and electronic systems, demonstrating its effectiveness in capturing the dynamics of

time-varying systems, even under steady-state conditions. However, the direct application of the d-q transformation to

single-phase transformers poses inherent challenges, which the paper addresses.

To overcome these challenges, the study builds on established methodologies by using the Clarke transformation to

transform electrical variables from electrical phase coordinates (ec) to α-β coordinates. This transformation, characterized

by a 90-degree phase shift and rotation in the α-β plane, provides a more manageable representation of the system. Park’s

transformation is then used to translate the α-β coordinates into the desired d-q frame, providing a static representation

suitable for analysis and control.

A central aspect of the paper is the derivation of dynamic equations in α-β and d-q coordinates, which demonstrates a

careful and systematic approach to modeling single-phase transformer systems. By providing these equations in vector-

matrix form, the article not only enhances the understanding of system dynamics, but also facilitates efficient analysis and

control design. In addition, the inclusion of visually illustrative block diagrams clarify the transformation process, thereby

aiding a deeper understanding and visualization of the methodology.

Beyond individual transformer configurations, the analysis includes a generalized 1P-zS model that captures different

transformer setups. This enhances the applicability of the modeling approach and highlights its versatility in addressing

different system configurations. The adoption of a state-space representation in d-q coordinates, encapsulated by theAdq,

Bdq, Cdq, and Ddq matrices, further enhances the analytical capabilities, enabling researchers and practitioners to gain

deeper insights into system behavior and performance. In summary, the article provides a comprehensive and insightful

exploration of system modeling in d-q coordinates for single-phase transformer systems, shedding light on a nuanced aspect

of power system dynamics and control. Despite its thoroughness, it’s important to acknowledge the lack of experimental

validation that could further strengthen the applicability of the study to real-world scenarios.

The article provides a comprehensive and informative exploration of system modeling in d-q coordinates for single-

phase transformer systems, highlighting a subtle aspect of power system dynamics and control. While it is important to

acknowledge the lack of experimental validation, this does not diminish the study’s applicability to real-world scenarios.
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