Journal of Electronics and Electrical Engineering

https://ojs.wiserpub.com/index.php/JEEE UNIVERSAL WISER
PUBLISHER

Research Article

Robust Controller Design for a Grid-Connected VSI via an LCL Filter
in the Presence of Unknown Grid Impedance

Juan Manuel Gonzalez!*©®, Claudio A. Busada®®, Jorge A. Solsona?

!nstituto Argentino de Radioastronomia (IAR), Universidad Nacional de La Plata (UNLP)-CONICET, Berazategui, Argentina
2Instituto de Investigaciones en Ingenieria Eléctrica (IIIE), Universidad Nacional del Sur (UNS)-CONICET, Bahia Blanca, Argentina
E-mail: jmgonzalez@iar.unlp.edu.ar

Received: 11 September 2024; Revised: 13 November 2024; Accepted: 18 November 2024

Abstract: Inverters connected to the grid can become unstable under specific grid impedance conditions. In order
to find a solution to this problem, it is possible to ensure system stability and their robustness to R-L type grid impedances
by satisfying two conditions. The first condition is to ensure that the closed-loop poles of the system are in stable positions
to variations in the grid impedance. The second condition is reliant on the admittance model of the equivalent circuit.
Specifically, the product of this admittance and the grid impedance must adhere to the Nyquist stability criterion. In this
work, the stability of the converter connected to the grid through an LCL filter is analysed. For this purpose, the output
admittance is modelled in the Laplace domain taking into account the behaviour of the discrete controller. In addition, to
ensure that the closed-loop poles are in stable positions, the system open-loop response is analysed. These two conditions
are examined across scenarios where system states are partially or completely fed back, for different system parameter
values. Consequently, a robust controller is designed for variations of the R-L type grid impedance.
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Abbreviation

Abbreviation Description

VSI Voltage Source Inverter

PCC Point of Common Coupling

Ty Sampling time (s)

[0} Sampling angular frequency (rad/s)
1) Dirac delta function

Vg Grid voltage source (V)

Z, Grid impedance ()

Ve DC voltage source (V)

Vref Reference control signal (V)

Vi One-sample delayed signal (V)

Vi Signal applied to LCL filter input (V)
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Vs Voltage at PCC (V)

i Current through L; (A)

li Current through L (A)

Ve Voltage across C (V)

L; Inverter side inductance (H)

Ly Grid side inductance (H)

C Filter capacitor (F)

Y,(s)  Admittance of the output filter (S)
7! One-sample delay

R(z)  Reference prefilter

C(z)  Feedback controller

Ci(z) Feedback gain for i;

Cy(z)  Feedback gain for v,

Ci(z)  Feedback gain for i

PI Proportional-integral controller

PR Proportional-resonant controller

C4(z)  Feedback gain for ;

Gu(s) Zero-order hold (ZOH)

Transfer function of current through L; with respect to v;

Transfer function of current through L; with respect to v
(s) Transfer function of voltage across C with respect to v;

Vea(s) Transfer function of voltage across C with respect to v

Ly (s)  Transfer function of current through L with respect to v;

In(s)  Transfer function of current through L, with respect to v,

Ai(z)  Transfer function numerator for I (z)
A.(z)  Transfer function numerator for V1 (z)
As(z)  Transfer function numerator for I (z)
Ar(z)  Characteristic polynomial in Z domain
W, Resonance angular frequency (rad/s)
Wy Anti-resonance angular frequency (rad/s)
Lt Total inductance (H)

Oprit Critical angular frequency (rad/s)

1. Introduction

The increasing demand for energy has driven the expansion of renewable energy sources, leading to the development
of power electronic converters capable of injecting energy into the grid. Consequently, inverter-based resources (IBRs)
have emerged, where electrical variables need to be controlled and synchronized [1]. Primarily, two control strategies
are utilized: in some cases, the converters operate as grid-forming and in others as grid-feeding [2, 3]. The design of
these controllers is based on the knowledge of parameters at the Point of Common Coupling (PCC) and assuming that
the voltage at this point matches the grid voltage. Sometimes the converter is connected to the grid through a line with
unknown parameters. Depending on the short-circuit ratio (SCR), two clearly distinguishable scenarios arise. In one case,
the grid can be considered strong, and the performance of the employed controller is not affected. On the contrary, when
the grid is weak, the system’s performance may deteriorate, potentially leading to unstable behavior [4, 5, 6, 7, 8].

In many cases, renewable energy sources are integrated into the grid using grid-feeding inverters [9]. These inverters
incorporate a passive filter as an output stage to attenuate the harmonic components generated by the PWM modulator.
Typically, either an L filter or an LCL filter is employed. Sometimes, the LCL filters are preferred due to their ability
to create a smaller filter than an L filter for the same attenuation factor. However, LCL filters exhibit resonant behavior,
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making it challenging to control the injected current. To address this, various methods, categorized as passive damping
[10, 11] or active damping [12, 13], have been proposed. Passive damping introduces power losses, impacting efficiency,
thus making active damping more preferable. This article assumes the use of an LCL filter as the grid-feeding output stage.

As the grid impedance value is unknown and subject to variations, so is the resonant frequency of the impedance
formed by the LCL filter and the grid impedance. Therefore, ensuring stability involves designing controllers that are
robust to variations in the grid impedance.

To address these challenges, several control methods have been developed that analyse the open-loop response of
the system, allowing for the determination of the stability of closed-loop poles [14, 12]. Controllers with converter side
current feedback exhibit instability when the resonance frequency surpasses one-sixth of the sampling frequency [14]. In
contrast, for controllers with grid current feedback, instability arises when the resonant frequency falls below one-sixth of
the sampling frequency [12]. To enhance system robustness to variations in grid impedance, controllers with a second
inner current loop were developed [12, 15]. However, certain resonant frequency values may still lead to instability. To
address this, a phase compensator was introduced in [15]. Additionally, the application of full-state feedback controllers
enhances system robustness within a limited range of grid impedance values. A robust design of an observer-based current
controller, considering a converter connected to a weak grid through an LCL filter, was proposed in [16, 17, 18]. Further
proposals, which involve robust H., control, can be found in [19].

On the other hand, the grid-connected inverter can be modelled as a current source in parallel to an admittance,
ensuring system stability if the product between the inverter output admittance and the grid impedance satisfies the Nyquist
stability criterion [20, 21, 22]. If the LCL filter parameters are known, the inverter output admittance can be modelled,
offering the advantage of evaluation across the entire frequency range.

Usually, the output admittance of a converter is modelled by considering the system in continuous time [23, 24, 25, 21,
22]. However, the controller is implemented digitally, with equations in the discrete domain. Due to this, the system can
be considered as a mixed-domain system, consisting of continuous and discrete-time signals. It must be noted that, purely
continuous-time models may give erroneous results, in particular for low sampling frequencies [26]. In addition, not all
digital control algorithms can be accurately modelled using continuous-time transfer functions. To improve the accuracy of
the admittance model, the discrete behaviour of the control system is considered, maintaining the continuous characteristic
of the rest of the system [27]. Likewise, there are purely discrete models of the output admittance [28, 29]. However, these
models do not accurately describe the output admittance, especially at frequencies near or above the Nyquist frequency.
On the other hand, in most admittance modelling methods, the sampling process is not taken into account. Such a process
is considered in recent work, where sampling is modelled as intermodulation products [26, 30, 31].

However, to design a controller robust to variations in a grid impedance of the R-L type, it is necessary to meet both
conditions. The closed-loop poles must remain in stable positions despite variations in the grid impedance, and the product
of the grid impedance and the system admittance must satisfy the Nyquist stability criterion [22, 32]. Usually, it is only
proposed that the system be stable for one of the conditions and not both. This paper introduces the analysis of the output
admittance model for a controller by considering two different cases (i.e., partial-state or full-state feedback). Models are
developed in the Laplace domain considering the behaviour of the discrete-time controller. In addition, the open-loop
response of the system is analysed to ensure that the closed-loop poles are located in positions such as system stability is
guaranteed. The open loop is considered with all loops closed except for the output current loop. This analysis allows the
design of a controller robust to variations in the grid impedance of the R-L type. Thus achieving the design of a controller
that satisfies both stability criteria.

The paper is organized as follows. Section 2 describes the system under study. Section 3 analyses the system stability
and its relation with the output admittance. Section 4 develops the admittance model and the open-loop response of the
system when different states are fed back. Furthermore, the extension of the model to a three-phase system is outlined,
considering the dynamics of the phase-locked loop (PLL). Finally, Sections 5 and 6 present the simulation results and
conclusions, respectively.
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2. System description

This section describes the configuration of an inverter (VSI) connected to the grid through an LCL filter. This is shown
in Figure 1, where L; and L; represent the inverter and grid-side inductances, respectively, and C is the filter capacitor. The
inverter is modelled with a unity gain and ¥; denotes the inverter output voltage. We denote i; as the current on the inductor
L;, i as the current on the inductor Ly and ¥, as the voltage on the capacitor C. The grid is modelled as an ideal voltage
source V, in series with an impedance Z,. The voltage over the coupling point (PCC) is denoted as V;. The control signal to
be applied is denoted as v,y and ¥} is the voltage applied to the inverter. We assume the one-sample processing delay
between the ¥, and ¥} signal, represented by the z~! block [33].

Figure 2 shows the Norton equivalent circuit of the VSI with LCL output filter connected to the grid. There the
converter is modelled as a current source I in parallel to an admittance Y, (s).

VSI = - PCC

|
|
|
|
|
|

Figure 1. Schematic model of inverter connected to the grid through an LCL filter. The grid is modelled as a voltage source ¥, in series with an impedance
Z,. The inverter is represented as the VSI block, the supply voltage source as v, the control signal as V.7, ; as the one-sample delayed signal, and ¥; as

the signal applied to the LCL filter input. ¥ is the voltage at the PCC, 7; the current through L;, 7, the current through Ly, and ¥, the voltage across C.

VSI+LCL Grid

S
0O — =~

MORZ0

Figure 2. Norton equivalent circuit of the VSI with LCL output filter connected to the grid. The converter is modelled as a current source 7 in parallel to
an admittance Y, (s). The grid is modelled as an ideal voltage source ¥, in series with a grid impedance Z, (s). The voltage at PCC is ¥, and the grid

current i.

3. Admittance modelling for full feedback states

This section models the output admittance for full feedback states, also presenting the open-loop transfer function
of the system response. Figure 3 illustrates the schematic diagram of the controller with full state feedback, where the
switches represent the sampling action on the states. There, R(z) is a reference prefilter, C(z) a feedback controller. Once
again, a single-sample processing delay is assumed [33] and represented by the block z~!. The block Gy (s) represents the
zero-order hold (ZOH), which models the action of holding the pulse width modulator register for a sampling time [34].
This block is defined by the transfer function:

1—e5%
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The sampling process is modelled through pulse modulation [35], in which the output signal is modulated by an
infinite series of delta Dirac functions. Thus, for the case of a signal x(¢), the sampled output x*(¢), results:

oo

X (1) =1, Y x(0)3(—KTy), @

k=0

where the index * denotes the sampling action and 6 the Dirac delta function. Applying the Laplace transform £ {-} to the
sampled signal x*(¢), we obtain

=

X)) =2L{x* ()} =T, Z x(kTS)e_SkTS. 3)
k=0
Note that the Equation (3) can be taken to an expression of the Z transform of x* by making z = ¢*%>. On the other
hand, the Equation (3) can be represented, applying the Poisson summation [36], with the form

() =) x(s+ jkay), 4)

where @; = 27 /Ty is the sampling angular frequency. The sampling operation generates harmonic components of the
signal x at frequencies k@, with k € Z.
In Figure 3, the states i, %, i and ¥, are fed back through Cj (z), Ca(z), Cs(z) and Ca(z), respectively. There, the

grid is modeled again as an impedance in series with a voltage source. The variation in this impedance causes the instability
of the system.

151(8)

R EEEEEREmmmEm

Figure 3. Schematic diagram of the controller with full state feedback.

The states i;, V., is, can be defined in terms of the voltages V; and Vs, from Figure 1, as follows:

ii(s) = In (5)7i(s) — I (5)7s(), Ve(s) = Ver (5)¥i(s) = Vea(s)¥s(s), is(s) = Ea (5)7i(s) — La )V (s), ®)
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through the following transfer functions:

Iil (S) _ [SZ + (b2 — az)wgm] Ii2 (S) _ b2 cm
Lr(1— b2 ) (Sz +0? wczrlt) LTS(Sz +bo Cm)
ao? (b —a*)w?.
Vi (s) = 50—, Ver(s) = —5—5 5o, (6)
¢ (SZ +0? wcznt) © (S2 +0? a)czrlt)
Isl (S) b2 a)cznt Is2 (S) b2 (S +a wcznt)
Lrs(s>+ b*w?,)  Lrals (s> +bw?2,)

with

(% Wy ri 1
b= ,a= =4/— =4/ (7
Wcrit a)crlt L L C LiC

Ly = L; + Ly, T, the sampling time, @, the resonance angular frequency, w,,; the anti-resonance angular frequency and
Wit = 3—’;5 [12]. Thus, it is possible to define all transfer functions as a function of @, b, Ly and @, with b > a.

From Figure 3, the output current iy can be expressed as:

is(s) = Lt ()G ()7 () — L2 (5)7s(s), ®)
being
7 (5) =2 C) [Er(9IRE) i 2)E () ~ G2 (5) ~ G 2 (5) ~ Cala)T (5)] ©)

On the other hand, let H(s) be a generic transfer function in the Laplace domain, from [35] it is correct to assert:

[H(s)Gn(s)Vi]" = [H(s)Gn(s)]"V; and [H (5)Gn(s)]" = H(2). (10)

Following this criterion, replacing (6) and (9) in (8), and operating, we obtain:

1 2 o *
Ts) = G ()51 (;)((Z")(Z)R(Z)ISR(S) () (s) + I (s)["s(;;l(\gs)], (11)
being
N(s) =27 'Gn(5)C(2) [I2(5)C1(z) + Vea (5)Ca (2) + L2 (5)C3 (2)] (12)
and
D(z) = {142 'C(2) [ln (2)C1 (2) + Ve1 (2)C2(2) + 11 (2)C5(2) + Ca(2)] }, (13)
where I (z), Is1 (z) and V (z) are the Z transforms of I (s), Is (s) and V¢ (s), respectively, defined as follows:
In(z) = :(é)) Ve (z) = iig Ig(z) = 2;87 (14)
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with

Ar(z) = (2= 1)R(2), Re(z) = 2 —2zcos(p) + 1, (15)
Ai(z) =C1(2)ki(Z? +biz+1), Ac(z) = Ca(2)kye (2% — 1), and Ay(z) = C3(2)ky (2> + sz +1). (16)
Being
mo 5+v [Feos(dp) vl @
‘Pb*?, kliLT(Dcnf bi=— Ty }/—sm(d)b)b(bz A’

a7

_Bgein(@)] ,_(Beos(®) —fsin(e)] @

ks = Lrowe by=-2 T %sin((f)b)] and k. = B2 [1—cos(¢p)].

If the image terms, produced by the sampling process in (11), are neglected, it results:

T Yo(s)
—1 s
<y 2 Gh(9)La(5)C(2)R(2)ise(s) [ N(s)]. (18)
is(s) = D0 + | =12 (s) + I (s) D) Vs,
where the identity z = ¢*™ is applied.
Operating ¥, (s) from (18), we obtain:
A (s) Aa(s)
—_—
b 1 N(s)
Yols) = — 27 | (Pl 2 V(s)
0(s) LTS(S2 + b2 wczrit> a2 (s"+a wcrlt) + wcntD(Z) ) (19)
—_—————
Q(s)
A(s)
being
3 @gieh® (1—27")n(s)
N(s) = — 20
(s) mlra® zs*(s2+b*w?k,)’ (20)
with
2 2 @ 2 2,2
n(s) =€) Cs(5)s* = Cals)Lra? (1= 5 ) @i+ 20 [C1(2) +C3(2)| @1
and
d(z)
D(z) = 22
()= A (22)
being
d(z) = [2+Ca(2)] Ar(z) + Ai(2) + As(2) +Ac(2). (23)

Journal of Electronics and Electrical Engineering 494 | Juan Manuel Gonzalez, et al.



Replacing, and operating, it results:

D1 (s)

(z—1)* 3 g, b (x)  (=g)n(s)
z—1)" 3 0. R (z —2z) n(s
A — = cnt r 24
2() 28 w Lra® (s> +bPw?k,) d(z) 24)
—_———
By (s) D3(s)

It is important to note that ®; (s) and ®,(s) have zero phase for all frequency values, so the phase of Az (s) will be
given by ®3(s), and therefore, by the phase difference between —n(s) and @
For the system stability analysis, the disturbance signal v, = 0 is considered, since it does not affect the system

stability. From Figure 2, it is straightforward to calculate the output current as follows:

- 1 -
FTIROZE) .

To ensure the stability of the system it is necessary that the denominator of (25) satisfies the Nyquist criterion. Therefore,
for the design of a robust controller for any value of L, and R,, the phase of the product ¥, (s)Z,(s) must not cross the
negative real axis. In addition, it must be satisfied that I possesses poles [zeros of d(z)] inside the unit circle.

For the limiting cases where the impedance Z, (s) is a resistance or an inductance, it would contribute respectively a
phase of 0° or 90° to the phase of the product ¥, (s)Z,(s). It follows that for the system to be robust to variations in the grid
impedance, —180° < /Y, (s) < 90°, as shown in Figure 4. The difficulty lies in finding the values of C(z), Ci(z), C2(z),

C3(z) and C4(z), which allow the transfer function ¥, (s) (18) to satisfy the phase requirement that guarantees stability in
the presence of an unknown grid impedance.

90°

S
o

RETYSE St

-180° A

. R
~. .
RETH Priag

Figure 4. Phase values allowed for Y, (s).

From Equation (19), it is evident that Q(s) exhibits a phase of —90° for @ < b®,, and 90° for @ > b®,;.
Consequently, for the scenario where @ < b, —90° < M < 180° must be ensured. Likewise, for @ > b,
it is necessary that 90° < M < 360°, to satisfy the Nyquist criterion detailed in Equation (25).

Additionally, it is evident from Equation (19) that the gains of feedback dominating the phase behavior of ¥, (s) are
contained within Az (s), specifically within ®3(s). Moreover, note that s — 0: ¥, (s) approaches [%} lo=1-

On the other hand, to ensure the closed-loop stability of the system, the zeros of d(z) must be inside the unit circle.
For this, it is necessary to ensure that the open-loop response of the system does not cross 180° with modulus greater than
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or equal to one. Considering the schematic depicted in Figure 3, the open-loop response, for the case where the current
loop iy is opened, results:

Ay
[z+Ca(2)]Ar(2) + Ai(z) + Ac(2)’

OL(z) = (206)

where Oy (z) is the open-loop transfer function.

The following section will detail the behaviour of the output admittance and the open-loop response of the system, for
the case where different states are fed back. In the following, the parameter values defined in Table 1 will be used for the
output admittance analysis.

Table 1. Parameters

Parameters Values
Ly 3.78 mH
fs 9 kHz

[ 2n 1.5 kHz

4. System analysis for different feedback types

In this section, the stability of the system will be studied for different types of feedback, determining the stability
limits of each one. Then, a criterion of gain choices will be proposed to ensure the stability of the system for any R-L
type impedance values. Ensuring that the closed-loop poles are in positions that guarantee stability, for any value of grid
inductance, and that the Nyquist stability criterion is satisfied. For this, the transfer functions of the controller will be
defined as gains, being C(z) = 1, Cy (z) = k1, C2(z) = ko, C3(z) = k3 and C4(z) = k4.

4.1 Inverter-side current feedback system analysis

In this section, the behaviour of the output admittance where only ?;f is fed back through the gain k, while &, k3, and
k4 are set to zero is analysed. When the value of b (7) is less than 1, it becomes feasible to achieve stable positions for all
the closed-loop poles of the system by feeding back only 7;‘ through the gain k; [14, 37].

Furthermore, by considering Equations (21) and (23), it follows that n(s) = a>2, ki and d(z) = zA,(z) + Ai(2).

Consequently, the expression for the @3(s) term in Equation (24) can be determined as follows:

—D)n(s —1)(?0? k
D3(s) = ( é( ) (A zigl+thl(tz)l)' (27)

N2

In this scenario, /@3 (s) is influenced by A,(z) + Aiz(z . Figure 5 presents the frequency response of A,(z) (15) for different
values of b. It is evident that when b < 1, A,(z) avoids crossing the 180° phase boundary. At b = 1, A.(z) has a phase of

180° at @ = @,it- Moreover, for values of b > 1, A,(z) crosses the 180° phase point at both @ = @it and ® = b®yjt-
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s B8 —= = — — = 7
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&b . A”(z) -
Z 90 — e e e
q‘;i - Arz(z) |
A !

ol A (2) |

Wi =
—
Wl

w/wcm't

Figure 5. Frequency response of A.(z) for different values of b. A, (z) corresponds to b = %, Ay2(z) corresponds to b = 1 and A,3(z) corresponds to
b=*%
3

Furthermore, the quotient A"T(Z) can be expressed as a function of ®, such that % (w) = kik;[2cos(@Ty) + b;]. This

function exclusively assumes real values and has a phase shift from 0° to 180° for @ < by, with the frequency of the
phase shift depending of the value of b; (16).

Additionally, in coherence with the preceding section, it is crucial to verify that —90° < M < 180° remains valid
for @ < baerie and 90° < /A(s) < 360° for @ > byt to fulfill the Nyquist stability criterion for the product of ¥(s) and
Z,(s).

For values of b < 1, the phase of @ remains constrained within the range between —90° and 180°. Consequently,
the phase of A(s) also follows the condition —90° < /A(s) < 180° for @ < b@erir. This ensures that the phase requirement
for Y, (s) is satisfied.

On the other hand, for values of » > 1 and within the range @iy < ® < b@it, @ assumes phase values between
—180° and 0°. Consequently, Aa(s) has a phase greater than 180° within this frequency range. As a result, ¥, (s) exceeds
90°, and the phase requirement is not satisfied.

Hence, when only 7; is fed back, the Nyquist criterion is satisfied in Equation (25) exclusively for values of b that are
less than 1.

Furthermore, considering the situation where only i; is fed back and the current loop 7;‘ remains open, the open-loop

response of the system can be expressed as follows:

o1, (z) = A&, 28)

The open-loop transfer function Oy, (z) crosses the 180° at @ = @i Therefore, if O, (2) |w-a,; is equal to —1, we derive:

o Lt @it [1 - 2005(¢b)]
ot = E [T = 2cos(p)] 7 (29)

Volume 3 Issue 2|2024| 497 Journal of Electronics and Electrical Engineering



Here, k;_, represents the value of k; at which a pair of closed-loop poles reside on the unit circle. To guarantee stable
positions for the closed-loop poles of the system, it is essential for ki to be set at values lower than k.

Additionally, when considering a non-zero grid inductance L,, the open-loop response of the system Of(z) changes,
causing a shift in the resonance of the LCL filter. This resonance value becomes

Lr,

— =) i 30
Ll‘(LS—FLg)C gwcrm ( )

g =

where L1 = L; +Lg+ L,. As a consequence, the value of k1, (29) changes with varying L,. In the scenario where Ly — oo,

bg —a,and k; . — ki , with

crit critmax

(~1)Lr (1= & ) 0w a1l ~2c05(90)] G1)

)

critmax sin ( ¢a>

k1

being ¢, = a%. Thus, as ki, IDCTCases with larger Lg, it is feasible to guarantee closed-loop pole stability by selecting a

gain value ky <k, for L, =0and b < 1.

20 T T T T
5 Or 1
)
el
=1
= -20 + g
=%
g
<
40 - _
T T T I T |
WwF—————-—-— - — - — — — — — H— 4
’gg I
: NI
% 100 YOil(S) |
E_ |- -
_Yoiz(s) | | (
'180__—.___—]—___—n___|_‘.—J___
a b11b2
w/wcmt
(a)

Figure 6. Cont.
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0.5

Imaginary Axis
T

Real Axis

(b)

Figure 6. (a) Output admittances ¥, (s) for the case in which 7; is fed back. The admittance ¥, (s) represents the case in which b = by = % The admittance
Yp2(s) represents the case in which b = by = %. (b) Location of the closed-loop poles when i; is fed back, for b = b; = % (red)and b = by = % (blue)

In Figure 6a, the output admittance is depicted for the case where i; is fed back, with values of b = b; = %, b=by,= %,
ki . . . .
anda = % Here, k| = % (29) was considered. For the ¥y, (s) case, with b = b; = %, the output admittance satisfies the

phase requirement, and the Nyquist stability criterion in (25). Conversely, considering ¥, (s) with b = by = %, the output
admittance does not satisfies the phase requirement within the @.it < @ < b frequency range.

Moreover, Figure 6b illustrates the positions of the closed-loop [zeros of d(z)] poles when only i; is fed back, being
k= /(I“Trz“ The cases considered involve a = % forb=>b, = % (shown in blue) and b = by = % (shown in red), varying L.
In the case of b=0b; = %, the poles reside within the unit circle. However, in the scenario of b = b = %, there are poles
located outside the unit circle as expected.

Based on the preceding analysis, it can be concluded that when b < 1 and i; is fed back, the product between the
output admittance ¥, (s) and Z,(s) satisfy the Nyquist criterion and the closed-loop poles are positioned in stable locations.
Conversely, for values of b > 1, ensuring the stability of the system becomes unattainable.

4.2 Grid-side current feedback system analysis

In this section, the scenario in which ?}‘ is fed back through the gain k3, with ki, k», and k4 set to zero, is analysed. In
this specific case, the closed-loop poles of the system will invariably exist outside or on the unit circle for values of b < 1
(7). However, for values of b greater than 1, it becomes feasible to position the closed-loop poles in stable locations [12].

In this case, by utilizing (21) and (23), we deduce that n(s) = k3(s* + a*®2,,) and d(z) = zA,(z) + A,. Consequently,
the expression for ®3(s) (27) can be formulated as follows:

_ nls) _ (=Dks(s® +alogy)
BT T AagrE (32)

z

z
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Observe in (32) that it contains the same zero as A (s) (19). Thus, it becomes possible to rearrange A(s) as follows:

A(s) =A1(s) [1+A2'(s)] (33)
— Ma(s)
where Ay (s) = Af(;).
On the other hand, it is feasible to express the ratio AST(Z‘) as a function of @, denoted as % (w) = ksks [2cos(wT;) + by).

This function takes real and positive values (with a phasevof zero) within the frequency range that is being analysed.

In Figure 5, it is evident that in situations where ® < @i and @ < b@git, /Ar(z) remains confined to phase values
ranging from 90° to 180°. Furthermore, given the zero phase of %, the phase of Tz will be constrained within the phase
interval of 0° to 180°. Consequently, Aa’(s) will exhibit a phase greater than 0° and less than 180° for @ < @;. The same
principle applies to the (1 +Ap’(s)) term in (33), which will also be confined to this phase range for @ < @

In cases where a < 1 (7), Aj (s) crosses the 180° boundary for @ < @j;. Consequently, the phase of A(s) takes values
between —180° and —90° within the range of a®.iy < ® < @gy. This results in ¥, (s) assuming a phase greater than 90°,
which means it does not satisfies the phase requirement. Conversely, in the scenario where a = 1, ¥,(s) holds a phase of
90° exclusively at @ = ®j-

In cases where a > 1, it is possible to get ¥, (s) satisfies the phase requirement. To achieve this, it is imperative
that M avoids taking values between —180° and —90° for ® < bwj;. Referring to (33), it becomes necessary that
R{A2'(s)} exceeds —1 within the range of @i < ® < a®;. This objective can be accomplished by ensuring that k3
remains below a critical threshold value, denoted as k3_, , at which R{Az'(s)} = —1 for the frequency ® = a ;.

On the other hand, from (26), the open-loop response for the case where only i is fed back results in O (z) = ZAT'Y,-
Op5(z) only crosses the 180° phase at @ = @ and @ = b@;;. Once again, by evaluating the open-loop response at
O = it, equalling to —1, and resolving, results:

ko = Ly 0t [1 — 2cos(oyp)] 34
crit — B 9
Z[1—2cos(¢p)] + —S‘“ﬁj’“

where k3_, is the critical gain value for which the closed-loop poles are located on the unit circle. Hence, to position the
closed-loop poles in stable positions, it is imperative that k3 remains below k3_. . As the open-loop response changes with
variations in Lg, the value of k3 also changes, decreasing as L increases. In the scenario where L, — o0, b, — a (30)

and k3crit — k3

crit

, being:

C[‘l[miu

LTwcrit [1 - ZCOS((P&)]
Z[1—2cos(¢,)] + sin(d)

a

3eritmax (35)
Therefore, to ensure that the closed-loop poles are located in stable positions for any value of L, and b, > 1, it is necessary
to satisfy the condition k3 < k3

critin ©

Figure 7a shows the output admittances ¥, (s) and ¥y, (s) corresponding to a = a; = ‘31 anda=a; = %, respectively,
being b = % and k3 = %@k%ritmin for a = a;. Notably, for Y, (s), within the frequency range of a@eir < @ < @gyit, the
phase exceeds 90°, thereby not satisfying the phase requirement. Conversely, for the case of ¥, (s), the phase remains
confined within the permissible limits, thereby satisfying the Nyquist stability criterion.

In Figure 7b, the placements of the closed-loop poles are illustrated while varying L, for the previously discussed
case. Notably, for the instance where a = a; = % (depicted in red), as L, — o0, by — a1 (30), consequently maintaining the
closed-loop poles within the unit circle. Conversely, in the case of a = a, = % (shown in blue), as Ly — o0, by — ay, there

are some closed-loop poles located outside the unit circle.
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Figure 7. (a) Output admittances ¥, (s) for the case in which 7 is fed back. The admittance Y, (s) represents the case in which a = a; = %. The
admittance Yy, (s) represents the case in which a = a; = % (b) Location of the closed-loop poles when 7 is fed back, for a = a; = % (blue) and

a=a; = % (red)

In summary, in cases where 7 is fed back and a > 1, it becomes feasible for the the product between ¥, (s) and Z,(s) to
satisfy the Nyquist criterion and position the closed-loop poles in stable locations even when subjected to variations in L.
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However, when a < 1, despite the closed-loop poles potentially being stable (for b, > 1), it is unachievable to guarantee

that ¥, (s) complies with the phase requirement.

4.3 Currents feedback system analysis

In this section, we will analyse the scenario where both ?f and 7;‘ are fed back through the gains k; and k3, respectively,

while considering k, and k4 as zero, for the case where a < 1 and b > 1 (7).
For this case, based on (21) and (23), results n(s) = [kss> + azcoczrit(kl +k3)] and d(z) = zA,(z) + A; + As. Moreover,
if the gains k; and k3 are defined as follows:

k1 = chritLT (3,12 — a2) and k3 = ﬂ,(ﬂcritLTaz, (36)

results n(s) = A@cricLra*[s* + A} w2, where A and A, are gains to be defined.
For values of 1 < A; < b, within the frequency range © < @i, ﬁzz) exhibits a phase between 0° and 180°.
Consequently, it is possible to achieve that, for @ < @i and 1 < A} < b, 0° < fA(s) < 180°, ensuring that ¥,(s)

satisfies the phase requirement.
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Figure 8. Cont.
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Figure 8. (a) Output admittance Y,;s(s) for the case when the currents i; and i, are fed back. Output admittance Y (s) for the case in which the states i

¥, and 7, are fed back. (b) Location of the closed-loop poles for the case in which the currents 7; and 7y are fed back (blue) and in which 7, ¥, and 7, are
fed back (red)

In the frequency range @it < @0 < A O, for 1 < Ay < b, the feedback of i; and i, currents does not guarantee that
Y, (s) satisfy the phase requirement. This is due to for values between @t < @ < DOy, ﬁ takes phase values less than
zero. This produces that for @ < 0 < A Ocip, —180° < M —90° and M > 90°. On the other hand, for the case
where A; = 1, the only point of M =90° is at ® = Wyt

Furthermore, for @ > b, 180° < M < 0°, thus ¥, (s) satisfies the phase requirement for this frequency range.

Indeed, when dealing with the scenario where a < 1 and b > 1, it is not feasible to satisfy the Nyquist stability criterion
by fed back 7; and 7,. In the particular case where 4| =1, M =90° at 0 = ;.

On the other hand, to determine the closed-loop stability of the system, the open-loop response Oy (z) (26), is analysed.
When exclusively 7; and 7, are fed back, the frequencies at which the open-loop response crosses the 180° phase are
O = Wi and @ = bai;. Consequently, upon assessing the open-loop response at these frequencies, we obtain:

num{o[‘“’crit}
OLwcrit = den{OLwcm} ’ (37)
num{Op,  } = Ad? {7; [1—2cos(¢p)] + % sin((])h)},
(38)
den{Op,, } = (~1)[1=2c0s(gy)] +A (A} —®) [ [1 —2c0s(9s)] ~ 7]
B (b2 _a2)
OwaCm - (_1)(112 — (12) ) (39)
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where OL%t and Owacrit represent the open-loop frequency response at @ = @iy and @ = by, respectively. In the
specific instance where b = A; = 1, the open-loop response Oy, , _ equates to — 1, indicating the presence of a pair of
Cr1
closed-loop poles [zeros of d(z)] situated above the unit circle.
For the scenario where Omem = —1 and operating in (37), results:

2
— (1 - Zz) v, (40)

being

-1

_ a (1_7) 2T (e 41
1 s1n(¢b) b T=2c0s(0y)] 1 1 B2 . (41)

where A represents the value of A at which the open-loop response intersects the 180° phase line with a modulus of
one at ® = (Wt. Hence, in order to guarantee that the closed-loop poles remain inside the unit circle, it is imperative that
A < Aerit. Given that y is consistently greater than 2 A can be defined as:

3,4

A=e=(1-35). (42)

For € < 1, A will consistently remain less than A.;;. This ensures that the open-loop response will never cross the 180°
phase line with a modulus greater than one at @ = @, except when b = 1.
Additionally, changes in L, lead to variations in O (z) and A¢. In the particular scenario where Ly, — o0, by — a

(30), and At — Acrit.. , Where

min’

- [1=2cos(¢a)la [, a
= o 357 (1 52) “

the minimum value that A could attain. Therefore, it is possible to ensure that the closed-loop poles are in stable positions

for variations in L, by choosing a value of A, that is less than Ay ., except for the case where b, = 1, which results in a

pair of poles on the unit circle.

In Figure 8a, the output admittance is shown. There, ¥y, (s) represents the value of the output admittance for a = %,
b= %, £= %, and A; = 1, when i; and iy are fed back. It can be observed that the output admittance ¥, (s) satisfies the
phase requirement for all frequency values except at @.i¢, where the output admittance phase is 90°.

In Figure 8b, the location of the closed-loop poles of the system is depicted by varying L,, with 7; and 7 fed back
(shown in blue). The parameters used are a = %, b= %, €= %, and A; = 1. It can be observed that all the poles are
positioned within the unit circle, except for the case where b, = 1, leading to a pair of poles on the unit circle.

Absolutely, despite the potential to achieve stable locations for closed-loop poles in cases where b, # 1, it remains
impossible for ¥, () to fulfil the phase requirement at @ = @j;. To overcome these challenges concerning both closed-loop
pole stability and the phase characteristic of ¥, (s), the following section includes the fed back of ¥ and ¥} through &, and

k4 gains, respectively.

4.4 Full state feedback system analysis.

In this section, we will analyse the scenario in which the state variables i, ¥, ¥, and ¥ are fed back using the gains
ki, k, k3, and k4 respectively.
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For the defined gain values in (36), k; = A4, and currently k4 = 0, results:

a2
I’l(S) = }LwcritLTaz |:s2 _ ),2 <1 — b2> DeritS + )vl wgrit:| s (44)

and d(z) = zA,(2) + Ai(2) + As(z) + Ac(z) (23), being A, a gain to be defined. Indeed, when V. is fed back, it results in n(s)
having a phase equal to £90° for the case of | = 1 and at @ = ;. Additionally, the phase of A“T(Z) (16) becomes +90°,
with both signs determined by the value of ;.

Certainly, the open-loop response Oy (z) evaluated at @ = @i and © = b is given by the following expressions:

0 num{OL“’cril } 4
Lo = Gen{Or. 1 (45)

crit

being
num{0Oy,, }=Ad’ {n/3[1 —2cos(¢yp)] + % sin(q);,)},
(46)
den{0pa, } = (-1 ~2c05(00)] + 205 —a?) [ Z1~2005(90)] 7] + 7V3AE 1 —eos(9)]
and
I — @7

DA )+ (- a?)

Thus, with the correct choice of A, it is possible to achieve that Op, crosses the 180° with modulus less than one,
similar to what was developed in [17].

On the other hand, if A, = —p (1 - Z—i) l, results n1(s) = A @criL7a* [s* + P Ocries + A1 @2, |, where p is a gain to be
defined.

It is possible to define a value of p that achieves the phase requirement of the output admittance for @ = wj;. Note
that for A = A, the real part of d(z) changes sign at @ = ®;. Thus, to satisfy the phase requirement, it is necessary for
p to take positive values when A < At

In Figure 8a, the output admittance Yyisc(s) is shown for a = %, b= %, €=0.5,A; =1, and p =0.1. There, the phase
requirement in the output admittance is satisfied.

Furthermore, in Figure 8b, the locations of the closed-loop poles when i, V., and i, are fed back, are shown in red, for
= %, b= %, €=0.5,A; =1, and p = 0.1, while varying L,. As observed, the closed-loop poles remain within the unit
circle for all values of L,.

Therefore, by selecting appropriate values of €, A1, and p, it is possible to satisfy the phase requirement for ¥, (s) and

a

also guarantee the stability of closed-loop poles regardless of the value of L.

In addition, Figure 9a illustrates the output admittance ¥, (s) for different values of k4, for the given parameters a, b, &,
A1, and p. For all cases the output admittance phase requirement is satisfied. Furthermore, as for s — 0, Y, (s) — lzlk}r:f“ ,
then, it must be satisfied that k» +k4 > —1.

On the other hand, Figure 9b presents the variations in the closed-loop poles positions for different values of k4, when
Lyg is varied. It is evident that all the closed-loop poles are situated within the unit circle. Thus, there are small values of k4
that allow the system to remain stable.
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Figure 9. (a) Output admittance when i, iy, V. and v} are fed back, for different values of ky. ¥pisc(s) corresponds to k4 = 0, ¥pisc1 (s) corresponds to

ks = 0.2, Ypisc2(s) corresponds to ks = 0.4 and Ypisc3(s) corresponds to k4 = —0.2. (b) Closed-loop poles location when Ti, e, is, and ¥i* are fed back,
using different values of k4. The poles are shown for ks = 0.2 (red), ks = 0.4 (yellow), and k4 = —0.2 (violet)
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By following the outlined gain selection method, it is feasible to guarantee the system stability based on the Nyquist
stability criterion for the product of the grid impedance and the output admittance. Additionally, this approach ensures that
the closed-loop poles are positioned in stable locations, regardless of variations in the grid inductance value.

4.5 Model extension

Finally, for the case where the effect of phase-locked loop (PLL) on a three-phase system is considered, the proposed
model must be extended. The presence of the PLL results in the converter output admittance becoming dg unsymmetric [38],
requiring its modeling in synchronous coordinates. The pertinent transfer functions can be transformed into synchronous
coordinates, rotating at the grid angular frequency @,, by substituting the s-domain variable with s+ j@,. For this case,
the space vectors are represented as column vectors, denoted with the super-index dg. Furthermore, the transfer functions
are represented using 2 x 2 transfer functions matrices, denoted by an overline. This is detailed in Appendix A, along
with the PLL dynamics transfer functions matrices.

The block diagram of the linearized model of the grid converter system, incorporating the dynamics of the PLL,
is illustrated in Figure 10. Additionally, the PLL dynamics add four variables, Z‘%,%L (2), \721 (@), Z?;,‘ZL(z) and er’?PLL (2),
detailed in Appendix A.

The extent of frequencies impacted by the PLL in the mentioned admittance elements is dictated by the bandwidth of
the PLL. For a more in-depth analysis of the influence of the PLL on the converter admittance, the interested reader is
directed to [39] and the referenced papers therein.
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_Continue
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Figure 10. Schematic diagram of the controller with full state feedback, including de dynamics of the PLL.

In this paper, stability is achieved both by satisfying the Nyquist stability criterion between the output admittance and
the grid impedance, and by ensuring the closed-loop poles of the system are in stable positions, despite variations in grid
impedance. This design overcomes the limitations of the controllers developed in [16, 28, 18], where the system failed to
achieve robustness under any type of grid impedance variations.
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5. Simulation results

To validate the proposed full state feedback control system, simulations were performed using Matlab/Simulink. The
simulation model includes the inverter, LCL filter, and grid modelled as described in previous sections. The parameters
used in the simulation are presented in Table 1. Additionally, the DC voltage source v, was set to 400 V, a = % and b = %.

For this was incorporated a Proportional-Resonant (PR) regulator stage between the reference signal and the output
current in the full state feedback system. The PR discrete transfer function, obtained with the Tustin transform method
with prewarping [12, 40], is given by

1 Sin(a()%) Zz —1
PR(z) =k — 48
(2) =ks T, 2apw,rit z> —2cos(ap§ ) + 1 (48)
where ay = w&,t, wy = 2750, and 7, the resonant time, defined as:
0
P = ; (49)
)“wcrit

being 6 is a gain to be defined (8 =10 in [12, 40]).

Due to the fact that both proportional-integral (PI) and PR regulators can be approximated to a proportional gain at
the crossover frequency, when the integral or resonant gain is sufficiently small, they do not affect the stability conditions
and were not considered in the stability analysis [12, 15, 41].

Figure 11 shows the output admittance values for both simulated and theoretical cases, considering different values of
the gain 7,. Both ¥, (s) and ¥,1m(s) represent the cases with PR for 6 = 10, where one corresponds to the theoretical
result and the other to the simulated result, respectively. Similarly, Y55 (s) and ¥po,, (s) reflect the cases for 8 = 1, also
differentiating between theoretical and simulated results. Finally, ¥y (s) denotes the case without the use of the PR
controller. It can be observed that for the case of the PR controllers, there is a phase jump at the resonance frequency
ap Writ, for which the output admittance is zero.
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Figure 11. Output admittances for the case in which the states #;, ¥ and 7 are fed back. Both ¥,q (5) and Y1, () represent the cases with PR for 8 =10,

with one being the theoretical result and the other the simulated result, respectively. The same applies to ¥, (s) and ¥pp;,, (s), but for 6 = 1. Ypise(s)
represents the case without the use of the PR controller.
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Figures 12 and 13 present the step response of the current reference at t = 0.5 s for the two previously discussed
cases of the PR controllers. In the first case, 8 = 1, while in the second case, 8 = 10. It is evident that the output current

successfully tracks the reference in both scenarios. However, as expected, for 6 = 10, the higher gain 7, results in a longer
convergence time.
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Figure 12. Step response of the output current to a current reference step for the PR controller with 6 = 1.
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Figure 13. Step response of the output current to a current reference step for the PR controller with 6 = 10.
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6. Conclusions

This paper presents the analysis of the output impedance modeling of an electronic converter connected to the grid
through an LCL filter. The output admittance is calculated as a composition of continuous and discrete signals in the
Laplace domain. To ensure system stability, it is necessary that the product between the output admittance and the grid
impedance satisfies the Nyquist stability criterion and that the closed-loop poles of the system are in stable positions. By
applying the output admittance model to a controller with full state feedback, it is possible to ensure that the output always
meets the Nyquist stability criterion. Furthermore, by choosing the correct gain values, the closed-loop poles can be kept
in stable positions despite grid inductance variations. This allows the design of a robust controller that remains stable with
R-L type grid impedance, satisfying both stability criteria.

This approach surpasses the limitations of other controllers that are not robust against grid impedance variations, as
demonstrated by the simulations obtained, which verify the proposed analysis. The system exhibited excellent performance,
confirming the effectiveness of the robust controller design.

Appendix A

The inclusion of a synchronous reference frame PLL (SRFPLL) introduces asymmetry into the system, rendering it
dq unsymmetric [25]. This unsymmetry results in the representation of complex space vectors using column vectors [38].

- i

i = H : (50)
Lsq

where iy and iy, represent the d and ¢ components, respectively. Furthermore, the complex transfer functions ¥, (s) =

Yoad (5) + j¥oqq(s) are transformed into symmetric transfer function matrices

Yo(s) = (51

Yoqd (S) Yoqq (S)

Yodd(s) Yodq(s)]

being, Yoda (s) = Yogq(s) = R{¥o(s)} = 5 [Yo(s) + Yo(5)T] and —Youy(s) = Yoga(s) = 3{¥o(s)} = 1 [Yo(s) — ¥, (s)T], where
the superscript T denotes the complex conjugate operation.

Integrating the dynamics of the PLL into the admittance model introduces a dependency on the operating point,
necessitating linearization [38]. The dynamic effects of the PLL on the transformed controller variables, 7,-, Ve, Z, Vi, are
expressed as:

g |0 —Hprr(2)iigo| |vsa(2)| -ag B [0 —HpLL(2)Veq 0 _vsd(z)

fip1a(2) = lo Hpr1(2)iia0 ] [Vsq(z)]  Verra (2) = 0 Hpyy.(z)veao ] _Vsq(Z)] ’ (52)
g |0 —HpLL(2)isg0| |Vsa(2)| —dq B [0 _HPLL(Z)Vrefq,O- vya(2)
lpr(2) = lo Hpir(2)isa0 1 [V“"l (Z)] s Vrepprr (2) = 0 Hp1L(2)Vresao | qu (Z)] ) (53)

where i;4.0, lig,05 Ved,05 Veq.0» Lsd,05 isq,05 Vrefd,0 a0d Vg 0 are the components values of i;, v, is and v; at the operating point
os the system. The pulse transfer function of the linearized SRF-PLL is expressed in [25] as:

T (kpZ+ Tik; — kp)
Tyvgokp —2)z+ Tyveo(Tski —kp) + 17

Hpuo(z) = 5 ( (54)
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where k;, and k; are the proportional and integral gains of the PLL, and vy is the magnitud of the grid voltage vector ar the
operating point.
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