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Abstract: Direction of Arrival (DOA) estimation is a pivotal aspect of Array Signal Processing (ASP) with significant
implications for the performance of modern communication systems. This paper provides a comprehensive review of DOA
estimation techniques, encompassing both classical and advanced algorithms. Key methods such as MUSIC, ESPRIT,
and their variations as well as Beamforming techniques are analysed for their theoretical foundations, computational
complexity, and performance under various conditions. MATLAB simulations are conducted to evaluate the impact
of critical parameters such as array element spacing, array geometry, number of snapshots, and signal incidence angle
differences on estimation accuracy. Special attention is given to the challenges and enhancements in DOA estimation for
MIMO systems, highlighting future directions in adaptive and machine learning-based approaches. The study emphasizes
the potential of DOA estimation in applications spanning radar, sonar, wireless communication, and beyond, aiming to
bridge gaps between current methodologies and emerging requirements.

Keywords: Direction of Arrival (DoA), Array Signal Processing (ASP), MUSIC, Root-MUSIC, ESPRIT, beamforming
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Nomenclature

Term Description

DoA Direction of Arrival

ASP Array Signal Processing

RADAR Radio Detection and Ranging

RDF Radio Detection Finding

RF Radio Frequency

MUSIC Multiple Signal Classification

ESPRIT Estimation of Signal Parameters via Rotational Invariance Techniques

TLS ESPRIT  Total Least Squares Estimation of Signal Parameters via Rotational Invariance Techniques

Copyright ©2025 Saanvi Kulkarni, et al.

DOI: https://doi.org/10.37256/jeee.4120255708

This is an open-access article distributed under a CC BY license
(Creative Commons Attribution 4.0 International License)
https://creativecommons.org/licenses/by/4.0/

Journal of Electronics and Electrical Engineering 138 | Saanvi Kulkarni, ef al.


https://ojs.wiserpub.com/index.php/JEEE
https://ojs.wiserpub.com/index.php/JEEE
https://www.wiserpub.com/
https://orcid.org/0009-0008-5695-4053
https://orcid.org/0009-0001-9558-316X
https://orcid.org/0009-0001-4700-5154
https://orcid.org/0000-0003-1075-5936
https://doi.org/10.37256/jeee.4120255708
https://creativecommons.org/licenses/by/4.0/

TR Transmit-Receive

ATR Anti Transmit-Receive

TDoA Time Difference of Arrival

ML Maximum Likelihood

LCMV Linearly Constrained Minimum Variance Beamforming
DNN Deep Neural Networks

CNN Convolutional Neural Networks

UMTS Universal Mobile Telecommunication System

MIMO Multiple Input Multiple Output

UCA Uniform Circular Array

ULA Uniform Linear Array

1. Introduction

Direction of Arrival (DoA) technology plays a pivotal role in the discipline of signal processing by determining
the angle at which signals arrive at an antenna array. This technique is paramount for applications that require precise
localization and tracking of signal sources, leveraging the spatial information obtained from multiple sensors oriented in a
particular configuration [1]. The effectiveness of DoA estimation significantly influences the performance of smart antennas,
which are designed to optimize communication and detection capabilities in dynamic environments. In the realm of smart
antenna technology, DoA estimation algorithms are essential, as they enable systems to deliver accurate data regarding
the location and direction of wireless signals. Such precision is critical across various applications, including search and
rescue operations, law enforcement activities, sonar systems, seismology studies, and emergency response scenarios. The
ability to effectively ascertain the direction of incoming signals allows for timely and informed decision-making, thereby
enhancing operational efficiency and safety in multiple domains. As a result, DoA estimation remains a vibrant and rapidly
evolving area of research, with ongoing advancements aimed at improving algorithm performance and applicability in
diverse signal-processing tasks [2, 3].

Propagating fields refer to the energy or wave patterns of various waves that travel through space or a medium. These
waves include acoustic waves, which are used in sonar arrays and microphone applications, mechanical waves applied in
seismic exploration, and electromagnetic (EM) waves, commonly employed in wireless communication and radar, especially
for localization. The localization process involves using multiple sensors arranged in specific geometric configurations
for estimation of angular directions for multiple sources. This is classified into two main cases, with the overdetermined
case involving fewer sources than sensors, and the underdetermined case with the number of sources equal or greater
than the number of sensors [4, 5]. Multiple transducers and sensors are arranged in a specific particular arrangement in a
sensor array, wherein each transducer is used to transform mechanical or electrical waves into electrical signals, such as
voltage. Incoming waves are identified and measured using this array of sensors. These waves travel from the source/radar
transmitter, reflect off targets and are received by the radar receiver [6, 7]. Multiple sensors (i.e., an array of sensors) are
used for this purpose, as they gather more detailed information than using only one sensor. Sensor arrays are in diverse
fields such as SONAR, RADAR and Wireless Communication. In Radar, an array of sensors detects incoming waves,
and the signals from these different sensor locations are processed collectively. Analysing phase and time difference of
received signals at different sensors within an array, can help to locate the exact direction from which the signal is arriving.
This processing enables the determination of valuable information such as the DoA of the waves, which is crucial for
accurately locating and tracking objects. The ability to determine the DoA is essential for navigation, surveillance, and
target tracking, significantly enhancing the capabilities of radar systems [8]. DoA estimation methods are subdivided into
two primary types. The first consists of classical or conventional methods, which include techniques such as beamforming
and delay-and-sum. These methods are relatively simple but often have limited resolution. The second type includes
subspace-based or super-resolution methods, such as MUSIC and ESPRIT. These approaches provide higher resolution by
exploiting the noise and signal subspaces. In addition to these traditional categories, more recent methods have emerged,
incorporating machine learning and sparse signal processing techniques, though the classical and subspace-based methods
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remain the foundational approaches in DoA estimation. DoA methods are used in various applications, including the design
and tuning of antenna arrays. These methods help in identifying the number of incoming signals, receiving signals from
specific directions, and blocking or rejecting unwanted or interfering signals. They also play a crucial role in beamforming,
where they assist in designing appropriate transmit and receive beamformers and enable the extraction of signals from the
desired direction while suppressing signals from unwanted directions [4]. Wireless technology has become prevalent in
numerous sectors, including public security, sensor networks, environmental monitoring, and search & rescue. According
to recent developments, various technological policies have come into existence to accommodate the needs of current
demands. The Federal Communications Commission (FCC) mandates that emergency calls must have location accuracy
within 125 m. Similarly, in search and rescue operations, electromagnetic beacons are employed to emit radio signals
that assist rescuers in locating individuals in distress. DoA is integral to these applications, as it involves determining the
direction from which a radio signal is emitted, thereby enhancing the precision of location tracking [1]. DoA estimation
algorithms are particularly important in wireless communication for enhancing the capacity and performance of networks.
The ability to determine the DoA is essential for navigation, surveillance, and target tracking, significantly enhancing the
capabilities of radar systems [4].

A comprehensive overview of the most significant DoA Estimation Algorithms is conducted in this review paper. A
particular focus on their underlying principles, performance characteristics, and application scenarios is aimed. In addition
to that, A comprehensive analysis of different algorithms used is presented, to identify the most suitable and efficient
approaches for various applications. Applications of DoA in different fields are also explored, along with its challenges
and future directions. This review paper aims to highlight the noteworthy role that DoA algorithms make to the continuous
advancement of contemporary radar systems, wireless communication, and related technologies.

2. Evolution of DoA estimation

Driven by the need for better and more effective means of communication and radar systems, there have been
significant amount of reforms in the DoA estimation field. This concept began to gain extensive traction during
World War I, when the necessity to determine the location of enemy artilleries using acoustic methods was necessary.
These initial efforts laid the groundwork for more sophisticated technologies. Initial footsteps in the advancement of
the DoA were with the development of RDF (Radio Detection Finding) systems. Systems were developed having antennas in
order to capture radio signals and estimate their source’s direction. The beginning of World War II accelerated progress
in DoA techniques, particularly with the introduction of radar technology. Researchers developed new algorithms and
array processing methods, allowing more accurate estimation of incoming signal directions. Tho et al. presented a novel
technique for determining the DoA in use-cases where more sources than sensors are available, which is known as under-
determined scenarios. They determine the dominating source in a time-frequency bin by combining coherence tests, onset
detection, and noise floor monitoring. Then, the significant eigenvectors of the covariance matrix for these bins are grouped
into clusters, and the DoA is determined based on the centroids of these clusters [9]. Dey et al. developed a smart
headphone application that selectively allows speech sounds from the environment to pass through. Their approach consists
of two main parts i.e., a source localization procedure and an effective far-field speech identification algorithm customized
for noisy situations. This technique enables users to listen to music through headphones while simultaneously hearing
speech from a specific direction. The structure of the array is necessary in DoA estimation [10]. Shi et al. demonstrated
that the degree of freedom improves when a coprime array with a unique co-array structure is used. They suggested
an approach for predicting sparse reconstruction based DoA. They altered the sliding window technique to get rid of
misleading peaks in the reconstructed sparse spatial spectrum in order to enhance power estimation. Their study yielded
prominent results in both DoA and power estimation, achieving significant degree of freedom [11]. A coprime array using
compressive sensing was proposed by Zhou et al. They reduced the dimensionality of the incoming signals by compressing
them using a random compressive sensing kernel. Subsequently, high-resolution DoA estimate was then carried out on
these compressed measurements. The work confirmed the computational effectiveness of this approach [12]. However,
a few DoA estimation techniques ignore the spatial significance in the partitioned co-array statistics. A recent research
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proposed a technique for 2D DoA estimation based on coupled co-array tensor canonical polyadic decomposition (CPD)
to address this issue. The approach employed shifting co-array concatenation to decompose the partitioned fourth-order
co-array statistics into multiple coupled co-array tensors for the coprime L-shaped array, resulting in an increase in number
of degrees of freedom [13]. Coprime sensor arrays were employed for far-field DoA estimation of uncorrelated radar
signals to enhance the degree of freedom [14]. The study utilized the Cuckoo search algorithm, which effectively increased
the Degree of Freedom even at low SNR values. A DoA technique was created by Hioka et al. particularly for speech
recognition and angular resolution in array structures and human-machine interactions. Their algorithm outperformed
traditional methods in terms of efficiency [15]. To reduce spatial noise covariance and improve the degree of freedom,
Basikolo et al. used a non-uniform circular array for DoA estimation using the Khatri Rao (KR) subspace approach. By
combining the non-uniform circular array with the KR subspace approach, they achieved an increase in the degree of
freedom, facilitating overdetermined and underdetermined DoA estimation [16]. Xu et al. investigated the use of a
rectangular array for DoA estimation. They applied the real-valued propagator method for estimating 2D DoA, resulting in
improved angle estimation performance with their algorithm [17]. Zhai et al. tackled the ambiguity issue by employing an
unfolded coprime linear array. Signals from two sub-array were merged to form the full signal subspace. Additionally, they
developed a reduced-dimensional MUSIC (RD-MUSIC) algorithm tailored for noncircular signals from these sub-arrays,
improving the precision of noncircular signal estimation. Feng et al. introduced a DoA estimation method for wideband
signals that employs fast chirplet-based adaptive signal decomposition to create a time-frequency covariance matrix. They
subsequently used subspace fitting techniques like those in traditional MUSIC and ESPRIT algorithms. The time-frequency
analysis provides a comprehensive view of both time and frequency domains [18].

One approach employed spatial time-frequency (TF) distributions in wideband scenarios, utilizing the spatial pseudo-
Wigner Ville distribution to analyse signals in both the domains. In time-frequency analysis, signal representation in
both domains is integrated into a time-frequency energy density function according to the study by Gupta et al. [19].
This method demonstrated superior performance compared to other techniques for frequency-modulated (FM) signals
and showed significant improvements for wideband signals [20]. Bouri developed a methodology that employs sample
cross-spectral matrix factorization for detecting and localizing sources. This method avoids eigenvalue decomposition,
thereby reducing computational costs and enhancing performance [21]. Mohan et al. proposed a methodology for
localizing multiple speech sources by using small arrays by applying a coherence test. The two approaches suggested
were narrowband spatial spectrum estimation at each bin, followed by summing directional spectra over frequency and
time and clustering low-rank covariance matrices and averaging them within clusters [22]. Nishiura et al. developed
two alternative methods for DoA estimation beyond classical approaches. The first method uses cross power spectrum
phase, and the second utilizes a statistical sound source identification algorithm based on a Gaussian mixture model.
These approaches enhance multiple sound signals to localize the source, with a microphone array steered using
the delay-and-sum beamformer for source localization [23]. Sawada et al. proposed a DoA estimation approach using
independent component analysis (ICA). It was found that ICA effectively identifies source signals from their mixture and
highlighted its key advantage over the MUSIC algorithm, it works even when the number of sources equals the number
of sensors [24]. Matsuo et al. applied a histogram mapping approach for estimating the DoA of multiple speech signals,
highlighting its low computational complexity and the absence of requirements for initial DoA estimates. They also
introduced a method to eliminate narrowband components from vector analysis [25]. Swartling et al. advanced the steered
response power with phase transform (SRP-PHAT) for DoA estimation, employing second-order statistics from cross-power
spectra to direct a beamformer towards the maximum power output. They also discovered that while fourth-order statistics
were more effective at differentiating speech from noise in comparison with second-order statistics, they required twice the
computational resources [26]. Wang and Zhang developed an iterating positional algorithm to address link blockage in
mm-Wave communication systems. Their method used randomised beamforming and maximum likelihood estimation
to determine the angle of arrival and departure, achieving centimetre-level positioning accuracy [27, 28, 29, 30]. Kase et
al. formulated a DNN-based method for estimation of DoA of two targets, using a correlation matrix Rxx as input. They
analysed their DNN with uncorrelated narrowband signals of equal power and found that performance heavily depended on
the quality of training data, which was generated by varying the SNR between 0 and 30 dB. Their results highlighted the high
performance of DNN-based methods but also their susceptibility to overfitting [31]. Liu et al. proposed a DoA estimation
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method for underwater acoustic signals using a CNN architecture. They used the covariance matrix Rxx as input but
separated it into two channels that are real and imaginary parts respectively, in order to avoid dealing with complex numbers.
The proposed CNN-based DoA estimation method is comparatively better than the traditional MUSIC algorithm and is
better suited for underwater acoustic environment [28]. Asano et al. developed a two-stage technique for handling multiple
types of noise. The initial stage reduced ambient noise by removing noise-dominant subspaces, while the subsequent
stage extracted the target source spectrum from multi-directional components [29]. Visser et al. proposed a technique for
enhancing speech in noisy environments. Independent component analysis was employed for the adaptive denoising of
separated signals [30]. Mitianoudis et al. also utilized blind source separation for audio source separation [31]. Dai et
al. proposed a deep learning approach for estimating the DoA of multiple narrowband signals in a coherent environment
using a uniform linear array. LogECNet, a logarithmic eigenvalue-based classification network, was introduced in order to
improve signal number detection in challenging scenarios like low SNR and limited snapshots [32]. More recent scenarios
include application of compressed sensing techniques with deep learning [33, 34]. Several preprocessing techniques
used prior to DoA estimation include speech enhancement using the blind source separation, subspace method, sub-band
clustering, and the ADTFD method. Khan et al. found that the ADTFD method excelled at analysing closely spaced
signal components compared to other preprocessing techniques. ADTFD optimized kernel direction at each point in the
time-frequency domain to achieve a clear representation used for DoA estimation [35]. Postprocessing methods, such as
post-filtering algorithms, are used after DoA estimation. Habets et al. introduced a post-filtering algorithm that enhances
speech signal spectra and reduces interference [36]. Gu et al. proposed using QR Decomposition—Recursive Least Squares
(QRD-RLS) algorithm for postprocessing. QRD-RLS estimates DoA from autoregressive sources, which are modelled
using the Kalman filter, providing excellent temporal information for accurate DoA estimation [37]. Table 1 summarizes
the significant contributions to the field of signal processing, specifically in the context of Direction of Arrival (DoA)
estimation, highlighting key advancements and methodologies:

Table 1. Significant contributions in DoA

Time/Research Event/Technique Key Contribution

WWI Acoustic methods for locating enemy artillery Early groundwork for DoA estimation.

WWII Radar technology and RDF (Radio Direction Finding) systems ~ Enhanced accuracy in signal direction estimation.

Mid 1900s Advancements in digital signal processing Enabled development of modern DoA algorithms.

Shi et al. Coprime arrays with sparse reconstruction Increased degrees of freedom and improved power estimation.

Zhou et al. Compressive sensing with coprime arrays High-resolution DoA estimation with reduced computation.

Xu et al. Real-valued propagator method with rectangular arrays Improved 2D angle estimation performance.

Zhai et al. Unfolded coprime linear array with reduced-dimensional Enhanced noncircular signal estimation precision.

MUSIC algorithm
Feng et al. Time-frequency covariance matrix using chirplet-based Effective wideband signal DoA estimation.
decomposition

Kase et al. DNN for estimation of DoA High performance for narrowband signals, but sensitive to
training data.

Liu et al. CNN for underwater DoA estimation Superior performance in underwater environments compared
to traditional MUSIC.

Swartling et al. Phase Transform for Steered Response Power (SRP-PHAT) Improved noise differentiation using second- and fourth-order
statistics.

Khan et al. Adaptive Directional Time-Frequency Distributions (ADTFD)  Optimized kernel direction for clearer time-frequency
representation, enhancing DoA estimation.

Habets et al. Post-filtering algorithm Enhanced speech signal spectrum and reduced interference.

Gu et al. QRD-RLS with Kalman filter Provided excellent temporal information for autoregressive

source DoA estimation.

3. Incorporation of DoA in RADAR and smart antenna systems

The incorporation of DoA estimation techniques in smart antenna and radar systems has become an essential aspect of
modern signal processing, image processing and communication technologies [38, 39]. Antennas dynamically adjust their
radiation pattern for optimizing signal reception and transmission by enabling adaptive beamforming using estimation.
In radar applications, interference from antennas can be effectively suppressed through array pattern shaping achieved
via array processing. This process involves beamforming, where spatial data samples from an array with controllable
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elements are coherently integrated, and is utilized to manage interference [40]. Such capabilities significantly improve
performance and reliability of wireless communication systems across various applications, including mobile telephony
and data networks. In radar systems, the application of DoA estimation is important for detecting and tracking moving
objects. It aids in determining the precise angle from which radar signals are received, leading to more accurate information
regarding object speed, direction, and position. Furthermore, advanced algorithms, such as the MUSIC algorithm, are
commonly employed in these systems to enhance estimation accuracy and resolution.

3.1 Application of DoA in radar system

RADAR is used to determine an object’s location, direction and velocity. Radar is a remote-sensing system frequently
utilized for military and civilian surveillance, tracking, and imaging purposes [41, 42]. The function of radar is closely
related to physical objects, Radar is an EM wave-assisted target detection system that utilises RF waves to determine
target range, azimuth, and velocity, as demonstrated by Kumawat et al. [42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52] in their
work. Its primary task is the positional estimation of a moving target and predict its trajectory, as studied by Garg et al.
[53]. By detecting reflected waves, radar systems determine the presence of a target, thus performing the crucial task of
detection [54]. A RF sensor uses EM waves to detect objects, referred to as targets. Continuous-wave (CW), pulsed-wave,
and frequency-modulated continuous-wave (FMCW) sensors are the three primary types of radio frequency (RF) sensors.
CW and FMCW sensors utilise less power compared to pulsed radar sensors due to continuous modulation or unmodulated
transmission, allowing them to be designed with comparatively simpler circuits [55]. The two most important functions of
radar are target detection and target tracking. Hypothesis testing is conducted in radars performing target detection wherein,
Hy denotes target absence, and H; denotes target presence. According to Vaishnavi et al., two of the most commonly used
algorithms for target detection are Detect Before Track (DBT) and Track Before Detect (TBD) [56].

Radar is an electronic system that works by transmitting RF Electromagnetic waves towards a target and receiving
and detecting the obtained target echo [57]. The basic principle of radar, as illustrated in Figure 1, involves transmitting
electromagnetic waves and detecting their reflections from objects. The radar system emits high-frequency pulses, which
travel through the medium and reflect off targets. These reflected signals, or echoes, are received by the radar, and their
analysis provides crucial information such as range, velocity, and direction of the target [58, 59]. The range (R), is estimated
based upon the time (A¢), taken by EM waves to propagate to and fro from the target at the speed of light (c). As, Distance
is the product of speed and time; the distance the EM waves travel to the target and back is 2R [57, 60].

2R = CAt

CAt

R=—
2

where, R = range from the radar to the object in meters, ¢ = speed of light, 3 x 10 m/s, A¢ = elapsed time, seconds [60].
The received target signals consist of interference along with the information.

3.1.1 Radar classification

Radar are various types of radars, and each is classified according to specific characteristics. These characteristics
include the purpose of the radar, the kind of antenna it uses, the frequency range it works in, the precise measurements
it needs for performing, the waveforms it utilizes, it’s operational environment, and the interferences it is expected to
encounter. Primary radars transmit a signal to illuminate the target, acting as a passive reflector, and then receive the
returned echo to extract information. This method faces challenges in long-range detection and accurately determining an
aircraft’s altitude. Secondary radars address these issues by triggering an active response from cooperative targets, allowing
for the extraction of both altitude and identification information. They require less transmitter power due to one-way
transmission. However, the high installation cost of electronic equipment is a drawback. Primary Radar is classified further
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as Continuous wave (CW) radar and Pulsed wave radar. De et al. states that in CW radar there is continuous transmission
of EM waves, whereas, in Pulse wave radar, there is a sequence of finite pulsed waveforms [61]. CW Radars continuously
transmit and receive EM energy using separate antennas for transmission and reception. High-Energy Waveform makes
CW radars suitable for very long-range applications. It is not used to determine the target’s direction, because of constant
transmission and reception in CW radars i.e., it is not possible to determine if the target is approaching or receding. As
CW radar cannot find the direction of the target in an open environment, the direction of target is found by using various
parameters such as received power. However, various factors such as environmental attenuation, clutter, RCS fluctuation
or variation due to range and aspect angle variation affect the received power and hence, its power is not used for direction
finding. Doppler frequency shift is another parameter that is used. All CW radars use superheterodyne receivers for target
detection and extraction of Doppler frequency, employing in-phase and quadrature-phase signals as noted by Kumawat et
al. [62]. Unmodulated CW Radars accurately measure the radial velocity of a target and angular position. By modulating
the waveform, CW radars also extract range information, allowing them to measure the distance to the target. One of the
major applications of CW radar include classification of different flight modes of an ornithopter, as proposed by Akella et
al. [63, 64].

Moving Target

Transmitted O Echo

Pulses Pulses

Transmitting Receiving
Antenna Antenna

Transmitter Reciever
Station Station

Figure 1. Basic principle of radar

Pulse-Doppler radar systems operate by transmitting short pulses at specific intervals known as pulse repetition
intervals (PRI) and receive backscattered echo signals from targets. The rate at which pulses are transmitted vary, affecting
the radar’s resolution and range capabilities is called the pulse rate. The utilization of pulse compression technique allows
for achieving the energy of a long pulse while maintaining the resolution of a short pulse, thus eliminating high peak power
requirement. This results in a short-duration pulse [65, 66, 67]. The measurement of time delay between transmission
of the pulse and the reception of its echo, facilitates accurate estimation of the distance to a target, which is called range
measurement. This time-of-flight measurement is fundamental to determining the range of the target. Pulsed radars are
used in a wide spectrum of applications due to their ability to adjust pulse rates and modulation techniques for specific
needs, and hence are known for their versatility [68, 69]. Mono-pulse tracking radar, a type of pulsed radar, requires high
accuracy in angular measurement. The target’s location, including the azimuth and elevation angles, are determined using
mono-pulse processing technique [70].

Based on the position of the antenna with respect to the receiver the radar is classified as monostatic, bistatic and
multi-static radar. Monostatic radars use the same antenna for transmission and reception of signals or have separate
antennas that are located in close proximity. This setup simplifies the radar system, as transmitted and received paths share
the same location. The monostatic configuration is predominantly used in pulse radar systems and benefits due to the
straightforward integration of transmit and receive functions, increasing cost-effectiveness and ease of implementation. In
bistatic radars, the transmit and receive antennas are positioned at two separate geographic locations. This arrangement
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reduces spillover interference and can enhance detection capabilities by observing targets from different angles as stated in
the work of Kumawat et al. to create a simple and efficient algorithm for data acquisition and signal processing in radar
systems [71]. Bistatic radars are particularly useful in CW or frequency-modulated continuous-wave (FMCW) applications.
FMCW radar is a frequently used configuration [72, 73]. FMCW radars are predominantly employed in applications
involving short ranges, including, automotive radars, airplane altimeters, range detectors and naval industries [74]. The
main difference from monostatic radars is the absence of a duplexer, as the separate locations negate the need for one.
Synchronization between the transmitter and receiver is crucial to ensure accurate timing and phase reference, maximizing
the receiver’s ability to interpret the transmitted signal. Bistatic images typically result in direct-scattering mechanisms
[75, 76]. Multi-static radars extend the concept of bistatic radars by utilizing more than two geographically separated
antennas. These systems offer improved target detection and tracking by observing targets from multiple perspectives,
allowing for better resolution and accuracy. Like bistatic radars, multi-static systems require synchronization links to
maintain coherence across the different antennas. Multi-static configurations are beneficial for applications requiring
extensive coverage and enhanced target discrimination. MIMO Radars are a subset of multi-static radar. It is an emerging
technology capturing the attention of practitioners, scientists, and researchers. It offers the flexibility to select diverse
waveforms based on specific needs and applications [77]. These radar systems consist of multiple transmit and receive
antennas. Each transmit antenna radiates a unique waveform independently, and each receive antenna captures these signals.
This setup allows the radar system to reassign the received echo signals to individual transmitters, providing significant
advantages in target detection, parameter estimation, and clutter suppression. MIMO radar systems over enhanced spatial
resolution and robustness against interference and noise due to the diversity of transmitted waveforms and receiving paths.
Multi-static systems face the challenge of choosing appropriate weights for signal fusion from multiple receivers to satisfy
pre-specified performance goals. Addressing this, the multi-static ambiguity function is utilized [78]. MIMO radar offers
several advantages over conventional radar systems, including enhanced resolution, improved angle estimation accuracy,
the capability to detect a large number of targets, an increased array aperture, and greater waveform diversity [79].

Search Radars are designed to continuously scan a large area of space to detect the presence of targets. They provide
key information about detected objects, such as range, angular position, and velocity. Search radars predominantly use
different scanning patterns to cover the search area effectively. Tracking Radars are specialized for following the movement
of a specific target, allowing for precise measurement of its position and velocity over time. These radars predict a target’s
path and future position, which is critical in applications like military defence, missile guidance, and air traffic control.
Infrared Search and Track (IRST) systems are used for defence applications due to their advantage of passive surveillance
[80].

Human Activity Recognition (HAR) is a technology that involves identifying and classifying human actions or
behaviour from sensor data or video footage. It typically relies on algorithms that analyse patterns and movements to
determine specific activities or behaviour. HAR is crucial in fields such as healthcare, military surveillance systems,
protest-crowd assessment, rescue missions, and national security. However, vision-based HAR methods face several
limitations, including blurred images from IR or night-vision cameras, short-range operation, ambient vision requirements,
high computational complexity for micro-motion analysis, dependence on weather conditions [81, 82].

Synthetic Aperture Radar (SAR) is a radar technique using the movement of the radar antenna to generate high-
resolution images of a target area. By synthesizing the effects of multiple radar returns over time, SAR achieves much
finer spatial resolution than conventional radar systems. SAR is a technology that uses RF waves to create images under
various circumstances and is applicable in civilian and defence sectors [83, 84, 85, 86]. Inverse Synthetic Aperture
Radar (ISAR) is similar but focuses on imaging moving targets, such as ships or aircraft. ISAR utilizes relative motion
between radar apparatus and target to produce detailed images and identify targets based on the characteristics of the
backscattered signals [87, 88]. SAR image formation is often considered an ill-posed linear inverse problem, where
traditional imaging techniques, such as the matched filter (MF), face limitations due to data bandwidth availability, causing
resolution constraints. To overcome this, sparse SAR imaging using Compressed Sensing (CS) has been formulated,
offering improvements like super-resolution and feature enhancement. Machine learning (ML) and deep learning (DL)
algorithms are explored for sparse SAR imaging, demonstrating significant potential in enhancing imaging performance
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[89, 90]. Kumawat et al. stated that apart from this, an effective data acquisition system and signal processing model is
also important for radar effectiveness [91].

3.1.2 Radar architecture and working

As shown in Figure 2, a functional pulse radar system comprises fundamental components, including a transmitter,
duplexer, antenna, receiver, and gauge, as explained in Garg et al.’s work [92, 93] on radar.

| @
Transmitter }—- Duplexer <—>A

( Gauge JF———  Receptor
b /

Figure 2. Radar architecture

The transmitter is responsible for generating the RF power signal that illuminates the target. The RF signal waveform
ranges from an unmodulated CW to a complex frequency according to system requirements. Primarily, there are two
methods for generating RF power: the power oscillator approach, where the signal is produced with the necessary power
level for direct application to the reflective antenna, and the master oscillator approach, where a lower-power RF signal is
generated by the oscillator and then amplified to the required level [58, 59]. Radar systems typically use highly directional
antennas. Primary function of the radar antenna is to take EM waves generated by the transmitter and introduce them
to a propagation medium. It serves as a transducer that efficiently transfers electromagnetic energy between the radar’s
transmission line and surrounding propagation medium. It also provides beam directivity as well as gain for transmission
and reception of EM energy [58, 60]. The radar receiver is used to receive weak target signals, amplify them, and translate
the RF to baseband information incorporated in them. Different types of radar configurations such as crystal detectors, RF
amplifiers, homodyne and superheterodyne are available; but the most widely used configuration is the superheterodyne
receiver [58]. The superheterodyne receiver comprises a low-noise RF amplifier, a mixer, an intermediate frequency (IF)
amplifier, a video amplifier, and a display unit. The components in the receiver amplify the received signal, convert the RF
signal to an intermediate frequency (IF), and subsequently apply the signal to an ADC and then to the data processor. The
detector removes the carrier from the modulated target return signal so that target data can be sorted and analysed by the
signal processor [57, 59]. The duplexer enables a single antenna in monostatic radars to handle both signal transmission and
reception. It comprises two devices: one is the transmit-receive (TR) device, and the other is the anti-transmit-receive (ATR)
device. This device allows the transmitter and receiver to be attached to the antenna simultaneously while isolating the
receiver from high-powered transmitted signal to protect its frequency sensitive components. The transmitter is connected
to the antenna via a transmit/receive (T/R) device, like a circulator or switch. During reception, an ATR device directs the
echo signal towards the receiver.

3.1.3 Radar equation and principle

The radar range equation provides a mathematical framework to determine the farthest range at which a target is
detected by a radar system. This radar equation can be derived from fundamental principles of radar. The effects of the
target, target background, propagation route, and medium are all taken into consideration by the radar equation in addition
to those of each main radar system component. This equation is essential for designing and optimizing radar systems to
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ensure they meet specific detection requirements. The radar range equation is crucial for system design, as it is used to
design radar systems with optimal performance characteristics for specific applications, such as air traffic control, weather
monitoring, and military defence. Performance optimization refers to adjusting components like antenna gain, transmitted
power, and signal processing techniques to maximize detection capabilities. Understanding limitations refers to identifying
limitations due to environmental factors or system constraints and finding ways to mitigate them [94]. The Basic Radar
Range Equation is given as:

_ (RGG2A2\*

B < (4m)3P.L )
Where; transmitted power (P;, in watts), which is the power emitted by the radar system and can increase the detection
range (R in meters); antenna gain (G;, dimensionless), which enhances the effective radiated power by directing or receiving
energy in a specific direction; wavelength (4, in meters) which determines the radar’s resolution and penetration ability
and is inversely related to frequency (f, in hertz) by the speed of light (¢, in meters per second), given as A = c/f; radar
cross-section (o, in square meters), which measures how detectable an object is by radar, with larger cross-sections reflecting
more energy and making objects easier to detect, minimum detectable power (P,, in watts), the smallest signal power that
the radar system can reliably detect, influenced by factors like noise and receiver sensitivity and (L, in dB) represent loss
[51].

The strength of the target echo determines the maximum detection range of a radar system. When a signal is
transmitted, the echo that returns is weaker than the original signal because it loses strength and gets attenuated over time
and distance. Since the strength of the pulse is dependent on peak power and pulse duration, it is essential to evaluate the
signal energy, which is a product of the two factors. A low peak power pulse with a longer duration delivers the same
energy as a high peak power pulse with a shorter duration. However, using a shorter pulse width improves the resolution
range [52].

3.1.4 Application of radar

According to the study by Kumawat et al., the modern radar systems have gained popularity due to progressive
features such as compact size, ease of use, payload-carrying capability, system integrated surveillance cameras, and Tx—Rx
communication/control systems. These radars are now widely employed in fields like surveillance, border patrol, aerial
photography and video recording and goods transportation. They are also being used for air-traffic guidance and monitoring,
and their applications continue to expand day by day [95]. Radar applications have adapted from being strictly military to
today’s wide spectrum utility [96]. Radar serves a variety of important functions across numerous sectors. In aviation, both
civilian and military, air traffic control radars ensure safe spacing between aircraft and assist with take-offs and landings,
while high-resolution radars track aerial systems and monitor vehicle traffic at airports. For navigation, aircraft radars
help with weather and terrain avoidance and ground mapping. Military applications, the largest use of radar, include
navigation, surveillance, and weapons guidance [97]. In the medical field, radars are being researched for diagnostics like
breast tumour detection and remote monitoring of vital signs [98]. Satellite radars are crucial for tasks such as docking and
tracking, while remote sensing radars provide valuable data on geophysical objects and support astronomical exploration
of celestial bodies. Marine radars enhance safety by preventing collisions and aiding navigation, and law enforcement uses
radars for vehicle speed measurement and intruder detection. Radar plays a key role in atmospheric monitoring through
the Global Ozone Monitoring Experiment, which tracks ozone and other climate-related variables. Wind scatterometers
also use radar to measure ocean surface wind speed with precision. Emerging methods like orthogonal frequency division
multiplexing (OFDM) are the latest advancements in radar applications according to Yadav et al. [99].

Additionally, as stated by Kumawat et al., radar-based target detection and classification offer several advantages
over other surveillance methods like vision-based sensors, thermal cameras, acoustic sensors, and infrared sensors. These
include no lighting requirements, robust weather noise immunity, day-and-night remote sensing capabilities, atmospheric
propagation, and the ability to produce inconspicuous images with inherently false colour [100].
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3.2 Application of DoA in smart antenna system

DoA estimation algorithms are generally incorporated in smart antenna technology for developing systems that
provide precise information about geographical location for wireless functionalities. A smart antenna system is defined as a
configuration that dynamically optimizes its radiation and reception patterns by combining numerous antenna components
with advanced signal processing capabilities based on the prevailing signal environment. This technology serves a dual
purpose i.e., it enhances the signal quality of radio-based systems by allowing focused transmission of radio signals,
while simultaneously increasing system capacity through improved frequency reuse [101]. Smart antennas are primarily
categorized into two systems: the Switched Beam system and the Adaptive Array system, the structures of which are
illustrated in Figures 3 and 4.

= \ Signal
£ st Outpu
1_E_ ot Bram

-

é

resired ,.ff R .

Signal ‘-.,“ o e ‘\\
( T
' V ) Y Ségnal
\ TR S

5 \‘-- - |
Beamlarming

Interfeavmce Welghts

Figure 4. Adaptive array

The Switched beam utilizes a limited number of predetermined patterns or sectors and is simpler as compared to the
adaptive array approach. In this system, when an incoming signal is detected, the base station determines the beam that
is best aligned with the direction of the signal of interest and then switches to that beam to communicate with the user
[102]. The Adaptive antenna system can create infinite patterns with real-time adjustment with respect to surrounding
conditions and is more advanced than the switched beam antenna system. This technology forms nulls in the directions of
interfering signals and steers the main beam towards the user to constantly track mobile users. The individually received
signal is multiplied by weights which are complicated in nature and modulate phase and amplitude. The array output is
generated by combining these signals. The complex weights are computed by an advanced adaptive algorithm, which is
pre-programmed into the digital signal-processing unit managing the signal radiated by the base station [103].
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3.2.1 Architecture of smart antenna system

The basic architecture of antenna consists of five main blocks namely Antenna arrays, RF module, Beam former unit,
DoA estimator and Adaptive processor, as illustrated in Figure 5.
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Figure 5. Architecture of smart antenna

The Antenna array consists of antenna elements (dipoles, patches, etc) which are arranged in specific configurations.
The spacing between these elements is typically half of the signal wavelength. This is done to avoid spatial aliasing.
The RF Module, or Radio Unit, primarily comprises three components: antenna arrays that receive RF signals from the
environment, down-conversion chains that remove the carrier frequencies from these RF signals, and ADC that transform
the resulting baseband signals into digital signals for further processing. The array should have relatively minimum number
of elements to avoid unnecessary high complexity computation in the signal processing unit. These antenna arrays are
arranged in one, two, or even three dimensions, depending on the spatial dimensions that need to be covered. The radiation
pattern is influenced by the element type, excitation (amplitude and phase), and the relative positions of each element.
The RF Module performs several key functions: converting digital signals from the baseband processing unit into analog
signals for transmission and vice versa for reception, amplifying transmitted signals to ensure they reach the desired
range while enhancing received signals to improve sensitivity and selectivity, performing frequency translation by mixing
baseband signals with a carrier frequency for transmission and converting them back to baseband upon reception, filtering
out unwanted noise and interference to meet specific bandwidth and spectral requirements, and managing the interfaces
with antennas and other network components to ensure seamless connectivity and synchronization. The Beamforming Unit
is responsible for combining signals from the individual antenna elements to form a desired beam pattern. It is responsible
for forming the beam pattern and steering it in the desired direction. Let a be the data signals (i.e., the elements of the
array) and let p be the set of weights. Thus, a set of beams directed at desired directions using pointing angles (leading to a
signal peak at the output) can be formed by multiplying data signals with an appropriate set of weights can be denoted as:

M=1
0(6;) = Z WiX;
0

where o(6;) is the output of the beamformer, x; is the data sample from the i/ array, element and wf( is the weight for
forming a beam or null at angle (6;). By selecting appropriate values for the set of weights, beam steering, adaptive nulling
and beam shaping are implemented.

The RF Module primarily functions as follows: it controls both the phase as well as amplitude of the signal emitted
by each antenna element to form a directional beam, which can be dynamically adjusted to target specific users or areas.
By focusing signals on desired directions, beamforming minimizes interference with other users and devices, thereby
improving overall network performance. Additionally, beamforming increases the signal strength and quality at the receiver
end, leading to better data rates and reduced error rates. The DoA estimator in smart antennas is essential for pinpointing
the exact angle at which incoming signals arrive. Using sophisticated algorithms like MUSIC or ESPRIT, the estimator
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evaluates phase differences and time delays among signals received by the antenna array. The adaptive processing unit
helps to determine the complex weights of the beam-former unit. The weights are optimized by maximization of data
signals from the desired source and maximization of signal-to-interference ratio (SIR) suppressing the signal coming from
the sources of interference.

The Space-time processor (smart antenna) is used to enhance the performance of mobile communication by increasing
gain antenna, decreasing inter-symbol interference and decreasing co-channel interference. When compared to other
antenna systems used for the estimation of DoA, smart antennas based on DoA of incident signals offer several advantages.
These include superior Signal to Interference and Noise Ratio (SINR) performance, improved signal quality and range,
increased capacity and efficiency, dynamic adaptability, enhanced security, and better utilization of the spectrum. Smart
antenna systems can significantly increase capacity by allowing a greater number of users to share the same frequency, thus
optimizing resource utilization. Improved signal range is achieved through focused gain directed towards communicating
devices, which enhances coverage and reduces the number of necessary base stations. Smart antennas are also used
to improve security by directing signals toward specific devices instead of radiating in all directions, increasing the
complexity of interception for unauthorized users. Reduced interference is another key advantage, as the directionality
of smart antennas minimizes the likelihood of signals interfering with one another. Furthermore, the ability to reuse
frequencies effectively enhances bandwidth, enabling higher data rates and better overall network performance. Despite
their advantages, smart antenna systems come with several limitations. One of the primary challenges is their complexity.
Smart antennas require sophisticated technology and management which can complicate installations and maintenance.
Smart antennas are generally more expensive than traditional antennas due to the advanced processing technology and
multiple components they involve. Their physical size can be larger compared to conventional antennas, which lead
to design concerns or space limitations in certain environments. Smart antennas are more susceptible to interference
from other devices and environmental factors due to their reliance on precise signal processing. This leads to issues in
multipath environments where multiple signals overlap [104]. The limitations of antennas include reliance on pre-defined
beamforming algorithms, which lack the real-time adaptability of smart antennas. Additionally, while these systems focus
on exploiting multipath propagation to increase capacity and reliability, their DoA estimation capabilities are typically
secondary and not as refined or adaptable. Switched beam antennas, in particular, only switch between a set of predefined
beams based on signal strength, lacking the continuous real-time adaptability that smart antennas offer. Other antenna
systems that are used for DoA include Phased Array Antennas, MIMO systems, and Switched Beam Antennas.

Phased Arrays (PA) have garnered significant interest as a prominent multi-antenna technique, offering key advantages
such as high directionality, effective spatial multiplexing, and strong anti-jamming capabilities. Despite these benefits, PA
systems face challenges related to high hardware complexity and elevated power consumption. In contrast, Time-Modulated
Arrays (TMA) have emerged as a low-complexity alternative with remarkable beamforming capabilities, making them an
increasingly attractive option in recent years. The TMPA is divided into S subarrays, effectively multiplying the modulation
frequency and the maximum bandwidth of the transmitted signal by S, which simplifies given filtering process. This
method has three key advantages: (1) it significantly reduces the requirements for the band-pass filter (BPF) by expanding
the frequency interval; (2) it enables the transmission of larger bandwidth signals using the same hardware; and (3) it
improves the overall efficiency of the antenna [105]. However, smart antennas are generally considered superior to these
alternatives due to their advanced adaptability and performance in dynamic environments.

4. DoA estimation methods

DoA estimation is a vital component of ASP utilized across diverse fields such as telecommunications, radar systems,
and audio processing [106]. Diverse algorithms have been developed to accurately estimate DoA, with significant emphasis
on subspace-based methods, which are categorized into two main types based on the utilized subspace. Orthogonal-
Subspace Algorithms, which include the Pisarenko method, MUSIC (along with Root-MUSIC), and Min-Norm, that focus
on separating the signal subspace from the noise subspace. In contrast, Signal-Subspace Algorithms, such as State-Space
Realization, ESPRIT, and Matrix-Pencil, concentrate on the signal subspace itself. Furthermore, DoA estimation techniques
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can also be classified according to the numerical procedures they exploit. The Extrema-Searching Approach identifies peaks
in the pseudo-spectrum and includes algorithms like MUSIC and Min-Norm. The Polynomial-Rooting Approach focuses
on finding roots of polynomials derived from the data, encompassing methods like the Pisarenko method, Min-Norm, and
Root-MUSIC. Lastly, the Matrix-Shifting Approach leverages shifts in matrices representing the signal model and features
techniques such as State-Space Realization, ESPRIT, and Matrix-Pencil. Each of these techniques contributes unique
strengths to the task of DoA estimation, offering solutions tailored to various applications and challenges encountered
in practical scenarios [107]. Another widely popular method is Classical method of DoA estimation. These have long
been fundamental in array signal processing, utilizing straightforward principles that emphasize computational efficiency.
These methods primarily include techniques such as the Conventional Beamformer and Capon’s Minimum Variance
Distortionless Response (MVDR). The Conventional Beamformer operates by steering the array to a particular direction
and measuring output power to determine the DoA based on the highest output. DoA estimation problems consist of two
categories: spatial spectral-based problems and parametric problems.

4.1 Sub-space based methods

Subspace-based methods are advanced techniques used in signal processing for various applications, including
parameter estimation, noise reduction, and data classification. Subspace-based methods, also known as high-resolution
techniques, are forms of parametric spectral estimation that focus on estimating signal characteristics from noisy data [108].
They are particularly effective in scenarios where the signal is embedded within noise, allowing for better extraction of the
signal’s essential features. Subspace methods typically begin with eigenvalue decomposition of a sample covariance matrix,
which helps in characterizing the signal environment [109]. By projecting signals into a signal subspace, they maintain
crucial components while filtering out unwanted noise, which enables clearer and more reliable signal interpretation. These
methods are utilized in tasks such as dimensionality reduction and noise reduction, attracting significant. interest in fields
like speech enhancement, modelling, and classification research. By identifying and leveraging the signal subspace, these
techniques can effectively reduce the impact of noise on signal integrity and clarity.

One notable advantage of subspace-based methods is their ability to yield sharper signal representations compared to
traditional filtering techniques, which may incorporate gradual transitions between signal and noise signal components.
This characteristic allows a more precise identification of signal features and improved performance in various applications.

4.1.1MUSIC

MUSIC is one of the earliest DoA estimation methods that have been followed by several variants. It is a high-
resolution sub-space technique used for estimating DoA. It works by using the method, which separates signal and noise
subspaces. The DoA is then obtained by analysing the MUSIC pseudo-spectra over a grid in order to identify the respective
peaks associated with angles [110]. This technique is based upon utilizing the eigen-structure of the input covariance matrix.
In 1977 Schmidt proposed the use of geometric tools specifically, algebraic surfaces to look at signal parameter estimation
from a different side. One step forward was made with the MUSIC algorithm being capable of dealing with arbitrary sensor
arrays. Before the mid-70s, direction-finding techniques involved obtaining knowledge about the directional sensitivity
pattern of an array in analytical form, which meant designing arrays having predetermined patterns of sensitivities for
antenna designers. This constraint was relaxed by Schmidt who simplified the problem by stating that instead of an analytic
calculation for complex array response, it is necessary to only measure and store this response. Though this did not reduce
computational complexity in solving DoA estimation problems; using MUSIC, it expanded high-resolution estimation
application to arbitrary sensor arrays [111]. Lincoln Laboratory at M.I.T. conducted an extensive examination that included
thousands of simulations and found out that, MUSIC emerged as the most promising technique for further research and
hardware applications. Computational costs associated with MUSIC are huge due to parameter space search and storage
requirements for array calibration data although it has a huge performance advantage over other algorithms [112]. As this
algorithm takes uncorrelated noise into account, the resulting covariance matrix is diagonal. In this process, the signal and
noise subspaces are calculated using matrix algebra and are found to be orthogonal to each other. Therefore, this algorithm
utilizes the orthogonality property to separate the signal and noise subspaces, as highlighted by Gunjal et al. [113].

Volume 4 Issue 1]2025| 151 Journal of Electronics and Electrical Engineering



The covariance matrix ‘R;’ for the received data ‘J’ is the expectance of the matrix with its hermitian equivalent.

Ry =E[JJH)

The received data ‘J’ is denoted as:

J(0) = [11 () (1) ... dp(0)]T

Substitute the value of ‘J’:

R; = E[(AS+N)(AS+N)"]
Ry =AE [SS"]| A" + E [NN"]

R; = AR;A" + Ry

The noise correlation matrix Ry can be formulated as:

Ry = 6% %I
I is the identity matrix for the antenna array with dimensions D*D. As the signals are correlated with the noise, the

resulting correlation matrix, including the noise, can be expressed as follows:

Ryj= Qs) 0f + Qn+o* QY

Since the MUSIC algorithm leverages the orthogonality between the signal and noise subspaces, the following

equation holds true:

BY(6)on =0
The angle of arrival can be expressed in terms of the incident signal sources and the noise subspaces, as given by the

following equation:

Ouusic = arg.min B (6) QN ON B(6)

The above equation can be inverted to obtain peaks in a spectral estimation plot:

1
Puusic =
B (6)OnONB(6)
A pseudo-spectrum with high peaks is formed as a result of the equation above. Greater power is shown by the higher

peaks, which also match the projected arrival angle. if the antenna array’s element spacing is kept at half the wavelength of
the received signal [113]. The SNR is set to less than 0 dB, and the number of snapshots is set at 300 dB. The signals are
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narrow-band and non-coherent. Ten antenna elements (D) are used in the system, and additive white Gaussian noise is
assumed for noise. The Algorithm 1 given below illustrates the algorithm for MUSIC.

Algorithm 1 MUSIC Algorithm:

Start
Input: Sensor data matrix X, number of signals k, angle search grid 6 (with resolution), steering vector a(6)

Compute covariance matrix R = X x X
Perform eigenvalue decomposition on R
Sort eigenvalues in descending order and partition:
Signal subspace (S) +— eigenvectors corresponding to k largest eigenvalues
Noise subspace (N) « eigenvectors corresponding to smallest eigenvalues
Define the MUSIC pseudo-spectrum:
for each angle 0 in search grid do
P(8) = ounsvToae)
where a(0) is the steering vector based on array geometry
: end for
: Detect peaks in P(6):
Find top & peaks (or use threshold) corresponding to DoA estimates
: Output: Estimated DoA angles
End

D AR R e

- = = = = = =
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The schematic representation or flowchart of the explained MUSIC algorithm is provided in Figure 6. Figure 7 depicts
the simulation result of the MUSIC algorithm. Signals at particular angles are confirmed by peaks in the spatial spectrum
that match the calculated DOAs. If the input signals are at 10° and 30°, the MUSIC algorithm’s output shows prominent
peaks at these angles, demonstrating its effectiveness in resolving signals, even in the presence of noise. This verifies the
algorithm’s capability to separate closely spaced sources and accurately estimate their directions.

The MUSIC algorithm offers several advantages. It provides highly accurate DoA estimations and calculates DoA for
multiple sources even in challenging conditions with small spacing between them by exploiting the subspace structures of
the covariance matrix. MUSIC does not require calibration information about the array’s directional bias and is versatile,
capable of handling different geometries and useful for various signal processing tasks. The ideal number of snapshots for
MUSIC is 700, at which the mean square error is effectively zero. Passive source localization using sensor arrays is a
problem in ASP. One-dimensional MUSIC searches are less demanding but introduce finite-sample bias in environments
with multiple sources. In low SNR conditions or with minor sensor array errors, the algorithm struggles to resolve closely
spaced sources [114].

Narrow-band source localization has been a key focus for decades, leading to methods like MUSIC and Min-Norm,
which offer high resolution with relatively low computational complexity by using the eigen-structure of the spatial
correlation matrix. Despite extensive evaluations of eigenspace-based algorithms through simulations and experiments,
interest in their statistical performance analysis has grown, particularly for scenarios like two sources with linear arrays.
Analysis of the MUSIC algorithm’s performance often involves Taylor series expansions of the estimated null spectrum to
determine location estimates. Variations in handling second-order terms lead to significant differences in bias and variance
expressions. While some studies have attempted to derive bias expressions for MUSIC estimates, many oversimplify by
ignoring critical second-order terms or rely on restrictive assumptions [115]. Apart from this, the MUSIC algorithm has
limitations in situations where background noise is correlated. It performs well for uncorrelated sources but struggles
with coherent ones, and its accuracy is limited by snapshots and other factors. Theoretical models of the MUSIC spectral
estimator are derived for uncorrelated noise fields, but practical environments often degrade performance as highlighted in
the theoretical model [116].
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Figure 6. Schematic representation of the MUSIC algorithm
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Figure 7. Simulation result of MUSIC

Despite its challenges, such as computational complexity and finite-sample bias, MUSIC is highly regarded for
its accuracy and robustness. It leverages the eigenvalues and eigenvectors of the subspaces for estimating DoA and
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improves resolution as the number of antenna elements increases. MUSIC provides asymptotically unbiased estimates that
approach the Cramer-Rao lower bound, demonstrating its high precision in DoA estimation. The MUSIC algorithm can be
summarized as outlined in Table 2.

Table 2. Summary of MUSIC technique

ASPECT DETAIL

Full form Multiple signal classification

Purpose High-resolution subspace algorithm for estimating DoA by separating signal and noise subspaces and analyzing MUSIC
pseudo-spectrum to identify angle peaks.

Proposed by Schmidt (1977), introduced algebraic tools for signal parameter estimation and simplified sensor array response analysis.

Advancements -Relaxed constraints on analytical calculations for complex array responses.

-Enabled arbitrary sensor arrays.
-High-resolution applications.

Key principle Utilizes orthogonality property between signal and noise subspaces in the covariance matrix.
Covariance Ry = E[JJH], where J(t) is the received data matrix.
matrix

Pseudo-spectrum Peaks in Pyysic = represent DoA angles.

N U
] © 7 BH(6)ONONB(6) i .
Challenges High computational cost due to eigen-decomposition and exhaustive search over angle space.

Advantages High-resolution estimation, effective for arbitrary arrays, and superior performance over conventional methods.

4.1.2 Root-MUSIC

Eigenspace-based techniques have been widely employed in recent years to estimate the DoA. The observed covariance
matrix is usually broken down into two orthogonal components, or signal and noise subspaces, using these techniques.
The subspace-based method was introduced by MUSIC, which also proved its benefits. One type of music is called
Root-MUSIC. It is very similar to MUSIC, except the only difference is that it is suitable for linear equispaced sensor
arrays [117]. Root-Music algorithm is an improvised version of the MUSIC algorithm. Using the MUSIC spectrum, the
root of the polynomial is derived in order to estimate the angles of arrival. This algorithm is practically better, considering
it gives results in a numerical pattern instead of spectrum plotting in MUSIC, from which we observe the peaks.

Root-MUSIC further simplifies the computational process by solving for the polynomial roots instead of searching for
peaks in the spectrum. This method leverages the geometry of uniform linear arrays (ULA) to provide more accurate and
efficient DoA estimation. The algorithm focuses on finding the roots lying closest to the unit circle in the complex plane.
These roots correspond to the angles of arrival, making Root-MUSIC faster and more suitable for real-time applications.
Its numerical approach also reduces the complexity involved in interpreting the results. The Algorithm 2 given below
illustrates the algorithm for root-MUSIC.

4.1.3 ESPRIT

In practical signal processing problems, estimating the values of an assortment of fixed parameters upon which
received signals are dependent is in general one of the main purposes. The problem parameterization estimation of
quantities (parameters like frequency, DoA’s of plane waves etc.) that the sensor output depends on are assumed to be
time-invariant in these problems. The two most commonly used methods are Maximum Likelihood and Maximum Entropy
methods. These are however discouraged because of the inappropriate measurement model. Schmidt used the MUSIC
(Multiple Signal Classification) algorithm in chained form for arbitrary method sensor arrays. This was followed by
studying a new algorithm ESPRIT which reduced the computation to a great extent. This method generally has mild
computational requirements compared to algorithms such as MUSIC. Subspace-based ESPRIT algorithm is one of the most
known algorithms because it exploits the subspaces for estimating the parameters of signals. It pays special attention to the
invariance of rotation among signal subspaces for its goal, that is estimating those parameters. It exploits a computational
advantage by employing sensor array displacement invariance. For instance, in DoA estimation, a sensor array is composed
of two identical subarrays with a fixed displacement vector. By doing this, ESPRIT can estimate the parameters without
actually finding individual sensors or using spectral searches as with MUSIC. Simulations indicate that ESPRIT is quite
resilient to array imperfections, such as non-identical subarrays.

Volume 4 Issue 1]2025| 155 Journal of Electronics and Electrical Engineering



Algorithm 2 Root-MUSIC algorithm

1:
2:

Start

Input: Sensor data matrix X, number of sources d, Snapshot Factor (SF), Number of Elements Factor (EF), Signal
Power Factor (PF)

Estimate Covariance Matrix: Ry, =¥, %XiXiH

(Average over snapshots). Normalize R,, if needed.

Identify Noise Subspace: Sort eigenvalues in ascending order

Noise subspace = eigenvectors corresponding to smallest eigenvalues

: Generate MUSIC Spectrum Polynomial: Define steering vector a(pt) based on spatial frequency u. Construct MUSIC

spectrum polynomial using a(u) and noise subspace.
Calculate Polynomial Roots: Determine the MUSIC polynomial’s roots. Within the unit circle, roots are pairs.
Select Best Roots and Determine Angles: Select roots closest to the unit circle. Calculate angles of arrival 6 using:

M
o= (m)

Detect peaks in the MUSIC spectrum for accurate angle estimation.

: Optional Adjustments:

Increase number of snapshots: S = S * SF
Increase number of array elements: M = M x EF
Amplify signal: X(t) = x(t) x PF

: Output: Estimated angles of arrival (DoA).
: End

With the sources placed at the far end of the array, we assume that the transmission medium is uniform, non-dispersive,

and permits radiation to move in straight lines. As a result, a mixture of plane waves makes up the radiation that reaches the

array. The location parameter space is reduced to a one-dimensional subset of R3 when we first assume a planar scenario,

namely.

d
Xl'(l) = kz Sk(t)ai(e)k+nxi(t)
=1

d j sinsin e—k
30 = Y Sty 9 () 4, (8) 4 mi(o)
k=1

The subarray displacement vector A establishes the problem scale and the reference direction because sensor gain and

phase patterns are arbitrary and ESPRIT does not need to know these sensitivities. Angles of arrival in relation to vector
A’s direction are the DoA estimates that are produced. As a result, a displacement vector is needed for each dimension

where parameter estimations are requested. The received data vectors can be written as follows by merging the sensor

outputs from the two subarrays:

x(t) = As(r) +ny(t)

y(t) = A@s(r) +ny(2)
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where, the vector s(¢) is the d x 1 vector of incoming signals (wavefronts) observed at the reference sensor of subarray Zx.
The signals can be correlated in the sense that Eis;(r) +s;(¢) is not equal to 0 for i not equal to j. The matrix ¢ is a diagonal
d x d matrix representing the phase delays between the paired sensors for the d wavefronts and is defined as follows:

@ =diag (MM, ... e/M)

where,

v(k) = @pAsinsin <9ck>

The measurements from subarray Zx are connected to those from subarray Zy by the unitary operator matrix o.
Although ¢ is a scaling operator in the complex field, it is also known as a rotation operator since it is comparable to a real
two-dimensional rotation operator. The narrow-band plane wave assumption, which produces unit-modulus sinusoidal
signals in the spatial domain, is the cause of @’s unitary nature. Since the diagonal components of ¢ in time series analysis
can be any complex number, ¢ can be either an expansive or contractive operator. The total array output vector z(t), which
can be expressed as follows, is obtained by combining the outputs from the subarrays:

2(t) = [x(e) y(1)] = A's(1) +n. (1)

A= [AAQ]n(r) = [n(t) ny (1)

For any non-singular diagonal matrix D, the structure is used to estimate the diagonal elements of ¢ without knowing
A. It is also used to estimate the diagonal elements of s(t). Therefore, unless the gain pattern of one of the sensors is
known, the estimations of the signals and related array manifold vectors are subject to an arbitrary scaling factor [118].
The Algorithm 3 given below illustrates the algorithm for ESPRIT.

Algorithm 3 ESPRIT algorithm

1: Start
2: Setup the Sensor Array: Divide the sensor array into two overlapping subarrays.

3: Calculate the Covariance Matrix: Collect incoming signal snapshots from the sensor array. Compute the covariance
matrix R from the incoming signal array.

4: Perform Eigenvalue Decomposition: Perform eigenvalue decomposition on the covariance matrix R. Separate the
eigenvectors corresponding to the individual signal and noise subspace.

5: Form the Signal Subspace: Select the eigenvectors corresponding to the largest eigenvalues to form the signal subspace
).

6: Use Rotational Invariance: Take advantage of the rotational invariance property of the overlapping subarrays. Construct
the rotation matrix using the subarrays’ signals.

7: Solve the Shift-Invariance Equation: Use least squares or other appropriate methods to solve the shift-invariance
equation.

8: Estimate Directions of Arrival (DoA): Extract the rotation matrix from the signal subspace. Compute the angles of
arrival (DoA) from the rotation matrix using the equation:

9: Return DOA: Output the estimated DoA.

10: End
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ESPRIT has several notable applications. In radar systems, it helps in finding targets by accurately determining the
direction of incoming signals, which is crucial for locating and tracking targets. In sonar systems, ESPRIT is used to
detect underwater objects or obstacles by analysing how sound waves reflect back. In wireless communications, ESPRIT
improves signal quality by directing antenna beams toward the source of incoming signals, enhancing reliability and signal
processing. In seismic exploration, ESPRIT helps locate and understand subsurface structures by analysing how seismic
waves arrive at different points. In audio and acoustics, ESPRIT assists in locating sound sources and enhancing speech
clarity by isolating it from background noise. In medical imaging, ESPRIT improves ultrasound images, enhancing the
clarity and accuracy of diagnostic images [119].

ESPRIT’s key strengths are its computational efficiency and accuracy compared to other DOA estimation techniques.
Its core principle is exploiting the rotational invariance property of two identical, overlapping subarrays within the sensor
array. This property allows ESPRIT to avoid the intensive spatial searching required by some other DOA estimation
methods, like MUSIC. After dividing the overlapping subarrays, it extracts DOA estimates from this rotation matrix,
providing an efficient method for determining signal directions without extensive spatial searching. ESPRIT provides
high-resolution estimates of signal parameters, capable of resolving closely spaced signals with precision. It performs well
in noisy environments and handles correlated signals effectively, offering reliable results under challenging conditions.
Unlike MUSIC, ESPRIT does not require peak search for parameter estimation, simplifying processing and reducing
computational demands. The algorithm can be applied to various array configurations, although typically used with uniform
linear arrays. It delivers accurate DoA estimates and reduces the need for extensive calibration data, focusing on subspace
decomposition. ESPRIT is adaptable to different numbers of sources and sensor configurations, offering scalability and
flexibility in practical applications [120]. Despite its advantages, ESPRIT faces several challenges and limitations. It can
only utilize one displacement invariance in the sensor array, leading to potential issues in cases where multiple subarray
pairs might meet this condition without a clear rule for selecting the best one. Although ESPRIT can manage arrays with
multiple displacement invariances through overlapping subarrays, it may benefit from a more tailored algorithm that
fully leverages the array’s physical layout. This challenge highlights the need for improved algorithms that can handle
multiple invariances more effectively. Additionally, traditional models for electromagnetic vector sensors (EMVS) often
encounter issues such as mutual coupling interference and significant computational demands. The ESPRIT algorithm
using Geometric Algebra (GA-ESPRIT) models multidimensional signals in a holistic way, offering a promising approach
for accurate DoA estimation with lower processing requirements [121, 122]. Thus, ESPRIT represents a sophisticated
approach to DOA estimation that balances computational efficiency with high accuracy, making it a valuable tool in fields
like radar, sonar, wireless communications, and other areas where determining signal directions is crucial. The ESPRIT
algorithm can be summarized as outlined in Table 3.

Table 3. Summary of ESPRIT technique

ASPECT DETAIL

Full form Estimation of signal parameters via rotational invariance techniques

Purpose Efficiently estimate the DoA of signals by utilizing rotational invariance between overlapping subarrays.

Key principle Exploits rotational invariance of signal subspaces between two identical, overlapping subarrays, eliminating the need for
spectral searches.

Covariance R = E[ZZM], where Z(t) = [X(t);Y(t)] combines outputs of two overlapping subarrays.

matrix

Rotation matrix A diagonal matrix ¢ = diag (e/", ...,e/%), where y(k) = @yAsin (%)

()

Challenges Assumes uniform, non-dispersive medium and planar wavefronts; sensitive to deviations from these assumptions.

Advantages Computationally efficient, robust against array imperfections, and achieves high resolution with minimal bias via Total Least
Squares (TLS).

4.1.4 Total least squares ESPRIT

An M-element sensor array is split into two identical subarrays with m elements each in previous ESPRIT models,
which are identified by a fixed displacement vector A. Different measurement models are produced by overlapping
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subarrays, which allow M > 2 m, and non-overlapping subarrays, which produce M =2 m. An enhanced version of ESPRIT,
TLS-ESPRIT (Total Least Squares Estimation of Signal Parameters via Rotational Invariance Techniques) is intended
for estimating parameters of several intricate exponential signals that are impacted by noise. It improves ESPRIT by
incorporating the TLS approach, thus enhancing its capability to handle real-world problems with noise. Signal modeling
assumes that the received signal consists of multiple complex exponential components along with additive white Gaussian
noise. The algorithm then organizes the modeled signal into a data matrix, where each column represents a snapshot of the
signal at a specific time. Data preprocessing may include noise estimation and removal. Eigenvalue decomposition is
performed to obtain eigenvectors and eigenvalues, focusing on the noise and signal-plus-noise subspaces. The rotational
invariance property is used for forming the signal subspace, including eigenvectors corresponding to the signal-plus-noise
component. The eigenvectors in the signal subspace are paired to estimate angles of the complex exponential signals using
rotational invariance. TLS-ESPRIT minimizes the overall error between actual and estimated data matrices, providing
accurate signal parameter estimates even in noisy conditions. The estimated parameters allow for signal reconstruction,
making TLS-ESPRIT suitable for applications in radar, sonar, telecommunications, and array signal processing [119]. The
Algorithm 4 given below illustrates the algorithm for TLS-ESPRIT.

Algorithm 4 TLS-ESPRIT algorithm

1: Input: Array of observed data X (Size M x N). Number of signals d to estimate.
2: Compute Covariance matrix: R = +X#

w

Perform Eigenvalue decomposition: Decompose R into eigenvalues and eigenvectors.

R = UAUH + U,A, U ; where Uy corresponds to the signal subspace and U, corresponds to the noise subspace.
Form signal subspace: Extract d-dimensional signal subspace matrix Uy.

Partition signal subspace into two overlapping matrices: Uy = U;(1 : M —1,:), Uy =Us(2: M)

Solve for Rotation Matrix: Use Total Least Squares (TLS) to solve for the rotation matrix ® that satisfies: U, = ®U|
Extract eigenvalues of ®: A; = ¢/%; where @y represents the frequencies or DOAs.

® RS>0

Estimate Parameters: Estimate frequencies of angles from .

arg(Ax)
21

0, =

9: Output: Estimated frequencies or DOAs {6, }.

The comparative scrutiny of subspace-based DOA estimation algorithms reveals intricate performance variations across
signal processing domains [123, 124]. MUSIC algorithm demonstrates superior spatial resolution and robust performance,
especially in low SNR environments and circumstances with closely spaced signal sources. Empirical investigations
substantiate MUSIC’s enhanced capability to discriminate coherent sources with resolution thresholds approaching 0.5-1
degrees, significantly outperforming ESPRIT and Root-MUSIC methodologies [125]. The MUSIC algorithm, distinguished
for its exceptional estimation accuracy, is characterized by an exponential growth in computational complexity as the
number of sources increases. This phenomenon highlights a fundamental trade-off between the algorithm’s precision in
source localization and its computational efficiency, particularly in scenarios involving large source ensembles [126]. Root-
MUSIC and ESPRIT algorithms offer complementary characteristics, with Root-MUSIC providing faster computational
approaches at the expense of performance degradation under challenging signal conditions. The algorithmic paradigm’s
efficacy is particularly pronounced in specialized domains like wireless communications, radar systems and advanced
sensor array processing, where high-precision angular estimation is paramount. Critically, the algorithmic performance
is contingent upon several parametric constraints such as array geometry, source correlation, signal characteristics, and
ambient noise statistical properties.
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In sumary, the juxtaposition of DOA estimation algorithms reveals nuanced performance characteristics of MUSIC,
ESPRIT, and Root-MUSIC, highlighting the critical importance of algorithm selection based on specific signal processing
requirements. The research underscores the fundamental trade-offs between spatial resolution, computational complexity,
and signal discrimination capabilities across varied signal environments. Future research should focus on developing
adaptive algorithms that can dynamically optimize performance across diverse signal propagation scenarios, integrating
advanced machine learning techniques to mitigate current algorithmic limitations [126].

4.2 Beam-forming based methods

Beamforming uses a group of antennas or sensors to direct signals toward a specific area while filtering out noise and
interference from other directions. This makes it function like a spatial filter. Over the past decade, there has been renewed
focus on beamforming, especially in wireless communications. Multi-antenna technology has become a key tool for
managing the rapid increase in users and the growing demand for faster data services. The primary focus of beamforming
is bearing estimation, with the goal of locating the source of the transmitted communication or radar signal [127, 128].

Antenna arrays are promising technology for enhancing coverage or boosting the capacity of terrestrial cellular
systems. These arrays improve signal quality and increase overall network capacity, allowing efficient use of the available
spectrum. This results in better performance, accommodating more users or extending coverage in a given area [129, 130].
A beamformer, typically considered a spatial filter, focuses on signals from a specific direction by processing inputs from
multiple sensors arranged in an array. It operates in two stages: synchronization and weight-and-sum. Synchronization
aligns the signals by adjusting their timing based on the TDoA, which is to be estimated if unknown. The weight-and-sum
stage assigns weights to the aligned signals before summing them, fine-tuning the beam’s characteristics. While both
steps are essential, most attention is given to configuring the weights. These weights are sometimes set for a specific
beam pattern but can be adaptively adjusted for better performance based on real signal and noise conditions [131]. In
signal processing, three primary areas of research are (1) Determining signal numbers and detecting incoming signals (2)
Finding the DoA of signals and (3) Enhancing signals of interest while suppressing interfering signals, directly related to
beamforming [132]. In classical time-domain filtering, a signal is processed by linearly combining it with a set of weights
for high-pass, low-pass, or band-pass filtering. Similarly, beamforming uses data from spatially distributed sensors to
apply beamforming weights, achieving spatial filtering. This amplifies signals from the desired direction while suppressing
unwanted signals, offering improved estimates of the transmitted signal [133].

Beamforming techniques are classified as conventional or adaptive beamformers. Conventional beamformers use a
predetermined weight vector based on the array’s response for a specific DoA. These beamformers are data-independent,
offering consistent responses regardless of signal or interference conditions. Adaptive beamformers, on the other hand,
adjust weight vectors based on incoming data, optimizing performance and offering better resolution and interference
rejection. However, traditional adaptive beamforming methods suffer in real-world scenarios if their assumptions, such
as those about the environment, signal sources, or sensor array, are inaccurate. Adaptive beamforming techniques need
to be robust against uncertainties and imperfections in these setups. Beamforming techniques include various subtypes.
Static beamforming uses directional antennas to create a fixed radiation pattern, while dynamic beamforming adapts the
pattern to optimize signal quality. Transmit beamforming adjusts phase-shifted signals for targeted transmission, either
explicitly or implicitly. Analog beamforming tweaks individual antenna phases to shape the radiation pattern, while digital
beamforming, or baseband beamforming, modifies signals before RF transmission, allowing multiple beams to target
different users. Hybrid beamforming enhances flexibility and efficiency by combining analog and digital techniques, [134].
Advanced beamforming techniques using deep learning and Al have also emerged [135].

Conventional algorithms for beamforming scan a beam to measure the received power from various directions. The
DoA’s are identified as the directions with the highest received power. While these classical algorithms are simple, they
often provide limited resolution and weaker performance [136].
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4.2.1 Conventional time domain beamformer

To address the time delays between sensor data due to the array layout, these delays are corrected in the time domain.
This involves applying precise time delays to the data from each sensor and then summing the corrected data. In a broadband
time domain beamformer, interpolation filters are applied to each sensor to accurately adjust the time delay over a range of
frequencies. The corrected outputs from all sensors are then combined to generate the final beamformer result.

A. Delay-and-Sum Technique: The DS beamformer showcases how using an array of sensors can improve the
reception of desired signals while simultaneously reducing unwanted noise. By carefully delaying and then summing
the signals from each sensor, the DS beamformer amplifies the signal coming from the target direction and diminishes
interference from unwanted directions [132]. In a DS beamformer, the digitized sensor data is collected at a rate of F;
samples per second and stored before the beamforming calculation is performed. Once the final required data sample is
available, the beam output can be computed. This method has several inherent limitations. First, it requires a sampling
rate significantly higher than the Nyquist rate to accurately capture the time delays necessary for beam steering. Second,
large arrays and high sampling rates often result in long delays, which demand substantial memory or storage capacity.
Finally, when analog-to-digital (A/D) converters are located remotely from the beamformer, transmitting the high data
rates becomes challenging due to the considerable bandwidth required for signal transmission [137].

B. Partial-Sum Beamformer: The partial-sum or sum-delay beamformer reduces the memory requirements compared
to a traditional delay-sum beamformer. Instead of storing all the sensor data before performing beam steering, the partial-
sum beamformer processes the sensor data immediately after sampling. This approach minimizes the amount of memory
needed, as it avoids the necessity of buffering large scoops of data and performs beamforming in a more efficient manner.
Even though the partial-sum concept cuts down on the amount of data that needs to be preserved by processing data right
after sampling, it still generally requires a high input sampling rate for effective beam steering. (a) Accurate Beam Steering:
To accurately steer the beam and capture the necessary time delays, the system needs a high sampling rate. This high rate
ensures that the time delays can be approximated precisely, which is crucial for accurate beamforming. (b) Resolution of
Time Delays: High sampling rates provide better resolution for time delays, which is essential for precise beam steering.
Without a high sampling rate, the beamformer might not be able to differentiate between small delays, leading to less
accurate beamforming. (c) Signal Integrity: A higher sampling rate helps preserve the integrity of the signal by capturing
more detail, which is important for accurate processing and beam steering. In summary, while the partial-sum beamformer
reduces memory requirements by processing data immediately, the need for high sampling rates remains to ensure accurate
beam steering and signal quality [137].

C. Interpolation Beamforming for Bandpass Applications: The previously discussed techniques primarily focus
on low-pass frequency applications; however, bandpass applications offer opportunities for additional optimization in
areas such as analog-to-digital (A/D) converters, cable bandwidth, data storage, and computational throughput. These
improvements are achieved by sampling the bandpass sensor data at a rate corresponding to the signal’s bandwidth rather
than its highest frequency. This method has significantly lead to the reduction in resource demands when the signal’s
bandwidth is considerably smaller than its central frequency. To prevent issues with frequency aliasing in bandpass
applications, more complex sampling methods are necessary. Three commonly used methods are: (a) Analytic Signal
Sampling: This technique involves sampling the signal in a way that helps to avoid aliasing by focusing on the analytic
representation of the signal. (b) Second-order Sampling: This method samples the signal at twice the bandwidth, which
helps to reduce aliasing effects and improve accuracy. (c¢) Quadrature Sampling: This approach samples the signal in
two orthogonal components, allowing for more accurate representation and reducing aliasing. These advanced sampling
procedures ensure that the bandpass signal is accurately captured and processed, maintaining signal integrity while
optimizing resource usage.

D. Second-Order Sampling: Second-order sampling is an alternative approach that simplifies the signal processing
workflow by eliminating the need for the Hilbert transform. This method involves sampling the signal in two interleaved
sequences: one sampled at x(mT) and the other at x(mT + ¢), where T is the sampling interval and o is a temporal offset.
These sequences are uniformly spaced but staggered relative to each other. When o # T/2 and the sampling rate exceeds
the signal bandwidth, the original signal can be accurately reconstructed, ensuring the complete capture of its frequency
components without aliasing. However, precise reconstruction requires the use of an ideal bandpass filter with complex
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frequency response characteristics to facilitate accurate interpolation. This filter is necessary to properly combine the
two sequences and reconstruct the original signal. Overall, second-order sampling allows for effective bandpass signal
processing by using interleaved sampling sequences, provided that the sampling rate is sufficient and appropriate filtering
is applied.

E. Shifted Sideband Beamforming and Grating Lobes: Shifted sideband beamforming efficiently processes high-
frequency signals by converting them to lower frequencies, which simplifies the processing and reduces the need for
precise timing calculations. This approach leads to more straightforward and energy-efficient hardware. However, this
method can lead to the formation of grating lobes in certain array configurations. Grating lobes appear when multiple
sensors in the array are given the same delay during processing, which can create gaps in the array’s coverage and result in
additional, undesirable lobes in the output. While shifted sideband beamforming has benefits for hardware efficiency, it’s
important to manage and mitigate the risk of grating lobes to ensure effective performance. A shifted sideband beamformer
can function without interpolation; however, incorporating interpolation with the shifted sideband technique offers the
advantage of further reducing the input sampling rate. When applying complex sampling methods, the complex sensor
data needs to be sampled only at approximately twice the highest signal frequency after frequency translation or at a rate
equal to the signal’s bandwidth. Interpolation is then employed to estimate the data at the precise time instances required
for beam steering. Similar to other beamforming methods, interpolation can be implemented either before or after the
beamforming process and can be combined with partial-sum or delay-sum techniques to achieve additional reductions in
hardware costs [137].

F. Doppler Division Multiplexing (DDM): The Doppler Division Multiplexing (DDM) technique is applied at the
transmitter station, while Doppler filtering at the receiver station enables the separation of echoes originating from multiple
transmitters. The proposed beamforming framework operates in two stages. In the first stage, beamforming is independently
performed on each channel, effectively addressing challenges related to near-field and wide-angle focusing. In the second
stage, digital beamforming (DBF) and beampattern synthesis are executed to refine the beamforming process and enhance
performance [138].

4.2.2 Conventional frequency domain beamformer

For narrowband signals, a conventional frequency domain beamformer approximates time delays as phase shifts.
In the frequency domain, the data from the sensor array can be represented using the Fourier transform of the received
signals. The system operates as follows: Initially, the delay between sensors is approximated as a phase shift, meaning
that in the frequency domain, the sensor data vector can be represented with these phase modifications. The sensor array
data is then transformed into the frequency domain to obtain X(®), which represents the array’s data vector, with the array
manifold vector (or steering vector) capturing the spatial characteristics of the array. For narrowband signals, phase shifts
are applied to the sensor data to correct for differences in signal path lengths to each sensor, and the phase-adjusted data is
summed to produce the beamformer output. For broadband signals, the signal is decomposed into frequency components
using the Fast Fourier Transform (FFT), and each component is adjusted with its respective phase shift, determined by the
steering vector. Finally, the phase-adjusted data from all frequency components is recombined to create the final output of
the beamformer.

4.2.3 Adaptive beamformer

Adaptive beamforming aims to improve the clarity of a desired beacon meanwhile reducing noise and interference
from the output of the sensor array. Adaptive Beamforming is an algorithm used for generating real-time beams, performing
adaptive processing, accurately estimating angles, and suppressing interference from jammers as reviewed by De et al., in
their work. It works by optimizing a set of weight vectors to better pinpoint a directional source. Various methods can be
employed to solve this optimization problem. In situations where the strength of the signal is not known and is constantly
present, applying linear constraints to the weight vectors allows for precise control over how the beamformer adapts its
performance [139]. The detailed structure of the adaptive beamformer, which dynamically adjusts its weights to optimize
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signal reception by minimizing interference and noise while enhancing the desired signal, is illustrated in Figure 8. This
figure provides a comprehensive representation of the system’s components and their interconnections.
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Figure 8. Adaptive beamformer

A. Linearly Constrained Minimum Variance Beamforming: In many cases, the traditional methods may not be
adequate. For instance, it is possible that the desired signal is either weak or constant, which can prevent precise estimation
of the signal and noise covariance matrices in maximum SNR processors and necessitate the use of signal cancellation
techniques such as Minimum Squared Cancellation (MSC). Furthermore, using reference signals becomes infeasible when
the desired signal is unknown. LCMV beamforming applies linear constraints to the weight vector in order to overcome
these drawbacks. This method provides a great deal of control over the beamformer’s response. LCMV beamforming
employs several techniques to optimize its performance. First, it uses linear constraints to ensure that signals from the
direction of interest are transmitted with the desired strength and phase, allowing for precise control over the beamformer’s
response to inputs. Additionally, LCMV beamforming aims to minimize the output variance or power by selecting weights
that adhere to the specified response constraints, effectively reducing noise and interference while enhancing the desired
signal. To further refine the beamformer’s response and suppress unwanted sidelobes, the generalized sidelobe canceler is
often integrated with LCMV beamforming [140]. Figure 9 shows the simulation result of LCMV.
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Figure 9. Simulation result of LCMV
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To prevent signal self-nulling in beamforming, the LCMV (Linearly Constrained Minimum Variance) beamformer is
used. It allows multiple constraints to be applied along the target direction, reducing the chance of suppressing the target
signal when it arrives slightly off the expected angle. First, the LCMV beamformer is created, enabling the output of the
beamformer weights. Constraints are defined by specifying steering vectors for the expected direction and nearby angles
to avoid signal loss. The steering vectors are calculated for the desired directions, and the corresponding constraint matrix
and desired response are set. When the beamformer is applied to the receiving signal, output shows that the targeted signal
can still be detected despite a mismatch between the true and expected signal direction.

B. Maximum SNR Filter: Fixed beamforming techniques make the most of the array’s geometry and the known
location of the signal source to create an optimal beam pattern. However, their ability to suppress noise and interference
from other sources is often constrained by factors like the array’s aperture. To overcome these limitations and achieve a
greater SNR when the array’s geometry is fixed, adaptive beamforming techniques are used. These techniques leverage the
characteristics of source as well as noise, ensuing in a range of advanced array processing algorithms that adapt to the
signal environment for better performance.

C. Diagonal Loading: Because of its ease of use and efficiency in handling a variety of error kinds, including finite
sample errors and steering vector inaccuracies, diagonal loading is one of the most widely used robust adaptive beamforming
techniques. It is especially resistant to errors in finite samples. The absence of a dependable technique for choosing the
diagonal loading factor, which can have an immediate effect on the technique’s performance, is a major disadvantage of
diagonal loading.

D. Eigenspace-Based Technique: The eigenspace-based beamformer is a widely used method for robust adaptive
beamforming. It utilizes the eigen decomposition of the sample covariance matrix to identify the estimated signal-plus-
interference subspace and projects the signal steering vector onto this subspace. This approach offers excellent resistance
to steering vector errors, particularly when the number of interference directions is known and the signal-plus-interference
subspace is small. However, the performance of the eigenspace-based beamformer can significantly degrade if the low-rank
interference-plus-signal model assumption is violated or if the subspace dimension is either unknown or incorrectly
specified. For instance, if the interferers are spatially distributed and incoherent, or if there are shifting interferers or
wavefronts, the low-rank assumption may no longer hold, which can reduce the method’s effectiveness. In such cases, the
eigenspace-based beamformer may not be the optimal choice. Additionally, even when the low-rank model is valid, this
technique tends to perform best in environments where the signal-to-noise ratio (SNR) is sufficiently high.

E. LMCV Beamformer: To make the LCMV beamformer more robust against errors in DoA, we can add additional
constraints. These constraints help in creating a wider main beam, which covers all potential directions of the desired signal.
This approach is also useful when dealing with rapidly moving interference sources. As these sources shift, they might
move out of the sharply designed null areas of the beamformer’s pattern, leading to a drop in the SINR. A common solution
is to artificially widen the nulls toward the interference directions by applying derivative constraints. This adjustment helps
maintain good performance in challenging conditions. For more complex situations, including both point sources and
scattered sources or fluctuating wavefronts, a robust beamformer has been developed. This method models uncertainties
in the signal and data covariance and focuses on optimizing performance under worst-case scenarios. It also provides
efficient, closed-form solutions and practical online implementations.

F. Capon Beamformer: The Robust Capon beamformer improves on the standard Capon method by adding a restriction
that ensures the beamformer’s response remains above a specified threshold for all directions within an ellipsoid (or sphere)
centred on the expected direction of interest. This adjustment helps to handle variations in the signal’s direction. This
method uses a quadratic inequality constraint and is implemented using a gradient descent algorithm. While previous
methods have focused on narrowband signals, many applications require handling wideband signals. A common approach
to achieve this is to decompose the broadband signals into narrower frequency bands (sub-bands) and apply narrowband
beamformers to each sub-band individually. The Algorithm 5 given below illustrates the algorithm for MVDR.

G. Tapped Delay Line Beamformer: Using tapped delay lines (TDLs) is an additional method for creating wideband
beamformers. By producing a frequency-dependent response for every broadband signal that is received, this technique
aids in adjusting for phase differences between different frequency components. A strong algorithm utilizing worst-case
optimization is presented for broadband arrays. In order to address mismatches in the desired signal, this method applies a
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set of constraints at particular frequency points within the range of interest. The method’s high computational complexity
and limited capacity to maintain a consistent response when handling mismatched desired signals are two of its drawbacks.
These new techniques combine worst-case performance optimization with constraints on frequency invariance. This method
is demonstrated as a convex optimization issue, which is to be resolved by applying well-known convex optimization
techniques [126].

Algorithm S MVDR
1: Input: Steering vector a(0) for the desired direction. Covariance matrix of received signals R. Desired signal direction

0.
2: Compute Steering vector: Define the steering vector a(0), which models the array response to a signal coming from

direction 0.
Calculate inverse covariance matrix: R~!.

3:
4: Compute MVDR weights: w = %
5: Apply the beamforming weights to process the received signals: y(t) = wx(¢)

6: Output: Beamformed output y(7).

Figure 10 observes the simulation result of the MVDR algorithm. The signal coming from the intended direction of
45 degrees in azimuth is maintained by the MVDR beamformerwhile suppressing signals from other directions. It creates
two deep nulls at the interference directions of 30 and 50 degrees. With a gain of 0 dB along the target direction of 45
degrees, the beamformer effectively preserves the target signal and suppresses interference signals.
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Figure 10. Simulation result of MVDR (Adaptive beamformer)

Figure 11 observes the comparison of simulation results of MUSIC and MVDR methods. The MVDR algorithm
correctly estimates the DOAs offering enhanced resolution. However, this increased resolution comes at a cost. MVDR is
more sensitive to sensor position errors, and inaccuracies in sensor placement can result in a distorted spatial spectrum.
In situations where sensor positions are inaccurate, MVDR may produce worse results than Beamscan. Furthermore, if
the difference between the two signal directions is reduced to a level smaller than the beamwidth of an MVDR beam, the
algorithm will fail to distinguish between the sources.
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Figure 11. Comparison of simulation result of MUSIC and MVDR (Adaptive beamformer)

The MUSIC algorithm can also resolve closely spaced signals. It correctly estimates the DOAs and provides better
spatial resolution as compared to MVDR. Although, like MVDR, MUSIC is sensitive to sensor position errors, which can
affect the accuracy of its spatial spectrum. Additionally, the number of sources must be known or accurately estimated.
When the number of sources is incorrect, MVDR and Beam-scan may return insignificant peaks from the correct spatial
spectrum, while MUSIC may produce an inaccurate spatial spectrum. Moreover, the amplitudes of MUSIC’s spectral
peaks cannot be interpreted as the power of the sources.

Beamforming, while beneficial, has several limitations. Managing interference and noise can be difficult, particularly
in noisy environments or those with multiple sources of interference. Advanced beamforming techniques require complex
algorithms and significant computational resources, leading to higher costs. In multipath environments, signal processing
and communication systems face considerable challenges. Signals that reflect off various surfaces and arrive at the receiver
from different paths can degrade the signal. The signals combine in and out of phase at each antenna, causing signal fading,
which may vary with the antenna elements’ location. This results in a weakened or distorted signal, leading to fluctuations
in signal strength and quality. For GPS or radar applications, such reflections can introduce errors, affecting the accuracy
of location or target detection. Managing these multipath effects requires sophisticated signal processing techniques, which
can increase computational demands and delays, ultimately limiting the effective capacity of wireless channels, reducing
data throughput, and increasing error rates. Multipath environments thus present significant challenges that can impair
signal clarity and the performance of communication and radar systems. The difference between SNRs becomes more
noticeable unless the interference is really near the look direction, in which case it occurs within the main lobe. When
interference is outside the main lobe, the difference between SNRs is less pronounced. As length of the filter increases,
the contrast between SNRs decreases, and this effect is more significant in high-bandwidth scenarios. Conversely, filter
length has less of an effect in situations with lower bandwidth. When interference is outside the main lobe, adding more
elements to the array can decrease the difference between SNRs; but, when interference is inside the main lobe, the larger
array can raise the difference between SNRs. This suggests that although a wider array is beneficial in some situations, it
creates additional difficulties when interference occurs inside the main lobe. In massive MIMO systems, each terminal
uses a unique pilot sequence for uplink communication. However, due to a limited number of unique pilot sequences,
they are reused, leading to pilot contamination. When pilot sequences are reused across cells, the base station’s antenna
array receives mixed signals from multiple terminals, making it difficult to separate them. This contamination results
in interference during downlink beamforming, reducing its effectiveness by limiting the ability to enhance the desired
signal while suppressing unwanted noise. As the antenna number increases, the pilot contamination effect worsens, further
complicating the beamforming process and potentially degrading overall system performance [141].
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Future 5G systems will need to use sophisticated antenna systems with beamforming and DoA estimation capabilities
in order to achieve low latency. The methods covered have proven successful in bringing down the price of beamforming
in big sonar systems that are utilized for applications for underwater environments. Because digital, microprocessor-based
configurations are so versatile, these techniques have also shown to be relevant in a number of other fields. These
days, they are used in seismic monitoring to find earthquakes, in aeroacoustics to pinpoint aircraft noise sources and in
ultrasonography to enhance image quality [132]. Beamforming is an imaging technique widely used in aeroacoustics and is
continually advancing to address new challenges. While it shares similarities with methods like near acoustic holography,
beamforming excels in handling distributed, broadband, and incoherent sources located at varying distances from the array.
This versatility makes it particularly effective in capturing and analysing complex acoustic environments [131]. Recent
advancements in Very High-Speed Integrated Circuit (VHSIC) and Very Large-Scale Integration (VLSI) technologies
have further expanded the potential of these techniques, making them viable for use in radar systems to enhance detection
and tracking capabilities. Gupta et al. have studied various applications and designs using a unique Field Programmable
Gate Array (FPGA) based pulse detection and characterization approach [142]. Rathor et al. studied the Digital Radar
Receiver and Signal Processing Algorithm Implementation on an FPGA-Based Board [143]. Rajkumar et al. designed
and developed FMCW based Radar Altimeter DSP Interfaces and Algorithm using FPGA based board [144, 145]. Hybrid
beamforming in 5G is a key technology that balances performance and complexity by combining benefits of Digital and
Analog Beamforming, making it well-suited for the demands of 5G networks. Analog beamforming adjusts signal phases
at the RF level, helping to direct signals and improve coverage with fewer components. Digital beamforming, on the
other hand, allows for precise control over signal amplitude and phase at the baseband level, enabling the formation of
multiple beams to serve different users simultaneously. The hybrid approach optimizes both power and cost by integrating
these two methods. It allows 5G systems to manage high-frequency signals and massive MIMO antenna arrays efficiently.
This results in better signal quality, higher data rates, and more reliable connections, which are essential for the fast and
flexible services 5G promises to deliver. Future 5G systems will require sophisticated antenna systems with beamforming
and DoA estimation capabilities in order to achieve low latency and large throughputs [146]. In the UMTS (Universal
Mobile Telecommunications System) framework, beamforming significantly boosts network performance by enhancing
signal quality through precise direction towards users, resulting in clearer calls and faster data speeds. This technique also
improves coverage, especially in challenging environments like urban areas or rough terrains, where traditional methods
might struggle. By focusing signals more efficiently, beamforming increases network capacity, allowing more users to
connect simultaneously without causing interference. Overall, it plays a crucial role in delivering better, more reliable
mobile connections within the UMTS network [128]. In underwater sonar systems, beamforming offers a cost-effective
way to boost the detection and tracking of underwater objects. By focusing sound waves more precisely, it enhances
the clarity of sonar images, making it easier to identify and follow objects beneath the surface. In seismic monitoring,
beamforming improves the detection and analysis of earthquakes by processing seismic waves more accurately. This results
in a better understanding and quicker response to seismic events, which is crucial for assessing and mitigating natural
disasters. Aero-acoustic analysis benefits from beamforming by helping to identify sources of noise in aircraft design. By
analyzing the acoustic signatures of different components, it supports the development of quieter aircraft, contributing
to reduced noise pollution and improved passenger comfort. In medical ultrasound imaging, beamforming enhances
diagnostic imaging by providing clearer and more precise images. This improvement helps doctors make better-informed
decisions, leading to more accurate diagnoses and effective treatments. The rapidly developing technology known as
Impulse Ultra-Wide Band (UWB) communication has a number of unique advantages over narrowband and broadband
signals, such as superior interception and detection capabilities, exceptionally high data rates, remarkable robustness in
dense multipath environments, and the capacity to function concurrently with traditional systems [147]. Beamforming
techniques improve target identification and tracking in radar systems by more efficiently directing radar signals. This
enhances the ability to detect and monitor objects, which is crucial for applications ranging from military surveillance to
air traffic management.
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5. Deployment of DoA

5.1 Pre-processing and Post-processing techniques used for DoA estimation

In environments characterized by complex multipath effects such as urban settings, indoor spaces, or densely populated
signal environments—achieving reliable DoA estimation is notably challenging. The presence of multiple path propagation
can lead to signals arriving via multiple indirect paths, which often results in overlapping or closely spaced signals.
Traditional DoA estimation methods frequently struggle to separate these signals effectively. To tackle these challenges,
advanced preprocessing and postprocessing techniques have emerged as essential strategies to enhance both the accuracy
and robustness of estimation of DoA.

Effectiveness of preprocessing and postprocessing techniques in enhancing Direction of Arrival (DoA) estimation
accuracy critically depends on sophisticated signal conditioning strategies designed to mitigate multipath environment
complexities [148, 149, 150, 151]. In complex electromagnetic environments characterized by urban settings, indoor
spaces, and densely populated signal scenarios, advanced preprocessing methodologies emerge as essential techniques
for addressing signal interference and estimation uncertainties. The Adaptive Directional Time-Frequency Distributions
(ADTFD) approach represents a particularly innovative preprocessing technique, dynamically adjusting kernel directions
within the time-frequency domain to facilitate clearer signal component separation and minimize signal overlap. Advanced
preprocessing methodologies, including blind source separation, subspace clustering, and beam-space processing,
demonstrate remarkable potential in addressing spatial correlation and signal decomposition challenges [152]. Table 4
depicts the comparison of these preprocessing methodologies in terms of signal separation efficiency, Noise reduction,
Computational complexity, and multipath scenario adaptability.

Complementary postprocessing techniques, such as the QRD-RLS algorithm and spatial filtering techniques, further
enhance DoA estimation by providing temporal consistency and adaptive refinement of initial estimation results. Emerging
research highlights the transformative impact of machine learning-based preprocessing techniques, particularly deep neural
networks and compressive sensing approaches, which adaptively extract salient signal features and suppress noise-induced
distortions with unprecedented precision. The synergistic integration of preprocessing and postprocessing strategies
creates a comprehensive approach to signal refinement, particularly effective in scenarios featuring overlapping signals,
reflected paths, and multiple interference sources. Innovative techniques such as Kalman filtering and adaptive spatial
filtering enable continuous estimate refinement, addressing the fundamental challenges encountered in complex multipath
propagation scenarios. These sophisticated approaches collectively address critical problems like reduced SNR, coherent
signal interference, spatial resolution constraints, ultimately pushing the boundaries of DoA estimation capabilities in next-
generation wireless communication and sensing systems [ 153]. Table 5 depicts the comparison of postprocessing techniques
in terms of estimation accuracy, temporal consistency, adaptive refinement capability and interference suppression.

The integration of preprocessing and postprocessing strategies creates a comprehensive approach to signal refinement,
particularly in complex multipath scenarios. Techniques such as ADTFD in the preprocessing stage ensure that only the
most pertinent signal components are relayed to the DoA estimation algorithms. In turn, postprocessing techniques, like
QRD-RLS, enhance these estimates by adapting to the temporal and spatial dynamics of the environment. This synergistic
combination significantly elevates DoA estimation accuracy, leading to more reliable performance in scenarios featuring
overlapping signals, reflected paths, or multiple sources of interference.

Table 4. Comparison of preprocessing techniques

. Signal separation . . Computational Multipath scenario
Technique efficiency Noise reduction (dB) complexity adaptability
Adaptive directional
time-frequency 92.3% 15.7 High Excellent
distributions (ADTFD)
Blind source separation 85.6% 12.4 Very high Good
Subspace clustering 88.2% 139 Moderate Very Good
Beam-space processing 79.5% 10.6 Low Moderate
Deep neural network 94.1% 17.3 Extremely high Outstanding

preprocessing
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Table 5. Comparison of postprocessing techniques

Adaptive refinement

. Lo o . .
Technique Estimation accuracy (%) Temporal consistency capability Interference suppression
QRD-RLS algorithm 89.7% High Excellent Very Good
Kalman filtering 86.5% Very High Outstanding Good
Spatial filtering 82.3% Moderate Good Moderate
Compressive sensing 91.2% Moderate Moderate Excellent
Machine learning 93.6%94.1% High Outstanding Excellent

5.2 Hardware implementation

The layout and configuration of antenna arrays are fundamental for the success of DoA estimation systems. Array
types, such as Uniform Linear Arrays (ULAs) or Coprime Arrays, can significantly impact both the resolution of DoA
estimates and the cost of deployment. For example, ULAs are compatible with simpler algorithms, such as Root-MUSIC,
due to their regular spacing, which allows for efficient computation. In contrast, arrays with complex configurations
(e.g., nested or sparse arrays) may require advanced algorithms that can leverage non-uniform spacing, providing greater
flexibility and enhanced resolution but demanding more complex processing [154].

Practical hardware deployment of advanced Direction of Arrival (DoA) estimation systems demands sophisticated
computational infrastructure, typically requiring multi-core processors with clock speeds between 2.5-3.5 GHz. Advanced
implementations require significant GPU acceleration, with a minimum of 1024 CUDA cores and 8-16 GB dedicated
VRAM, enabling complex preprocessing and machine learning-based signal processing techniques. The computational
intensity varies across different DoA estimation methods, ranging from 10° to 10'# floating-point operations, with machine
learning preprocessing representing the most computationally demanding approach. Memory requirements are critical,
with a minimum of 16 GB DDR4/DDRS RAM recommended, scaling to 32—64 GB for intricate multipath environments.
High-speed NVMe SSD storage (minimum 256 GB) ensures rapid data processing and algorithm execution. For specialized
implementations, FPGA or ASIC configurations with 100,000-500,000 logic elements provide additional customization
potential, allowing for optimized signal processing architectures tailored to specific electromagnetic sensing requirements
[155, 156, 157].

Power and thermal management are pivotal considerations in Direction of Arrival (DoA) estimation systems,
particularly in mobile and remote sensing applications with stringent resource constraints. Advanced implementations of
DoA leverage low-power FPGAs and energy-efficient antenna arrays to facilitate sophisticated signal processing while
maintaining energy consumption between 1-5 watts. Thermal management strategies in these systems include dynamic
power scaling, adaptive clock gating, intelligent thermal throttling, and distributed thermal sensing, enabling efficient heat
regulation. Intended to function throughout a broad temperature range of —40 °C to +85 °C, it emphasizes localized heat
dissipation, adaptive cooling mechanisms, and predictive thermal stress mitigation. Emerging approaches incorporate
machine learning algorithms for proactive thermal performance optimization, shifting from reactive to predictive paradigms
[158].

Scalability is an important consideration for DoA estimation systems that need to operate in diverse environments,
from small-scale to large-scale deployments. For instance, the system’s capacity to predict the direction of arrival, with the
increase in number of antenna elements in an array, improves with higher precision, but this also increases the complexity
of the hardware. For large systems, scalable hardware solutions like modular antenna arrays and distributed computing
systems become essential. Such solutions allow for the addition of more antennas or processing units without a significant
overhaul of the entire system, ensuring the hardware can handle the increased data flow and processing requirements [159].

Accurate synchronization of multiple antenna elements is crucial for DoA estimation. Errors in synchronization
can lead to inaccuracies in the directionality estimates. Typically, time synchronization is achieved using GPS clocks
or other precision timing sources, but in many cases, the cost and complexity of such solutions may not be feasible.
Therefore, ensuring that the hardware design includes robust synchronization mechanisms is key to obtaining reliable
results. Additionally, antenna array calibration is a significant aspect of deployment, as the system performance depends
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on the proper alignment as well as calibration of the antennas, which must be done regularly to avoid errors due to
environmental factors like temperature fluctuations or physical obstructions.

The deployment environment can dramatically influence hardware performance. Factors like temperature, humidity,
and electromagnetic interference (EMI) can diminish the calibre of the received signals, causing inaccurate DoA estimates.
In outdoor deployments, for example, antennas and hardware components must be designed to withstand environmental
stresses, such as high winds, rain, or temperature variations. The system must also be shielded or protected from EMI
to ensure signal integrity. This might require additional hardware such as environmental enclosures, heat sinks, or EMI
shields to ensure consistent performance under a variety of conditions.

In many applications, especially in mobile or remote systems (e.g., UAVs, automotive radar), the physical constraints
of the hardware, such as size, weight, and form factor, become crucial factors in deployment. Antenna arrays must be
compact yet capable of providing the required resolution, while the associated processing hardware must be small and
light enough to be deployed without significantly affecting the system’s mobility or energy consumption. Miniaturization
techniques, such as the use of microstrip antennas and smaller, integrated circuit designs, are often employed to meet these
constraints.

Hardware costs are always a major factor in real-world deployment. High-performance systems, particularly those
using sophisticated algorithms and high-end components (like GPUs or FPGAs), can be costly to manufacture and deploy.
For large-scale systems, the total cost of ownership (TCO) becomes an important consideration. Efficient, cost-effective
design strategies, such as using commercial off-the-shelf (COTS) components or designing hardware for mass production,
can help reduce costs while maintaining system performance. In addition, balancing between high performance and
affordability is a key challenge in developing systems for wide-scale commercial deployment.

DoA estimation systems are often part of larger systems, such as communication networks, radar systems, or
autonomous vehicles. Hence, the hardware must be compatible with existing infrastructure and be able to communicate
with other system components (e.g., sensors, data storage, or decision-making systems). Hardware interfacing, such as
proper communication protocols (Ethernet, PCle, etc.), I/O support, and integration with cloud computing systems, plays
an important role in the overall effectiveness of the deployment. This integration should not only ensure data exchange but
also ensure that the system operates in a coordinated manner with other subsystems, such as navigation or control.

In critical applications, such as autonomous vehicles or acrospace systems, the reliability and fault tolerance of the
DoA estimation hardware are of paramount importance. Systems must be designed with redundancy in critical components
to ensure that the failure of an individual part cannot compromise the entire system. For example, redundant antenna
elements, backup power supplies, and error-correction mechanisms can provide higher levels of reliability. Additionally,
the system must include diagnostics to detect faults or performance degradation, alerting operators to potential issues
before they become critical [160, 161].

5.3 Hybrid analog and digital architecture

In order to resolve the DOA estimation problem, hybrid architectures—which integrate both analog and digital
components—have grown in popularity, particularly in high-frequency systems like mm-Wave MIMO and huge antenna
arrays. These architectures seek to strike a balance between the hardware efficiency of analog systems and the performance
advantages of completely digital systems. Hybrid architectures can provide tremendous benefits in terms of computational
complexity, power consumption, and cost-effectiveness by employing analog beamforming techniques at the front end to
minimize the number of necessary radio frequency (RF) chains, followed by digital signal processing for finer resolution
and accuracy.

The application of hybrid architectures to DOA estimation is examined by Zhang et al. Large antenna arrays, which
usually need a lot of RF chains in a fully digital design, present a DOA estimation difficulty that makes the system costly
and power-hungry. Only a small number of RF chains are utilized in a hybrid design, and analog beamforming techniques
are used to minimize the number of chains needed while preserving the capability of high-resolution DOA estimation. The
authors suggest an effective hybrid DOA estimation technique that uses digital processing for accurate angle estimate after
utilizing analog beamforming to lower the problem’s complexity. By combining these techniques, the system achieves
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both reduced hardware requirements and high DOA estimation accuracy, making it suitable for large-scale antenna arrays
used in modern communication systems [162].

Zhang et al. focuses on the application of hybrid architectures in millimeter-wave (mm-Wave) MIMO systems, which
are integral to next-generation wireless communication technologies. Mm-Wave systems have a very high bandwidth but
are also highly susceptible to sparse channel behaviors, which require efficient methods for channel estimation. In a hybrid
architecture, analog beamforming is used at the front end to capture the spatial diversity of the mm-Wave channels, and then
a digital processing unit performs sparse recovery to estimate the wideband channel information. A block sparse recovery
method is proposed that exploits the sparsity of mm-Wave channels in both domains. By doing so, the system significantly
reduces the amount of data that needs to be processed, which lowers computational requirements while achieving accurate
channel estimation. This approach is particularly beneficial for wideband mm-Wave MIMO systems, where channel
estimation can be computationally expensive [163]. Integrating MIMO with mm-Wave technology delivers exceptional
performance improvements for future wireless communications. Accurate channel state information is difficult to obtain in
wideband mm-Wave massive MIMO systems with hybrid transceiver architectures, especially in high-mobility situations
when Doppler effects are noticeable. At THz bands, massive multiple-input multiple-output (m-MIMO) communication
and integrated sensing provide a wealth of bandwidth resources and a great deal of geographical freedom [164, 165].

Tensor decomposition is a mathematical technique used in hybrid mm-Wave massive MIMO to extract latent structures
from multi-dimensional data, which can be particularly useful in various signal processing and communication applications.
It generalizes matrix decomposition by extending the concept to higher-order arrays, called tensors. In the context of
wireless communication, tensor decomposition can help estimate multi-path channel parameters, such as angles of arrival
(DoA) and gains, by leveraging multi-dimensional data collected from multiple antennas and receiver positions [166].

A tensor decomposition-based method is proposed to estimate the parameters of multi-path channel components,
allowing the reconstruction of the wireless channel between any pair of Tx and Rx MA positions within the respective Tx and
Rx regions, while achieving high channel estimation accuracy with minimal overhead of pilot training. For pilot training, a
two-stage Tx-Rx sequential antenna movement pattern is presented initially. The angle and gain parameters needed to
reconstruct the channel between any Tx/Rx MA sites can then be estimated by applying canonical polyadic decomposition
to obtain the factor matrices of the tensor. Furthermore, examination of the tensor decomposition’s uniqueness condition is
conducted to make sure that channel data from the whole Tx and Rx regions may be used to fully rebuild the channel from
a finite set of Tx/Rx MA positions [167].

6. Applications of DoA

Estimation of DoA has widespread applications in a wide spectrum of domains, such as radar, smart antennas,
communication, acoustics, hearing aids, sonar, seismology, oceanography, and surveillance. The range of applications
for DoA estimate has grown, and with it have come new implementation hurdles. These difficulties include the need for
more memory and longer computation times. Various environments require particular adjustments to current practices.
Computational time and cost are important considerations in real-time settings, especially in military applications where the
quickest technique is needed for DoA estimate. Determining the DoA in an under-determined case—where there are fewer
sensors than sources—is one of the major issues in DoA calculation. Determining the DoA in an under-determined instance,
or when there are fewer sensors than sources, is one of the major issues in DoA calculation [168]. By optimizing signal
reception and enhancing service quality, DoA estimation improves wireless and mobile communication in communication
systems. It supports beamforming techniques and spatial multiplexing, boosting network efficiency and capacity. In smart
antenna systems, DoA estimation is crucial for adaptive beamforming and spatial diversity. It allows smart antennas to
adjust their radiation patterns dynamically, improving signal quality and minimizing interference. In seismology, this
technology aids in pinpointing the epicenter of earthquakes and tracking seismic wave directions. Accurate DoA estimation
is essential for understanding earthquake mechanics and refining early warning systems. In oceanography, DoA estimation
is used in sonar systems for underwater exploration and monitoring. It helps locate underwater objects, map ocean floors,
and track marine species, contributing to marine research and navigation. In acoustics, DoA estimation improves sound
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source localization and environmental acoustics analysis. It is applied in designing concert halls, controlling noise, and
conducting audio surveillance [169]. For surveillance and security systems, DoA estimation enhances the ability to
locate and track sound sources or signals, which is crucial for detecting and monitoring potential threats. In hearing aids,
DoA estimation boosts performance by distinguishing the direction of different sound sources, helping users focus on
conversations and important sounds amid background noise. In teleconferencing systems, DoA estimation improves audio
source localization, ensuring clear sound capture from participants, which enhances the quality of virtual meetings and
discussions. In radar systems, DoA estimation is vital for detecting and tracking targets. It supports air traffic control,
weather monitoring, and military defence by determining the direction of reflected signals. When it comes to estimation
models, several common assumptions are often made [170]. Sensor amplitudes are often considered to be identical, and a
Taylor series expansion is used for approximating the phase difference. In far-field settings, where only the first-order
elements of the Taylor series are taken into consideration, the direction cosine is linearly connected to the phase differences
in the array. However, the Fresnel model preserves the second-order elements of the Taylor series in near-field conditions
[171]. Multiple targets are recognized based on their relative velocity and/or range in many real-world automotive radar
applications, guaranteeing that each processing cell has a maximum of one target. The simple computational beamformer
(BF) spectrum can be used to produce optimal DoA estimations for a single target. Nevertheless, when more than one
target reflection overlaps in a processing cell, especially with horizontal multipath near a close guardrail, the BF spectrum
may not resolve these paths. This can lead to false localization, where the observed vehicle appears to be positioned closer
to the guardrail. To accurately identify and resolve such multipath situations and accurately localize both observed vehicle
as well as ghost targets, high-resolution DoA estimation is necessary [172].

As the use of DoA estimation grows, so do the challenges related to computation time and memory requirement.
In real-time scenarios such as military applications, the need for fast and efficient algorithms is critical. A significant
challenge arises in the under-determined case, where there are fewer sensors than sources, complicating the direction
determination process. Addressing these challenges involves ongoing development and optimization of DoA estimation
algorithms to meet the demands of various applications.

7. Future scope

7.1 Deep learning approach in DoA estimation

Over the last decade, Compressed Sensing (CS) techniques have been utilized to tackle Direction of Arrival (DoA)
estimation problems by exploiting the sparsity of signal sources in the spatial domain, particularly with respect to angles.
These approaches are typically categorized into three types: grid-less, off-grid, and on-grid. Both on-grid and off-grid
methods offer a reasonable trade-off, requiring less computational power but experiencing some performance degradation
due to grid mismatch issues. In contrast, grid-less methods provide superior performance at the cost of significantly higher
computational complexity. DoA estimation is generally accomplished by solving sparse minimization problems, which are
often approached using two main strategies: greedy methods based on the /, pseudo-norm and convex relaxation techniques
utilizing the 1-norm. A more recent development in DoA estimation involves Deep Learning (DL) techniques, which offer
several advantages over traditional optimization-based methods. Once a network is trained, no further optimization is
required, and solutions can be quickly derived using simple operations such as multiplications and additions. Moreover,
DL techniques do not necessitate fine-tuning of parameters, unlike optimization-based approaches, where accuracy is
highly sensitive to parameter adjustments. Additionally, DL methods exhibit robustness to data imperfections, handling
fewer snapshots effectively and maintaining strong performance even under low Signal-to-Noise Ratio (SNR) conditions
[173]. For instance, a Deep Neural Network (DNN) with fully connected layers has been employed for DoA classification
of two targets using the signal covariance matrix. However, it is noteworthy that these methods tend to underperform in
high SNR scenarios [174].

The landscape of DoA estimation is undergoing a transformative evolution, driven by convergent advancements
in machine learning, signal processing hardware, and antenna technologies, presenting unprecedented opportunities for
innovative research and technological breakthroughs [175, 176, 177, 178, 179, 180]. Deep learning models, particularly
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DNNs and CNNGs, are emerging as revolutionary approaches for enhancing DoA estimation in dynamic and interference-rich
environments, demonstrating exceptional capabilities in automatically learning complex signal patterns and overcoming
traditional algorithmic limitations. Emerging trends demonstrate a paradigm shift towards hybrid intelligent systems
that seamlessly integrate physics-informed neural networks, advanced signal processing architectures, and adaptive
hardware configurations. Reconfigurable antenna arrays represent a critical technological advancement, offering dynamic
configuration capabilities that significantly improve spatial resolution and system flexibility across diverse scenarios. The
exploration of hybrid architectures combining traditional DoA estimation algorithms with machine learning-based methods
presents a particularly promising research direction, aiming to leverage computational efficiency and adaptive performance
simultaneously [181]. Advanced signal processing hardware, including FPGAs, Application-Specific Integrated Circuits
(ASICs), and Graphics Processing Units (GPUs), are enabling the execution of increasingly complex computational models
without compromising system performance or power efficiency. Quantum machine learning and neuromorphic computing
architectures represent cutting-edge research frontiers, offering potential computational paradigms that could dramatically
enhance DoA estimation’s computational efficiency and adaptive learning capabilities [182]. The integration of edge
computing and distributed machine learning frameworks presents novel opportunities for real-time, low-latency DoA
estimation, particularly in scenarios requiring instantaneous spatial signal characterization such as autonomous systems,
wireless communications, and radar technologies [183]. The convergence of advanced machine learning algorithms,
specialized signal processing hardware, and innovative antenna technologies heralds a new era of intelligent, adaptive DoA
estimation methodologies with transformative potential across multiple technological domains.

7.2 Convolutional neural networks

The future scope of using CNNs in DoA estimation includes several promising advancements. CNNss can process large
datasets with complex spatial features, leading to more accurate DoA estimation in challenging environments like dense
multipath or low SNR scenarios. With the continuous development of deep learning hardware accelerators, such as GPUs
and TPUs, CNNs are expected to enable real-time estimation of DoA, which is critical for applications like radar, sonar,
and wireless communication systems. Moreover, CNNs can be designed to adapt to varying environmental conditions,
enhancing performance in dynamic settings like mobile networks, smart antennas, and 5G/6G systems. They also automate
the feature extraction process, reducing the need for manual tuning of parameters, and simplifying the development of
scalable systems for large antenna arrays. Furthermore, CNN-based DoA systems are anticipated to improve robustness
against interference, noise, and hardware impairments, making them suitable for military, automotive, and IoT applications.
Future work may involve integrating CNNs with other AI/ML techniques, such as reinforcement learning or transfer
learning, to further optimize DoA estimation under various conditions [184, 185, 186].

7.3 MIMO

The classical MUSIC algorithm’s performance, when applied to a UCA, is significantly limited by the array aperture.
Additionally, most DoA estimation algorithms require that the number of array elements exceeds the number of incident
signals. Wave-forming is a recently developed technique that uses virtual antennas spread throughout the environment
to harness spatial diversity, leading to greater flexibility and improved performance. As bandwidth expands, it uncovers
more independent multipath components, which in turn, enhances the degree of freedom, allowing faster data rates and
dependable communication. Wave-forming can be engineered to tackle the interference issues that arise as wireless traffic
surges and the number of users in 5G networks grows, which can become a performance hindrance [187]. The flexibility of
MIMO is particularly noteworthy, as it allows for the selection and adaptation of waveforms to suit the specific requirements
and objectives of different applications. The resolution improves, and the sensitivity increases, particularly when detecting
slow-moving targets. Additionally, the ability to identify parameters improves significantly, and adaptive techniques
can also be applied to the array for enhanced performance, as noted by Deepshikha et al. [188]. In essence, MIMO
beamforming and wideband wave-forming are comparable. MIMO was developed to simulate multipath communication
utilizing multiple transmit (TX) and/or receive (RX) antennas when bandwidth is insufficient to identify distinct multipaths.
This makes use of spatial diversity and spatial multiplexing benefits to enable high data rate transmission. Radar systems
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are heavily influenced by the positions of the antennas. On the one hand, a large array aperture and great DoA precision
can be achieved by placing antennas far apart. However, they must be positioned close enough to avoid spatial aliasing,
or grating lobes. Massive MIMO is a novel MIMO paradigm that has attracted a lot of interest from both industry and
academics. By improving spectrum efficiency through aggressive spatial multiplexing, this strategy promises to satisfy
future capacity demands [189]. A new multiple DoA estimate approach based on a rotating array has been suggested lately
[190] to address this problem. It offers reduced complexity and lower energy loss. Using a sparse array, sometimes referred
to as a thinned array, is one way to strike a balance between these criteria. This technique ensures that at least one pair
of antennas meets the anti-aliasing criteria (such as half-wavelength separation) while fracturing the uniform spacing of
antennas to produce a wider aperture with the same number of array elements. Larger sidelobes are the price paid for
this improvement in DoA estimation accuracy, albeit [191]. In the middle of the 20th century, certain antenna placement
techniques were investigated in an effort to balance sidelobe height and main beam width. An additional consideration
is the incorporation of MIMO systems. A 2-element MIMO antenna system used in modern wireless terminals can be
represented as a ULA (Uniform Linear Array) in the case of (M = 2). MIMO antennas on bigger devices, like as laptops
and tablets, or at access points can be represented by higher-order situations, like (M =4) or (M = 8) [192]. High-capacity
communication networks are obviously needed given the sharp rise in the number of devices connecting to the Internet. By
adjusting parts of the antenna beam to the locations of several Mobile Stations (MSs), Beam Division Multiple Access
(BDMA) increases capacity and facilitates more effective data transfer. For achieving optimal performance, the Base
Station (BS) must accurately determine the locations of the MS’s. Using the DoA approach for locating MS’s is a unique
approach. This involves utilizing an array of antennas with two common configurations: Uniform Linear Array (ULA) and
Uniform Circular Array (UCA). UCA is preferred due to its advantage of providing 360-degree coverage [193]. Multiple
carrier frequencies assist prevent grating lobes and increase the accuracy of DoA estimation by enabling arbitrarily tiny
sensor spacing while preserving a large aperture. In addition to joint range-DoA estimation, a simplified DoA estimator
that performs similarly to the joint estimator after range elimination is also observed. Multi-Carrier MIMO (MC-MIMO) is
a wireless communication technique where multiple base stations cooperate to enhance data transmission and reception by
jointly utilizing multiple antennas across cells, improving spectral efficiency and reducing interference. This multi-carrier
technique, however, produces larger sidelobes than single-carrier systems, which raises the estimate threshold in a manner
akin to sparse array designs. Compared to single-carrier systems, the primary benefit of the MC-MIMO system is its much
larger aperture, which results in a lower Cramér-Rao Bound (CRB) when enough SNR is available. DoA-based systems
offer several advantages over conventional temporal reference-based solutions. For example, because of their accurate
directional information, they are more suited for downlink applications.

Estimation of DoA in massive MIMO systems represents a complex technological challenge characterized by
multifaceted limitations in spatial signal processing. Traditional algorithmic approaches encounter significant performance
bottlenecks arising from intricate spatial correlations, mutual coupling effects, and exponential computational complexity,
which fundamentally compromise estimation accuracy and real-time processing capabilities [ 194, 195]. Classical subspace-
based techniques like MUSIC and ESPRIT experience substantial degradation in high-dimensional array configurations,
struggling with signal interference, angular resolution ambiguity, and increased spatial spectrum sidelobes [196]. Emerging
interdisciplinary research demonstrates promising solutions through advanced methodological paradigms, particularly
deep learning and sparse array techniques, which offer transformative strategies for mitigating these critical constraints
[197, 198].

Physics-informed neural networks and convolutional architectures provide innovative mechanisms for adaptive
feature extraction, enabling robust signal separation, interference suppression, and enhanced spatial resolution beyond
conventional signal processing methodologies [199, 200]. Sparse array configurations further contribute to performance
improvements by utilizing non-uniform element spacing, minimizing mutual coupling, improving computational efficiency,
and achieving superior angular resolution with reduced array elements [201]. The convergence of machine learning
algorithms, compressed sensing techniques, and advanced signal processing frameworks represents a comprehensive
approach to addressing fundamental DoA estimation challenges, potentially revolutionizing wireless communication, radar
systems, and sensor array processing technologies [202]. By integrating sophisticated neural network architectures with
domain-specific signal propagation knowledge, researchers are developing increasingly robust estimation methodologies
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capable of handling ultra-dense wireless network scenarios with unprecedented accuracy, computational efficiency, and
adaptive learning capabilities.

Deep learning also offers the potential for real-time adaptability in dynamic environments, enabling algorithms to
adjust quickly to changing conditions, which is crucial in massive MIMO where environmental factors can vary broadly
and rapidly. Additionally, as neural networks are suited for parallel processing, they can efficiently utilize hardware like
GPUs and TPUs, making them practical for real-time applications even when dealing with large-scale antenna arrays.
This integration of advanced techniques and technologies presents a promising avenue for enhancing the operational
effectiveness of DoA estimation in massive MIMO systems [203, 204, 205, 206, 207, 208].

A key technology for upcoming sixth-generation (6G) wireless networks is integrated sensing and communication, or
ISAC. This is especially true for new applications that need both high-performance sensing and communication capabilities.
ISAC can optimize the utilization of available spectrum and drastically lower hardware costs by allowing the simultaneous
operation of sensing and communication operations on a single hardware platform. This dual functionality allows for the
sharing of the same waveform for both sensing and communication tasks, leading to more efficient spectrum utilization
and improved resource management. As 6G networks continue to develop, Integrated Sensing and Communication (ISAC)
is expected to play a pivotal role in enabling advanced applications such as autonomous systems, smart cities, and [oT
networks. In these contexts, the integration of sensing and communication capabilities will be crucial for ensuring seamless
connectivity and real-time data processing. By leveraging the extensive spatial degrees of freedom, the combination of ISAC
with massive MIMO is expected to improve both spectral and energy efficiencies while enhancing sensing performance.
However, the deployment of a large number of antennas in massive MIMO-ISAC systems presents significant challenges
in accurately obtaining both channel state information (CSI) and target parameters. To address these issues within a unified
framework, the system models are initially analyzed, followed by the introduction of a novel tensor-based method that
simultaneously handles both channel estimation and target sensing. Specifically, by parameterizing the high-dimensional
communication channel using a limited set of physical parameters, the channel state information is linked to the target
sensing parameters, such as angular, delay, and Doppler dimensions [209, 210].

Furthermore, when handling tiny angular spreads, DoA-based beamforming typically performs better than alternative
techniques. DoA estimation takes a lot of time, though. Accelerating the DoA estimating process is essential for the
successful implementation of a DoA-based system. The dearth of affordable digital processing equipment that can manage
the significant computational load has made this difficult in real-world systems. The concomitant requirements for speed,
compactness, and low power consumption necessary for such devices are usually beyond the capabilities of general von
Neumann architecture CPUs. FPGA-based digital signal processing is therefore one of the most recent methods to address
this problem [211, 212].

8. Conclusions

Recent advancements in DoA estimation algorithms, particularly MUSIC and Root-MUSIC, and their applications
in smart antenna systems and radar systems are analysed. These algorithms have superior performance in resolution
and accuracy, even in challenging scenarios involving closely spaced signal sources and low SNR environments. The
introduction of amplification ratios for criterions such as the number of elements, number of snapshots, and signal power
has significantly improved the resolution of DoA estimation, allowing for the detection of angular separations as small as 1
degree. This enhancement represents a substantial improvement over the traditional methods. Additionally, the modified
MUSIC algorithm presented in this study effectively addresses the limitations of the standard MUSIC algorithm when
dealing with coherent sources, ensuring accurate DoA estimations in more complex signal environments.

Root-MUSIC, derived from the traditional MUSIC algorithm, offers improved performance, particularly in low SNR
conditions. Its simplified root-finding process enhances both stability and computational efficiency. The integration of
beamforming techniques with these algorithms has proven highly effective, allowing for precise focusing of signal energy
and thereby improving overall system performance.
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To mitigate grating lobes, it is crucial to maintain an inter-element spacing of 0.5\ or less in antenna arrays, highlighting
the importance of hardware design in conjunction with algorithm development. The advancements discussed have far-
reaching implications for various fields, including 5G and future communication networks, autonomous systems, and
advanced radar technologies.

The potential integration of deep neural networks with MUSIC and Root-MUSIC algorithms presents a promising
avenue for future research. This combination could lead to even more accurate and efficient DoA estimation in increasingly
complex and dynamic signal environments. The adaptation of these algorithms to more intricate signal scenarios and their
application to emerging technologies represent exciting areas for future research and development.

In conclusion, while MUSIC and Root-MUSIC algorithms have significantly advanced the futuristic approaches in
DoA estimation, there remains ample opportunity for further innovation. These ongoing advancements will undoubtedly
contribute to more efficient, intelligent, and capable signal processing systems, meeting the evolving demands of modern
communication networks and beyond.
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