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Abstract: Multiconductor transmission lines (MCTLs) have various applications in electrical engineering. In modeling
and analysis of MCTLs, which are described by a set of coupled partial differential equations, most existing methods rely
on approximation or discretization. For high-speed high-frequency applications, accurate analytical methods are always
desirable. Such a method, however, is not currently available for complex MCTLs. This paper presents an innovative
analytical method for modeling and analysis of MCTLs with various configurations. The proposed method, which is
called the Distributed Transfer Function Method, is capable of delivering closed-form analytical solutions for complex
MCTLs, in both the frequency domain and the time domain. One highlight of the proposed method is that it gives exact
and closed-form solutions for branched transmission lines for the first time. The accuracy, efficiency, and high-frequency
utility of the method is demonstrated in numerical examples.
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1. Introduction

Multiconductor transmission lines (MCTLs) have various applications in electrical engineering, including electric
power transmission, electronic devices, communication, high-speed circuits, antennas, and very large-scale integration
(VLSI) technology [1, 2, 3, 4]. The current investigation is concerned with modeling and analysis of complex MCTLs
that are assembled with three configurations: (i) cascaded transmission lines; (ii) coupled transmission lines; and (iii)
branched transmission lines. A cascaded configuration is commonly seen in multi-section transmission lines for impedance
matching in design of microwave systems. A coupled configuration arises from the phenomenon of crosstalk. A branched
configuration is often considered in multiport transmission lines for multichannel communication. Mathematically, a
multiconductor transmission line is described by a set of coupled partial differential equations.

For simplicity of presentation, an MCTL is also called a multiline system. A demonstrative multiline system is shown
in Figure 1, where seven nodes (1, 2, ..., 7) define the boundaries of the five transmission lines, and iy denotes the current
in the kth line. At Node 2, Lines 1 and 2 are in cascade connection. Node 2 is also a port with an impedance Z, and
a voltage input v, (7). Such a port describes a transmitter or receiver in a communication application. The dashed area
represents the coupling between Lines 4 and 5 due to crosstalk, showing a coupled configuration. At Node 3, Lines 2, 3
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and 4 are interconnected, exhibiting a branched configuration. Also, at Nodes 1, 4, 5, 6 and 7, the boundary conditions with
sources and load impedances can be specified. The multiline system in Figure 1 is a combination of the aforementioned
three configurations.
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Figure 1. Schematic of a multiline system

In modeling and analysis of MCTLs, numerical methods are mostly applied, including the finite difference methods
[5, 6,7, 8], finite element methods [9, 10], numerical inverse Laplace transform [11, 12, 13], modal analysis [ 14], and hybrid
finite element-wavelet expansion methods [15, 16]. For design of multichannel interconnects with high-frequency carriers, a
closed-form model in the frequency domain was developed based on some approximation [17]. Besides numerical methods,
semi-analytical methods for time-domain analysis were proposed. In Reference [18], by finite difference approximation in
the spatial coordinate, the governing partial differential equations of a coupled nonuniform multiline system are reduced
to a set of ordinary differential equations, which are then solved analytically. In Reference [19], through introduction of
truncated Tayler series in inverse Laplace transform, a closed-form transient response of coupled transmission lines is
obtained. The above-mentioned numerical and semi-analytical methods have found utilities in development and design of
MCTLs.

In recent years, MCTL models have been widely adopted in a variety of engineering applications. Examples include
circuits for antennas [20, 21], onboard electric wiring on aircraft [22], design of couplers, filters, and transmitters [23],
transformers design [24], the track circuit in a railway signal system [25], and cable lines in power transmission systems
[26, 27, 28]. In these applications, the aforementioned numerical and approximate methods were applied to obtain the
dynamic response of the multiline systems in consideration.

Instead of the rich literature, modeling and analysis of MCTLs mostly relays on numerical and approximate methods.
To the best of the author’s knowledge, exact and analytical solution methods are currently unavailable for complex MCTLs,
especially for branched multiline systems. An analytical method for complex MCTLs that can deliver highly accurate
results and provide deep physical insights is certainly desirable, particularly in high-speed high-frequency applications. The
development of such a modeling and analysis method should significantly benefit the design of many electronic devices
and electrical systems, which, nevertheless, has not been well addressed in the past. The current investigation is motivated
by the need to fill this technical gap in research and development.

This paper presents a new analytical method, namely the Distributed Transfer Function Method (DTFM), for modeling,
synthesis, and analysis of multiconductor transmission lines. The DTFM was originally developed for vibration problems
of elastic continua [29, 30, 31, 32]. In this work, the DTFM is extended to the problems of MCTLs. The proposed method,
as the first of its own kind, does not require any approximation or discretization, and it can systematically deliver analytical
solutions for complex MCTLs, in both the frequency and time domains. One highlight of the DTFM is that it obtains exact
and closed-form solutions for branched transmission lines, which are currently unavailable in the literature. As shall be
seen, the DTFM-based analysis is potentially useful for high-speed high-frequency applications.

The remainder of the paper is organized as follows. In Section 2, the DTFM is developed for single transmission lines
to prepare for modeling and analysis of complex MCTLs. To this end, a distributed transfer function formulation and a
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residue formula for inverse Laplace transform are derived, which eventually lead to frequency and time responses in closed
form. By generalizing the DTFM-based analysis in Section 2, the responses of cascaded transmission lines and coupled
transmission lines are determined in Sections 3 and 4, respectively. In Section 5, through introduction of an augmented
state-space formulation, exact and closed-form responses of general MCTLs with branched configuration are obtained. In
Section 6, for validation and comparison purposes, a numerical integration algorithm is derived. The proposed DTFM is
demonstrated in two numerical examples in Section 7. Finally, the main results obtained in this study are summarized in
Section 8.

2. Response of a single transmission line by DTFM

To prepare for modeling, synthesis, and analysis of multiline systems with the three configurations as mentioned
in Section 1, in this section, the dynamic problem of a single transmission line (TL) is formulated and solved by the
Distributed Transfer Function Method (DTFM). With the DTFM, the dynamic responses of the TL are obtained in exact
and closed form. While the DTFM-based modeling and analysis is new even for a single TL, it lays out a foundation for
the development of the proposed analytical method for complex MCTLs, as shall be seen in Sections 3 to 5.

2.1 Spatial state-space formulation

Consider a single TL shown in Figure 2, where v(x,7) and i(x,¢) are the distributed voltage and current over the line;
and / is the line length. Without loss of generality, assume zero initial voltage and current. According to the transmission
line theory [1, 2], the TL are governed by the s-domain differential equations:

Iv(x,s)

) = —(Ls + Rilx.s) M
alt(;;s) = —(Cs+G)v(x,s)

for 0 < x < [. Here, the overbar stands for Laplace transformation, such as v(x,s) = £ [v(x,t)] and i(x,s) = £ [i(x,1)],
with .Z being the Laplace transform operator and s the complex Laplace transform parameter; and R, L, G and C are the
unit length resistance, inductance, conductance and capacitance of the TL, respectively. The boundary conditions of the
line are

atx=0: Zs(s5)i(0,s) = vy(s) —v(0,s)
atx=1: Z.(s)i(l,s) =v(l,s) @)

where ¥(s) is the Laplace transform of the applied voltage v,(¢) at the left end; and Zg(s) and Z; (s) are the source and
load impedances.

x=0 V(xat)a l(xat) X

— .

1
S~

Figure 2. A single transmission line

To determine the response of the TL by the DTFM, define a state vector as follows
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fi(x,s) = 7(x,5) X

With the so defined state vector, Equations (1) and (2) are converted to the following spatial state-space formulation [29, 30]

State equation: a%ﬁ(x,s) =F(s)n(x,s), 0<x<l 4
Boundary condition: My (s)7(0,s) + Ny (s)7(L,s) = 5 (s) @
where
B 0 —(Ls+R) oo Ts(s)
Fle) = l —(Cs+G) 0 ’ 7b(s)‘< 0 ) “
1 Zs(s) _ 0 0
Mb(s) [ 0 0 ) Nb<s) - [ 1 ZL(S)

2.2 Exponential matrix

The exponential matrix of the state-space formulation given by Equation (4) plays an important role in the DTFM-based
analysis. By the method of matrix deposition [33], the exponential matrix e¥*)* is obtained in the following analytical form

F(s)x _ : (6)

cosh(o(s)x) —B(s)sinh (o (s)x)
i) sinh (o (s)x) cosh(o(s)x)

where

o(s) = /(s + R)(Cs + G), Bls) = ,/éjif; )

which are known as the propagation constant and characteristic impedance of the TL, respectively.

2.3 Eigenvalue problem

The eigenvalue problem of the TL is described by the homogeneous state equation

2 ix.s) = F(9)i(r.). 0<x<l ®)

subject to the homogeneous boundary condition

M, (5)7)(0,5) + Ny (s)7)(,5) = 0 ©)

where s is an eigenvalue and 7j(x, s) is the associated eigenvector in the state-space form. Equation (8) can be simply
obtained from Equation (4) by dropping 4 (s).
A nontrivial solution of Equation (8) is of the form [34],

7(x,s) = P (10)
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where 779 is a nonzero constant vector. Substituting Equation (10) into the boundary condition (9) gives the following
homogenous equation

{Mb(s) +Nb(s)eF<°‘>’] m =0 (1)

To have a nontrivial solution 79, we must have

A(s) = det {Mb(s) +Nb(s)eF(s>l} =0 (12)

Equation (12) is a transcendental characteristic equation of s, which has an infinite number of roots as the eigenvalues of
the TL.

Denote the eigenvalues of the TL by s44, k = 1,2, .... For a lossless TL, its eigenvalues are imaginary, s4, = & j @,
where j = v/—1, and @y are nonnegative real numbers. For a lossy TL, its eigenvalues are of the complex form s =
—0Oy £ joy, where o and @y are nonnegative real numbers. The roots can be determined by standard root-finding
algorithms.

2.4 Transfer function formulation and steady-state response

The solution of Equation (4) takes the form [29, 30]

i (x,s) = H(x,5)35(s), 0<x<I (13)

where H(x, s) is the distributed transfer function of the TL and it is given by

ﬁ(x,s) = eF(S)XZ}jl(s) (14)

with

Zy(s) = My (s) + Ny (s)eF ! (15)

With Equation (15), the characteristic Equation (12) can be written as det Z;(s) = 0, indicating that the poles of the transfer
function H(x, s) are the eigenvalues of the TL. Equation (13) is known as the distributed transfer function formulation for
the line.

Consider a harmonic boundary voltage excitation vs(t) = Ege/®", where j = /—1, and Ey and o are the amplitude
and frequency of the excitation. By Equation (14), the sinusoidal steady-state response of the TL is obtained as

Vss(xyt) V()C, 0)) jot
1) = = 16
) (m@ﬂ) (1@@ ‘ o
where vgs(x,7) and ig(x,¢) are the steady-state voltage and current; and V (x, ®) and I(x, ®) are the frequency response
functions of the line given by

( ‘;((xx”;’)) > — EoH(x, jw)( (1) ) 17)
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2.5 Time response

By performing inverse Laplace transform of Equation (13) with respect to time, the time response of the TL is given
by

n(x,t) = ( j((;c’:)) ) —/H(x,tr)vﬂr)dr( (1) ), 0<x<l (18)
0

where 1(x,t) is the inverse Laplace transform of the state vector 7(x,s); H(x,7) is the Green’s function of the TL and it is
the inverse Laplace transform of the transfer function H(x, s).
By following Reference [31], the Green’s function can be written as follows

oo
H(x,1)= Y 0 "Ree™ (19)
k==+1

where sy, is the kth eigenvalue of the TL; and Rey is the transfer function residue at s; and it is defined by

Re; =Res [Z, ! (s)] (20)

S§=S5)

with Zj(s) given in Equation (15). Subsuming Equation (19) into Equation (18) yields the time response of the TL in the
following infinite series:

Loo t
n(x,t)= Y e Rey / e“k(tf)vs(r)dr< (1) ) (21)

k==*1 0

Given a load v,(¢), the integral in Equation (21) can be evaluated by exact quadrature.
The key in the transient analysis by the infinite series (21) is to determine the transfer function residues. The transfer
function residue at s; can be written as [35, 36]

djZ
Re, — 4iZn(s) 22)

12 (5) =y

where |Z;| = detZy, and adjZ;, is the adjoint of Z;,. Note that F(s), M (s) and Nj(s) are two-by-two matrices. By matrix
theory, it is easy to show that

E1Z(s)| = ‘dMTli(‘) + Ny (5)eF 0| 4| M (5) + Dels) Flo)1

F(s)! ’ 23
[ My (5) + Ny (5) 25 )
With Equations (6) and (7), it can be shown that
de*)! $11(s)  9n2(s)
=®P(s) =
T l oas) 9l 4

where
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011(5) = 922 (s) = Isinh (o (s)1) 451
P12(s) = —s1nh( (s)1) d§ B(s)lcosh (c(s)]) d(;gs) 05)
P21 (s) = ( smh( (s )l) ps) _ Lcosh(o(s)x) dc:igs)

with

do(s) 2LCs+LG+RC dB(s) 1 LG—-CR

ds 20 (s) " ds  20(s) (Cs+G)

In summary of this section, by the distributed transfer function formulation (13) and the residue formula described

by Equations (22)—(26), the frequency and time responses of the TL are obtained in exact and closed form. The results
presented here are readily extensible to MCTLs in the subsequent sections.

(26)

3. Analysis of multi-section transmission lines

Multi-section transmission lines (MSTLs), which are also called multi-segment or cascaded transmission lines, exhibit
one of the three configurations as mentioned in Section 1. In this section, the DTFM-based modeling and analysis presented
in Section 2 is extended to MSTLs. The keys in the developments are the spatial state-space equations and the distributed
transfer function formulation.

3.1 Spatial state-space equations

An MSTL consisting of n serially connected sections of transmission lines is shown in Figure 3, where the numbers
in paratheses, (1), (2), ..., (n), indicate the section numbers; x1,x2, ..., x,_; are the interior nodes, where two adjacent
sections are interconnected; and xy and x,, are the boundary nodes where the source and load are specified. All the nodes
are described in a global coordinate x, such that xo < x; <xp < -+ < x;.

Figure 3. An n-section transmission line

Without loss of generality, assume zero initial conditions on the voltage and current of each section. In the Laplace
transform domain, the governing equations of the kth section are

D) — —(Lys+ Re)ie(x,9)
97 (1) _ (27)
=57 = —(Ges + Gr) v (x, 5)

for x € (xx_1,xx), where v (x,s) and i (x,s) are the voltage and current of the section. According to Figure 3, the boundary
conditions of the MSTL are specified as follows

atx=xp: Zs(s)i1(x0,5) = vs(s) — v(x0, ) 28)
atx =x,:  Zp(s)i(xy,8) = v(xy,5)
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The matching conditions at the interior nodes, by KVL and KCL, are given as

fj+1(xj,5) =ij(xj,s) (29)

forj=1,2,...n—1.
Define the state vectors of the sections as follows

A (x,8) = ( ‘:k(x’j) ) . XE[e—1,x], k=1,2,..n (30)
By following Section 2, Equations (27)—(29) are converted to the following state-space form

(a) State equations:

J . "
ank(x,s) =Fi(x, )T (x,8), x€[—1,x], k=1,2,...,n (31)

(b) Boundary condition

M, ()71 (x0,5) 4+ Nb ()7 (X0, 5) = Yn(5) (32)
(c) Matching conditions
ﬁj+1(Xj,S)=ﬁj(Xj,S), j=1,2,...,n—1 (33)
Here,
Ro=| 0 TR o
—(Crs+ Gy) 0 (34)
1 Zs(s) 0 0 . V()
M(s) = Ny(s) = =
»(5) 0 0 ) b(s) 1 zi(s) | Fs (s) 0
3.2 System response
The solutions of the state equations given by Equation (31) are of the form
N (x,s) = F—N-1)g  x e [xk—1,%], k=1,2,...,n (35)

where a; are constant vectors to be determined. The exponential matrices of the sections can be obtained by following
Equation (6). With Equation (35) and by the matching conditions (33),

aj=eWlha;, j=12..n-1 (36)

where [; = x; — x;_1, which is the length of the jth section. It follows that
aj g =eWheFi W FiWhg, =12 a1 (37)
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Substituting Equations (35) and (37) into the boundary condition (32) gives

Zy(s)ar =p(s) (38)
where
Zy(s) = Mp(s) + Np(s) ¥ (s) (39)
with
W(s) = FrneFra ()i ... F2()l Fils)h (40)

With the state-space formulation described by Equations (35)—(40), the solutions of the eigenvalues, frequency
response and time response of the MSTL are obtained as follows.
(A) Eigenvalues

The characteristic equation of the MSTL, by Equation (38) with 4, (s) =0, is

A(s) = detZy(s) = det [Mp(s) + Np(s)®(s)] =0 41)

from which the eigenvalues (roots s;) can be determined.
(B) Frequency Response
Define a global state vector

A(x,s) = Mk(x,s), x€[g_1,x], k=1,2,...,n (42)
Let the total length of the MSTL be I = + 1, + - - - + I, = x,, — x9. From Equation (38),

a1 =Z; " (s)%(s) 43)
It follows from Equations (35) and (43) that the s-domain response of the MSTL is

A(x,s) = H(x,s)35(s), 0<x<lr (44)

Where the distributed transfer function is given by

H(x,s) = f ()0 51) oFro1 ()l ~~-eF1(S)llZl;1(s), for x € [xe_1,x] (45)

Note that the transfer function formulation (44) is the same in format as given in Equation (13). Thus, under a harmonic
boundary excitation vy(¢) = Ege/®", the sinusoidal steady-state response of the MSTL can be presented by Equations (16)
and (17), except that ﬁ(x, Jj) is computed by using Equation (45). Thus, the frequency response of the multi-section line
is obtained in closed form without approximation.

(C) Time Response

By following Section 2.5, inverse Laplace transform of Equation (44) and use of the residue formula [31] gives the

closed-form time response of the MSTL as follows
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£oo £
n(x,t) = Z P01 =xj-1) F i ()1 ~~-eF1(‘Y’<)Z'Rek/esk('T)vs(r)d‘L'( (]) > (46)
k==%1 0

for x € [xx_1,x], k =1,2,...,n, where s; are the eigenvalues of the line, which are the roots of the characteristic Equation
(41); and Rey, are the transfer function residues specified in Equation (22). It is easy to show that the derivative d |Z;(s)| /ds
in Equation (22) for the MSTL is given by

% |Z,(s)] = ’dMTlfY(“')+Nb(s)‘I’(s)‘ + ‘Mb(s)+ de‘,(S)‘I’(S)

(47)
d(:
[ My (5) + Ny (5) 512
where, by the chain rule,
V() — 4 oy (-t ... F1 ()1 4 oFn()hn % e FiI)h )
S s S
Fou ()l JFy1(5)l deF19h
+...+e (5) e 1(8) -1 eT

The analytical expressions of deFit)l /ds can be obtained by following Equations (24)—(26). Thus, the closed-form time
response of the MSTL can be obtained by Equations (46) to (48).

4. Analysis of coupled transmission lines

In this section, the DTFM-based modeling and analysis as presented in Section 2 is extended to coupled transmission
lines, which is another configuration as mentioned in Section 1.

In a crosstalk phenomenon, undesired capacitive, indicative and conductive coupling between two or more transmission
lines occurs. Consider two coupled transmission lines of equal length that are parallel and close to each other. The coupling
of the lines is described by the following s-domain matrix differential Equation [3, 37]

oV (x,s 2
D) 4 (Ls+R)T(x,5) =0 (49)
Lg;’s) +(Cs+G)V(x,5) =0

for 0 < x < I, where

. 71 (x,5) < i1 (x,s)
Vix,s) = , Ixs) = - 50
(x.5) ( V2 (x,8) ) (x,5) ( ir(x,s) (50)
with v (x,s) and ix(x,s) being the voltage and current of the kth line; and L, R, C and G are two-by-two matrices of per-

unit-length inductance, resistance, capacitance and conductance, respectively. For instance, the inductance and capacitance
matrices may be of the form

Ll Lm
Lm L2

Cl + Cm _Cm

L =
_Cm C2 + Cm

, C= 1)

where L,, and C,, are the mutual inductance and capacitance per unit length, characterizing the coupling of the lines.
The boundary of the coupled system are
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atx=0: Agy(s)V(0,s)+Bo(s)i(0,5) = po(s)

atx=1: A;(s)V(0,5)+B;(s)i(l,s) = Py (s) (52)

where Ag(s),Bo(s),A;(s) and B;(s) are two-by-two matrices describing boundary impedances; and po(s) and p;(s) are

vectors of boundary excitations.
Define the state vector of the coupled system by

Ai(x,s) = ( V(xs) ) ect, xelo, 1 (53)

Equations (49) and (52) are cast into the spatial state-space formulation (4), with

_ 0 —(Ls+R)
F& = _cs10) 0 "
O e B VS 1 34(s) = ( ‘5‘58)

Accordingly, the closed-form solutions of the coupled system can be obtained by following Section 2. The eigenvalues
of the coupled system can be determined by solving Equation (12) and the frequency response can be obtained by following
Equation (16), with the quantities given in Equation (54). A time response of the coupled system can be obtained by using
Equation (21). The transfer function residues are still given by following Equation (22). However, the expression of
% |Z(s)|,—y, given by Equation (23) is invalid because Zj(s) is a matrix of order four for the coupled system. According
to Jacobi’s formula in matrix calculus [38],

SPABIE (adjzb<s>dzjs(s)) (55)

where adjZ, is the adjoint of Z;, and tr (A) is the trace of a square matrix A; and

dZy(s)  dMy(s) n dNy(s)
ds  ds ds

FOL LN, (5) L [eF1] (56)
ds
An analytical form of d eF(W} /ds can be obtained by following Section 2.5. Thus, the closed-form time response of the
coupled line system can be obtained.
Although only two coupled lines are considered, with some modifications, the formulas presented in this section can
be extended the coupled system with more than two lines.

5. Synthesis and analysis of branched multiline systems

In many applications multiple transmission lines are assembled with a branched configuration, rendering a multibody
problem that is described in a set of interconnected subregions (see Figure 1 for instance). For such a multibody problem,
conventional analytical methods cannot deliver closed-form solutions without approximation. In this section, the proposed
DTFM, with an augmented state-space formulation, is shown to be able to deliver exact and closed-form solutions for
branched multiline systems for the first time.
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5.1 System description

For demonstrative purposes, we consider the multiline system in Figure 1, which is a combination of cascaded,
coupled and branched configurations. For convenience of description, a local coordinate for each line is used. The local
spatial coordinate x of the kth line is in the direction of i, varying from 0 to /. (the length of the line). In other words, the
origin of the local coordinate is at Node 1 for Line 1, Node 2 for Line 2, Node 3 for Lines 3 and 4, and Node 6 for Line 5.

In many problems, the dynamic response of a multiline system is caused by loads (say, voltage inputs) at its nodes,
which are boundary excitations. Hence, without loss of generality, zero initial currents and voltages of the transmission
lines are assumed in this work. (The free response of the multiline system due to initial disturbances can be determined by
following the reference [31]). With this assumption, the s-domain governing equations of the lines are given by [1, 2]

zfg(;m = —(Lis + Ri)ii (x,5) + 7 4 (x,5)
1ka(j§»9) —(Cis + Gi) Vi (x,8) + o i (x,5)

forx € (0,) and k=1, 2 and 3 (Lines 1, 2 and 3), and

(57)

Plhs) - (Les 4 Rl )
o) = (Cos+Ge) Velx.s)

for x € (0,14) and k =4 and 5 (Lines 4 and 5), with

Ve(x,8) = ( g:g’::; >, ic(x,s) = ( i::g’:g ) (59)

where L., R;, C, and G, are two-by-two parameter matrices that are similar to those in Equation (49). In the previous
equations, the overbar stands for Laplace transformation; and Lines 4 and 5 have the equal length, I4 = Is.
The boundary conditions of the multiline system are specified as follows

(58)

at Node 1 : arv1(0,s) +by1i1 (0,5) = g1 (s)

at Node 4 : agy(ly,s) + baig(ly,s) = Ga(s)

at Node 5 : asvs(l3,s) + bsiz(1z,s) = Gs(s) (60)
at Node 6 : 65(0,5) + beis(0,5) = Gs(s)

at Node 7 : arvs(ls,s) + byis (Is,s) = g1(s)

where gy (s) are the boundary excitations, and coefficients a; and by in general can be functions of s. The matching
conditions at Node 2, by KVL and KCL, are written as follows

V1 (l1,5) = 2(0,5)
i1(h,5) =2(0,5) = Z 5 {71 (1,9) = 7p(5)}
where 7, (s) is the Laplace transform of v, (1), and Z, () is the impedance at the node (port). The matching conditions at
Node 3, at which three lines are interconnected, are given by

(61)

; ] (62)
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5.2 Augmented state-space formulation

Equations (57) and (58) are described in five interconnected subregions of different lengths, (0,), k= 1,2,...,5. For
such a multibody (multi-region) problem, it is difficult to obtain exact analytical solutions by conventional methods. In
this work, an augmented state-space formulation is introduced such that the multibody problem is reduced to the format
of a single-body problem as described in Section 2, which then can be solved by the DTFM. This approach is called the
augmented Distributed Transfer Function Method [32].

Define a nondimensional coordinate z for each line by

7= k=1,2,...,5 (63)

x
I
which has the same direction as x and varies in the range 0 < z < 1. With the coordinate transformation (63), Equation (57)
is converted to

V(2,8 T
% =~k (Lis + Ry )ik (2, 5) (64)
alka(?S) = —li(Crs + Gy )V (z, 9)
for £ =1, 2 and 3, and Equation (58) is converted to
dv¢(z,5) — (L T
T&z 3( CS+RC)1C(Z7S) (65)
G2t = [y (Ces+ Ge) Ve(2,5)
In the previous equations, the coordinate z is universal for all the lines; and v (z,s) = ¥(x, ), . and ix(z,8) = ix(x,5)],— e
Similarly, the boundary conditions (60) are reduced to
at Node 1 : arv1(0,s) +b11(0,5) = g1 (s)
at Node 4 : agvg(1,8) + baig(1,5) = Ga(s)
at Node 5 : asvz(1,s) +bsiz(1,s) = Gs(s) (66)
at Node 6 : agvs(0,s) + beis(0,5) = Gs(s)
at Node 7 : a7vs(1,s) +bqis(1,s) = g7 (s)
and the matching conditions (61) and (62) are reduced to
1,s) =2(0,s)
at Node 2 (1, i [
Z,(s) (i1(1,8) —i2(0,5)) =v1(1,5) =7, (s) 67)
at Node 3 1:2(1,S) :_‘)3(O’s) :TV4(0’S)
i(1,s) =1i3(0,5) +i4(0,s)
Define the state vectors for Lines 1 to 3 by
o) = [ X&) Ve e, k=123 (68)
ix(2,9)
Define the state vector for the coupled lines (Lines 4 and 5) by
ees) = [ @) ) et cepon (69)
’ ic(x,s)
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The state equations for Lines 1 to 3 are obtained from (64) as follows

d
a—zﬁk(z,s) =Fi(s)Mk(z,5), z€(0,1), k=1,2,3 (70)
with
0 Lys+ Ry
Fi(s) =—1 71
k(s) | Cust Gy 0 (71)
For the coupled lines, the state equation is obtained from Equation (66) as follows
J . .
an(Zas) = FC(S)nC(Z7S)a z€ (07 1) (72)
where
0 L.s+R,
F.(s)=—1 73
(s) 4| CstG. 0 (73)
Now, introduce a global state vector for the branched multiline system by

Ul (Za S)

. M(z,5) 10

z,8) = . eC”, z€|0,1 74

7i(z,5) s (2.5) [0,1] (74)

Ne(2,5)
Assembly of Equations (70) and (72) yields a global state equation as follows
(75)

2 2(es) =Fo(9)izs). € (0.1

where
(76)

Fo(s) =diag{ Fi(s), Fa(s), Fs(s), Fe(s) }ecCO10

Also, the boundary conditions (66) and matching conditions (67) are converted to the following global boundary

condition
Mg (s)7(0,5) +Ng(s)(1,s) = Yc(s) (a7
where
MG(S)Z[“B:Z((? N = | N |- ?G<s)=<7i((§))> 78)
with
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ai. by 00 000 0 0 0
0 0000DO0DO0O0O0 O
My(s)=| 0 0 0 0 0 0 0 0 0 0
0 0 000 0 O0 as 0 b
0 0000O0O0O0O0 O
00000 0 0 0 0 O q1(s)
0000 0 0 a 0 by O Ga(s)
Ny(s)=]10 0 0 0 as bs 0 0 O O |, A= g
00000 0 0 0 0 0 G (s)
0000 0 0 0 a 0 by g1 (s)
00 -1 0 0 0 0 0 0 0
00 0 Z() 0 0 0 0 0 0
M,(s)=[{0 0 0 0 -1 0 0 0 0 0
00 0 0O 0 0 —-10 0 0
00 0 0 0 -1 0 0 —1 0
1 0 000O0O0O0O0O 0
1 ~Zy(s) 0 0000000 5, (s)
Na($)=]0 0 100000 0 0/, Auls)= 0
0 0 10000000 0
0 0 01000000 0

(79)

Equations (75) and (77) are known as an augmented state-space formulation. With this formulation, which does
not depend on any discretization or approximation, the original multibody problem of the multiline system in Figure 1 is
converted to a single-body problem defined over the region 0 < z < 1. Consequently, the formulas presented in Section 2
for a single transmission line can be extended to the branched multiline system here.

5.3 Eigenvalues and dynamic response by augmented DTFM

After introducing a universal nondimensional coordinate z, the resulting Equations (75) and (77) have the same format
as the state-space formulation given by Equation (4). Thus, the eigenvalues and dynamic response of a branched multiline

system can be obtained by following Section 2.

The eigenvalues of the system, by following Equation (12), can be determined by solving the characteristic equation

A(s) =detZg(s) =0

where

Zg(s) =Mg(s) —|—NG(s)eFG(S)

The s-domain response of the system, by following Equation (13), is given by

ﬁ(Z,S) :ﬁG(sz):YG(S)v zZ€ (Oal)

where the global distributed transfer function is

Ho(z,s) = o025 (5)

Journal of Electronics and Electrical Engineering

(80)

81

(82)

(83)

556 | Bingen Yang



Consider harmonic excitations described by

Y6(t) = v, j=+v-1 (84)

where - is a constant vector. The sinusoidal steady-state response of the multiline system, by following Equations (16)
and (17), is obtained as

nys(x,1) = Hg(z, jo)v0e’™, z€(0,1) (85)

where Hg(z, jo) is the frequency response function of the system.
The time response of the MCTL, by following Equations (18) and (21), is given by the infinite series

t

oo
n(zt)= Y e"e(HRe; / S ys(T)dT, z€(0,1) (86)
k=+1 0

where 7 (x,t) is the inverse Laplace transform of 7j(x, s); sy are the eigenvalues of the system that are the roots of the
characteristic Equation (80); and

o) = (@) al) as0) a6l @@) 0 v 0 0 0) (87)

with the elements being the inverse Laplace transforms of the elements of 4(s) that are given in Equations (78) and (79).
The transfer function residues Re; in Equation (86) are given by

adjZg (sx) _ adjZg (sk)
% |ZG<S) |S:Sk tr (adeG(Sk) dlzigvk))

Re; = (88)

where Jacobi’s formula in matrix calculus [38] has been used. Like in Equation (23), the evaluation of the derivative
dZ¢(sx)/ds requires the computation of deF6¥) /ds. Because Fg(s) is of the block-diagonal form (76),

—di Fi(s) Fa(s) F3(s) deFels)
fdlag{ deds , deds , dedS , edS } (89)

where defx(®) /ds and deFes) /ds can be estimated by following Section 2.5. Thus, with the formulas given by Equations
(86) to (89), a closed-form time response of the multiline system can be obtained.

Although only a five-line system is considered in this section, the augmented DTFM presented is certainly applicable
to general MCTLs.

6. Frequency response via numerical integration

The new analytical method (DTFM) for branched multiline systems is developed in the previous section. In this
section, for validation purposes, the augmented state equations and boundary conditions, as presented in Section 5.2, are
solved by the Euler’s method, a first-order numerical integration algorithm. With the numerical integration, the frequency
response of a branched multiline system is computed. The DTFM and the numerical integration method are compared in
Section 7.
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Divide the nondimensional region 0 < z < 1 into » subintervals by n+ 1 equally spaced points: z;y = kh, withh =1/n
and k =0,1,2,...,n. Define a sequence of state vectors by

N(s) = N(zx,s) =n(kh,s), k=0,1,2,..,n (90)
With the Euler’s method [39], Equation (75) is approximated as

(Me+1(s) — M (s)) = F(s) M (s) o1

==

which leads to

Mt 1(s) = (I+hFG(s)) M (s) 92)

with I being an identity matrix. Recursive use of Equation (92) yields

ﬁk(S):(I)k(S)f]()(S), k=0,1,2,...n (93)

where

By (s) = (I+hF(s))" ©4)

with ®((s) = I. With Equation (90), the boundary condition (77) can be written as

M (s)7o(s) +Na ()7 (s) = A6 (s) (95)

Substituting Equation (93) into Equation (95) gives

(Mg (s) +Ng(s)®n(s)) flo(s) = Ya(s) (96)
Thus,

7io(s) = (Mg (s) +Ng(s) @4 (5)) 46 (s) 97)

It follows from Equations (93) and (97) that the s-domain response of the system is given by

7i(s) = B (5) (Mg (s) + Ng(s)Bu(s)) '46(s), k=0,1,2,...n (98)

Let the system be subject harmonic excitations, v (t) = vpe/?, as described in Equation (84). By following Equation
(85), the steady-state response of the system is expressed by

s (2hs1) = Mo (1) = He(@)y0e’®, k=0,1,2,...,n (99)

where flk(w) is the frequency response of the system at point z; and it is given by
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i (0) = ®(jo)(Mg(jo) +Ng(jo)®,(jw) ™ (100)

Comparison of Equations (83) and (100) indicates that Hy () is the approximation of Hg (2, jo®). The formula given by
Equation (99) is also applicable to multi-section transmission lines (Section 3) and coupled transmission lines (Section 4).

7. Numerical examples

The proposed DTFM is illustrated on two transmission lines: a single transmission line (Section 7.1), whose eigenvalues
and time response are obtained, and a three-line branched system (Section 7.2), whose frequency response at both low and
high frequencies is computed. For validation and comparison, the numerical integration given in Section 6 is also used.

7.1 A single transmission line

Consider the transmission line shown in Figure 2, where v,(¢) is an applied voltage at the left end of the line; and the
source and load impedances are described by resistances: Z; = Ry and Z; = R;. Assume zero external and initial excitations
over the domain of the line. The line is governed by Equation (1) and the boundary conditions

atx=0: Ri(0,¢) =vs(t) —v(0,1)
atx=1: Rji(l,t) =v(l,1) (101)

The following non-dimensional system parameters are selected in simulation:

L=2, R=01, C=1, G=002, [=1, R,=01, R =80

In this example, the eigenvalues and time response of the line are computed.
The characteristic equation of the line is Equation (12), with e} given in Equation (6) and

1 R,

M (s) = 0 0

0 0
N = 102
, Np(s) [ 1R ] (102)
The nonzero R, G, Ry and R; mean that this is a lossy transmission line. Consequently, the eigenvalues of the line are
complex with negative real parts. In this work, the eigenvalues of the line are determined by a root locus method described
in the Appendix. Table 1 lists the first 10 eigenvalues of the line, where i = v/ —1. The third column in the table gives the
errors in the root-finding, where A(s) is the characteristic function given in Equation (12).

Table 1. First 10 eigenvalues of the transmission line

Sk |ACse)|

—9.7614e-02 + 1.1101e+00i  2.4524e-12
—9.7588e-02 + 3.3320e+00i  5.9712e-13
—9.7586e-02 + 5.5535e+00i  9.2038e-13
—9.7585e-02 + 7.7750e+00i  3.2117e-13
—9.7585e-02 + 9.9964e+00i  4.2461e-13
—9.7585e-02 + 1.2218e+01i  5.7843e-13
—9.7585e-02 + 1.4439¢+01i  6.8134e-13
—9.7585¢-02 + 1.6661e+01i  5.7204e-13
—9.7585e-02 + 1.8882e+01i  6.2402e-13
—9.7585e-02 + 2.1104e+01i  9.5048e-13

SO UN AW — |
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Let the applied voltage be of the form v,(¢) = Ey (1 — e~ "), with Ey > 0 and o > 0. According to Equation (21), the
time response of the line is given by

v(x,1) / 1 > s 1
< 1) ) :O/H(x,t—r)vs(r)dr< 0 ) :ZEOZRe{eH >Requ(l‘)}< 0 ) (103)

k=1

where Re; are the transfer function residues at s, which are computed by Equation (22), and

1 (efcz_eskt)_l(l_ew) (104)

t
£ = se(t—7) l—e " Ndr = —
9 (?) O/e ( ¢ ) ! Sk + O Sk

Because the eigenvalues of the line all have negative real parts (see Table 1) and because tlim vs(t) = Ey, by the final value
—ro0

theorem in Laplace transform [35, 36], the steady-state response of the line as ¢ goes to infinity is obtained as follows

Vas(x) 1\ _ .. vit) \ A ) 1
( [ss(x) ) th—{g( i(x,t) ) *%E%SH(X,S)VS(s) < 0 >

where the transfer function formulation (13) has been used; and V(x) and I(x) are the spatial distributions of the
steady-state voltage and current along the length of the transmission line.

Let the excitation parameters be Ey = 10 and ¢ = 2. The first 200 terms in the series (103) are taken to compute the
time response. In Figure 4, the voltage and current of the transmission line at the midpoint (x = //2 = 0.5) are plotted for
0 <t < 40. In the figure, the dashed lines indicate the steady-state values (final values) of v(0.5,¢) and i(0.5,7), which
by Equation (105) are estimated as V;(0.5) = 9.9540 and I;(0.5) = 0.2238. The transient voltage and current of the line
eventually settle at their steady-state values. It is also seen that the voltage and current at x = 0.5 are zero during 0 <7 < 0.7.
This is due to the wave propagation on the line: the wave speed can be roughly estimated as ¢,, ~ 1/v/LC = 0.71 and it
takes the time t = x/c,, = 0.7 for the waves to travel from the left end of the line to the midpoint.

(105)

Time Response of the Single Line

T
transient
15t . — — — -steady state | |

Voltage v{0.5,1)
=
T
|
I
|
|
|
|

Current i(0.5,t)

Figure 4. The voltage and current of the single line at the midpoint, for 0 <z < 40s
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7.2 Frequency response of a branched multiline system

A branched system of three transmission lines is shown in Figure 5, where at Node 1, a resistor R (source impedance)
is attached and a voltage v(¢) is applied; at Node 2, the three lines are interconnected; and at Node 3, an LR series circuit
is installed as the load. In this example, the frequency response of the branched system at both low and high frequencies
are computed.

1 RN 2 ay 3
[ ®
R Line 1 Line 2
s . L,
l3l Line 3
12 R,
= 4

Figure 5. A branched system of three transmission lines

The branched multiline system is described by the global state Equation (75), with

71(z,5)
TI(Z»S) - ﬁZ(sz) y Z€ [Ov 1]
73(2,5) (106)
Fg(s) = diag {Fi(s)}, Gc(z,s) =0

where z is a nondimensional local coordinate, and Fy(s) is given in Equation (71). The s-domain boundary conditions, in
terms of z, are given by

at Node 1 : R;i1(0,5) = v5(s) —v1(0,5)
at Node 3 : (Lps+Rp)iz(1,5) = v2(1,s) (107)
at Node 4 : v3(1,s) =0

The matching conditions at Node 2 are obtained as follows

\71(1,S) = \72(0,S) = 173(0,.9)

: - - 108
7i(1,5) = 2(0.5) + 7(0.5) (1o
Assembly of the boundary and matching conditions gives the boundary condition (77), with
1 R, 0 0 0 0 ] [0 0 0 0 0 0]
0o 0 0 0 o0 O 0 0 -1 Lps+R, 0 O
0 0 0 0 o0 O 00 O 0 1 0
M = N =
d@W=19 0 -1 0 o o | NO=]1 49 ¢ 0 00 (109)
0 0 O 0o -1 0 1 0 O 0 0 0
L0 0 0 -1 0 -1 | L0 1 O 0 0 0 |
) . T
56(s)=( %) 0 0 00 0)
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Consider a harmonic excitation vg(t) = Ege/®, j = v/—1. The sinusoidal steady-state response of the branched system
is obtained by Equation (85) as follows:

Nss(2,1) = EoHg (2, jo)e /™, 0<z<1 (110)

T
whereelz(l 000 0 0) ,and

f(z,s) = eF6l0) (MG<S) +NG(s)eFG<S>>7] (111)

From Equation (110), the sinusoidal steady-state response of each line can be determined. For instance, the steady-state
voltage of Line 2 is

va(z,1) = EoVa(z, )¢/, 0<z<1 (112)

where V;(z, ®) is a frequency response function of the line given by

_ VZ(Z,t) N X
Va(z,0) = Boeio = el Hg(z, jo)e (113)
T
withes=( 0 0 1 0 0 O ) . By definition, the values of V»(z, ®) are nondimensional.

For numerical simulation, assign the system parameters as follows

Line 1 : Li=2x10"H, R =6Q, C;=2x10""F, G;=0, [;=0.048m
Line 2 Ly,=1x10""H, R, =10Q, C,=3x10""F, G, =0, [ =0.04m (113)
Line 3 : L3=2x10""H, R3=15Q, C3=4x10"7F, G3=0, [3=0.08m

Boundaries: R;=100Q, L,=0.1 R, =500Q

With Equation (113), the magnitudes of the steady-state voltage of the system at Nodes 2 and 3 are determined by the
frequency response function of Line 2 as follows

My (@) = [V2(0, 0)]

Ms(0) = [V2(1, 0)] (115)

In Figure 6, M>(®) and M3(w) are plotted against @ for 0 < @ < 90 MHz. To validate the accuracy of the DTFM-based
prediction, the Euler’s method of numerical integration, as given by Equation (99), is applied to estimate the frequency
response of the voltage at Node 3. The predication by the numerical integration is denoted by M4 (®), where n is the
number of subintervals. The M3(®) and M% (@) with n =100, 200 and 400 are plotted in Figure 7, which indicates that the
results by the Euler’s method, as n increases, converge to that by the DTFM. It is also seen from the figure that the error of
the numerical integration grows significantly at higher frequencies.
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<1072 Frequency Response of Voltage

Magnitude

0 1 2 3 4 5 6 7 8 9
Frequency, Hz «107

Figure 6. The magnitudes of the steady-state voltage at Nodes 2 and 3, from 0 to 90 MHz

1% «1072 Frequency Response of Voltage at Node 3

DTFM

— — — - Euler method, n = 100
—-—-—--Euler method, n =200|
---------- Euler method, n = 400

2

0 1 2 3 4 5 6 7 8 9
Frequency, Hz %107

Figure 7. Comparison of the frequency response curves of the voltage at Node 3

As shown in Figure 7, the numerical integration with n = 400 may not be accurate enough at higher frequencies. To
see this, define a relative error of the Euler’s method by

.
o ma ] 1B(0) ()

o max o) x 100% (116)

where n is the number of subintervals as mentioned previously, and @; and wg are the lower and upper bounds of a
frequency region of interest. In the current example, w; = 0 and wy = 90 MHz. Table 2 lists the relative error for different
values of n. As can be seen, 400 subintervals lead to an error of 5.6%, which may not be acceptable. To have an error of
1.5% or less, at least 1500 subintervals are required in the numerical integration.
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Table 2. Relative error of the Euler’s method for 0 < @ < 90 MHz (n = number of subintervals)

n 100 200 400 600 900 1500 2250
& (%) 258 115 56 38 25 L5 1.0

To show the utility of the DTFM in high-frequency applications, consider a frequency region from 5.0 GHz to 5.4
GHz. In Figure 8, the magnitudes of the steady-state voltage at Nodes 2 and 3 (M, and M3) are plotted by Equation (113),
which yields the exact solutions at the high frequencies. In this high-frequency simulation, the numerical integration
by Equation (99) with a very large number of subintervals may not produce accurate results. This is shown in Table 3,
where the relative error g, is defined by Equation (116), with @y, = 5.0 GHz and @, = 5.4 GHz. As seen from the table,
200,000 subintervals lead to an error of 49.6%, and even with 1,000,000 subintervals, the use of Equation (99) still results
in a relative error of 8.4%. It is also found from the simulation that for n < 8000, the matrices involved in the numerical
integration become ill-conditioned and as such, a relative error could not be obtained. To have an error of 2% or less, at
least 3,000,000 subintervals are required.

Frequency Response of Voltage

0.014

0.012

0.01

0.008

Magnitude

0.006

0.004

0.002

5 5.05 5.1 515 52 525 53 535 54
Frequency, Hz %10°

Figure 8. The magnitudes of the steady-state voltage at Nodes 2 and 3, from 5.0 to 5.4 GHz

Table 3. Relative error of the Euler’s method for 5.0 GHz < @ < 5.4 GHz (n = number of subintervals)

n <8000 200,000 1,000,000 2,000,000 3,000,000
&, (%) N/A 49.6 8.4 4.1 2.0

As indicated by Table 3, to produce a high-frequency response of a multiline system by numerical methods, many
unknowns need be determined, which requires significant computational effort. On the other hand, in the DTFM-based
simulation, the same analytical formulas, such as Equation (110), can deliver exact solutions at both low and higher
frequencies, with the same and least computational effort.

8. Conclusions

A new analytical method, namely the Distributed Transfer Function Method (DTFM), has been developed for modeling,

synthesis and analysis of general multiconductor transmission lines (MCTLs). The main results from this investigation are
summarized as follows.
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(1) With an s-domain state-space formulation, the DTFM is applicable to MCTLs with cascaded, coupled, and
branched configurations, and combinations. In the DTFM-based modeling and analysis, no approximation or discretization
is required.

(2) The DTFM delivers analytical solutions for MCTLs in both the frequency domain and the time domain. As one
highlight of this work, the proposed method gives exact closed-form solutions for branched transmission lines for the first
time.

(3) The DTFM is highly efficient in computation. In particular, the proposed method can produce the high-frequency
response of a branched MCTL, with ease and accuracy, as shown in the numerical example in Section 7.2. Because the
same analytical formulas are usable at both low and high frequencies, the computational effort with the DTFM is essentially
the same in any frequency region of interest. This unique feature renders the proposed method promising in high-speed
and high-frequency applications.
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Appendix: A Root Locus Method for Root-Finding

For the lossy transmission line in Section 7.1, consider a lossless line with R = 0,G = 0, and Ry = Ry = 0, which
shall be called a reference line. This reference line is governed by the wave equation

LC82v(x,t) _ 82v(x,t)7
ot? ox?
subject to the boundary conditions v(0,z) = v(l,#) = 0. It is easy to show that the eigenvalues of the reference line are
given by

O<x<l (A1)

km
s, =tj——, j=+—1, k=102,... A2
+k Jlm J (A2)

In the characteristic Equation (12), replace the resistance and conductance parameters by variable parameters as
follows:

R— uR, G—uG, Rs— uRs, R;p— URp (A3)

where ( is a nondimensional parameter varying from 0 to 1. If 4 = 0, solution of Equation (12) yields the eigenvalues of
the reference line as given by Equation (A2). If u = 1, solution of Equation (12) gives the eigenvalues of the original lossy
line. Now vary (L in N steps:

w=u,=nAu, Au=1/N, n=12,...,N (A4)

where N is an integer that is large than one. (For the TL in Section 7.1, taking N = 5 is sufficient). Note that uy = 1.
Denote the roots of Equation (12) at u = u,, by sgflz The solutions sgf,z at all the steps make the trajectories or loci of the
eigenvalues.

Based on the above root locus concept, an iterative solution process is devised as follows.

Step 1. For u = u; and the initial values 5%, solve the characteristic Equation (12) by a nonlinear solver (say, the
MATLARB function fsolve). This yields the solutions s\,
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Step 2. Forn =2,3,...,N, solve Equation (12) with 4 = p,, and the initial values s&f]z Y This yields the solutions s(i",z

The results obtained in the last step, s(iAQ, are the eigenvalues of the original lossy transmission line, as shown in Table 1.
The above-described root locus method can be extended to general multiconductor transmission lines.
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