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Abstract: A two-level implicit compact formulation with quasi-variable meshes is reported for solving three-dimensions
second-order nonlinear parabolic partial differential equations. The new nineteen-point compact scheme exhibit fourth
and second-order accuracy in space and time on a variable mesh steps and uniformly spaced mesh points. We have also
developed an operator-splitting technique to implement the alternating direction implicit (ADI) scheme for computing
the 3D advection-diffusion equation. Thomas algorithm computes each tri-diagonal matrix that arises from ADI steps in
minimal computing time. The operator-splitting form is unconditionally stable. The improved accuracy is achieved at a
lower cost of computation and storage because the spatial mesh parameters tune the mesh location according to solution
values’ behavior. The new method is successfully applied to the Navier-Stokes equation, advection-diffusion equation,
and Burger’s equation for the computational illustrations that corroborate the order, accuracies, and robustness of the
new high-order implicit compact scheme. The main highlight of the present work lies in obtaining a fourth-order scheme
on a quasi-variable mesh network, and its superiority over the comparable uniform meshes high-order compact scheme.

Keywords: compact scheme, ADI method, quasi-variable mesh network, advection-diffusion equation, Navier-Stokes
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1. Introduction

The necessity for understanding the partial differential equations in modeling the physical phenomenon has
observed tremendous growth in mathematical theory and attracted physicists, engineers, and mathematicians. The three-
dimensional advection-diffusion equations (ADEs) are used to describe several circumstances such as convection-
diffusion, air pollution, fluid flow, heat exchange, image processing, and mass transfer. The heat conduction equation,
Burger’s equation, air pollutant transport model, and Navier-Stokes equations are some of the essential mathematical
models that appear in modeling ocean currents, airflow around a wing, blood flow, and design of power stations. The
3D diffusion-advection model appears in river thermal pollution, transport in semiconductor devices, heat transfer in a
draining film charge, fluid flow in porous media, contaminant dispersion in shallow water, and atmospheric pollutant
transport [1, 2]. Advection-diffusion-reaction response model arrangements with time advancement in biological
species or substances in a blowing medium, for example, air and water [3]. Many such mathematical models do not
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possess analytic solutions; therefore, numerical analysis of multi-dimensional ADEs is of great interest to engineers
and scientists. The available computational techniques lack optimal memory, efficiency, and numerical accuracy of
discrete solution values. This is because the resulting nonlinear discrete equations are large enough and restrain the
implementation to conventional computers due to limited computing time and inadequate memory storage. Therefore,
developing stable, efficient, and accurate numerical schemes for determining approximating solution values of ADEs is
vital. Researchers may have made an excellent effort to construct a high-order scheme due to computational efficiency
and reasonable accuracy [4-6]. In recent years, compact finite-difference discretization has been delineated for linear
time-dependent convection-diffusion equations in [7-11]. Karaa and Othman [12] described a two-level high-resolution
difference method to obtain the numerical approximations of three-dimensional ADEs with mixed derivatives. Mohanty
and Setia [13] described an off-step fourth-order method for time-dependent three-dimensional quasi-linear ADEs, and
the proposed scheme applies to cylindrical and spherical polar coordinates. A three-dimensional micro heat transfer
model is solved using the local one-dimensional method in [14]. Based on Pade-approximations, the high-order finite-
difference method combined with the unconditional stable alternating direction implicit (ADI) scheme is obtained for
a three space dimensions reaction-diffusion model along with Neumann boundary data [15]. A single cell compact
discretization of accuracy two and four in time and space, respectively, to the normal derivative appearing in three-
dimensional quasi-linear ADEs, was developed in [16]. The mathematical analysis and computational illustrations
associated with a fractional form of ADE, Navier-Stokes equation, Burger-Huxley equation, and reaction-diffusion
equation have been analyzed in [17-26].

Literature related to multi-dimension partial differential equations is mainly devoted to uniform mesh step-
sizes, and non-uniform meshes were given less attention. The straightforward implementation of finite-difference
discretization produces approximate solution values using direct or iterative methods, and with a long run time, one can
achieve almost exact solution values. The standard finite-difference approximations work well with smooth solutions
but can give oscillatory or unbounded numerical results when perturbations are introduced [27, 28]. This is because
truncation errors and discretization errors emanating from taking a finite number of computation steps to approximate
are infinite. The local truncation errors in the discretization rely on the step-size of meshes and derivative of the variable.
The presence of first-order spatial derivative (viscosity) in truncation error usually causes trouble and may destroy
solutions [29]. Therefore, uniform meshes often yield a non-uniform distribution of errors. The implementation of non-
uniform meshes tackles such variations in the error. The smaller mesh step-size in the sub-domain where the derivative
of the function value is enormous. Larger step size in the sub-domain where the value of function derivative is small and
thus results in uniform distribution of discretization errors. In this way, we may have a uniform distribution of truncation
errors over the integration domain and obtain a more precise resolution to a pre-assigned quantity of meshes. Some
additional features emerged using non-uniform meshes in simulations [30, 31].

The beauty of high accuracy numerical schemes for simulation is fully recognized for the fundamental fluid
flow. High-order finite-difference discretizations have low dispersion and require a significantly reduced number of
mesh points to ensure tolerable levels of numerical error. Non-compact finite-difference discretization requires a wide
number of computational stencils as the order of approximation increases. These large stencils are challenging to handle
at the boundary where no data is available to perform differencing. Also, large stencils result in high bandwidth of
matrix whose inversion is computationally costly. Therefore, the high-order finite-difference discretization on compact
stencils solves such complications. Compact stands for the numerical scheme with minimal stencil width. Non-uniform
meshes allow mesh points to be more refined in the sub-domain where stiff gradients are expected. Finite-difference
discretization of partial order derivatives in the ADEs are essential to constitute a stable, accurate, and computationally
proficient scheme with minimum numerical dissipation and dispersion. In the present work, we describe a high-order
accurate implicit compact scheme to the mildly nonlinear time-dependent ADEs of the form

W™ +W” +W7)=G(x,p,z,t, W, W W W W), (x,y,2,t) € Q, 1

where Q={(x,1,2,0):0<x,9,z<1,0<t<T}, O<e< 1, W=W(x,y,z,t), W' =0W /ox, W™ =0°W /ox", etc. and
associated initial and boundary values are assigned as

W(x,y,2,0)=K,(x,5,2),0< x,y,z <1, 2
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W(x,y,O,t)=KS(x,y,t)}OS <l

W(-xsy515t) :K(w(x’y’t) (3)
W(O,yaz’t):Kl(y’z’t)}ﬂsy,zsl,
W(l’y3zat):K2(y’Z’t) (4)
W(x,0,z,t) = K(x,z,t
(x,0,2,t) = K,(x,2,t) 0<x,z<1,t>0.
W(xalaz’t):Kél(x’Z’t) (5)

The mathematical examination of an incredibly enormous class of time-dependent partial differential equations
(PDEs) having nonlinear first-order spatial and temporal derivatives is vital due to the absence of a theoretical solution
in general. The proposed discretization procedure yields finite linear algebraic systems having sparse matrix structures,
and therefore, iterative methods are suitable. In Sections 2 and 3, we shall describe mesh topology, compact operators,
and the formulation of a numerical scheme that falls within the scope of optimum accuracy. Section 4 describes an
alternating direction iterative scheme as experimented with the 3D time-dependent convection-diffusion model. An
extension of the proposed numerical scheme to the coupled Burger’s equations and details of unconditional stability is
given in Section 5. Numerical simulations with linear and nonlinear problems are performed in Section 6 using non-
uniform and uniform meshes optimum-order compact scheme. The approximate and exact solution values are compared
regarding maximum absolute errors and numerical convergence order. The paper is finally concluded with observations
and possible extensions.

2. Quasi-variable mesh network

Non-uniform mesh steps are commonly applied to improve numerical solution values’ accuracy for the discretized
partial differential equation whose solutions are not smooth. One such non-uniform mesh spacing in one-dimension
is three-point discretization, wherein the next mesh step-size has nonlinear relation to the previous mesh-step size.
In the present scenario, the solution domain Q= {(x,y,z,¢):0<x,y,z<1,0<¢<T} is partitioned into the mesh
points {(x,,¥,,2,,4;),0<I<L+1,0<m<M+1,0<n<N+1,0<;j<J}. The time-step Ar=T/J is fixed and
temporal mesh points are ¢, = jAt, 0<;<J. Let Ax,=x,—x_,[=11)L+L, Ay, =y, -y, ,,m=1()M +1 and
Az, =z, —z, ,n=1(1)N+1, be the step-sizes in spatial directions. The following step sizes are defined by

n-1»

Ax,, =Ax,(1+pAx), Ay, =Ay, (A+qAy, ), Az, ,=Az, (1+rAz), I =11)L,m=1(D)M,n=1(1)N, (6)

n+l
where the mesh-expansion ratios p,q,» € (0,1). In particular, when p = 0, ¢ = 0, or » = 0, it produces a uniform
distribution of mesh points along x-, y- or z-directions. In order to generate numerical mesh points, we shall use
normalization parameters to the mesh-step sizes as Ax,,, = Ax,(1+ pAx, /Ax,),/ =1(1)L and as the length of the spatial
domain in each direction is unity, thus, /*'Ax, =1. As a result, for the known value of mesh-expansion parameter p and
boundary mesh points x,= 0, x,,; = 1, we can generate the quasi-variable mesh step-length and corresponding internal
mesh points according to the formulaa, = 1,a, =1 +p, a,,= (1 +pa, ), =3 (1) L+ 1, Ax, =(x,,,—x,)/ 22 Aa,,
Ax, =Axa,, Ax, =Axa,, ] =3(1)L+1,x, =x,_, +Ax,, [ =1(1)L. Similarly, we can generate y- and z-space mesh
points for the known value of boundary mesh points and mesh-expansion parameters g and r respectively. For p
> 0, we find that Ax,, >Ax, for all /, thus, the mesh-step sequence {Ax,}, is monotonic increasing. Therefore,
there is a Lagrange interpolating polynomial y having degree L+1 and l//(x;):xl,l:O,...,m, where
{x =IAx,1=0, o L+1,Ax =1/(1+L)} is the uniform partition of the interval [0,1]. By using the mean value
theorem, one obtains

Axp, =%, —X = ‘//(x1*+1 ) _‘//(x;) = Ax‘//'(x’k*)sxW € (X;,x;l)- N

The maximal length of the non-uniform mesh steps is bounded by the maximal value of ¥'(x), and it exists since
v (x) is continuously differentiable. Therefore,
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Ax,,, <VvAXx,v=max |t//'(x)| , ®)

x€[0,1]

That is, l{l%gg(LM X,,,| £ vAx, and hence, ||A x||w <vAx=v/(L+1)<v/L,where Ax =[Ax,,AX,,...,Ax,, ]. As aresult,

we find that
[4x], =0Ax)=0(%) and [4x], >0asL e, ©)

Similarly, we can prove that the mesh points sequences 1, bt and {z,})"! along y- and z-directions are well defined,

and the limiting value of mesh-steps diminishes for a sufficiently large value of M and N respectively. As a result, we
find that the maximum mesh spacing is conversely identified with the quantity of mesh points. Britz [32] and Sundqvist
et al. [33] applied such a mesh network to wind-driven ocean circulation model and digital electrochemistry. Recently,
Jha et al. [34-36] obtained compact operators on quasi-variable meshes to discretize two- and three-dimensions elliptic
PDEs and described third- and fourth-order accurate formulation for solving higher dimensions elliptic PDEs on a non-
uniform mesh topology.

3. Compact operators and a high-order scheme

We shall refer to the numerical and exact values at the mesh-point (x,,y,,,z,,¢;) by w,,,, and W, . respectively.
For the ADEs, we need estimates of first- and second-order spatial derivatives and first-order temporal derivatives.
Compact operators with minimal stencil width will help construct all such approximations. Upon using a linear
combination of solution values at six neighboring mesh points (x,.,,¥,,52,,¢,)s (X;5Y,,112,5,)s (X, ¥,,,2,41,¢;) and one
central mesh-point (x;,,,2,,¢,), we define

I,m,n,j VV/,mﬁa/
‘FxVVl,m,n,j = AXIA(p’A‘xl) VVIJrl,m,n,j H SXVVl,m,n,j = AXIZB(p,AXI) I/VlJrl,m,n,j >
L™ I=Lmn,j | I/Vlfl,m,n,j (10)
Lm,n,j I/V/,m,n,j
ﬁ’VV/,m,n,_i = AymA(q’Aym) I/Vl,erl.n,j > S}’VVZ,”‘:"»/ = AyiB(q’Aym) VV]»WHL”»I’ ’
_I/V/,mfl,n,j N VV[,mfl,n,j (1 l)
l,m,n,j VVI,m,n,j
szVl,m,n,j = AZnA(r’AZn) VVl,m,rH-l,j > SZVVl,m,n,j = AZjB(I", A Zn) VVl,m,nH‘j >
_I/Vl,m,nfl,j i I/Vl,m,nfl,j (12)
where
s 1 l+hs 2 4 1 1
Als,h) = |:1+h,s (I+his)2+hs)h  (2+hs)h } B(s,h)= TTZ|:1+)‘7 s (hs+)(2+hs) hs+2}’ (13)
and (s,h) €{(p,Ax),(q,Ay,), (r,Az,)}. The utilization of Taylor’s series yields
foVl,m,n,j AXIVI/l:Ym,n,]' O(A xl3) SXVVl,m,n,j AXIZVVITC;;,W,] O(A xl4)
nyV/,m,n,j = AymVV;,};n,n,j + O(Ayfn) > SyVVI,m,n,j = AyriVV/y:n,n,j + O(A y::l) ‘
szVl,m,n,j AZVIVVlfm,n,j O(A Zi) SZVVI,m,n,j AZ:VVI,ZIZVI,VI,]' O(A Z:) (14)
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Therefore, at the j"-time level, all the parameter-dependent commutative difference operators F., F,,F. and
§,,8,,S. provide second-order precise approximations to the partial derivatives of first- and second-order in spatial
directions. In particular, when p = 0, we get F, =u 8, and S =67, where u_ and §, are averaging and central
difference operators for uniformly spaced meshes along x-space. A similar observation about the operators F,, S,
and F,, S, can be seen with ¢ = 0 and » = 0 in »- and z-directions, respectively. Likewise, one can receive compact
operators at (j + 1)"-time level. A straightforward compact discretization using (10)-(12) to the equation (1) yields the
system of difference equations

e(AX’ S, +Ay, S +Az,’ S )W,

m,n,j

= G('x/ > ym > Zn > Z‘j > I/Vl,m‘n,/' > A xfl‘Fr I/Vl,m,n,j ’ A y;llf-y VVI,m,n,j > A Z;lfz VVI‘m,n,j s A tn;lfm,n,j )
+O(AX; +Ay. + Az +At), (15)
where W,fm!n,j is the forward-difference derivative along the temporal direction, and it is given by

o 1
Vl//ia,m+ﬁ,n+y,j = E[VVHa,erﬁ,rHy,jﬂ - n//+a,;n+ﬂ,n+y,j:|’ a’ﬂ’y € {O’il} (16)

The seven points compact scheme (15) is only first and second-order precise along the temporal and spatial
direction. Moreover, it preserves the theoretical order in both the circumstances of uniform and quasi-variable mesh
spacings. Such a type of formulation is known as a supra-convergent scheme [37]. But, computationally, it results in
either slow convergence or unsatisfactory solution values with a reasonably practical number of mesh points, maybe
with uniform meshes (p = ¢ = r = 0) or quasi-variable meshes (p #0v g #0v r #0). Therefore, we need to develop
a new numerical technique that is higher-order accurate in spatial and temporal directions. In this way, we obtain
numerical solution values with a faster rate of convergence in small computing time. To develop the high-order compact
discretization to the ADEs (1), we begin with the time-dependent partial differential equations

VW =e(W™ +W” + W)= G(x,,2,1). (17)
At the mesh points (;,,,,2,,¢;), the equation (17) can be written as

O AW AW )= G002 = G- (18)

l,m,n,j Lm,n,j
Now, let us consider the linear combination

+gA inf S+ szf‘mM.)

m,n,j
n+l Glz‘zm,n,j) + Gl,m,n,j ]' (19)

X = 2(5,0,,2,,1,) = Ax; Ay Az [0 (pA X[ G

l,m,n,j
+p(AxAx,,G, ., +Ay, A, G +Az Az

m+1""1,m,n,j

Using the equations (10)-(12) and (17) in (18), we find

X = eﬁzW, HeAXTAYIAZ (0 =1/ 3)(pAXWS  + gAYy W +r AZ W)

,m,n, j lL,m,n,j l,m,n,j Lm,n,j
(P~ 112)AXAX W 4 Ay, Ay, W2+ Az, Az, W )]+ HOT, (20)
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where, the higher-order term HOT = Ax/A y2Az.O(Ax; +Ay. +Az.)* and

V= (AyiAZS, +AX]AZIS +AX[AY.S))
+p(Ax,, Ax,+Ay, Ay A szxSy +0A y;A zj (gA ym}'y +rAz, F)S,
Az +Ay, Ay, )A x,zSySz +0A sz x,2 (rAz,F + pAx,F, )Sy
Az, +Ax,, ,Ax)A yinSz +0A x,zA yi (PAX,F, +qAy,F, )S., 2D

+p(Az

n+l

+ p (A Zn+l
is the high-order finite-difference discretization of Laplacian operator V> =07 + aiy +0°.. Note that the coefficient of
wr WS ete. in the equation (20) vanishes for the free parameter value o =1/3, p =1/12 and consequently, the

Lmn,j> "7 lmn,

equation (20) results in

X = eﬁzVVl,m’n’j + HOT. (22)
Furthermore, utilizing the compact operators (10)-(12) in the linear combination (19) and (22) yields seven-point high-
order discretization as

0

I+a,m+p,n+y

G

72
EV W l+a,m+p.,n+y,j

I,m,n,j = Afo yrznA Zj z + HOT! (23)

(e, B,7)€S,
where

Gl+a,m+ﬁ,n+y,j = G(xHa 4 ym+ﬁ 4 Zn+y ’ tj)’
1 1 1
Qlil,m,n = %qﬁt (panl)’ el,mil,n = 976¢i (%Aym )7 el,m,ntl = %(bt (F’Azn )’

00 == 160 (D, AX) + (0, A,) + 6, (A 2,)],
b, (s,h) =8+sh(12—22sh+ 225’ 1), ¢ (s,h)=8—sh(12+10sh—5s"h*),
¢0(S,h)=2S2h2(Sh—l)—1, (s,h)e{(p,Ax,),(q,Aym),(r,Azn)}.

and summation in (23) runs over the set S, = {(0,0,0),(%1,0,0),(0,£1,0),(0,0,£1)}.
Since the linear combination (19) is multiplied with Ax;Ay>Az’, therefore in either case of quasi-variable meshes

or evenly distributed meshes, the magnitude of truncation error (7E) remains the same, and it is given by
TE = HOT /[Ax]Ay. Az} 1= O(Ax] +Ay. +Az2). (24)

Thus, the compact scheme (23) yields fourth-order accurate numerical solutions to the three-dimensional time-
dependent PDE (17) provided Ax, ~ Ay, ~Az,.

Now, we shall extend high-order discretization (23) to the mildly nonlinear ADEs (1), containing the unknown
W(x, y, z, f) and its partial first-order derivatives in temporal and spatial directions as nonlinear terms. We implement
two-level in time and begin with the weighted average of solution values at the current and immediate next temporal
level in the following manner:

% +(1=n)W, 0<n<l. (25)

VVl+a,m+ﬂ,n+y,j = ﬂVV;+a,m+ﬂ,n+y,_/‘+] +a,m+p,n+y,j°

Consider the following approximations

>

Lm+f,n+y,j
VVI:‘CnHﬂ,)H}/,j = A(p’Axl) VVlJrl,erﬂ,nJr;/,j > (IB’ 7/) € SZ’
I-1,m+pB.n+y,j (26)
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where s, = {(0,£1),(+1,0)} and
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I+a,m,n+y,j

Wz

l+a,m+p,n,j

W xx

Lm+p.n+y,j

WW

I+a,mn+y,j

sz

l+a,m+p,n,j

=A(r,Az))

= B(pan1)

=B(q,Ay,)

l+a,m,n+y,j

W,

l+a,m=1,n+y,j

>

l+a,m+p,n,j

W,

I+a,m+p,n+l,j

>

l+a,m+p,n-1,j

A

Lm+pf.n+y.j

>

I+1,m+B.,n+y,j

>

I-1,m+B.,n+y,j

I+a,m,n+y,j

W,

I+a,m+1,n+y,j

,

+a,m=ln+y,j

A

W,

I+a,m+p,n,j

= A(q9 A ym) Vf/Ha,mH,lH;/,j > (a7 7) € SZ ’

> (aﬂﬁ)es29

(B.y) €Sy,

,(a’y)ESZ’

= B(rﬂAZ/z) Vf/]+a,m+ﬁ,n+1,] H (a7ﬁ) € SZ)

W,

l+a,m+p,n-1,j

WX l,m,n,j
[=Lm,n,j | _ V
|:WX :| - C(p’Axl) VV]+l,m,n,j >
I+1,m,n,j ol
1-1,m,n,j
Wy VV/,m,nJ
ILm=1,n,j | _ 7
W’v - C(quym) VI/l,m+l,n,j >
l,m+1,n,j W
Lm=1,n,j
WZ VVl,m,n,/’
Lmn-1j | _ %
Wz _C(raAZn) I/Vl,m,nJrl,j 2
Lm,n+l1,j ol
I,m,n—1,j

27)

(28)

(29)

(30)

(31)

(32)

(33)

(34
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2+sh -1 3+sh
C(S,h) _ (I+sh)h  (14+sh)(2+sh)h  (2+sh)h
2+sh 3+2sh l+sh
14+sh  (I+sh)(2+sh)h  (2+sh)h

s (s,h) € {(p,Ax),(q,Ay,),(r,Az,)}.

For (a, B,7) € S, ~ {(0,0,0)}, we consider the following functional approximations

_ 7 Trx 77 ¥ 77z Tt
Gl+a,m+ﬂ,n+}/,j - G(xl+a > ym+ﬂ > Zn+y b tj > VV;ﬂz,erﬁ,/Hy,j > VVI+a,m+ﬁ,n+;/,j s I/Vl+a,m+ﬂ,n+y,j b VVl+a,m+ﬂ,n+y,j b VV[+a,n1+ﬁ,n+y,j )’ (35)

where f/ =nt, +(1-n)t,., is the convex combination of two neighboring mesh-point along with time level. The additional
first-order partial derivatives regarding linear combinations of functional values and approximated derivative values are

Trx X e _ 7w _wWw V= _WE

VVI,m,n,j - VVl,m,n,j + GxAxl [Gl+l,m,n,j G/—l,m,n,/' 6(I/Vl-v»l,m,n,‘/' VVI—I,m,n,/’ + I/V1+l,m,n,j I/Vl—l,m,n,j )]’ (36)
vy — Y ~ ~ 77 Xx 77 XX 7rzz Trzz

VVl,m,n,/' - I/Vl,m,n,/' + O-yAym [Gl,m+],n,j - GI,m—l,n,j - e(VVl,mH,n,j - VI/],m—l,n,j + I/Vl‘m-i-],n,/' - I/I/I,m—],n,/' )]’ (37)
Trz 721 ~ ~ 17 xx 77 xx 7803 77y

I/Vl,m,n,j - I/Vl,m,n,j + O-zA Zn[Gl,m,rH-],/' - Gl‘m,n—l,j - 6(VI/l,m,n-ﬁ—l,j - VV/,m,n—l,‘j + VVl,m,nH,j - I/I/I,m,n—],/' )]9 (38)

where o ,0,,0, and 1 are free parameters to be driven in so as to obtain an error-reduced accurate scheme. The
functional approximation at the central mesh-point of j®-time level is defined as

~ PRy 7 Trx Ty Trz Trt
Gl,m,n,j n’tj’VVl,m,n,j’VVl,m,n,j’VVI,m,n,j’VVl,m,n,j’VVl,m,n,j)‘ (39)

= G('x[ b y m? z
Then, for the following values of free parameters

1+pAx, _ 1+gA y,, I+rAz,

o =-—"-—1_ g =-—""T""__| g =-—""_ nzl (40)
* 6e(2+pAx,)’ Y 6e(2+qAy,)’ z 6e(2+rAz,)’ 2
the modified difference relation
VW, =AXIAYIAZY 6, G (41)
Lm,mn,j — 1 ym n (a,B.7)eS) “l+a,m+p.n+y = l+a,m+pB.n+y,j>

is OAX]AYIAZ{(Ax] +Ay. +Az>)At+At*})-accurate and therefore, for the temporal step-size Atoc Ax; Ay,
~ Az., the scheme (41) provides fourth-order accurate solution values on the quasi-variable mesh topology. We observed
that the new scheme’s theoretical order (41) remains unchanged even if uniform mesh steps are considered. For the
computer implementation of the numerical scheme (41), we shall use the Newton-Raphson method for nonlinear problems
and the ADI method for linear equations, as described in the subsequent section.

4. ADE and ADI method

We consider discretization of the three space dimensions unsteady ADE

VW =W +bW* +cW? +dW* + f(x,y,2,1), (42)

where b,c and d are constants and W(x, y, z, ¢) is the concentration of mass transfer [10, 13]. The initial and boundary
values associated with (42) are the same as defined in (2)-(5). The application of the compact scheme (41) to the linear
ADE (42) in terms of compact operator form results in
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zLVVl,m,n,jH = ZRVVI,m,n,j + ZRHS s (43)

where

%L = l+ })lfv + PZSX + P3fy + P48y + PSFZ + })682 + P78,\']:y + [;Sxfz + Pf)foy + })losyfz + Pllfoz + IDIZFySZ
+ })l3SxSy + I)l4Ssz + })ISSySz + })léfxfy + })l7fyfz + RS‘FX‘FZ > (44)

%R = 1 + Qlfx + QZSx + Q_“afy + Q4Sy + Qsz + Qﬁsz + Q7Sxfy + QSSX‘FZ + Q9fr5y' + QIOSsz + Qllfxsz
+ QlnySz + Ql}SxSy + Ql4Ssz + QISS_VSZ + Ql6‘F‘cf:v + Q17Fyfz + Qlexfz H (45)

ZRHS = z(a,/j,y)es Rl+a,m+/5,n+y</}+a,m+ﬁ,n+y,j’</}+a,m+ﬁ,n+y,_/‘ = 4f(xl+a ’ym+[3 > Zn+7 ’tj )’

and expressions of R, , ., (&, B,7) € S,, F, O,, i =1(1)18, are presented in Appendix A. The compact operator form (43) is
obtained by expressing the solution values regarding compact operators and their composites, except at the central mesh-
point (x,y .z, t). For example, the operator equations (10) give us

1
Wiimny =52+ A+ pAx){A+ pAx)S, +2F 3 W, (46)
and
1
VI/[—l,m,n,/' = 5[2 + Sx - 2‘7:)( ]VVl,m‘n,/' * (47)
Similarly, all the remaining solution values except W, , . and W, . at j™and (j + 1)"-time level respectively, can

be obtained in terms of compact operators and their composites.

The system of equations (43) results in a large sparse high bandwidth matrix, and solving such a matrix system is
cumbersome due to exceptionally high computing time and memory. Thus, we rewrite the system (43) in a memory-
efficient and factored form.

Let

}ZL = (l + Plfx + 1)28x )(l + }%fy + I)4$y )(1 + })S‘Fz + I)GSZ )’ (48)
Ir =1+ O F +0,5 )1+ Q3‘7:y + Q4Sy 1+ O F, +O,S.). (49)

Then, from (44), (45), (48) and (49), we find that

()ZL _%L)VV/,m,n,jH = Z+Vlll,m,n,j+l’ (50)
(ZR _XR)VVI,m,n,j = %7VVI,m,n,j’ (51)
where

1 =EFF +EFF +EFF +ESS +ESSS. +ESSF.+ESS. +ESF, +ESFS.
+ EfOSX]-'yfz + Ef]Sx]-'z + EfzSySz + EESY}'Z + Ei]:xSy + EfS};SySZ + Efﬁfoy}'z + Eﬁ]—'sz
+EF.F.S. +E F.F,F. +E,F,S.,
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and

E} =PP,~P,,E; =FP.~ Py, E, = PP~ P, E, =P, - P, E; = P,RP, E; =P, E; =P,F, - P,,
E; =PP~P, E; =PBPP, E, =PBPP.E,=PP,~R,E, = PP, - Ry E; = BP ~ P, E,=FP,-F,

15°
Ejs=RRE, B = RRR, B, = RE R, Ejy = RRE, Ej, = RR L, Eyy = BE —R,.

The expression for E; is obtained from E; by symbolic replacement of P to Q. As a result, the discrete relation (43)
can be expressed in the following manner

ZLVI/I,m,n,jH = iRVI/I,m,n,‘j + X+VI/[,m.n,_/+l + xiVVl,m,n,/' + ZRHS . (52)

Upon simplifying all of E’,i=1(1)20, using multi-dimensions Taylor’s expansion and using the relation
W,‘M,_M = W,’m’n’j +O(At), we obtain

Z+VVI,m,n,j+l + %7VV1,m,n,j = O(A t(A xlz + Ayrzn + AZj )2 ) (53)

Consequently, the scheme (52) further simplifies the compact operator splitting scheme

2LVV1,m,n,j+l = ZRVV/,m,n,j + Z“RHS N (54)

The scheme (54) solves the ADE (42) with the same magnitude of truncation error obtained in the scheme (41).
Now, it is easy to write (54) as an ADI form in the following manner:

(1+})5fz +})6$z )VVIT:;H = Z“RHS’ n= 1’ ""N7 (55)
(+PF,+PSW,, =W, . m=1,.,M, (56)
(A+BRF, +PSW, i =W =1L, j=0,12,.. (57)

where W, ~and W,  are the intermediate step values between j ™ and (j + 1)"-time levels. For computation purposes,
the intermediate step boundary values needed for sweeping may be obtained in the following ways.

With the available values of W,
and it demands the boundary data W, ,
(56) and (57) in the following manner:

Upon using the boundary data (2)-(5) and the scheme (57), it provides the first intermediate boundary value as

for the fixed time level j, we solve the tri-diagonal system of equations (55),
atn=0and n=N + 1. These intermediate boundary data are determined from

I=1)L,m=0,M +1,n=0()N +1,
I=110)L,m=01M+1,n=0,N +1, (58)

*

W,

1,m,n

= (1 + Plfx + PZSx )I/V/,m,n,jﬂ ’{

Next, with the help of (58), the second boundary data can be determined from (56) as

*ok *

w,

=+ PF, + RS W, =1, Lim=1,..,M,n=0,N +1. (59)

Therefore, the boundary data (59) along with the tri-diagonal system (55) yields the intermediate values W,mn, and
then, the boundary data (58) along with the tri-diagonal system (56) may be solved for W,m" Finally, the prescribed
boundary data (2)-(5) and the tri-diagonal system (57) can be computed to obtain the solution value W, , at the next
time level.

m,n, j+
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5. Coupled Burger’s equation and stability analysis

The nonlinear analytic solution of one space dimension Burger’s equation, appearing in the weak non-stationary
shock wave and turbulence model, was proposed by Cole [38]. Subsequently, [39, 40] reported solutions to the 2D
Burger’s equation. The three-dimensional coupled Burger’s equations were discussed in recent years in [41, 42]. The
equations are

W™+ +y )=y + Uy VY + Wy, (60)

where v =y (x,y,z,t) =[U,V,W] is the irrotational velocity vector and R, =1/€ is the Reynolds number used to
predict patterns of fluid flow.

The numerical scheme (41) can be extended to the coupled equation (60) by substituting v =U,V,W in the
approximations (16) and (25)-(34). The further formulations are obtained as

() —7! 7 7Y 7
G/+a,m+ﬂ,n+y,j - ll/l+a,m+ﬁ,n+y,j + UHa,m+/3,n+y,le+a,m+ﬁ,n+y,j + I/Ha,m+ﬁ,n+y,jvll+a,m+ﬁ,n+y,j + VVHa,an,n+y,le+a,m+ﬁ,n+y,j b (61)

where v =U,V,W. The additional first-order partial derivatives approximations (36)-(38) can be extended as

nx X ~(U) ~(U) ~ ~ ~zz ~zz
l///,m,n,j - l//l,m,n,/' + O-XA xl[Gl-%-l,m,n‘j - Gl—],m,n,j - E(l//1+],m,n,f - l//l—l,m,n,/' + l///-#],m,n,j - Wl—l,m,n,j )]9 (62)
ol — Y (V) AV ~ Xx ~ XX ~zz ~zz
l//l,m,n,j - I//I,m,n,j + GyA ym [Gl,m+l,n,j - Gl,m—l,n,j - E(Wl,m-#l,n,j - W],m—l,n,/' + l//l,m-#l,n,j - W],m—l,n‘j )]’ (63)
Az _ o~z S(W) W) ~xx ~ XX s el
l//l,m,n,j - l//l,m,n,j + O-ZA Zn [Gl,m,n+1‘/' - Gl,m,n—l,j - e(y/l,m‘nﬂ,j - v/l,m,n—l,/' + V/l,m,n+1,j - l//l,m,n—l,/' )]9 (64)

where values of ¢,, 0, and oz are same as defined in (40) and w =U,V,W. Then, the high-order quasi-variable mesh
discretization to the coupled equation (60) is given by the system of difference relations

W) _ v2 ~(U) —

T =eV Ul,m,n,j _Z(a,ﬂ,y)eS1 Hl+a,m+ﬂ,n+yG1+a,m+ﬂ,n+}/,j - 0’ (65)
V) _ 72 (V) —

T’ =eVv V;,m,n,j _Z(a,ﬂ,;/)eS, 9]+a,m+ﬂ,n+}/Gl+a,m+ﬂ,n+}/,j - 0’ (66)
) _ 2 ~S07) —

T =eV VV/,m,n,/‘ _Z(a,ﬂ,y)ésl 9/+a,m+ﬂ,n+yG1+a.m+ﬂ,n+7.j =0. (67)

The solution data to the next time level for the system of nonlinear difference relations (65)-(67) is obtained by
applying the Newton-Raphson method

)
Ul,m,n,jH U],m,n,j T
_ -1 (g}
Lmn,j+1 | I/I,m,n,j - ‘7 T b
W, 7™ (68)
Im,n, j+1 Im,n,j

where
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or”/ouv,,,, or%/ov,,,  orY/ow,

I,m,n,j
J =|\er"/eu,,,, or"iov,,, . or"/ow,
oT"™ 1 oU

lmn,j |
l,m,n,j aT(W) /81//,711,"‘,/' aT(W) /aW

Lm,n,j

is the Jacobian matrix. With the iteration scheme (68), we will compare the error and behavior of the quasi-variable
compact scheme’s numerical solutions with a uniform mesh high-order scheme.

Next, we shall describe the Hopf-Cole transformation to the coupled equation (60), which is equivalent to the
coupled equation

U™ +U” +U*)=U" +UU* +VU” +WU?, (69)
V™ +V» +VE) =V UV +VV + WV, (70)
W™ +W> +W=)=W' +UW* +VW’ +WW". (71)

Let w =Vg, then U=0,g,V =0,g and W =0_g. Therefore, equations (69)-(71), upon integrating with respect
to x, y and z respectively, result in the following form

XX ) zz 1 X Vv z
e(g"+g” +g7) =g +31(g") +(g") +(g7)' 1+ p(). (72)

Again, using the substitution g = —2¢In(H (x, y,z,t)), equation (72) reduces to
((H* +H” +H*)=H'+ 2i p(OH. (73)

Finally, the transformation H(x,y,z,t) =@(x,y,z,t) exp(%f p(t)dt) to the equation (73) results in a standard diffusion
equation

«(¢" +97 +¢7)=9¢". (74)

We shall describe the Fourier stability of the ADI compact scheme to the standard diffusion equation (74). One can
obtain the high-order accurate ADI scheme of (74) upon replacing J¥ to ¢ and substituting b=c=d =0, f(x, y, z, 1)
= 0, in the scheme (54). Following the technique discussed in [27, 31], we take g,{ o = &l @uthintrz) - ag the error at
j"-time level, where & is an amplification factor, a complex constant, a, f, y are real numbers and ; = J=1. Then, from

the equation (54), the error equation is given by

(I+RF +PS)(1+PF, +BS, )1+ BF. + FS.)e],

l,m,n

=(1+0F, +0,S)1+ 0, F, + 0.8 )1+ O F, + OS¢/, (75)

Since gif;{n = és,-fm’n, s Yoo 2,) =(x,0,,2,)—(Ax,, Ay, ,Az) and (X,,Y,.15Z,0) = (X6, ,,,2,)+(Ax,,,
AY,..»Az,,). Therefore, from (10)-(12), we find that S &/"! =ES e/, and F.g/; =EF g/, . Thus, the value of

n+l I,m,n 1,m,n

amplification factor is obtained as & =& & &, where

g Mo JMHOFAOS, o Ny _IOFAOS, . N, OF0S.
* 7D, WRF RS, °¥ D, 1+PF,+RS, M4 % T D T LRE RS, (76)

z
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N,-D, N,-D, N.-D, +L A +iB
L =0 p =0y N =" = &y
If we denote L, R N S v Rl e then, one can express &, e and L D where

A, =2eAt[{cos(ax Ax,,,)—1} —(pAx, +{l—cos(a Ax,)}]/[(2+ pAx)AxAx,,],
B_=2eAf[sin(a Ax,,)—(1+ pAx,)sin(a Ax,)]/[(2+ pAx)AxAx,,, ],
C,=27p*Ax! +48pAx, +16)cos(a Ax,,,) /[48(1+ pAx,)(2+ pAx,)]

—(27p*Ax} +32pAx, —16)(1+ pAx,)cos(a Ax,)/[48(pAx, +2)]

+Q7p°Ax) +32p*Ax; +80pAx, +80)/[48(pAx, +1)],
D_=(pAx, +1)(27p*Ax/ +32pAx, —16)sin(p Ax,)/[48(2+ pAx,)]

+(27p*A x,4 +48pAx, +16)sin(Ax,,,p)/[48(Ax,p+1)(2+Ax,p)].

Upon simplification, one finds that

AC,+B.D, =—eAts;sin*(aAx,/2)/[12(pAx, +2)Ax, Ax,,, ]—eAts,sin*(a Ax,,, /2)/[12(pAx, +2)Ax],]
+eAt(3pAx, +2)s,sin’(a {Ax, +Ax,,}/2)/[12(pAx, +2)’ Ax,Ax,,, ], (77)

where

5, =57p°Ax} +27p*Ax! +64p°Ax] +96 pAx, + 64,
s, =27p°Ax] +27(1- p*Ax))+32p°Ax] +32pAx, +37,
s, =9p*Ax! —6p°Ax] +4p’Ax; +8pAx, —16.

Since €>0,0<Ax,Ay,,Az, <1, and 0 <p, g, r < 1, we observe that s, > 0, s, > 0 and s, <3p°Ax) +4p’Ax;
+8pAx, 16 <7p*Ax; +8pAx, —1. That is, s, <15p*Ax; —16<15-16=-1<0, and hence, 4,C,+B.D, <0. As a
g £ | <1, which
proves the unconditional stability of the high-order quasi-variable meshes two-level implicit compact scheme applied to
transformed coupled Burger’s equation in (3 + 1)-dimensions.

result, we obtain |§x| < 1. In the same manner, we can establish that |§V| <1 and <1. Consequently,

6. Numerical experiments and error estimation

This section is devoted to simulations executed on the Navier-Stokes equations, Burger’s equations, and ADEs.
We executed computer programming in C, and symbolic computations in Maple on Mac operating system. We shall
examine linear problems to illustrate the effectiveness of the new quasi-variable meshes alternating direction implicit
scheme of high-order accuracy. To solve a difference equation's nonlinear system, we have used the Newton-Raphson
method [43, 44], and the iterations continue until the absolute error tolerance reaches 10™"°. The initial and time-
dependent boundary data in each problem are determined from the analytic solution values on the cuboid’s surface. In
each case, the time domain is taken as 0 < ¢ < 1, and error in the solution values are computed at # = 1. In the following
numerical simulations, all the spatial directions have the same quantity of mesh points (L = M = N). The number of

mesh points in the temporal direction is determined from At=A1/(LM)=AAxAy, ,A=1.6, and J = {Ait—l, where

f°—| the ceiling function computes the least integer value greater than or equal to 1/ A¢. We shall determine maximum
absolute errors and corresponding numerical order as a measure of accuracies using the following formula

(LM,N)
(L,M,N) _ _ ©
e, =Xy iy (Womn s ™ Wimom | ®, =log, 9 QL2M2N) | 78
n=1(ON, j=1(1). l; (78)
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In the following experiments, we shall investigate the proposed scheme’s advantage over existing uniform mesh
high-order implicit compact schemes.
Example 6.1 We consider the source less heat equation in the three-dimensions

eEWS+W»” +W=)=W",0<x,y,z<1,¢>0. (79)

It administers quiescent medium thermal incident and temperature distribution in solid with constant thermal diffusivity
[45]. It also appears in an unsteady mass transfer process with fixed diffusion. The model possesses an analytic solution
W(x,y,z,t)=e " " sin(x)sin(z y)sin(rz), where € is the coefficient of dispersion (diffusion) [46]. The numerical
simulations with € <1 show that solution values preserve order and accuracy in case of uniform meshes scheme.
However, at a large diffusion coefficient value, the stream tends to be dominated by laminar heat flow. Therefore, for
€ > 1, we need to observe the behaviour of solution values. The order and accuracies deteriorated while taking uniform
meshes, and thus, we have considered quasi-variable meshes in a high-order implicit scheme to capture the maximum
absolute error and computational order for € =10°,10" and 10” at the final time ¢ = 1 in Table 1. Figure 1 shows the
sliced three-dimensional view of the temperature profile W (x, y,z,¢) in the xy-, yz-, zx-plane evaluated at z= 0.2, x = 0.8,
and y = 0.8 respectively with ¢ =10 and L = 4 at the time level £ = 1.

Table 1. The ¢_-norm errors and numerical order in Example 6.1

L J P q r £ o,
e=10°

4 10 0.60 0.70 0.40 6.30e-05

8 40 0.30 0.20 0.40 3.47¢-06 4.2

16 160 0.10 0.10 0.06 1.18¢-07 4.9
e=10'

4 10 0.40 0.70 0.72 5.74¢-05

8 40 0.30 0.20 0.24 3.45¢-06 4.1

16 160 0.10 0.10 0.11 1.39¢-07 4.6
e=10?

4 10 0.74 0.74 0.74 7.66e-04

8 40 0.20 0.20 0.10 4.67e-05 4.0

16 160 0.10 0.10 0.06 2.43¢-06 4.3
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Figure 1. Sliced three-dimensional view of temperature profile in Example 6.1

Example 6.2 The three-dimensional ADE
e +W” +W3)=W'+bW* +cW> +dW*,0<x,y,z<1,¢>0. (80)

possesses the concentration of mass transfer W (x, y,z,¢) in the analytic form

W (x,y.z.0) = _exp| - (x=bt—0.5) +(y—ct—0.5) +(z—dt —0.5) .

(4r+1) e(4t+1)

The accuracy in numerical solutions is obtained for the various diffusion and advection coefficient values. In the
following experiments, we shall take b = ¢ = d. Table 2 and Table 3 represents the solution errors at ¢ =107,107, =0,
(b < e <1), using the uniform and quasi-variable meshes compact formulation, respectively. Table 4 shows the solution
error at € =107,107,10°, » = 1.0, (b<e=1), using quasi-variable meshes compact scheme. Table 5 represents the
solution error for the various possibilities of diffusion and advection coefficients: e =107, b = 2.0, (e <b, b >1);
e=102, b=0.8, (e<b<1); ¢=102,b=107, (c=b<1) and =107, b =107, (b<e<1). A uniform meshes high-
order compact scheme (p = ¢ = r = 0) fails to obtain the solution values in all the above cases accurately. In contrast,
a non-uniformly spaced quasi-variable meshes optimum, accurate implicit compact scheme determines the solution
values precisely, and the same reflects in tabulated maximum absolute errors and computational orders. In Table 6, the
¢ -errors using the proposed method at L = 20, ¢ =107 shows superiority over the existing method [7]. Figure 2 shows
the sliced three-dimensional surface plot of the concentration of mass transfer W (x, y, z, f) in the xy-, yz-, zx-plane
evaluated at z=0.2, x = 0.8, and y = 0.8 respectively with ¢ =0.01, b =c=d =0.01 and L = 8 at the time level # =1.
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Table 2. The (¢_-norm errors and numerical order in Example 6.2

L J /‘(xLM,N) @m gg_.um @x Z;L,M,N)
e=10" e=10" e=10" e=10" e=10"
4 10 7.91e-01 -—- 8.98¢-01 - 9.09¢-01
8 40 5.23e-01 0.6 8.60e-01 0.06 9.05¢-01
16 160 1.08e-01 2.3 7.27e-01 0.24 8.90e-01
32 640 1.46e-03 6.2 3.78e-01 0.94 8.23e-01
Table 3. The /_-norm errors and numerical order in Example 6.2
L J P q r AN e,
e=10"
4 10 0.10 0.10 0.3100 9.99¢-04 -—-
8 40 0.18 0.18 0.2300 8.52¢-05 3.6
16 160 0.01 0.09 0.0800 5.78e-06 3.9
32 640 0.01 0.01 0.0383 3.15e-07 4.2
e=10"
4 10 0.46 0.41 0.4100 9.77¢-03 -—-
8 40 0.10 0.04 0.1600 6.06e-04 4.0
16 160 0.00 0.03 0.0861 3.92¢-05 4.0
32 640 0.01 0.01 0.0375 2.09¢-06 42
Table 4. The (_-norm errors and numerical order in Example 6.2
L J P q r LA 0,
e=10"
4 10 0.300 0.300 0.900 9.36e-02 -
8 40 0.300 0.020 0.300 5.25¢-03 4.2
16 160 0.100 0.080 0.040 3.00e-04 4.1
32 640 0.030 0.030 0.030 1.51e-05 43
e=10"°
4 10 0.900 0.010 0.700 9.17¢-02 -—-
8 40 0.800 0.500 0.300 5.92¢-03 4.0
16 160 0.100 0.100 0.100 3.65¢-04 4.0
32 640 0.035 0.036 0.037 2.11e-05 4.1
e=10"°
4 10 0.900 0.010 0.700 9.24¢-02 -
8 40 0.450 0.300 0.300 5.63e-03 4.0
16 160 0.110 0.100 0.100 3.47¢-04 4.0
32 640 0.036 0.036 0.036 2.86e-05 3.6
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Table 5. The ¢_-norm errors and numerical order in Example 6.2 with €= 107

L J p q r LA e,
b=2.0
4 10 0.800 0.80 0.80 6.50e-06
8 40 0.400 0.30 0.86 4.03e-07 4.0
16 160 0.100 0.10 0.11 2.36e-08 4.1
32 640 0.038 0.04 0.04 9.84¢-10 4.6
b=0.8
4 10 0.6000 0.1 0.1 9.08¢-04
8 40 0.2000 0.1 0 5.52e-05 4.0
16 160 0.0100 0.1 0 3.60e-06 3.9
32 640 0.0001 0 0 2.57e-07 3.8
b=10"
4 10 0.0 0.0 0.280 5.25¢-02
8 40 0.0 0.0 0.286 3.09¢-03 42
16 160 0.0 0.0 0.0 1.73e-04 42
32 640 0.0 0.0 0.0 1.03¢-05 4.1
b=10"
4 10 0.0 0.0 0.280 5.78e-02
8 40 0.0 0.0 0.286 3.61e-03 4.0
16 160 0.0 0.0 0.0 1.72e-04 4.4
32 640 0.0 0.0 0.0 1.03e-05 4.1

Table 6. Comparison of ¢_-norm errors in Example 6.2 with L =20, e =107

b T p q r LMD ¢ -error in [7]
0.80 0.05 0 0 0.10 1.68e-08 5.82e-04
2.00 0.05 0 0 0.10 1.63e-06 7.76e-04
0.80 0.20 0 0 0.10 5.40e-04 7.72e-04
2.00 0.20 0.05 0.05 0.05 2.54e-02 1.76e-01
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Figure 2. Sliced three-dimensional view of mass transfer in Example 6.2
Example 6.3 Consider the transient nonlinear convection-diffusion equation
eEW™+W” +W)=W'+WW* +W> +W*),0<x,y,z<1,1>0, (81)

where W (x,y,z,t) represents the velocity field in x, y, z-directions and € is the kinematic viscosity [47]. It possesses
analytic solutions

W(x,y,z,t)=exp[{ax+ By —(a+ B)z+2(a’ +af + B>t} /e€]. (82)

Comparing the analytic solution (82) and approximate numerical solution values at the time level # = 1 and parameter
value o = 8 =0.8, ¢ =1, with quasi-variable meshes and uniformly spaced mesh points in Table 7, it is evident that
¢_-norm errors and convergence order using quasi-variable mesh points high-order compact scheme is better than the
uniform meshes high-order scheme.

Example 6.4 In the computational experiments of Burger’s equation (60), we will take the analytic solution [41,

42],
U(x,y,z,t) =—=2AneBye ™" cos(Arnx)sin(Br y)sin(Crz), (83a)
V(x,y,z,t) = —2Brefye " sin(Anx)cos(Br y)sin(Crz), (83b)
W(x,y,z,t)=-2CreBye " sin(Arx)sin(Br y)cos(Crz), (83¢c)

where y =[a + Be ™" sin(Arnx)sin(Br y)sin(Crz)]"' and p=7n’(4>+B*+C?). The wavenumbers are set at 4 = B
= C = 3. The amplitude controlling parameters are taken as a = 1.0. The cubic domain is non-uniformly partitioned
with 4, 8 and 16 mesh points along each spatial directions. The ¢ _-errors of the U-velocity at the Reynolds number
R, =1/e= 10%,10° and time level # = 1 with quasi-variable meshes high-resolution implicit compact scheme are given
in Table 8 and Table 9 at £ = 0.1 and 1.0, respectively. Change in the Reynolds number and amplitude parameter value
produces slight variations in the magnitude of ¢ _-errors. Simulations with p = ¢ = r = 0 results in ill-behaved solution
values and oscillating computational order. Figures 3 to 5 show the sliced three-dimensional view of the velocity vector
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Ulx, y, z 1), V(x, y, z, £) and W(x, y, z, ) respectively in the xy-, yz-, zx-plane evaluated at z = 0.1, x = 0.8, and y = 0.9
respectively with the Reynolds number value R, = 102, wavenumbers 4 = B = C = 3, amplitude controlling parameters o
=f=1.0 and L = 16 at the time level t= 1.

Table 7. The ¢_-norm errors and numerical order in Example 6.3

L J p q r LA e,
4 10 0 0 0 9.41e-01 --
8 40 0 0 0 2.11e-01 2.2
16 160 0 0 0 2.56e-02 3.0
4 10 0.1100 0.0100 0.0200 9.38e-02 -
8 40 0.0120 0.0170 0.0100 7.65e-03 3.6
16 160 0.0029 0.0033 0.0026 5.54e-04 3.8

Table 8. The (_-norm errors and numerical order in Example 6.4 with §=0.1

L J p q r LM e,
e=107

4 10 0.500 0.300 0.500 4.64e-03 -

8 40 0.010 0.130 0.110 2.73e-04 4.1

16 160 0.001 0.002 0.001 1.66e-05 4.0
e=10"

4 10 0.600 0.5 0.5 3.63¢-04 -—-

8 40 0.200 0 0 2.75e-05 3.7

16 160 0.010 0 0 1.65¢-06 4.1

Table 9. The (_-norm errors and numerical order in Example 6.4 with = 1.0

L J p q r LM e,
e=107

4 10 0.700 0.800 0.790 8.15¢-03 -

8 40 0.200 0.400 0.300 5.06e-04 4.0

16 160 0.001 0.100 0.111 3.03e-05 4.1
e=10"

4 10 0.200 0.300 0.500 7.14e-04 -—-

8 40 0.100 0.300 0.350 4.75e-05 4.0

16 160 0.010 0.110 0.10 1.89¢-06 4.7
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Figure 3. Sliced three-dimensional view of velocity U(x, y, z, t) in Example 6.4
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Figure 4. Sliced three-dimensional view of velocity V(x, y, z, f) in Example 6.4
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Figure 5. Sliced three-dimensional view of velocity W(x, y, z, ) in Example 6.4

Example 6.5 The time-dependent three space dimensions incompressible Navier-Stokes equations in the non-
dimensional form is given by

U™ +U” +U*)=U"+UU" +VU" +WU" + ",

(84a)
V=4V +VEY =V + UV +VV + WV + ", (84b)
W™ +W” + W) =W' +UW* +VW’ +WW* + @7, (84c)

where (U, V, W) is the velocity vector, @ = g(x,y,z,t)=U>+V>+W?*)/2, is the pressure, and Reynolds number
R, =1/¢, is used to predict patterns of fluid flow [48, 49]. In the numerical simulations with Navier-Stokes equations,
the number of mesh points of the computational domain with each side length being a unity is chosen as 4, 8, and 16 to
compute the numerical convergence rate. The analytic solution for computing ¢_-errors are taken as

U(x,y,z,0) = —Be“'[e"" sin(az + By)+ e cos(ay + Bx)],

(852)
V(x,y,2,6)=—Be “"[e” sin(ax + Bz)+e” cos(az + By)], (85b)
W(x,y,z,6) =—Be *[e" sin(ay + Bx) + " cos(ax + Bz)], (85¢)

where o, S are constants and it controls the frequency and amplitude of the solution values. The value of the Reynolds
number is assumed to 10 and 100, other data are set at & = 27 and £ = 0.1. The uniform meshes’ ¢_-norm errors
are discouraging. Therefore, numerical results pertaining to quasi-variable meshes compact scheme for computing
¢ -errors in numerical and exact pressure are recorded in Table 10. By increasing the value of the Reynolds number
from 10 to 100 and decreasing the controlling parameter value f from 0.1 to 0.01, the computational order remains
unchanged in the uniform and non-uniform distribution of mesh points. Figure 6 shows the sliced three-dimensional
view of numerical pressure @(x,y,z,¢) ona 16 x 16 x 16 cell discretization along the cross sections (x, y, z) = (0.8, 0.8,
0.2) with the Reynolds number value R, = 10 and parameter value a = 27z, = 0.1 at the time level 7= 1.
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Table 10. The /_-norm errors and numerical order in Example 6.5 with = 0.1

L J p q r AN e,
e=10"
4 10 0.720 0 0 9.05¢-05 ---
8 40 0.090 0 0 5.66¢e-06 4.0
16 160 0.010 0 0 3.57¢-07 4.0
e=107
4 10 0.970 0.99 0.99 3.42¢-02 ---
8 40 0.180 0 0 3.98e-03 3.1
16 160 0.001 0 0 2.62¢-04 3.9
x 107
12
1 10
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Figure 6. Sliced three-dimensional view of numerical pressure in Example 6.5

7. Conclusion

The present work described a two-level, high-resolution implicit compact scheme on a quasi-variable mesh
topology for solving three-dimensional second-order linear and mildly nonlinear ADEs. The new unconditional stable
scheme is derived so that the accuracy of order two in time and four in spatial direction remains unchanged on a
uniformly or non-uniformly distributed mesh network. However, considering non-uniformly propagated mesh points
yields more accurate solution values, as shown in the computational illustrations, which is the main highlight of the
present work. Moreover, all the operators involve only three mesh points in every spatial direction; thus, presenting
the numerical scheme for linear ADEs in the tri-diagonal decomposition is easy. The Thomas algorithm can solve
an operator-splitting scheme with a considerably short CPU time. Moreover, the present high-order scheme needs
significantly fewer mesh points to accurately resolve linear convection-dominated equations, nonlinear coupled Burger’s
equations, and Navier-Stokes equations in three dimensions. Numerical simulations demonstrate superior efficiency and
accuracy over existing uniform mesh high-order schemes.
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Appendix A

Values of expressions appear in equation (43).

P, b(F’Ay) +PAZ)Ax, —(¢°Ay. +1r*Az))Ax,,,]/[18e]—[24bA x,
+pAx,{pAx; (16b—8lep’Ax,)—961}]/[288¢]+bAt/[2A x,]

P, —At[bA x,2 {bpAx, +(b—4ep)} + 12€*]/[24eA x,z]— 1+ pAx)(bpA x,2 —2¢)/[24€]

P; Ay [16c{(p’Ax) +°Az)—qAy, (P°Ax] +1r°Az)) = p°Ax] —q’Ay. -1’ Az}
+3qAy, (27eq’ Ay’ —8c)+24(4eq —c)]/[288¢e]+cAt/[2A y, ]

P, —cAtle+q(cAy, —4e)]/[24e]-(1+qAy, NcqgA y. —2¢) /[24e]—eAt /[2A Y]]

P Az, [16d{(p’Ax] +q’Ay,) = rAz,(p’Ax] +q’Ay,) = P’ Ax] —q*Ay, —r'Az;}

—24d(1+7rAz,)+3er(32+27r°Az))]/[288¢]+ dAt/[2A z, ]

dAtfl4er —d(1+rAz,))]/[24€]-(1+7rAz, )rdAz] —2¢)/[24e]—eAt /[2Az]]
(Ax, Ax,+Ay, Ay, c—4eqhy 1At/ [24Ax Ay, ]

(Ax, Ax,+Az, Az )d—4erAz At /[24Ax] Az, ]

(Ax, ,Ax,+Ay Ay Yb—4epAx 1At/[24Ax,A Y]]

Ay, Ay, +Az, Az )d—4erAz 1At/[24Az, Ay’ ]

(Ax, ,Ax,+Az, Az )b—4epAx; 1At /[24Ax,A 2]

(A, Ay, +Az, Az,)c—4eqAy, 1At /[24A y, Az, ]

—€[Ax,,Ax, +Ay, Ay, 1AL /[24A XAy ]
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[(Ax,Ax +AY,,
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P —bAt/Ax,
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P —cAt/Ay,
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O, P, +(1+rAz,)2e—drAz})/[12¢€]

0, -P,i=7(1)18
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