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Abstract: In this paper, third-order compact and fourth-order finite element methods (FEMs) based on simple
modifications of traditional FEMs are proposed for solving one-dimensional Sturm-Liouville boundary value problems
(BVPs). The key idea is based on interpolation error estimates. A simple posterior error analysis of the original
piecewise linear finite element space leads to a third-order accurate solution in the L* norm, second-order in the H',
and the energy norm. The novel idea is also applied to obtain a fourth-order FEM based on the quadratic finite element
space. The basis functions in the new fourth-order FEM are more compact compared with that of the classic cubic
basis functions. Numerical examples presented in this paper have confirmed the convergence order and analysis. A
generalization to a class of nonlinear two-point BVPs is also discussed and tested.
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1. Introduction

In this paper, we discuss a new third-order compact and a fourth-order finite element method (FEM) for the
following Sturm-Liouville (S-L) boundary value problem (BVP),

~(BOOW @) +gu) = f(2),  x<x<x, (1)

with linear boundary conditions at x = x; and x = x,, such as Dirichlet, Neumann, and Robin conditions. To guarantee the
well-posedness of the problem, we assume that

B(x)e L™ (x,x,), P(x)2f,>0, q(x)el (x,x,), q(x)20, f(x)eLl(x,x,), 2

where £, is a positive constant. If the solution is specified at x = x, or x = x,, or g(x) > 0, then the problem has a unique
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solution u(x) € H?(x,,x,) from the Lax-Milgram lemma, see for example, [1, 2].

It is often difficult to obtain the analytic solution to the BVP. In many situations, it is easier to get a numerical
solution using modern computers. Finite difference and finite element methods have been developed to solve the BVP.
In a finite difference or a finite element method, often a mesh is constructed so that the infinite-dimensional problem
becomes a finite one, and an approximation to the true solution can be obtained. The most popular FEM is the one using
piecewise linear basis functions (P,) over a mesh. Such a P, FEM is second-order accurate in the L’ norm, and first-
order accurate in the H' norm and the energy norm, see for example, [3, 4]. High-order FEMs such as P, or P, have
been developed with increased complexity and denser coefficient matrices. In the literature, there is a rich collection of
different numerical methods such as spline collocation methods, discontinuous Galerkin (DG) methods, techniques for
singular two-point BVPs, and nonlinear two-point BVPs, see [5-17] for an incomplete list.

Naturally, we hope to have better than second-order methods, like third-order (O(%’)) or higher without too much
additional cost and effort, here /4 is the mesh size. There are many high-order compact finite difference methods in the
literature, but almost none of the high-order compact FEMs, except the techniques developed in [18, 19].

In this paper, we first propose a third-order accurate compact FEM based on the P, finite element space in Section
2. The new idea is based on the interpolation theory to offset the leading error terms with added local compact supports
to the basis functions so that the interpolation functions are third-order accurate. In this way, we obtain a new third-
order accurate finite element solution. A generalization to a class of nonlinear two-point value problems is discussed.
Then, we apply the new idea to the P, (piecewise quadratic functions in /') FEM to obtain a new fourth-order accurate
method in Section 3. While the new fourth-order FEM is not compact, the bandwidth of the coefficient matrix is reduced
by two compared with the classic fourth-order FEM. We present numerical examples including a nonlinear one in
Section 4. We conclude in the last section.

2. A third-order compact FEM using the P, finite element

In the classical FEM using a piecewise linear function to approximate the solution to (1), a mesh
X=X < 5 <X, << X, <0< X, <X, =X, 3)

will be used, where # is an integer and the mesh parameter is defined as # = max ,.;.,, |x;.,— x;| . Note that 2 ~ O(1/n).
In the classic FEM, the weak solution form for (1) is defined by

a(u,v)=Lv), Vv(x)e Hé (x,,x,),
a(u,v) = [ (BCu GOV () + g(uCe(0) dv+ R a ),

L) =| fudx+ R, (v), 4

where R, and R, are contributions from two boundary conditions, a(u,v) is a bilinear form, and L(v) is a linear form. For
homogenous Dirichlet boundary conditions, that is, u(x,) = u(x,) = 0, we have R, = R, = 0.
Once we have a mesh, we construct a set of basis functions based on the mesh, namely the hat functions,

. ELoifx, <x<x,
(X)=9x,,, —x .
$() =) X =% if x, <x<x,,,
h
. X X X
0 otherwise, ! I
i=1,2, -, n— 1, see the right diagram for a hat function. We denote all the piecewise linear functions over the mesh as

a finite element space V),
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V, ={v,(x), vh(x):icj@(x), c,;eR, j=L2,---M}, &)

where M is n — 1, or n, or n + 1, depending on the boundary conditions. The finite element solution then is a special
combination of the basis functions

u, (x) = ZC,¢,~ (x), (6)

that minimizes the error in the energy norm in the space V). The coefficients ¢;’s are determined from the linear system
of equations AU = F with

A=Ha;}, a; =a(g(x),¢,(x), F=1{F}, F=L(4(x), (7

and U= [cls Cy "7y CM]T'
It is well known that the finite element solution converges to the true solution as # — 0 according to the following
error estimates

lu—w, 1l ,<Ch*, llu—u, |l <Ch, llu—u,ll,<Ch, ®)

r»r— H

where C is a generic error constant. That is, the FEM is second-order accurate in the L* norm and first-order accurate in
the H' norm.

2.1 A new third-order compact FEM based on a posterior error analysis

We start with the special case in which f(x) = f, a constant, and ¢(x) = 0. In this case, the ordinary differential
equation (ODE) is simply u"(x)=—f(x)/ . It is well-known that the finite element solution is exact at nodal points
if the integrals of the load vector can be computed exactly. Thus, the interpolation function is the same as the finite
element solution,

uf () = ()4, (¥) = 3,6, (6) =, (2, ©)

where {c;}’s are the coefficients obtained from the FEM using P, elements. From the classical interpolation theory, see
for example, [1, 3], we know that uf (x,) =u(x,), and on an element (x,, x;.,), we have the following,

u(x) = u,h (x) +%(x —x)(x—x,,u""(x)+ o)

=uh<x)—%(x—xk)<x—xkﬂ>f g‘) +O0F), (10)

Thus, we obtain a third-order method in the L* norm using a posterior error estimate with a simple correction term that
can be easily computed, as stated in the following theorem.

Theorem 1. Let u(x) e H(x,,x,) be the solution of u'(x)=—£(x), f(x)e€ H'(x,,x,), and u,(x) be the finite
element solution obtained using the P, finite element space, then

u, " (x) =u,(x) —i(x —x )Nx=—x_,)f(x), x <x<x_, (11)
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is a third-order approximation to the true solution u(x); and the following error estimates hold,

new

Hu_uh

<CR, Nlu—ul || <Ch, |lu—u'"|,<Ch. (12)

I, S

Note also that u,”"(x,) =u(x,) forall k’s.
Proof. For this special case, we know that u(x;) = u,(x;). From the derivation process, we know that

|, (x) —u(x) | < CI, (13)

where C depends on max | u'"'(x) |= max | f'(x)|. Thus, we have |u, (x)—u(x)|,< Ch’. It follows that |u, (x) —u(x)|,
< Ch” and |u, (x)—u(x)|,< Ch*.

2.2 A third-order compact FEM for a class of nonlinear BV Ps

In this subsection, we apply the proposed third-order compact FEM to the following nonlinear two-point BVP,

~(BU'@) +q@ux) = f(x),  x <x<x, (14)

with linear boundary conditions at x = x, and x = x,. We assume that /§ is a constant. With a simple transformation, the
nonlinear equation (14) can be rewritten as a semi-linear form,

~(Bu'®) = Fu,x), (15)

where F'(u,x)= f(x)—q(u)u(x). From the semi-linear equation (15), we obtain that

_ F(u(x),x) _ 1

N B

[£ ()~ gq@)u(x)]. (16)
For nonlinear differential equations, an approximate solution can be obtained from

) =—W=—%[ﬂn—q<ﬁh W), ()]. (17)

To solve the nonlinear equation, we use a substitution method, see for example, [20], we start with an initial guess of the
solution i, (x), then update the approximation using

CF@w.) 1

(@@, (x)) )" = 5 ;

[ S - (i, (0], 1=0,1,--, (18)

for which we use the new third-order FEM until the sequence {ﬁ; (x)} convergence. In other words, we approximate the
nonlinear term using the previous guess so that the problem is linearized. A numerical example is shown in Section 4.

2.3 A new third-order compact FEM for the S-L BV Ps with variable coefficients

The third-order method based on a posterior error analysis discussed in the previous sub-section is valid only if the
coefficient f is a constant and the integrals of the load vector can be computed by a numerical integration formula with
at least third-order accuracy, which may not be true in general if S(x) is a variable function. Note that, for the problems
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with variable coefficients f(x) and g(x), the P, FEM (piecewise quadratic) with added auxiliary points is not compact. In
this section, we propose a new third-order compact FEM based on the interpolation theory to construct bubble functions
that have compact supports.

Note that the differential equation with a variable coefficient is equivalent to

B 4 4D )LD

= SR E) (19)

We use a new estimate to construct the basis functions and the FEM solution. On an element (x,, x,.,), we know that

u(x) = (x)+%u”(x)(x—xk )x—x,.,)+ 00
1 5/()

)

2 p(x)

La0 (o —x il ()—~LD

2 B(x) _2 B(x) (x=x ) (x=x,,)+O0),

<x—xk><x—xk+l)%uﬁ'(x>+

h M . . . . . . . . .
where u] (x) = Z/_:lu(xj )$,(x) is a piecewise linear interpolation function based on the linear finite element space.

Note that the added terms have compact supports.
The new modified finite element solution in (x,, x,.,) is defined as

() = 6 (4 (0 28 (=) (- x,.,) —% fg((j:)) (0= 30— 3, )€ 8L () + €Ly ()
) L (0 () o0

To determine the coefficients {c,}’s, we apply the original weak form

a(uZ‘“"’Q)zL(ﬂ), i=1,2,--, M. (21)

In this way, we get a linear system of equations for the coefficients.
For the new finite elements, which is not a traditional FEM, but rather a Petrov-Galerkin FEM, the convergence
proof is often a challenge. We have the following conjecture that has been approved by numerical experiments.
Conjecture 1. Assume that u(x)e€ H’(x,,x,) be the solution to the BVP with f(x)e H'(x,,x,), f(x)e
H’(x,,x,), q(x) € H'(x,,x,). Let u}"(x) be the finite element solution obtained using the new FEM, then u]*"(x) is a
third-order approximation to u(x) with the following error estimate

lu—p (|, < CH, Mu—w ||, <CR, [lu—up ||, < Ch2. (22)

= H' =

3. A fourth-order FEM for S-L BVPs

In Section 2.3, a third-order compact FEM based on the linear interpolation function and bubble functions with
compact supports has been proposed. In this section, we expand the idea to obtain a fourth-order FEM using quadratic
interpolation functions and corresponding bubble functions. The new fourth-order FEM is not compact but has less
support than that of the traditional fourth-order FEM.

For a reference quadratic element (x,_,, x,.,), the quadratic interpolation function of u(x) can be written as

uf (%) =u(x,_ D@, (0) +ulx,)p, (x) +u(x,)@,., (), (23)
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in which three basis functions are defined below

1
O, (x)= W(x —x ) (x=X,),

@ (x) = —hiz(x =X )X =X,
(24)

1
G (x) = W(X =X )(x—x.).

According to the finite element theory, see for example, [1, 3], we have the following error estimate of the quadratic

interpolation on (x,_,, X;4,),

() =} () " (O 3 )= ) ,) + O, 5)
From the differential equation (1), we also know that
"= _wu”(x) +Mu'(x) G u(x)— L@
B(x) B(x) B(x) B(x) 26)

On an interval (x,_;, Xx;,,), using the quadratic interpolation theory and the third derivative of u(x), we further obtain

u(x) = u," (%) +%‘I’j’ )(x—x,_)x—x)(x—x,,,)+ oY), 27)
where W/ (x) is an approximation of »'"'(x) with first-order accuracy, as shown below
b 2@ E g WA, g, )
Yi(x)= B0 A up (x)+ o) u; (x)+ 500) u; (x) 500 (28)

Based on the derivation above, we can construct a new modified finite element solution on an element (x,_;, x;.,)

with fourth-order accuracy

u, " (x) = ¢, 10, (X) + ¢, 9, (X) + ¢ 1P, (X) +%\Ph (D)(x = x,_(x = x ) (x =X, (29)

where the bubble function W, (x) is defined as below

28O (o o () + c0(0) + el (x))+%f)"(’“)(ck_l¢;-l () + €0, (1) + ol ()

B(x)
q'(x) S
) P )+ AP T 0 () = (30)

Y, (x)=-

To determine the coefficients {c,}’s, we apply the original weak form
a(u,",¢)=L(¢), i=12,---,M. 3D

h
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In this way, we get a linear system of equations for the coefficients.
For the new fourth-order FEM, we have the following conjecture that has been approved by numerical experiments.
Conjecture 2. Assume that u(x)e H*(x,,x,) be the solution to the BVP with f(x)e H’(x,,x,), B(x) e
H’(x,,x,), q(x) € H?(x;,x,). Let u}"(x) be the finite element solution obtained using the new FEM, then 4/ (x) is a
fourth-order approximation to u(x) with the following error estimates

=™ || < Ch*, u—wf™ || SCR, Nu—uf ||, < Ch. (32)
4. Numerical experiments

In this section, we show four numerical examples for the one-dimensional S-L BVP. We present the L* and H'
errors. The order of convergence is estimated using the following formula

log(I £y, Il /1y, I,.)
Order=| oL Lo
| log(V./N) |

with two different N’s.
Example 4.1 In this example, we show a one-dimensional Poisson equation with the Dirichlet boundary condition
at the two ends. The analytic solution is the following,

u(x) = sin(kx). (33)

The force term is

£(x) = Ksin(k).

Table 1. A grid refinement analysis of the two proposed compact FEMs for Example 4.1 with £ = 57

Third-order FEM Fourth-order FEM
N HET,» Order WET Order HEI, Order HEIN, Order
L H L H

8 9.4674E-01 1.5922E+01 4.2241E+00 5.3578E+01

16 7.6248E-02 3.63 2.8671E+00 2.47 4.6240E-01 3.19 6.5758E+00 3.03
32 1.1364E-02 2.75 8.0230E-01 1.84 3.1773E-02 3.86 8.6654E-01 2.92
64 1.4521E-03 2.97 2.0772E-01 1.95 2.0416E-03 3.96 1.0966E-01 2.98
128 1.8229E-04 2.99 5.2407E-02 1.99 1.2850E-04 3.99 1.3749E-02 3.00
256 2.2810E-05 3.00 1.3132E-02 2.00 8.0467E-06 4.00 1.7199E-03 3.00
512 2.8532E-06 3.00 3.2849E-03 2.00 5.0302E-07 3.98 2.1503E-04 3.00
1024 3.7524E-07 2.93 8.2137E-04 2.00 3.1452E-08 4.00 2.6880E-05 3.00
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Table 2. A grid refinement analysis of the two proposed compact FEMs for Example 4.1 with £ = 50z

Third-order FEM

Fourth-order FEM

N NEtl,. Order NETN,, Order NET,. Order HET, Order
64 7.7242E+00 3.8035E+02 1.0786E+01 1.4341E+03

128 1.2320E-01 5.97 4.4494E+01 3.10 1.1264E+00 3.26 1.2701E+02 3.50
256 2.1751E-02 2.50 1.2243E+01 1.86 7.6181E-02 3.89 1.6789E+01 2.92
512 2.8265E-03 2.94 3.2238E+00 1.93 4.9613E-03 3.94 2.1375E+00 2.97
1024 3.5579E-04 2.99 8.1745E-01 1.98 3.1337E-04 3.98 2.6839E-01 2.99
2048 4.4562E-05 3.00 2.0510E-01 1.99 1.9730E-05 3.99 3.3587E-02 3.00
4096 5.8690E-06 2.92 5.1322E-02 2.00 1.2280E-06 4.00 4.2002E-03 3.00

In Tables 1 and 2, we show grid refinement results with £ = 57 and & = 50z, respectively. In the two tables, the first
column is the mesh size, and the rest are the errors of the finite element solutions in the L* and the energy norm obtained
from the third and fourth-order new FEMs. In all of the cases, we see that the computed convergence order is consistent
with our analysis.

Example 4.2 In this example, we show an example for one-dimensional elliptic problem, with the following
analytic solution

u(x) = sin(k,x) cos(k,x),

with Dirichlet boundary conditions at the two ends. The coefficients f(x) and g(x) are chosen as

and the force term is

px) = ¢,

q(x) =x°,

f(x)= (ki +k;)e" sin(k,x) cos(k,x) + 2k k,e* cos(k,x) sin(k,x)
— e (k, cos(k,x) cos(k,x) — k, sin(k, x) sin(k,x) ) + x° sin(k, x) cos(k, x).

(34

(35)

In Tables 3 to 6, we show grid refinement results for the problem with different &, and k,. In all of the cases, we see
a clean third-order convergence in the solution obtained by the third-order FEM and fourth-order convergence for the
fourth-order FEM.
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Table 3. A grid refinement analysis of the two proposed compact FEMs for Example 4.2 with k, = 5z and &k, =0

Third-order FEM Fourth-order FEM
N
el Order NETN, Order NET,. Order HET, Order
8 1.5393E+00 1.7273E+01 4.9180E+00 8.1012E+01
16 9.5685E-02 4.01 3.0023E+00 2.52 4.4777E-01 3.46 7.0704E+00 3.52
32 1.2644E-02 2.92 8.0654E-01 1.90 1.9163E-02 4.55 1.1222E+00 2.66
64 1.5437E-03 3.03 2.0909E-01 1.95 1.0508E-03 4.19 1.5039E-01 2.90
128 1.8828E-04 3.04 5.2686E-02 1.99 6.3291E-05 4.05 1.9090E-02 2.98
256 2.3235E-05 3.02 1.3196E-02 2.00 3.9192E-06 4.01 2.3961E-03 2.99
512 2.8846E-06 3.01 3.3004E-03 2.00 2.4916E-07 3.98 2.9983E-04 3.00
1024 3.6254E-07 2.99 8.2518E-04 2.00 1.5265E-08 4.03 3.7489E-05 3.00
Table 4. A grid refinement analysis of the two proposed compact FEMs for Example 4.2 with &, = 507 and £, =0
Third-order FEM Fourth-order FEM
N HET, ., Order WET, Order HEI . Order HEI, Order
L H L H
64 7.9628E+00 3.8417E+02 9.9800E+00 1.0512E+03
128 1.2781E-01 5.96 4.4780E+01 3.10 7.2003E-01 3.79 1.6024E+02 2.71
256 2.2066E-02 2.53 1.2249E+01 1.87 4.1550E-02 4.12 2.2609E+01 2.83
512 2.8471E-03 2.95 3.2242E+00 1.93 2.4616E-03 4.08 2.9234E+00 2.95
1024 3.5711E-04 3.00 8.1755E-01 1.98 1.5132E-04 4.02 3.6857E-01 2.99
2048 4.4621E-05 3.00 2.0512E-01 1.99 9.4154E-06 4.00 4.6174E-02 3.00
4096 5.6445E-06 2.98 5.1325E-02 2.00 5.8785E-07 4.00 5.7748E-03 3.00
Table 5. A grid refinement analysis of the two proposed compact FEMs for Example 4.2 with k, = 5z and k,= 5z
Third-order FEM Fourth-order FEM
N HET, . Order WET, Order HEI, . Order HEI, Order
L H L H
8 9.5172E+00 1.2581E+02 3.6864E+01 4.7307E+02
16 6.2881E-01 3.92 1.6649E+01 2.92 1.7357E+00 4.41 5.6043E+01 3.08
32 4.3173E-02 3.86 2.9322E+00 2.51 1.4622E-01 3.57 8.6727E+00 2.69
64 6.0059E-03 2.85 8.0410E-01 1.87 8.3826E-03 4.12 1.1780E+00 2.88
128 7.4785E-04 3.01 2.0788E-01 1.95 5.0187E-04 4.06 1.5042E-01 2.97
256 9.2580E-05 3.01 5.2486E-02 1.99 3.1037E-05 4.02 1.8956E-02 2.99
512 1.1502E-05 3.01 1.3149E-02 2.00 1.9385E-06 4.00 2.3727E-03 3.00
1024 1.4323E-06 3.01 3.2889E-03 2.00 1.2080E-07 4.00 2.9670E-04 3.00
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Table 6. A grid refinement analysis of the two proposed compact FEMs for Example 4.2 with k, = 50z and &, = 507

Third-order FEM Fourth-order FEM

NEtl,. Order NETN,, Order NET,. Order HET, Order
128 3.9235E+00 3.8229E+02 4.9680E+00 1.0506E+03
256 6.2757E-02 5.97 4.4637E+01 3.10 3.5870E-01 3.79 1.6018E+02 2.71
512 1.0954E-02 2.52 1.2245E+01 1.87 2.0751E-02 4.11 2.2605E+01 2.83
1024 1.4185E-03 2.95 3.2238E+00 1.93 1.2305E-03 4.08 2.9230E+00 2.95
2048 1.7822E-04 2.99 8.1748E-01 1.98 7.5722E-05 4.02 3.6855E-01 2.99
4096 2.2338E-05 3.00 2.0511E-01 1.99 4.7072E-06 4.00 4.6168E-02 3.00
8192 3.0299E-06 2.90 5.1324E-02 2.06 2.9459E-07 4.00 5.7741E-03 3.00

Example 4.3 In this example, we use the two proposed FEMs to solve the following one-dimensional generalized
Helmbholtz equation

—u"(x) +k*u(x) = f(x),
with Dirichlet boundary conditions at the two ends using the exact solution. The analytic solution is defined below

u(x) = sin(kx). (36)

The force term is
f(x) = 2k*sin(kx).

In Tables 7 and 8, we show grid refinement results for Example 4.3 with different £’s. In all of the cases, the
numerical results are consistent with our analysis for the proposed third-order and fourth-order FEMs, respectively.

Table 7. A grid refinement analysis of the two proposed compact FEMs for Example 4.3 with k= 5z

Third-order FEM Fourth-order FEM
N
el . Order NETN, Order NET,. Order HET, Order
16 1.5587E-01 6.9095E+00 3.0785E-01 9.8124E+00
32 1.1729E-02 3.73 1.0884E+00 2.67 1.6384E-02 423 1.1531E+00 3.09
64 1.4487E-03 3.02 2.2595E-01 227 9.9483E-04 4.04 1.4924E-01 2.95
128 2.2052E-04 2.72 6.0639E-02 1.90 6.1743E-05 4.01 1.8854E-02 2.98
256 2.2801E-05 3.27 1.3203E-02 2.20 3.8522E-06 4.00 2.3632E-03 3.00
512 2.8515E-06 3.00 3.2894E-03 2.01 2.4066E-07 4.00 2.9561E-04 3.00
1024 3.5649E-07 3.00 8.2162E-04 2.00 1.5039E-08 4.00 3.6958E-05 3.00
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Table 8. A grid refinement analysis of the two proposed compact FEMs for Example 4.3 with £ = 50x

Third-order FEM Fourth-order FEM

et . Order HET,,. Order HET,. Order HET Order
128 5.5965E-01 1.5543E+02 9.0066E-01 2.2282E+02
256 2.4290E-02 4.52 1.9117E+01 3.02 4.0951E-02 4.46 2.2124E+01 3.33
512 2.8241E-03 3.10 3.6683E+00 2.38 2.4465E-03 4.07 2.8934E+00 2.93
1024 3.5515E-04 2.99 8.4543E-01 2.12 1.5107E-04 4.02 3.6750E-01 2.98
2048 4.4517E-05 3.00 2.0685E-01 2.03 9.4102E-06 4.00 4.6133E-02 2.99
4096 5.5689E-06 3.00 5.1431E-02 2.01 5.8763E-07 4.00 5.7729E-03 3.00
8192 6.9625E-07 3.00 1.2840E-02 2.00 3.6719E-08 4.00 7.2181E-04 3.00

Example 4.4 In this example, we show three examples for the nonlinear problem (14) with a Dirichlet boundary
condition. For the first example, we set ¢(u)u = 1°(x), and the analytic solution is defined as below

u(x) =™, 0<x<I. (37)
The force term is
f(x)=—de" +e".

For the second example, we set g(u)u = u’(x), and the analytic solution is defined as below

u(x) =sin(5zx), -1 <x<1, (38)
with the following force term

f(x) =257"sin(57x) + sin’(57x).

For the third example, we set g(u)u = ue”. The analytic solution is

u(x) = cos(4rx), -1 <x <1, 39)
with the following force term

f(x) = 167 cos(4mx) + cos(4mx)e*™ ™.

In Table 9, we show grid refinement results of the third-order compact FEM for three nonlinear problems with
diffusion coefficient f = 1. The second column and the third column are the error and the convergence order for the
first example, the fourth column, and the fifth column are the error and the convergence order for the second example,
and the sixth column and the seventh column are the error and the convergence order for the third example. From the
grid refinement results of three nonlinear problems, we can see that the computed convergence order has three-order
convergence.
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Table 9. A grid refinement analysis of the third-order compact FEM for the nonlinear problem (14)

N HET,. Order e, . Order el Order
8 2.3951E-03 9.6198E-01 7.7473E-01

16 2.4333E-04 3.30 8.4723E-02 3.51 9.6420E-02 3.01
32 2.6477E-05 3.20 1.1357E-02 2.90 9.8243E-03 3.29
64 3.0507E-06 3.12 1.4514E-03 2.97 1.0062E-03 3.29
128 3.4406E-07 3.15 1.8074E-04 3.01 1.1633E-04 3.11
256 4.4552E-08 2.95 2.2808E-05 2.99 1.2724E-05 3.19
512 5.5022E-09 3.02 2.8523E-06 3.00 1.5259E-06 3.06

5. Conclusions

In this paper, new high-order FEMs are proposed for one-dimensional S-L BVPs. First, a new third-order compact
FEM has been developed. For constant coefficient, the method is a simple posterior error estimate technique and the
third-order convergence has been proved. For variable coefficients, the new third-order compact FEM has been proposed
and confirmed numerically. The degree of freedom and the structure of the resulting linear system of equations of the
new third-order compact FEM are the same as the traditional FEM using piecewise linear functions over the mesh. The
novel idea is also generalized to obtain a fourth-order FEM based on the quadratic finite element space.
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